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In this paper we consider two closely related problems: estimation of
eigenvalues and eigenfunctions of the covariance kernel of functional data
based on (possibly) irregular measurements, and the problem of estimat-
ing the eigenvalues and eigenvectors of the covariance matrix for high-
dimensional Gaussian vectors. In [A geometric approach to maximum likeli-
hood estimation of covariance kernel from sparse irregular longitudinal data
(2007)], a restricted maximum likelihood (REML) approach has been devel-
oped to deal with the first problem. In this paper, we establish consistency
and derive rate of convergence of the REML estimator for the functional
data case, under appropriate smoothness conditions. Moreover, we prove
that when the number of measurements per sample curve is bounded, under
squared-error loss, the rate of convergence of the REML estimators of eigen-
functions is near-optimal. In the case of Gaussian vectors, asymptotic con-
sistency and an efficient score representation of the estimators are obtained
under the assumption that the effective dimension grows at a rate slower than
the sample size. These results are derived through an explicit utilization of the
intrinsic geometry of the parameter space, which is non-Euclidean. Moreover,
the results derived in this paper suggest an asymptotic equivalence between
the inference on functional data with dense measurements and that of the
high-dimensional Gaussian vectors.

1. Introduction. Analysis of functional data, where the measurements per
subject, or replicate, are taken on a finite interval, has been one of the growing
branches of statistics in recent times. In fields such as longitudinal data analysis,
chemometrics and econometrics, the functional data analysis viewpoint has been
successfully used to summarize data and gain better understanding of the problems
at hand. The monographs of Ramsay and Silverman [24] and Ferraty and Vieu [13]
give detailed accounts of the applications of a functional data approach to various
problems in these fields. Depending on how the individual curves are measured,
one can think of two different scenarios: (i) when the curves are measured on a
dense grid; and (ii) when the measurements are observed on an irregular, and typi-
cally sparse, set of points on an interval. The first situation usually arises when the
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data are recorded by some automated instrument, for example, in chemometrics
where the curves represent the spectra of certain chemical substances. The second
scenario is more typical in longitudinal studies where the individual curves could
represent the level of concentration of some substance, and the measurements on
the subjects may be taken only at irregular time points. In the first scenario, that
is, data on a regular grid, as long as the individual curves are smooth, the mea-
surement noise level is low and the grid is dense enough, one can essentially treat
the data to be on a continuum and employ techniques similar to the ones used
in classical multivariate analysis. For example, [14] derive stochastic expansions
of sample PCA when the sample curves are noise-free and measured on a con-
tinuum. However, in the second scenario, the irregular nature of the data and the
presence of measurement noise pose challenges and require a different treatment.
Under such a scenario, data corresponding to individual subjects can be viewed
as partially observed, and noise-corrupted, independent realizations of an under-
lying stochastic process. The estimation of the eigenvalues and eigenfunctions of
a smooth covariance kernel from sparse, irregular measurements has been studied
by various authors, including [17, 26] and [23], among others.

In [23], a restricted maximum likelihood (REML) approach is taken to obtain
the estimators. REML estimators are widely used and studied in statistics. For ex-
ample, the usefulness of REML and profile-REML estimation has been recently
demonstrated in the context of functional linear mixed-effects models by Anto-
niadis and Sapatinas [1]. In [23], it is assumed that the covariance kernel can be
well-approximated by a positive-semidefinite kernel of finite rank r, whose eigen-
functions can be represented by M (> r) known orthonormal basis functions. Thus,
the basis coefficient matrix B of the approximant belongs to the Stiefel manifold of
M x r matrices with orthonormal columns. The working assumption of Gaussian-
ity allows the authors to derive the log-likelihood of the observed data given the
measurement times. Then a Newton—Raphson procedure, that respects the geome-
try of the parameter space, is employed to obtain the estimates by maximizing the
log-likelihood. This procedure is based on the formulation of a general Newton—
Raphson scheme on Stiefel manifold developed in [11]. Peng and Paul [23] also
derive a computationally efficient approximate cross-validation score for selecting
M and r. Through extensive simulation studies, it is demonstrated that the REML
estimator is much more efficient than an alternative procedure [26] based on local
linear smoothing of empirical covariances. The latter estimator does not naturally
reside in the parameter space, even though it has been proved to achieve the op-
timal nonparametric convergence rate in the minimax sense under /> loss, under
the optimal choice of the bandwidth and when the number of measurements per
curve is bounded [15]. Also, in most situations, our method outperforms the EM
approach of [17]. Although the latter estimator also aims to maximize the log-
likelihood, it does not naturally reside in the parameter space either, and thus it
does not utilize its geometry efficiently.
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The superior numerical performance of the REML estimator motivates us to
conduct a detailed study of its asymptotic properties. In this paper, we establish
consistency and derive the rate of convergence (under /2 loss) of the REML estima-
tor when the eigenfunctions have a certain degree of smoothness, and when a stable
and smooth basis, for example, the cubic B-spline basis with a pre-determined set
of knots, is used for approximating them. The techniques used to prove consistency
differ from the standard asymptotic analysis tools when the parameter space is
Euclidean. Specifically, we restrict our attention to small ellipsoids around zero in
the tangent space to establish a mathematically manageable neighborhood around
an “optimal parameter” (a good approximation of the “true parameter” within the
model space). We derive asymptotic results when the number of measurements
per curve grows sufficiently slowly with the sample size (referred as the sparse
case). We also show that for a special scenario of the sparse case, when there is
a bounded number of measurements per curve, the risk of the REML estimator
(measured in squared-error loss) of the eigenfunctions has asymptotically near-
optimal rate (i.e., within a factor of logn of the optimal rate) under an appropriate
choice of the number of basis functions.

Besides the sparse case, we consider two other closely related problems: (i) the
estimation of the eigenvalues and eigenfunctions of a smooth covariance ker-
nel, from dense, possibly irregular, measurements (referred to as the dense case);
and (ii) the estimation of the eigenvalues and eigenvectors of a high-dimensional
covariance matrix (referred to as the matrix case). In the matrix case, we assume
there is preliminary information so that the data can be efficiently approximated
in a lower-dimensional known linear space whose effective dimension grows at
a rate slower than the sample size n. The proofs of the results in all three cases
utilize the intrinsic geometry of the parameter space through a decomposition of
the Kullback—Leibler divergence. However, the matrix case and the dense case are
more closely related, and the techniques for proving the results in these cases are
different in certain aspects from the treatment of the sparse case, as described in
Sections 2 and 3.

Moreover, in the matrix case, we also derive a semiparametric efficient score
representation of the REML estimator (Theorem 3.2), that is given in terms of
the intrinsic Fisher information operator [note that the residual term is not nec-
essarily op(n~1/2)]. This result is new, and explicitly quantifies the role of the
intrinsic geometry of the parameter space on the asymptotic behavior of the esti-
mators. Subsequently, it points to an asymptotic optimality of the REML estima-
tors. Here, asymptotic optimality means achieving the asymptotic minimax risk
under /2 loss within a suitable class of covariance matrices (kernels). We want to
point out that, in the matrix case, the REML estimators coincide with the usual
PCA estimates, that is, the eigenvalues and eigenvectors of the sample covariance
matrix [19]. In [22], a first-order approximation of the PCA estimators is obtained
by matrix perturbation analysis. Our current results show that the efficient score
representation coincides with this approximation, and thereby gives a geometric
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interpretation to this. The asymptotically optimal rate of the />-risk of the REML
estimator in the matrix case follows from this representation and the lower bound
on the minimax rate obtained in [22]. Asymptotic properties of high-dimensional
PCA under a similar context have also been studied by [12]. Recently, several
approaches have been proposed for estimating large-dimensional covariance ma-
trices and their eigenvalues and eigenvectors under suitable sparsity assumptions
on the population covariance, for example, [2, 3] and [9].

At this point, we would like to highlight the main contributions of this paper.
First, we have established the consistency and derived the rate of convergence of
REML estimators for functional principal components in two different regimes:
the sparse case and dense case. In [15], it is shown that an estimator of functional
principal component based on a local polynomial approach achieves the optimal
nonparametric rate when the number of measurements per curve is bounded. How-
ever, to the best of our knowledge, no results exist regarding the consistency, or rate
of convergence, of the REML estimators in the functional data context. Second, we
have derived an efficient score representation for sample principal components of
high-dimensional, i.i.d. Gaussian vectors. This involves calculation of the intrin-
sic Fisher information operator and its inverse, and along the line we also provide
an independent verification that the REML estimates under a rank-restricted co-
variance model are indeed the PCA estimates. Third, we expect that the current
framework can be refined to establish efficient score representation of the REML
estimators of the functional principal components, and therefore the results ob-
tained in this paper serve as first steps toward studying the asymptotic optimality
of these estimators. Moreover, results obtained in this paper suggest an asymptotic
equivalence between the inference on functional data with dense measurements
and that of the high-dimensional Gaussian vectors. Finally, our work provides use-
ful techniques for dealing with the analysis of estimation procedures based on
minimization of a loss function (e.g., MLE, or more generally M -estimators) over
a non-Euclidean parameter space for semiparametric problems. There has been
some work on analysis of maximum likelihood estimators for parametric prob-
lems when the parameter space is non-Euclidean (see, e.g., [20]). However, there
has been very limited work for non/semi-parametric problems with non-Euclidean
parameter space. Recently, [5] establish semiparametric efficiency of estimators in
independent component analysis (ICA) problems using a sieve maximum likeli-
hood approach.

The rest of the paper is organized as follows. In Section 2, we present the data
model for the functional principal components, and state the consistency results of
the REML estimators. In Section 3, we describe the model for high-dimensional
Gaussian vectors and derive asymptotic consistency and an efficient score repre-
sentation of the corresponding REML estimators. Section 4 is devoted to giving an
overview of the proof of the consistency result for the functional data case (The-
orems 2.1 and 2.2). Section 5 gives an outline of the proof of consistency in the
matrix case (Theorem 3.1), in particular emphasizing the major differences with
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the proof of Theorem 2.1. Section 6 is concerned with the proof of the score repre-
sentation in the matrix case (Theorem 3.2). Section 7 has a summary of the results
and a discussion on some future works. Technical details are given in the Appen-
dix.

2. Functional data. In this section, we start with a description of the func-
tional principal components analysis, and then make a distinction between the
sparse case and the dense case. We then present the asymptotic results and rel-
evant conditions for consistency under these two settings.

2.1. Model. Suppose that we observe data Y; = (¥; j)T; 1» at the design points
T; = (Tij)T;p i=1,...,n, with

2.1 Yij = Xi(Tij) +o¢gij,

where {g;;} are i.i.d. N(0, 1), X;(-) are i.i.d. Gaussian processes on the interval
[0, 1] (or, more generally, [a, b] for some a < b) with mean O and covariance
kernel o (u, v) = E[X;(u)X;(v)]. ¢ has the spectral decomposition

So(,v) =D M )P (v),

k=1

where {1/}, are orthonormal eigenfunctions and Aj >+ > A, > Apgp > -+ >
0 are the eigenvalues. The assumption that the stochastic process has mean zero
is simply to focus only on the asymptotics of the estimates of eigenvalues and
eigenfunctions of the covariance kernel (i.e., the functional principal components).

Throughout this paper we assume Gaussianity of the observations. We want
to emphasize that Gaussianity is more of a working assumption in deriving the
REML estimators. But it plays a less significant role in asymptotic analysis. For
the functional data case, the only place where Gaussianity is used is in the proof of
Proposition 4.2, and even this can be relaxed by assuming appropriate tail behavior
of the observations. Gaussianity is more crucial in the analysis for the matrix case.
The proofs of Proposition 5.2 and Theorem 3.2 depend on an exponential inequal-
ity on the extreme eigenvalues of a Wishart matrix (based on a result of [10]), even
though we expect the nonasymptotic bound to hold more generally.

In this paper, we are primarily interested in the situation where the design points
are i.i.d. from a distribution with density g (random design). We shall consider
two scenarios, to be referred to as the sparse case and the dense case, respectively.
The sparse case refers to the situation when the number of measurements, m;, are
comparatively small (see B1). The dense case refers to the situation where the m;’s
are large so that the design matrix (i.e., the matrix of basis functions evaluated at
the time points) has a concentration property (see B1” and D). In the latter case,
we also allow for the possibility that the design is nonrandom.
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Next, we describe the model space, to be denoted by My, 1= Mpy - (¢p) (for
1 <r < M), for the REML estimation procedure. The model space M , consists
of the class of covariance kernels C (-, -), which have rank r, and whose eigenfunc-
tions are represented in a known orthonormal basis {d)k},’c”: , of smooth functions.
Furthermore, the nonzero eigenvalues are all distinct. For example, in [23], {qbk},]c”: |
is taken to be an orthonormalized cubic B-spline basis with equally spaced knots.
Thus, the model space consists of the elements C(-,-) = > _; MY (D) Y(),
where A > -+ > A, > 0,and (1(), ..., ¥, () = (¢(-))T B, where Bisan M x r
matrix satisfying BTB=1.,and ¢(-) = ($1(), ..., dm(-))T. Note that we do not
assume that X belongs to the model space. For the asymptotic analysis, we only
assume that it can be well-approximated by a member of the model space (see con-
dition C and Lemma 2.1). We define the best approximation error of the model as
inf@eeMM,,(qb) 1Zo— C Il 7, where || - || F denotes the Hilbert—Schmidt norm. A rank r

approximation to X in M M.r(¢) can be defined as
r
Ta0(, V) = Y Mk Yk (1) Yk ()
k=1

with Ayp > -+ > Ay > 0, and

(Y1 (1), -« Yar (D)) = (@) By,

where B, is an M x r matrix satisfying B*T By = I,. We refer to {(Yuk, Axk)}j_y, OF
equivalently, the pair (B, A4), as an optimal parameter, if the corresponding X
is a close approximation to X in the sense that the approximation error || Zo —
Y.0llF has the same rate (as a function of M) as the best approximation error.
Henceforth, (B, Ay) is used to denote an optimal parameter.

Observe that, under model (2.1), ¥; are independent, and conditionally on 7;
they are distributed as N, (0, ). Here, the m; x m; matrix ¥; is of the form ¥; =
(Zo(T;;, Tij/)))’;f;/zl + 021y,. Then the matrix X, = ®7 B,A BT ®; + 021,
is an approximation to X;, where ®; := [¢(T;1): -+ :@(Tim;)] is an M x m;
matrix. We shall use A to denote interchangeably the r x r diagonal matrix
diag(A1,...,Ar) and the r x 1 vector (A, ..., ) T. Note that the parameter
(B, A) belongs to the parameter space Q2 := 4y, ® R, where 8y, = {A €
RM>r: AT A = [} is the Stiefel manifold of M x r matrices with orthonormal
columns. For fixed r and M, the REML estimator of {(y;, x)};_, is defined as
a minimizer over 2 of the negative log-likelihood (up to an additive constant and
the scale factor n):

1 & _ 1 &
(2.2) L,(B,A) = Z—Ztr(Ei YY)+ — > log |zl
i3 n i3

where X; = dDiTBABTCD,- + Gzlmi.
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2.2. Consistency. We shall present results on consistency of the REML esti-
mators of functional principal components in the two different regimes considered
above, namely, the sparse case (i.e., when the number of measurements per curve
is “small”) and the dense case (i.e., when the number of measurements per curve
is “large”). Throughout this paper, we assume that o2 is known, even though [23]
provide estimate of o2 as well. This assumption is primarily to simplify the ex-
position. It can be verified that all the consistency results derived in this paper
hold even when o2 is estimated. We make the following assumptions about the
covariance kernel Xg.

Al The r largest eigenvalues of X satisfy, (i) ¢; > A1 > -+ > A, > A,q1 for
some ¢| < 00; (i) max;<j<r(A; — )\,j+1)71 <cp) < 0.

A2 The eigenfunctions {y;};_, are four times continuously differentiable and
satisfy

max HW,(:‘) |l < Co for some 0 < C < 00.
1<k<r
SPARSE case. In this case, we only consider the situation when o2 is fixed (ie.,
it does not vary with n). We shall first deal with the case when m;’s are bounded.
Then we extend our results to the situation when m;’s increase slowly with sample
size, and are of the same order of magnitude for all i (condition B1). We also
assume a boundedness condition for the random design (condition B2).

B1 The number of measurements m; satisfy m <m; <m with4 <m and m/m is
bounded by some constant dr > 0. Also, m = O (n*) for some « > 0.

B2 For each i, {T;j:j =1,...,m;} are i.i.d. from a distribution with density g,
where g satisfies

(23)  cg0=<gx)=<cg1 for all x € [0, 1], where 0 < cg 0 < cg,1 < 00.

Finally, we have a condition on the /% error for approximating the covariance kernel
in the model space My . Define the maximal approximation error for an optimal
parameter (B, Ay) as

1
(2.4) B, = max — || Z; — Xyl F.

1<i<n m;

C mp, = 0(,/Mken)
If we use orthonormalized cubic B-spline basis for representing the eigenfunc-

tions, then C follows from A1-A2 and B1-B2, if the covariance kernel is indeed
of rank r:

LEMMA 2.1. If A1-A2 and B1-B2 hold, X is of rank r, and we use the
orthonormalized cubic B-spline basis with equally spaced knots to represent the
eigenfunctions, then C holds, if M~ (nm?/logn)'/® = 0(1).
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Proof of Lemma 2.1 follows from the fact that for a cubic B-spline basis, for suf-
ficiently large M, we can choose (B, A4) such that (i) max <<, ||Wk =
O(M~) (by Al and A2), and (ii) B, = O(M~*) (see Appendix A.1). This im-
plies that |29 — Zyollr = O(M ~4). The assumption that the covariance kernel is
of finite rank can be relaxed somewhat by considering the true parameter as a se-
quence of covariance kernels fo, » such that the ( + 1)th largest eigenvalue XH_L n
decays to zero sufficiently fast. Note that in Lemma 2.1, the use of B-spline ba-
sis is not essential. The result holds under the choice of any stable basis (i.e., the
Gram matrix has a bounded condition number) with sufficient smoothness.

We now state the main result in the following theorem.

THEOREM 2.1 (SPARSE case). Suppose that A1-A2, B1-B2 and C hold,
and m is bounded. Suppose further that M satisfies

(2.5) M~ (n/logm)'® =0(1) and M =o(,/n/logn)

as n — oo. Then, given n > 0, there exists co, > 0 such that for a, =

mZMlogn . .7. —n . L 5
€0,n0\ =, with probability at least 1 — O (n""), there is a minimizer (B, A)

of (2.2) satisfying
IB = Billr < an,

A — AsllF < ap.

Moreover, the corresponding estimate of the covariance kernel, namely, So(u, v) =
Y k1 MUk )i (v), satisfies, with probability at least 1 — O (n™"),

120 — ZollF = O(a).

COROLLARY 2.1. Suppose that the conditions of Theorem 2.1 hold. Then the
best rate of convergence holds if M < (n/logn)'/®
is given by a, =< (logn/n)*°. For estimating the eigenfunctions, this is within
a factor of logn of the optimal rate. The optimal rate over a class C of covari-
ance kernels of rank r satisfying conditions A1-A2, and the random design points
satisfying conditions B1-B2 (with m bounded), is n=*/°.

, and the corresponding rate

Notice that, the rate obtained here for the estimated eigenvalues is not optimal.
We expect a parametric rate of convergence for the latter, which can be achieved
by establishing an efficient score representation of the estimators along the line of
Theorem 3.2. The following result generalizes Theorem 2.1 by allowing for m;’s to
slowly increase with 7, and its proof is encapsulated in the proof of Theorem 2.1.
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COROLLARY 2.2. Suppose that, A1-A2, B1-B2 and C hold. Suppose further
that, m and M satisfy

) m* M logn = o(n),

2.6) (i) max{m>M>*(ogn)*, m'*M*(logn)’/?} = o(n),
' (iii) M~ Ymm?/logn)'? = 0(1),
() m>M>*logn = o(n).

Then the conclusion of Theorem 2.1 holds. Also, the best rate is obtained when
M =< (nm?/logn)'/?, and the corresponding o, < 7'%° (logn/n)*/°.

Condition (i) is required to ensure that ﬁzaﬁ = o(1); condition (ii) is needed
to ensure that the upper bound in (A.12) in Lemma A.2 is o(1); condition (iii)
ensures that C holds; and finally, condition (iv) is used in proving Lemmas A.2,
A.3 and A.4 in the Appendix A.2. A sufficient condition for (2.6) to hold is that
m=0mY3) and M < (nm? /logn) 1/9 Notice that the best rate obtained in Corol-
lary 2.2 is not optimal in general. It is near-optimal (up to a factor of logn of the
optimal rate) only when m is bounded above (Theorem 2.1).

DENSE case. This case refers to the scenario where the number of time points
per curve is large, such that minj<;<, m; — oo sufficiently fast (see condition D
and the corresponding discussion). For simplicity, we assume further that the num-
ber of design points is the same for all the sample curves, which is not essential
for the validity of the results. Denote this common value by m. In terms of the
asymptotic analysis, there is an important distinction between the sparse case and
dense case. For the purpose of further exposition and the proof of the result on
consistency of REML estimator in the dense case, it is more convenient to work
with the transformed data ¥; = ®;Y;. Let ['; = %d)iEiCIDI.T and R; = %CIDidDiT.
Then I'; = mR; BABT R; + 0> R;. Then, a way of estimating {(Ax, ¥;)};_, is by
minimizing the negative log-likelihood of the transformed data:

L

. 1y door)  1¢
2.7 L,(B,A)=— tr{; " —Y;Y; — 1 ;.
27) A(B. A) 2Zr(1m,,)+2n§log|,|

Notice that, if R;’s are nonsingular for all i, then by direct computation we have
that the negative log-likelihoods for the raw data (2.2) and that of the transformed
data (2.7) differ only by a constant independent of the parameters B and A.
Hence, on the set {R; are nonsingular for all i}, the estimators obtained by min-
imizing (2.2) and (2.7) are the same. Assumptions B1 and B2 are now replaced
by:

B1' m = O®*) for some « > 0.
D Given n > 0, there exist constants ¢y, ¢2,, > 0 such that the event Ay ; de-
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fined by

o2
and

Ay = { max [|R; — Iyl <c1,y
I<i<n mlogn
(2.8)

T o’
max | B RiB.~ L <20 ]
1<i<n m 10g n
has probability at least 1 — O(n~"). Note that Ay, is defined in terms of T :=
{Tij:j=1,...,m;i =1,...,n} alone. We assume throughout that ol <m (note
that o2/m can be viewed as the signal-to-noise ratio). Therefore, for n large
enough, on Ay ;, R; is invertible for all i. The condition D gives concentration
of individual R;’s around the identity matrix and is discussed in more detail at the
end of this section. Finally, we make an assumption about the maximal approxi-
mation error 3, defined through (2.4), which differs slightly from the condition C
in the sparse case.

. . - 2 [Mlogn __ .
C’ Given n > 0, there is a constant ¢,, > 0 such that 8, < ¢, %~ Tg with prob-

m
ability at least 1 — O(n™").

A result similar to Lemma 2.1 can be proved to ensure condition C’ when a stable
basis is used.

THEOREM 2.2 (DENSE case). Suppose that A1-A2, B1’, C' and D hold,
and m > o> > 0. Then, given n > 0, there exists co,n > 0 such that for oy, =
€0,n0+/ Mr}fng", with probability at least 1 — O(n™"), there is a minimizer (E, K)
of (2.7) satisfying

I(Ins — B«BI)(B — Bo) || F < o,

T, m
1BT(B = Bollr < | e,

o

~ m
”A_A*”Ff,lﬁan-

Further, the corresponding estimated covariance kernel o defined as o (u,v) =
Y k1 MUk ()i (v) satisfies, with probability at least 1 — O (n™"),

~  — Mlogn
150 — Sollr = 0( : )

The proof of Theorem 2.2 requires a slight refinement of the techniques used in
proving Theorem 3.1 stated in Section 3.2, making heavy use of condition D. To
save space, we omit the proof. Note that the best rate in Theorem 2.2 implicitly de-
pends on conditions C" and D in a complicated way, which is not the optimal rate
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for estimating the principal components. The optimal rate for / risk of the eigen-
functions in this context is conjectured to be of the order max{(o2/nm)3/°, 1/n},
with the second term within brackets appearing only when r > 1. This can be
verified for the case r = 1 using a refinement of the arguments used in proving
Corollary 2.1.

Discussion of condition D. We shall only consider the setting of an uniform
design either fixed or random. Condition (2.8) clearly requires m to be sufficiently
large, since it gives concentration of individual R;’s around the identity matrix. To
fulfil D, we also need some conditions on the basis functions used. Specifically, we
concentrate on the following classes of basis functions. We assume that the basis
functions are at least three times continuously differentiable.

El (Sinusoidal basis) maxi<k<m |9k llco = O(1).
E2 (Spline-type basis) (i) For any k € {1, ..., M}, at most for a bounded number of
basis functions ¢y, supp(¢x) Nsupp(¢;) is nonempty; (i) maxi<k<p [Pk loo =

O(VM).

One of the key observations in the case of functional data is that the eigenfunctions
{¥s}—, of the kernel X, (belonging to the model space) have the same degree of
smoothness as the basis {¢k},’<"1: 1» and the functions {4} _, and their derivatives
are bounded. Also, notice that, B*T R;B, = ((% Z’}Ll w*k(ﬂj)xﬁ*l(l}j))),’(’lzl.
Based on these observations, we present some sufficient conditions for (2.8) to
hold under the uniform design and bases of type E1 or E2. We omit the proof,
which uses Bernstein’s inequality (in the random design case) and the Trapezoidal
rule (in the fixed design case).

PROPOSITION 2.1. Suppose that the basis is of type El or E2. In the
case of random, uniform design, (2.8) is satisfied if (M logn)?/o? = O(1), and
Jmlogn/o? = O(1). In the case of fixed, uniform design, (2.8) holds (with prob-
ability 1) if Y21o2n (| 4 212,62 _ (1), and logn/o? = O(1). Moreover, in
this setting, if the eigenfunctions {Wk}zzl vanish at the boundaries, and if the ba-
sis functions are chosen so that they also vanish at the boundaries, it is sufficient

that 21981 /62 — (1) and %" /52 = O(1).

Note that two obvious implications of Proposition 2.1 are: (i) m needs to be
rather large; and (ii) o2 may need to grow with n, in order that D holds.

REMARK 1. Itis to be noted that even though the consistency results for the
functional data problem are proved under a specific choice of the basis for rep-
resenting the eigenfunctions, namely, the (orthonormalized) cubic B-spline basis
with equally spaced knots, this is by no means essential. The main features of this
basis are given in terms of the various properties described in the Appendix A.1.
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The crucial aspects are: (a) the basis is stable; (b) the basis functions have a cer-
tain order of smoothness; and (c) the basis functions have fast decay away from an
interval of length O (M ~1) where M is the number of basis functions used. Same
consistency results can be proved as long as those properties are satisfied.

REMARK 2. When m, the number of measurements is bounded, we can relax
condition A2 so that the eigenfunctions are twice continuously differentiable and
with bounded second derivative, and under this assumption we can prove a result
analogous to Theorem 2.1 and Corollary 2.1, with the corresponding optimal rate
of convergence being n~%/° instead of n=4/°.

3. High-dimensional vector. In this section, we describe a scenario where the
observations are i.i.d. Gaussian vectors, which can be approximately represented
in a known lower-dimensional space (see C”), where the effective dimensionality
of the observations grows at a rate slower than the sample size. For convenience,
we refer to this setting as the matrix case. It can be seen that besides the proofs of
the results derived in this section sharing a lot of common features with those in
Section 2, these results also suggest an asymptotic equivalence between the dense
case for functional data, and the matrix case. This means that understanding one
problem helps in understanding the other problem. In particular, we conjecture that
the results derived for the Gaussian vectors, such as the efficient score represen-
tation (Theorem 3.2), can be carried over to the functional data case with dense
measurements.

- 3.1. Model. Suppose that we hive 1.1.d. observations Y1, ..., Y, from N,, (O,
Y). Assume the covariance matrix X has the following structure:

f=§0+02lm.

This may be regarded as a “signal-plus-noise” model, with o representing the
variance of the isotropic noise component. We further assume that X has at least r
positive eigenvalues, for some r > 1. The eigenvalues of ¥ are given by sA| >
oo >8§Ay > SAy41 > -+ >0, where s > 0 is a parameter representing the “signal
strength” (so that s/o2 represents the signal-to-noise ratio). We assume that the
observations can be well represented in a known M -dimensional basis & with
M < m (condition C”). Then the model space My ,(P) (with r < M < m) is
defined as the set of all m x m matrices ¥ of the form £ =s®T BABT ® + 21,
where @ is an M x m matrix satisfying odT =1y, Be Sy rand Aisr xr,
diagonal with positive diagonal elements. Note that in order to prove consistency
of the REML estimator, we require that the intrinsic dimension M grows with n
sufficiently slowly. In fact, it has been shown (e.g., in [21]) that, when s/0?% =
O(1), M must be o(n) to achieve consistency.

Throughout we assume that o> and s are known. Of course, we can estimate
the eigenvalues of ¥ without any knowledge of s. The unknown parameters of
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the model are B and A. The parameter space is therefore Q@ = $y, ® R’,. The
estimate (B, A) of (B, A) is obtained by minimizing over 2 the negatwe log-
likelihood (up to an additive constant and the multiplicative factor n),

(3.1 L, (B, A)_—tr< 1ZYY >+%log|2|.

We then set the estimator of the first r eigenvectors of  as U =0"B,

Similar to the dense case, for asymptotic analysis, it is more convenient to
work with the transformed data I~’,- =Y. Let ' = oS dT =sBABT + o%1y.
Then one can obtain estimates of (B, A) by minimizing over €2 the negative log-
likelihood of the transformed data:

1
3.2 LBA_—t N VY ) + S logIT,
(3.2) ( ) r( Z )+ 5 og ||
which results in the same estimate obtained by minimizing (3.1).

REMARK 3. It is known [19] that, in the setting described above, the REML
estimators of (B, A) coincide with the first » principal components of the sam-
ple covariance matrix of 171 = ®Y;,i =1,...,n. On the other hand, based on the
calculations carried out in the Appendix A.4, it is easy to see that the PCA esti-
mators (E PC AP ) satisfy the likelihood equations VBZn(§ PC AP €y =0 and
Ve L,(BP€, APC) =0. Thus, our approach provides an independent verification
of the known result that the PCA estimates are REML estimators under the rank-
restricted covariance model studied here.

3.2. Consistency. We make the following assumptions about the covariance
matrix.

A1’ The eigenvalues of X are given by sA; > --- > sA, > 0 and satisfy, for
some r > 1 (fixed), (i) ¢] = A1 > --- > A, > Ar+1 for some ¢; < oo;
(i) maxlfjfr(xj - Xj.,.l)_l <y <o00.

C” Assume that there exists (B, A) € Q (referred as “optimal parameter”) such
that, the matrix X,o = sCIDTB*A*B*T @ is a close approximation to ¥ in the

sense that B, := |2 — Zs0llF = O(c? —Ml,(,)gn)-

Note that C” implies that the observation vectors can be closely approximated in
the basis ®.

THEOREM 3.1 (MATRIX case). Suppose that A1’ and C" hold, and s > 0* >
0. Then given n > 0, there exists co,, > 0 such that for a, = co 0/ Mlog" , with
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probability at least 1 — O(n™"), there is a minimizer (E, K) of (3.2) satisfying
I(In — B«B])(B — Bl F < an,

T, R)
1BT(B = Bollr < | 50,
o
—~ [s
A —AsllF < pan-

Observe that the rates obtained in Theorem 2.2 and Theorem 3.1 are identical
once we replace m in Theorem 2.2 by s. Thus the number of measurements m in
the dense case is an analog of the signal strength s in the matrix case. This impor-
tant observation suggests an asymptotic equivalence between these two problems.
This is a result of the concentration of the matrices {Ri};’:1 around Iy, for the
dense case (condition D). Under the matrix case, the analogs of R; exactly equal
the identity matrix. Moreover, Theorem 3.1 establishes the closeness of the REML
estimator to the optimal parameter, which serves as an important step toward prov-
ing Theorem 3.2.

3.3. Efficient score representation. When the observations are i.i.d. Gaussian
vectors, we can get a more refined result than the one stated in Theorem 3.1. In
this section, we show that by using the intrinsic geometry, we can get an efficient
score representation of the REML estimator (and hence PCA estimator). In [22],
a first-order approximation to the sample eigenvectors (i.e., PCA estimates) is ob-
tained using matrix perturbation theory [18]. Subsequently, it has also been shown
there that the rate of convergence of />-risk of PCA estimators is optimal. Here,
we show that the efficient score representation of the REML estimator coincides
with this first-order approximation when the signal-to-noise ratio s /o' is bounded
(Corollary 3.1). Our approach is different from the perturbation analysis. It also
quantifies the role of intrinsic geometry of the parameter space explicitly. Our re-
sult gives an alternative interpretation of this approximation, and consequently, the
score representation points to an asymptotic optimality of the REML (and hence
PCA) estimator.

We first introduce some notation. More details can be found in the Appen-
dix A.4. Let ¢ =log A (treated interchangeably as an r x 1 vector and an r x r
diagonal matrix). The the parameter space for (B, ¢) is Q=4 mr @R Let
75 :={U e RM>*": BTU = —UT B} denote the tangent space of the Stiefel man-
ifold 8y at B. Then the tangent space for the product manifold Qat (B,?) is
T ® R (see Appendix A.5 for the definition of the product manifold and its tan-
gent space).

For notational simplicity, we use 6, to denote (B, ¢x) and 6 to denote (By, o).
Define L(6y; 0x) = EQ*Z,, (6p). Let VZ,,(-) and VL(-; 6,) denote the intrinsic gra-
dient of the functions Zn (+) and L(-; 8,) with respect to (B, ¢), respectively. Also,
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let H,(-) and H (-; 6,) denote the intrinsic Hessian operator of the functions Zn ()
and L(-; 6,) with respect to (B, ¢), respectively. Let H —1(.; 0,) denote the in-
verse Hessian operator of L(-; 0,). Also, we use Hp(-; 0) to denote the Hessian
of L(-; 8,) with regard to B. Notation for Hessian with regard to ¢, and gradients
with regard to B and ¢ are defined similarly.

The following result gives the efficient score representation of the REML es-
timator in the situation when o> = 1 and s = 1. The result can be extended via
rescaling to the case for arbitrary o> and s with s > 62 > 0, and s/02 being
bounded.

THEOREM 3.2 (Score representation). Suppose that A1’ and C" hold with
o’=1,s=1,and M = o(n?) for some a € (0, 1). Let y,, = max{ W, B}
Then there is a minimizer (§ , K) of the negative log-likelihood (3.2) such that,
with probability tending toward 1,

(3.3) B — B.=—Hz' (64 6.)(VL,(6:)) + O (),
(3.4) A= Av=—AH 050V La(00) + O ().
In particular, from this representation, we have, with probability tending toward 1,

(3.5) IB — BullF = O(vn),

~ logn
(3.6) IR— A= 0 <20+2).

Note that Theorem 3.2 gives the optimal rate of convergence for /2-risk of the
estimated eigenvectors when 8, = 0 (i.e., no model bias). This result follows from
the minimax lower bound on the risk obtained by [22]. Note that this lower bound
under the current setting follows essentially from the proof of Corollary 2.1. Also,
when a < 1/2, this result shows that A converges at a parametric rate. Indeed,
the representation (3.4) implies asymptotic normality of A when a < 1/2. In the
derivation of Theorem 3.2 we need to compute the Hessian and its inverse, which
leads to the following representation.

COROLLARY 3.1. Under the assumptions of Theorem 3.2, we have the fol-
lowing representation:

Hy' (64 0.)(VBLa(6:) = [R1SBy i+ 1R, 5By, ],
where By is the jth column of By, and

1
Ri= 2 &

T 1 T
1=igyzr (i = He) *

is the resolvent operator corresponding to Iy “evaluated at” (1 + A4;).
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Combining Corollary 3.1 with (3.3), we get a first-order approximation to B,
which coincides with the approximation for sample eigenvectors obtained in [22].
However, Theorem 3.2 has deeper implications. Since it gives an efficient score
representation, it suggests an asymptotic optimality of the REML estimators in the
minimax sense.

4. Proof of Theorem 2.1. Since o2 is fixed and assumed known, without loss
of generality, we take o2 = 1. In this section, we give an outline of the main
ideas/steps. The details of the proofs are given in the Appendix A.2. The strat-
egy of the proof is as follows. We restrict our attention to a subset ®(«;,) of the
parameter space (referred to as the restricted parameter space), which is the image
under exponential map of the boundary of an ellipsoid centered at 0, in the tangent
space of an “optimal parameter.” We then show that with probability tending to-
ward 1, for every parameter value in this restricted parameter space, the value of
the negative log-likelihood is greater than the value of the negative log-likelihood
at the optimal parameter. Due to the Euclidean geometry of the tangent space, this
implies that with probability tending toward 1, there is a local maximum of the
log-likelihood within the image (under exponential map) of the closed ellipsoid.
The key steps of the proof are:

(i) Decompose the difference between the negative log-likelihood at the opti-
mal parameter and an arbitrary parameter in the restricted space as a sum of three
terms a term representing the average Kullback-Leibler divergence between the
distributions, a term representing random fluctuation in the log-likelihood and a
term representing the model bias (4.5).

(i) For every fixed parameter in the restricted parameter space: (a) provide
upper and lower bounds (dependent on «,,) for the average Kullback-Leibler di-
vergence; (b) provide upper bounds for the random term and the model bias term.
In both cases, the bounds are probabilistic with exponentially small tails.

(iii) Use a covering argument combined with a union bound to extend the above
probabilistic bounds on difference between log-likelihoods corresponding to a sin-
gle parameter in ® () to the infimum of the difference over the entire ® («;,).

The strategy of this proof is standard. However, in order to carry it out we need
to perform detailed computations involving the geometry of the parameter space
such as the structure of the tangent space and the exponential map. Note that, in
the current case the geometry of the parameter space is well understood, so that
there exist an explicit form of the exponential map and a precise description of
the tangent space. This helps in obtaining the precise form of the local Euclidean
approximations around an optimal parameter in the derivations.

4.1. Parameter space and exponential map. We use the following character-
ization of the tangent space 7p of the Stiefel manifold 4, . at a point B. Any
element U € Tp can be expressed as U = BAy + Cy, where Ay = —AIT] and
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BT Cy = 0. We then define the restricted parameter space centered at an optimal
parameter (B, Ayx) by
O(an) :={(exp(1, By Ay + Cy), Axexp(D)): Ay = —Al,
4.1 BICy=0,DeR’, such that
lAulIF + ICullF + I1DIF = a7}

In the definition of ® («;,) and henceforth, we shall treat A and D interchangeably
as an r x 1 vector, and an r x r diagonal matrix. The function exp(z, U) is the
exponential map on 8y , at B,, mapping a tangent vector in 7, to a point on the
manifold. For U € 7, and ¢ > 0, it is defined as

exp(t,U) = B.M(t,U) + ON(¢t, U),

(o)== [ 5 )DIE))

where exp(-) is the usual matrix exponential, and QR = (I)y — By B*T )U is the
QR-decomposition. The properties of the map exp(1, -) that we shall heavily use
in the subsequent analysis (see Appendices A.2 and A.3) are: for U € 73,

where

B! (exp(1,U) — B.)
(4.2) . , ,
=B, U+ O((IB, Ullr + Iy — B«BHUIF)IIUIIF),

(Iny — B«BI exp(1,U)
4.3) . .
= (Iy — B«B,)U + O(|[(In — B« B)U | FIIU | F)
as |U||r — 0. These properties are easily verified by using the definition of the
matrix exponential exp(-), and the Taylor series expansion.

4.2. Loss decomposition. We shall show that, given n > 0, for an appropri-
ate choice of the constant ¢ ; in the definition of «;, (in Theorem 2.1), for large
enough n, we have

4.4 P inf L. (B,A)>L,(B., A ~1— 1y,
@ ((B,A§r61®(a,,) n(B, A) > Ly(Bx, *))_ omn™"

From this, it follows immediately that with probability tending toward 1, there is a
local minimum (B, A) of L,,(B, A) in the set ®(c,,) defined as
O(an) = | (exp(1, BiAy + Cy), Asexp(D)): Ay = —AL, B Cy = 0,
D e R" such that Ay |3 + [Cull% + D113 < o2},

n

which concludes the proof of Theorem 2.1.
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We start with the basic decomposition:

Ly(B, A) — Ln(Bx, Ay)
= []ELn (Ba A) — ELn(B*» A*)]
(4-5) + [(Ln(B, A) - ELn (B, A)) - (Ln(B*, A*) - ]ELn (B*, A*))]

1 & 1 & _ _ —
==Y K, Z) +— > (T == NS - E))
n 2n ot

i=1

1 & _ =
+ % Ztr((Ei I E*il)(zi - E*i))’
i=1

where S; =Y; YiT and K (%;, X4;) equals

—1/2

i

—1/2
Lir(2 (50 — 20

—1/2 —1/2
! ) — Llog L, + =72 (20 — =027,

which is the Kullback-Leibler divergence corresponding to observation i. Note
that the proofs of Theorems 2.2 and 3.1 share a lot of commonalities with the
sparse case discussed here, in that these proofs depend on the same basic decom-
position of the loss function.

4.3. Probabilistic bounds for a fixed parameter in ©(w,). In order to derive
the results in the following three propositions, we need to restrict our attention to an
appropriate subset of the space of the design points T, which has high probability.
Accordingly, given n > 0, we define such a set A;, through (A.6) in Proposition A.1
(in the Appendix A.1). The following proposition gives probabilistic bounds for
the average Kullback—Leibler divergence in terms of «,.

PROPOSITION 4.1. Given n > 0, for every (B, A) € O(ay), there is a set
Af,’nA [depending on (B, A)], defined as

(4.6) I

1 —
by = e < = 3K (%1, 50) <djie;

i=1
for appropriate positive constants d,; and d,/]’ (depending on \1 and r), such that
for n large enough, P(A, N (Aﬁ’,;\)") = O (n~@+zOMr—n)

Note that the bound in (4.6) is not sharp when m — oo, which leads the sub-
optimal rates in Corollary 2.2. The following propositions bound the random term
and the bias term in (4.5), respectively.
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PROPOSITION 4.2. Given n > 0, for each (B, A) € O(wy,), there is a set
Ag’nA, defined as

<d,may
n

1 n
B,A Z -1 =1
i=

Mlogn}

for some dy, > 0, such that, P(A,; N (Ag’,,A)C) — O(n~@t2IMr—y.

PROPOSITION 4.3. Given n > 0, for each (B, A) € O(«a,), there is a set

ABA defined as
M1
< d,may ogrn }
n

3,0
for some constant d,, > 0, such that for large enough n, P(A, N (Agi’nA)") =
O(H_(2+2K)Mr_n).

] & L
AQ’UA = Hﬂ Ztr[(zi b E*il)(Ei — Zyi)l
i=1

Combining Propositions 4.1-4.3, we obtain that, given n > 0, there is a con-
stant co,, such that, for every (B, A) € O(ay),

@.7)  P({La(B,A) — Ly(By, Ay) < Ja2} N Ay) = O(n~@F20Mr=n),

4.4. Covering of the space ®(wy). To complete the proof of Theorem 2.1,
we construct a §,-net in the set ®(«;,), for some &, > 0 sufficiently small. This
means that, for any (B, A1) € O(ay,) there exists an element (B2, Ay) of the net
[with By =exp(l, B,Ay, + Cy,) and Ay = Axexp(Dy), k =1, 2], such that we
have ||B; — Ba||% + [[A1 — Az]|% < 82. The spaces {A € R"™*": A = —AT} and
{C e RM*r: B*T C = O} are Euclidean subspaces of dimension r(r — 1)/2 and
Mr —r2, respectively. Therefore, ® (o) is the image under (exp(l, -), exp(-)) of
a hyper-ellipse of dimension p = Mr — r(r 4+ 1)/2. Thus, using standard con-
struction of nets on spheres in R”, we can find such a ,-net C[8,], with at most
d max{1, (ozn8n_1)p} elements, for some d; < 0o.

If we take 8, = (m2n)~!, then from (4.7) using union bound it follows that,
for n large enough,

1
P inf L,(B,A)— L, (Bs, A “2laas1-o0mm.
({(B,Al)lé@[an] n( ) n(By, As) > 2%} n) = (n~"

This result, together with the following lemma and the fact that P(A;) > 1 —
O (n™") (Proposition A.1), as well as the definition of C[§,], proves (4.4). The
proof of Lemma 4.1 is given in the Appendix A.2.

LEMMA 4.1. Let (Bi, Ax), k =1, 2, be any two elements of ®(«y,) satisfying
|B1 — lel%p + A1 — AzllfF < 8%, with 8, = (m*n)~". Then, given n > 0, there are
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constants d3 y, ds n > 0, such that the set A4y := {maxi<j<, IIfi_l/zSifi_l/z —
I lF < d3 ymlogn} satisfies P(A4,|T) > 1 — O™ 1, for T e Ay and on
A4, we have |Ly(By, A1) — Ly (B, Ay)| = o(ap).

5. Proof of Theorem 3.1. There is essentially only one step where the proof
of Theorem 3.1 differs from that of Theorem 2.1. It involves providing sharper
bounds for the Kullback-Leibler divergence between an “optimal parameter,” and
an arbitrary parameter in the restricted parameter space ©(c,), an ellipsoid in the
tangent space at the “optimal parameter’:

O(ay) = {(exp(l, B.Ay +Cp), Asexp(D)): Ay = —AL, Bl cy = 0,

2 2
r o 2 2 , 0" 2 _ 2
D e R” such that g lAulls + IICullE + g ID|I% = ot

Note that now the restricted parameter space is the image (under exponential
maps) of an ellipse, whose principal axes can differ substantially depending on
the signal-to-noise ratio s /o 2. This is crucial for obtaining the sharper bounds for
the Kullback—Leibler divergence [see (A.30)]. As in Section 4, our strategy is to
show that, given n > 0, for an appropriate choice of ¢y ;, for large enough n, we
have

IP’( inf  L,(B,A)> L,(B, A*)) >1—0®m™".
(B,N)eO(an)

From this, we conclude the proof of Theorem 3.1 using similar arguments as in the
proof of Theorem 2.1. N
Define S = %Z?:l YiYiT, where Y; = ®Y;. Then, for an arbitrary (B, A) €
O(a,), we have the following decomposition:
Ly(B, A) — Ly (B, Ay)

=[(Lu(B.A) —ELu(B, N)) = (Lu(Bs. As) = ELy(Bs, A))]
o =K@, T+ 5t(T =T, H(E -T))
+ (@ =TT - T)
with
K, Ty =5t =) — log Iy + T~y — )|
= L(T=12(r, = 1) Y2) = Llog |1y + T2, — P12,

being the Kullback-Leibler divergence between the probability distributions
Ny (0,T) and Ny (0,T,), where I~1/2 = (I'V/2)~! and I''/? is a symmetric,
positive definite, square root of I". The following is an analogue of Proposition 4.1.
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PROPOSITION 5.1. Under the assumptions of Theorem 3.1, there exist con-
stants ¢, ¢’ > 0 such that, for sufficiently large n,

2f S 2f S
(5.2) c’an (;) <K, Ty < c”an<;)
forall (B, A) € @(an), where T =sBABT +021y and T, = sB*A*B*T +a2ly.

The following are analogues of the Propositions 4.2 and 4.3, respectively.

PROPOSITIONN 5.2. Given n > 0, there exists a constant ¢, > 0, such that for
each (B, A) € O(ay,),

p((u((rl -r;HES =D))< Cn\/@ \/g“)

> 1 — O(n—(2+2K)Mr—17)'

This proposition can be easily proved using an exponential inequality by [10]
on the fluctuations of the extreme eigenvalues of a Wishart matrix.

PROPOSITION 5.3. There is a constant ¢ > 0 such that, uniformly over
(B, A) € O(ap),

(@~ =T T =) < IT7 =T pIT = Dullr

1 s
<c— —2anﬂn.

o2V o
Propositions 5.1-5.3 (together with conditions A1” and C”) show that, for an
appropriate choice of ¢o ;, Ly (B, A) — Ly (Bx, Ay) > c/oz,%, for some ¢’ > 0 with
very high probability, for every fixed (B, A) € ®(«,). The proof of Theorem 3.1
is finished by constructing a §,-net similarly as in Section 4.4 for the sparse case.

6. Proof of Theorem 3.2. The basic strategy of the proof is similar to that in
classical inference with Euclidean parameter space. The main difficulty in present
context lies in dealing with the Hessian operator of the log-likelihood (intrinsic
Fisher information operator) and its inverse. Details of these calculations are given
in the Appendix A.4.

Rewrite the negative log-likelihood (3.2) (up to a multiplicative constant) as

~ ~ ~ 1<~
6.1) Ly(B,A)=tr(I"'S) +logl'|  where §=-Y ¥;¥/.
n
i=1
By Theorem 3.1, given n > 0, there is a constant c3 ;, > 0 such that the set

A . N2 N2 2
Az ={llUllg + 1Dl < c3905,}
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has probability at least 1 — O (n™"), where a, = ¢,/ Ml;g", and (U, D) € T, ®
R is such that (B, A) := (exp(1, (7), A exp(ﬁ)) is a minimizer of (6.1).

First, by the same concentration bound for singular values of random matrices
with i.i.d. Gaussian entries [10] used in the proof of Proposition 5.2, there exists
c4,y > 0, such that the set

~ ~ = M Vv logn
O e I

has probability atleast 1 — O (n™"). It then follows that we can choose an appropri-
ate constant c¢s , > 0 such that, on A3, N Ay, VL, (05| < cs5,,¥n, Where y, =

max{ %, Bn} and 6, = (By, Ay). Next, for any X = (Xp, X;) € T, ®R’,
define
IXI :=TIX51F + X 1712,

Also, let (-, -)¢ denote the canomcal metrlc on T, ®R" (see Appendlx A 4). Using
the fact that VL,(0) =0, where § = (B A), and defining A= (U D) then on
A3 7 ﬂA4n,foranyX e Tp, ®R” with || X]| <1,

(—VL,(0:), X),g
=(VL,®) — VL, (6,), X),
(6.2) = (H,(0:)(A), X)g + O(IAID) 4+ Ol AN
= (H(0s; 0:) (D), X)g + ([Hn(0x) — H (64 0:)1(A), X),

+ 02 + anyn),

where H,(-)(A) and H(-; 6,)(A) are the corresponding covariant derivatives of
Z,,(-) and L(-;60,) in the direction of A. By simple calculations based on the
expressions in the Appendix A.4, there exists a constant cg , > 0, such that on
A3y N Agp, || Hy(02)(A) — H(By; ) (A) || < 6% Vi It can be checked using as-
sumptions A1” and C” that the linear operator H ! (6,; 6,): 75, ®R" — T3, ®R’,

is bounded in operator norm (see Appendix A.4). Therefore, using the definition
of covariant derivative and inverse of Hessian, from (6.2) we have, on A3 p N A4 o,

(6.3) A =—H0:;0)(VL,(6:) + O(anyn) + O(a2).
Hence, on K3,,, N 24,,7, the bound on || A || can be improved from O («;,) to
(6.4) 1Al = O (ynan + ).

We can then repeat exactly the same argument, by using (6.2) to derive (6.3), but

now with the bound on ||K|| given by (6.4). Since M = O (n?) for some a < 1, so
that a% = o0(y»), this way we get the more precise expression

-~

(6.5) A=—H0:;0)(VL,(6:) + O(vD).
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Moreover, it can be easily verified that,
d 0 ~
&VBL(Q*; 0y) = EQ* &VBLn(Q*) =0.

Hence, by (A.41) in the Appendix A.5, the Hessian operator, and its inverse, are
“block diagonal,” on the parameter space (viewed as a product manifold), with
diagonal blocks corresponding to Hessians (inverse Hessians) with regard to B
and ¢, respectively. This yields (3.3) and (3.4) in Theorem 3.2. Also, (3.5) and (3.6)
follow immediately from (6.5).

7. Discussion. In this paper, we have demonstrated the effectiveness of uti-
lizing the geometry of the non-Euclidean parameter space in determining consis-
tency and rates of convergence of the REML estimators of principal components.
We first study the REML estimators of eigenvalues and eigenfunctions of the co-
variance kernel for functional data, estimated from sparse, irregular measurements.
The convergence rate of the estimated eigenfunctions is shown to be near-optimal
when the number of measurements per curve is bounded and when M, the number
of basis functions, varies with n at an appropriate rate (Theorem 2.1 and Corol-
lary 2.1). The technique used in proving Theorem 2.1 is most suitable for dealing
with the very sparse case (i.e., the number of measurements per curve is bounded).
We have also used it to prove consistency for the case where the number of mea-
surements increases slowly with sample size (Corollary 2.2). However, this does
not result in the optimal convergence rate. The latter case is more difficult because
of the complications of dealing with inverses of random matrices (%;) of growing
dimensions. A more delicate analysis, that can handle this issue more efficiently,
is likely to give tighter bounds for the average Kullback—Leibler divergence than
that obtained in Proposition 4.1. Then it may be possible to extend the current
technique to prove optimality of the REML estimators in a broader regime. A vari-
ant of the technique used for proving Theorem 2.1 also gives consistency of the
REML estimator for functional data in a regime of dense measurements, as well
as for a class of high-dimensional Gaussian vectors (Theorems 2.2 and 3.1). In the
latter case, we also derive an efficient score representation (Theorem 3.2), which
involves determining the intrinsic Fisher information operator and its inverse.

Now we present some conjectures we aim to pursue. First, as discussed ear-
lier, based on the score representation, we conjecture the asymptotic optimality
of the REML estimator for the matrix case. Second, we conjecture that there ex-
ists an efficient score representation of the REML estimator in the functional data
problem as well. If so, then this estimator is likely to achieve the optimal nonpara-
metric rate (for a broader regime), and may even be asymptotically optimal. This
may explain the superior numerical performance of the REML estimator observed
by [23]. Third, our results (Theorems 2.2 and 3.1) give a strong indication of an
asymptotic equivalence between two classes of problems: statistical inference for
functional data with dense measurements and inference for high-dimensional i.i.d.



1252 D. PAUL AND J. PENG

Gaussian vectors. Finally, in this paper we have not addressed the issue of model
selection. A procedure for selection of M and r, based on an approximate leave-
one-curve-out cross-validation score, has been proposed and implemented in [23].
This approximation is based on a second-order Taylor expansion of the negative
log-likelihood at the estimator and it involves the intrinsic Fisher information op-
erator and its inverse. Therefore, based on the analysis presented here, it is conjec-
tured that the approximate CV score thus defined is asymptotically consistent for
the class of models considered in this paper.

APPENDIX

A.1l. Properties of cubic B-spline basis. In many proofs of this paper, we
need to use some properties of the cubic B-spline basis. We state some of them.

More details can be found in [7] and [8]. Let (;5 = (q~51, cens ¢~>M)T be the (standard)
cubic B-spline basis functions on [0, 1] with equally spaced knots. Then, the or-

thonormalized spline functions ¢y, .. ., ¢y are defined through ¢ () = G;’ A{IZ(;)(I),

where Gy = ((f ()i (1) d)}’,_,, is the Gram matrix of é. It is known
(cf. [6] and [4]) that G is an M x M banded matrix, and satisfies,

c c
(A.1) %IM <G¢p.m = %IM for some constants 0 < ¢y 0 < cp,1 < 0.

From this, and other properties of cubic B-splines ([8], Chapter 13), we also have

the following:

ST sup;po,1] M, ¢2(t) < cg,2M for some constant ¢y > 0.

S2 For any function f € C¥ ([0, 1]), we have ||f — Py m(f)lloo = Il f P lloox
O (M%), where Py m(f)= Z,]y:l (f, dr)dr denotes the projection of f onto
span{@, ..., ¢u) = span{di, ..., du}.

Note that, property S2 and assumption A2 imply the existence of orthonormal
functions {4 }},_, of the form

W1 @)y oo Ysr () = W N =BI@(t),  BIB. =1,
which satisfy

_ —(4)
A2 - = M )
( ) 1?1?; 1V — Yalloo < Cp.,3 115111?;”]#" ”oo

Using these properties we obtain the following approximation to the important
quantity [|®;]|, where ®; = [¢(Ti1): - : ¢(Timy)] and || - | denotes the operator
norm. This result will be extremely useful in the subsequent analysis.

PROPOSITION A.1. Given n > 0, there is an event A, defined in terms of the
design points T, with probability at least 1 — O (n™"), such that on the set A,

(A.3) 14117 < Ty, 1 + V53¢ dy [(M¥* logn) v (M /At logn)]
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for some constant d, > 0, and cg 1 is the constant in condition B2. Furthermore,
for all T, we have the nonrandom bound

(A4) 1D 11> < cg.mM oralli=1,...,n.
¢,
PROOF. First, (A.4) follows from the bound S1, since
19: 11> = @] @il = [ ;D] || < [|®i |7 = tr(D] D))
mi M
=3 N (@(Ti)? < cpomiM < cyomM  foralli=1,...,n.
j=1k=1

In order to prove (A.3), first write

1
0] - f SO (@1 () dr
m;

- 1 & - -
(A.5) - G¢}/f[<; > [T i(Ti))
lj:l

M
—E(@(E»@(E,-))]) }G;},Cf.
k=1
Next, observe that, E[¢x(Tin¢1(TiN]* = [ (@ (1))*(¢1(1))*g(1)dt = 0 for [k —
[| > 3; and is within [c¢,4cg,0M_1, c¢,5cg,1M_1], for constants 0 < ¢y 4 < Cp 5 <
00, if |k —1| < 3. Then, using the fact that maxj<x<m Pk ll oo is bounded, it follows
from Bernstein’s inequality that the set A, defined as

| A - . -
— > (T (Tij) — E(«zbk(Tij)qbz(Tij))]‘
l =1

'
§d1,n(10gn>\/ logn}
m \ mM

has probability at least 1 — O(n™"), for some constant d;, > 0. Now, we can
bound the Frobenius norm of the matrix in (A.5) by using (A.1) and (A.6), and
the fact that the matrix has O (M) nonzero elements. Then using (2.3) we de-
rive (A.3). O

Ay =1T: max max
1<i<n 1<k, <M

(A.6)

A.2. Proofs for the sparse case.

PROOF OF PROPOSITION 4.1. The main challenge in the proof of Proposi-
tion 4.1 is to efficiently approximate the average Kullback—Leibler divergence. We
can express K (X;, X4;) as

1 m
(A7) K(i, Ti) = 5 3 [3j (Ra) = log(1+ 2 (R.) ],
j=1
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where 1;(Ry;) is the jth largest eigenvalue of Ry = E;I/Z(E*i — Ei)Zi_l/z.
Using the inequality e* > 1 + x for x € R [so that each term in the summation
in (A.7) is nonnegative], and the Taylor series expansion for log(1 + x) for |x| < 1,
it can be shown that, given € > 0 sufficiently small (but fixed), there exist constants
0 <c1,e <26 <00 such that for | Ry ||F <€,

(A.8) clellRuillF < K(Zi, Bui) < 2.l Rui | %
Next, observe that

—1/2 —1/2
=522 — =)= P r
1/2 —1/2
P(si— i) By /

—1/2 —1/2
1=5"2(2 - =)= P r

—1/2 —1/2
1+ 152 -z s

<|IRsillF < —
Il F =%,

(V3

whenever ||E*_l.l/2(2i — E*i)E;.l/zHF < 1. The proof of Proposition 2.1 can thus
be reduced to finding probabilistic bounds for % Tl E*_il/z(Ei — E*,-)Z*_il/2 ||2F.

One difficulty in obtaining those bounds is in handling the inverse of the ma-
trices X,;. In order to address that, and some related issues, we use the properties
of the cubic spline basis derived in the Appendix A.1. In the following lemmas
we confine ourselves to the restricted parameter space ®(«y,), that is, (B, A) €

O(ay). O
LEMMA A.1. Under the assumptions of Theorem 2.1 (for m;’s bounded), or
Corollary 2.2 (for m;’s increasing slowly with n),
= = —1/2 —1/2
(L+dirm) S — Suillr < 135S — 205, 2l
(A9)
<% — Zuillr

for some constant dy > 0, foralli =1, ...,n.

PROOF. From condition A2 and (A.2), it follows that, 3D > 0 such that, for
all M,

(A.10) max | Yuklloo < D1 < 00.
1<k=<r

This, together with the definition of (B, Ay), leads to the following bound on the
eigenvalues of the matrices X,;:

(A.11) I < Amin(Esi) < Amax(Zsi) < 1+ Dirmiiag <1 'i‘dlxlrm

for some dy > 0, foralli =1, ..., n, from which (A.9) follows. [

LEMMA A.2. Under the assumptions of Theorem 2.1 (for m;’s bounded),
or Corollary 2.2 (for m;’s increasing slowly with n), given any n > 0, on the
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event Ay defined through (A.6) in Proposition A.1, which has probability at least
1 —0m™"), for sufficiently large n,

2
max ||X; — Xy
max |5 = %l

M3/21 M21
(A.12) < [d3,,,<1 +d1[< _Og”> vy _Og”szaﬁ}
m m

A [da M a2,

where the second bound holds for all T. Here dy, d>,d3 , > 0 are appropriate
constants depending on r and 1.

PROOF. An upper bound for | X; — X;||r is obtained by expressing Iy =
B, B*T + (Ipr — By B*T ), and then applying the triangle inequality,
IZi = ZuillF = 19 (BABT — BuAB])®illr
< ||/ Bo(Bf BAB" B. — A)B] @il r
+2|| o] B.B] BABT (I — B.B])®il|r
+ 119/ (I — B«B])BAB” (Iny — B.B])®; |
<19/ BAI*IB] BAB" By — Al
(A.13) . . .
+2||P; BllIANB" (In — B«B, )Pl F
+IANI®] (v — B.BI)BII}
< Dyl Bf BAB” B, — AllF
+ Vdarmar | @] (I — B«B[)BllF
x (1+ (Dirm)~21®] (I — B.B]) Bl r)
for some d4 > 1. For the second inequality we use ||B] B|| < 1, and for the last
inequality we use (A.10) and (A.11). Next, by using (A.4), (4.3) and (2.5), we
obtain the (nonrandom) bound
1
— max [|®] (I — B«B])B|}% < cpaM||(Iy — B.B])BI %

m 1<i<n

(A.14)
< cpaMaZ(14o0(1)) =o(1).

Then the bound in (A.13) can be majorized by
Dyriit|| BE BABT B, — Ayl F + Vdarma | @ ||| (Iyy — B« BD)B|| (1 4 o(1)).

Using (A.3) to bound || ®;||, from (A.13), and the definition of ®(c,,) together
with (4.2) and (4.3), we obtain (A.12). [



1256 D. PAUL AND J. PENG

LEMMA A.3. Under the assumptions of Theorem 2.1 (for m;’s bounded), or
Corollary 2.2 (for m;’s increasing slowly with n), for any given n > 0, there is a
positive sequence g1 , = o(1) (depending on n), and a constant d ;) > 0, such that

1 & ) i
P[; Y NIZi = Sill > diymPop(1 - 81,;0} > 1— O (n~@r2Mr—n),
i=1
where k is as in B1.

PROOF. Let A = BABT — B,A,BI. Observe that, by definition of ©(a,)
[(4.1)-(4.3)], for large n,

(A.15) | All% < c*aﬁ (for some constant ¢, > 0).

First, consider the lower bound
mi
(A16)  ||Z; — Zyill7 = @] AD; @] Ad;1> Y [(@(T3))" Ad(Tij)1%
J1#J2
We will derive an exponential tail bound for % ’ 1 Z'j'?l" iy [(@(Tij, NI AP(T; jz)]z.
Rewriting the term on the extreme right, and using the fact that {7; j}'}il are i.i.d.
with density g:cg,0 < g < cg,1 (B2), we have, for all i,

E Y [(@(T)" Ap(Tij)T?
J1#)2
=m;(m; — 1) tr(Elp(T;1)(@(Ti1)) 1AE[P(Ti2) (9(Ti2))  1A)

(A.17) i o )
€ (cg om(m — DIIAlF, g jm(m — DIIA]F)

e (dim*a2 (1 +o(1)), d{m*al(1+o(1)))

for some d{ > d| > 0 (whose values depend on c; 0, ¢g,1 and the constants appear-
ing in A1), where in the last step we use (A.15). The last inequality uses (A.43),
(A.44), the definition of ®(a,), and properties (4.2) and (4.3). Notice that, the

variance of Z'}i" 5, [(@(T3j, )T Ap(T;,)]* can be bounded, for sufficiently large n,
as

max Var( Z [(¢(Tij1))TA¢(Tij2)]2>

1<i<n . .
- J1FJ2

< max E(HE[ - 2lF Y [<¢(T,;,-1>>TA¢<TZ~J-2>]2)

1<i<n A .
- J1#)2

< déM(mzaﬁ)z =: Vin,
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where d) > 0 is some constant. In the above, we obtain the first inequal-
ity by (A.16), and the second inequality by using (A.12) and (A.17). Next,
Z'}’l’%jz[(¢(7}j1))TA¢(7}j2)]2 for i = 1,...,n, are independent, and bounded
by Ki, = d4M%2a%, for a constant d4s > 0 [using (A.12)]. Hence, by ap-

plying Bernstein’s inequality, and noticing that K ],n,/% =o0(y/Vin), and
Vi M2 — o 7@ta) [by (2.5) or (2.6)], the result follows. [
) n n y

LEMMA A.4. Under the assumptions of Theorem 2.1 (for m;’s bounded), or
Corollary 2.2 (for m;’s increasing slowly with n), for any given n > 0, there is a
positive sequence &) , = o(1) and a constant d ; > 0, such that

14 . B -
(A.18) P[; YOIZi = Zuilly < do ey (1 + ez,,,)} >1— O(n~GF2OMr=m)
i=1
where Kk is as in B1.

PROOF. From the proof of Lemma A.2, especially the inequalities (A.13)
and (A.14), it is clear that we only need to provide a sharp upper bound for
s @ (Iy — B«BI)B||%. Let A := (Iyy — B«BI')B. Then from (4.3), for n

lnarge enough,

(A.19) IAlF < cop

n

for some c, > 0. Then, using (2.3), for all i,

E|®] (I — B.B)B|} = 3 w(E((T;)) ($(Ti))) VAA)
(A.20) J=! . B
< ce1mi t[AAN 1< co 17| Al|%.

Combining (A.20) with (A.19), (A.13) and (A.14), we get, for sufficiently large n,
and some constant C > 0,

1 & __
-2 EITi — S} < Cintay.
i=1

Next, using (A.4), (A.14) and (A.20) we have
T2 T4
max Var(|®] A7) < max E|]Al}
< co MM |[A|FEID] A7
(A.21) P
< cp2cg 1M MI||A|R

< C'Mmot(1 + ) =: Vap
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for some positive sequence &, = o(1) and some constant C’ > 0, where in the last
step we used (A.19). Again, using Bernstein’s inequality for %Z?:l ||CI>iTA||2 ,
which is a sum of independent variables bounded by K3 ,, = ¢, 1M maz(l +o(1)),

the result follows [checking that, by (2.5) or (2.6), we have, K3, Mlog" =

0(y/Van) and Vo, /M8 — o(2a2)]. O

PROOF OF PROPOSITION 4.2.  Write, R; = %, (X, ' = ©21T,’*. We can
bound ||R; || F as

~1/25:1

<l 2 3! 2 2 —-1/2
IR F <1 2y 2lns; RElTDIREIO D >

—1/251

2
<IIT; P12z = Sillr

S129-1/2)2
R R po»

<AHIZ = S DA = 1% — Zal) ' IZi — Zaillr,
where the third inequality is due to (A.11) and (A.42). Note that by condition C,
it follows that maxj<;<, || Z; — Zxil|lF < CmpB,, = o(1) for some constant C > 0.
Therefore, applying (A.12), we observe that for T € A, with A, as in (A.6), for
large enough n, [|RillF < 2||Z; — X[l F. Due to the Gaussianity of the observa-
tions, for any symmetric m; X m; matrix A, the random variable tr(A(S; — ¥;))
has the same distribution as tr(D; (X; X lT — In;)), where D; is a diagonal matrix of
the eigenvalues of E -1/ 2AZ 172 ,and X; ~ N(O, I,;,) are independent. Therefore,

using an exponentlal 1nequa11ty for a weighted sum of independent X12 random
variables, we have, for T € A, and each (B, A) € O(ay,),

m[ Y (s - mhes —f»)‘
i=l

Mlogn v
<ds, /7[ an E*i||%7j| }

Z 1 _ 0(n—(2+2K)Mr—T])

for a constant d3, > 0, where Pt denotes the conditional probability given T.
Therefore, using (A.18) we conclude the proof. [

PROOF OF PROPOSITION 4.3. Using Cauchy—Schwarz inequality twice, we
can bound the last term in (4.5), which corresponds to model bias, as

5 1 _ sy . 3
'E;tr((zi -2 DHE - 2w)

12

1/2 |2
[an *in%} [;anﬂ—z*i‘n%}
i=1

Nlr—‘



CONSISTENCY OF REML ESTIMATORS 1259

1/2
1 _
<5 max % wn{ an -z H

[\)»—*

1/2
1 n

< 5mp, max |[X; = ||[ ani—x*[né] ,
i=1

where in the last step we used (A.42). Thus, the proof is finished by using condi-
tion C, (A.11) and (A.18).

Now, to the complete the proof of Theorem 2.1, we give the details of the cov-
ering argument. [

PROOF OF LEMMA 4.1. Using an expansion analogous to (4.5) and the up-
per bound in (A.8), and applying Cauchy—Schwarz inequality, we have, for some
constants Cy, C» > 0, on Ay, and for T € A,, for n large enough,

|L,(B1, A1) — L, (B2, Ay)|

1 ¢ _ _ —
<= DB =5 el = Sl
i=1

1 ~ L

+ D ICHIZ L = Za il + 1317 — 25 15 = Saill]
i=1

_ = =1/2 o =—1/2

< max [=7) = S5 P10 max IE; 285

’ 1<i<n

1<i<n

- Im,— ”F

2
+ Cy max || X; — X2l %
1<i<n

_1 —
+ max [T} - %5 ||F( max [|Z; — Suillp + max [ Sa — z*inF)
’ 1<i<n 1<i<n

1<i<n
< dy ,[m*8,m logn + m>82 4 s, (M B, + v Miay,)]
= 0(01,%).

In the last step, we have used Lemma A.2 (for the last term), the identity (A.42) in
the Appendix A.6, and the fact that ”21:,[1 <1k=1,2). O

PROOF OF COROLLARY 2.1. The best rate follows by direct calculation.

The near-optimality of the estimator requires proving that, for an appropriately
chosen subclass C of covariance kernels of rank », we have the following analog
of Theorem 2 of [15]: for any estimator {@\k}zzl of the eigenfunctions {V};_,,
for n sufficiently large,

(A.22) min sup EllYi — ¥¢ll; = Cn
I<k= 2 eC

—8/9
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for some C > 0. Here the parameter space C consists of covariance kernels of
rank r with eigenfunctions satisfying A1-A2. Moreover, the random design satis-
fies B1-B2, with m bounded above.

The derivation of the lower bound on the risk involves construction of a fi-
nite, “least favorable” parameter set in € by combining the constructions in [22]
(for obtaining lower bounds on risk in high-dimensional PCA) and [15] (for func-
tional data case). This construction is as follows. Let qb?, ...,¢9 be a set of or-
thonormal functions on [0, 1] which are four times continuously differentiable,
with fourth derivative bounded. Let M, =< n!/° be an integer appropriately cho-
sen. Let yq, ..., yu, be a set of basis functions that are: (i) orthonormal on [0, 1],
and orthogonal to the set @Y, ..., ¢9 }; (ii) are four times continuously differen-
tiable and y; is supported on an interval of length O (M 1) around the point ML*

One particular choice for these functions is to let {qb,?} be the translated peri-
odized scaling functions of a wavelet basis at a certain scale with adequate de-
gree of smoothness, and to let {y]} | be the set of compactly supported, ortho-
normal, periodized wavelet functlons correspondlng to the scaling functions. In-
deed, then we can choose M, to be an integer power of 2. Note that, such a basis
({¢,9: 1 <k<r}U{y:1<Il< M,}) has the stability and smoothness property
commensurate with the orthonormalized B-spline basis we are using for deriving
the REML estimators. Next, let A; > - - - > X > (0 be fixed numbers satisfying Al.

Finally, let us define a covariance kernel 20 as

(A.23) =0, t)_zxkgb,?(s)qﬁ,?(t), s, te[0,1].

k=1

Also, for each fixed j in some index set Fq (to be specified below), define
[ P =T®BY,  selo,1],

where W (s) = (@%(5). ..., %(s), ¥1(5). ... yr=(s)) and B is an (M, +r) x r
matrix with orthonormal columns (to be specified below). Then define

(A.24) T, 1) = Zw,f“(s)w,ﬁ”(t) s,te[0,1],
k=1

for j € F9. We require that log |Fo| < M, < n'/?, and ||B(J) B(j)||% =n"8/9,

for j # j' and j, j' € o U {0}. Here BY is the (M, + r) x r matrix of basis
coefficients of f(()o) with columns e, the kth canonical basis vector in RM++"

The proof of the minimax lower bound is based on an application of Fano’s
lemma (cf. [25]), which requires computation of the Kullback-Leibler divergence
between two specific values of the parameters. In order to apply Fano’s lemma, we
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need to choose ¥y and F(j), j € Fo, such that

0
avejer Y EK(E, T7)] +log2
log| %o

(A.25) €0, D),

where fgj ) denotes the covariance of the observation i given {T,-;};”:" | under the

model parameterized by E(j ) , and E denotes expectation with respect to the de-
sign points T. Under the assumptions on the design points, using the properties of
the basis functions {d),?}’: , and {yk},]cuz*l, and the computations carried out in the
proof of Proposition 4.1 (in the Appendix A.2), in particular a nonrandom bound

analogous to the second bound appearing in Lemma A.2, it is easy to see that for n

=0

large enough (so that || B (0) Il F is sufﬁciently small), we have

From this, and the property of the basis used to represent the eigenfunctions, it
follows that

(A.26) 2 ZEK (J) (0)) ”§(j) _E(O) ”i_

The task remains to construct £y and BY appropriately so that Gy := {Z(J ).
Fo} is in C, for n sufficiently large.
Following the proof of Theorem 2 in [22], we first define My = [Zg/r[*]. Then

define the kth column of B as

M.
(A27) B =\1-er+8 > zers,  k=1,....r,

=1

where z,(j) are appropriately chosen using a “sphere packing” argument (to ensure

that log | £9| < M,), and take values in {—Mﬁl/2 0, Mﬁl/z} Moreover, let S be

the set of coordinates / such that z(J ) # 0 for some j € Fy. By construction, Sy are
disjoint for different k =1, ..., r, and |Sk| ~ M, /r. Hence,

(A.28) w,ﬁ”:,/1-a,§¢,9+5k2z,§;)n, k=1,....r.

leSy

(])|2

Furthermore, by the construction of {Zlk L2 es, 1z =1, and forany j # j' the

vectors z,(cj) (Zkz))leSk and z(]) (zkl ))leSk satisfy ||z(]) (J )||2 > 1. There-

fore, from (A.27) it follows that the RHS of (A.26) is of the order (Sk, and hence
in order that (A.25) is satisfied, we need to choose 8; ~ n~%/9 < M 4 1t follows
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immediately from (A.28) that (i) the eigenfunctions wl(j ), cee, r(j ) are orthonor-

mal, and four times continuously differentiable. Also, since y; is centered around
[/ M, with a support of the order O (M, 1, it follows that, for only finitely many

[ #1', the support of y; overlaps with the support of y;. Moreover, if yl(s) denotes
the sth derivative of 3, then |1, [loc = O(M3/**"), for s =0, 1,...,4. Thus,
the choice 6 < M 4 ensures that, (i1) for each k =1, ..., r, the fourth derivative

of w,gj ) is bounded. Hence, by appropriate choice of the constants, we have that
Co C C. Finally, arguing as in [22], with an application of the Fano’s lemma we
conclude (A.22). O

A.3. Proof of Proposition 5.1. Using standard arguments, it can be shown

that, given € > 0O sufficiently small (but fixed), we have constants 0 < c1 ¢ <2, <

o0 such that for [T 2(C, — T2 2| F <o,

D20, = DIV < KT, T)
(A.29) 1/2 1/22
<T@ = DT 27
Thus, it suffices to provide tight bounds for ||l"*_1/2(1" — F*)F;UZHF. We in-
troduce some notation first. Define, G = "TZA_l + I, Gy = "TZA; '4 7. and
A =BABT — B,A.BI'. Then,
! o T 1 ~1pT
r'=—(1y—-B(—A"'+1) B")=—uy-BG'B")
o? s o2
and

_ 1 _
r;!= — = B.G.'BI).

*

Moreover, due to Al’, there exist constants, c¢3, c4 > 0, such that

2 2
_G -1 -1 o
C3( )famin(lr_G* )Samax(lr_G* )564(7)

S

We express Iyy — B.G7'BI as (Iyy — ByBI') + B.(I, — G;')BI. Then we can
express

(0%/s)*|IT; 20 =T, 23 =0T 2Ar 217
as
tr[(Iyy — B«G;'BI)A(Iyy — B.G,'BI)A]
= tr[(Iyy — B«BI)BABT (Iyy — B.BI)BABT]
(A.30) +2t[By(I, — G, YBI BABT (I — B.BI)BABT]
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+tr[B.(I, — G, HBI AB.(I, — G;HBI A]
= ||(In — B«BT)BABT (Iyy — B,BD)|I%
+2t[(l, — G;H'V2BI BA(BT (1y — B.BI)B)
x ABT B, (I, — G;1)1/?]
+ 1 = GTHYABIBABT B, — AN, — GTHYA11%

2
o
> 2302 (Omin(BL B))27 I(In — B«BI B3

o
+c§<

S

2\ 2
) |BT BABT B, — A, |2

2

2 2
o o
> co( S )i = BB BIE + () 18T BABT B, - A1

5 5
for constants c¢3, ¢4 > 0. Now, since (B, A) € (:)(cxn), where B = exp(l, B.Ay +
Cyp) it follows that ||Ay |l F < oy /ﬁ and |Cy||F < a,. Moreover, from (4.2), and

using the fact that Ay = —ALT/, we have,

BIBABTB, — A,
=D+ (AyA — AAy)
+O0(lAyl% + IDI% + U F (AU F + ICu | 7).

Since Ay A — AAy is symmetric, has zeros on the diagonal, and its Frobenius
norm is bounded below by mini<;x<-(A; — A)|AyllF, and D is diagonal, it
follows that for some constant cg > 0,

IBIBABT B, — A%
3/2
2 2 5 3
> cs(IDIF + 14ul) - 0((55) ad).

From this, and using (4.3) to approximate the first term in (A.30), it follows that
for some constant ¢7 > 0,

(I — B.G ' B2 A1y — B.G ' BI)/?|%

2 2 2
(e} (o} o N
A3 =z c7(7) [ncunzp + —lAulE + —IDIE - 0(\/;%3)]

:c7<%2>a,%(1 —o(1)).
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The last equality is because «,,/-=5 = o(1). Also, it is easy to show now that, for
o
some cg > 0

A (I — B«G, ' B2 A1y — B.G;' B2 1%

< Cs(?)aﬁ(l +o(1)).

Hence, from (A.31) and (A.32), it follows that there are constants cg, cjg > 0 such
that, for sufficiently large n,

K _ _ Ky
cgan,/; <|Ir7V2@C -T2 |r < cloan,/;,

which, together with (A.29), proves (5.2).

A.4. Score representation in the matrix case. First, dgﬁne the canonical
metric on the tangent space Tp @ R" of the parameter space 2 = Sy, ® R” [for

6 =(B,¢)] by
(X,Y)g=(Xp,Yp)e +(X¢, Ye) for Xp,Yp € Tp, X;, Yr eR’,

where (Xp, Yg): = tr(Xg(IM — %BBT)YB) is the canonical metric on 8,7, and
(X¢, Ye) = tr(X? Y;) is the usual Euclidean metric. Next, for an arbitrary 0,
write L,(0) = F1(0) + F2(0), where F!(0) = tr(("~'S) and F2(9) = log|I'| =
log |, + €| =1log|I, + A|. Similarly, we write L(0; 6,) = F'(0; 6,) + F2(0; 6,),
where F1(0;6,) = tr(T~'T,) and F2(6; 6,) = F2(6). Below, we shall only give
expressions for gradient and Hessian of Fn1 (-) and Fnz(-), since the gradient and
Hessian of F!(-;6,) and F2(-; 8,) follow from these (by replacing S with y).

Gradient and Hessian. From Appendices B and D of [23], we obtain expres-
sions for the gradient and Hessian of Fnl(-) and Fnz(-). We mainly follow the no-
tation used there. Let, P := P(0) = Iy + BABT.Then P~ =1 — BQilBT,
where

0:=00)=A"+B"B=A"+1, = Q7 '=AU+n)"".

The fact that Q is independent of B is of importance in the calculations throughout.
Use Fnl, 5 () to denote the Euclidean gradient of Fnl (-) with regard to B. It is easy
to see that Fnl’ g(0) = —2SB Q~!. Then, under the canonical metric the intrinsic
gradient is given by

VsF,(©)=F, 3(0) — B(F, 3(0))" B=2[BQ"'B"SB-SBQ"].

Since F,%(G) does not involve B, the Euclidean gradient Fnz’ (@) =0, and hence
Vg FHZ(O) = 0. Therefore,

(A.33) VL, (0)=VsF(0)=2[BQ 'BTSB-SBQ!].
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Next, for Xp € Tp, let G111,BB (-)(Xp) be the Euclidean Hessian operator of Fn1 ()
evaluated at X g. It is computed as

Gl pp@®) (Xp)=—25X507".

The Hessian operator of L,(-) with regard to B, equals the Hessian operator of
Fnl(-) with regard to B. For Xp, Yp € Tp, itis given by

H, p(0)(Xp,YB)

=tr(Y4 G gp(0)(Xp))
(A34) 1 1 T T T 1 T
+ 3 u[((Fy 5@ XpB" + BT X5(F, 5(0)")Y5]

— Ju[(BTF, 50 + (F,} )" B)X;(Iy — BBT)Yg].

For computing gradient and Hessian with respect to ¢, we only need to compute
first and second derivatives of the function L »(+) [equivalently, of Fn1 () and Fn2 )]
Using calculations carried out in Appendix D of [23], and the identity P~'B; =
(1 + Ax) "' By where By is the kth column of B, 1 <k < r, we have

dF! Ak

@O)=—e*B PSP B =——"" _BI'SB,
T k Ve
F? A
n@)=e*Bl P~ B =%
Lk 14+ Ax
Thus
)L r
V.L,(©®) =diag(7"(1 +Ap— BTEBk)> .
e (1+ xp)? k k=1
a2 i
Since BkTP_lBl =0, for 1 <k s#1 <r, it follows that adgkgzl (0) =0 for k #1,
i=1,2. Also,
aanl 13 1 T 1 }"k()‘k - 1) TS
0) =Bl P7ISP B [2e5 (Bl P7'By) — 11= =Bl SBy,
32 k k (1+2r)3 F
"E, ©0) = % BT P~ B[l — (B P~ By = — k.
Yea k g (14 2p)?

Thus, the Hessian operator of L, () with regard to ¢ is given by

r

(A35) H,(0)= diag( (g — l)BkTgBk + 1+ kk)))

Ak
(14103 k=1
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Boundedness and inversion of H(0y;64). As discussed in Section 6, the
Hessian operator H (0y; 6) is “block diagonal.” So, we only need to show the
boundedness and calculate the inverse of Hp(0y; 60x) and H; (0x; 6). First note
that, from (A.35) we have

)\*k g

(1 + Ae)?
= A2(I, + A2

H (65: 6,) = diag( ((hsk — 1)BLT B + (1 + A*k))>

k=1

which is clearly positive definite with eigenvalues bounded away from 0 and oo,
due to conditions A1” and C”.

Next, we show that Hg(04; 04)(X, X) > C(X, X)., for some C > 0, for all
X € Tp,. Define Fj(6s;6x) = Eg, F, 5(6:) and Gp(6s:6.) = g, G, gp(6s).
Note that Hp (6, 65) is obtained by replacing F, ;(6:) and G}, 55(6,) by F(65)
and G}g g (0s: 04), respectively, in (A.34). Observe that

Fp(0.) = —2TB,Q; ' = —2B.(I, + A) 0, ' = —2B.A.,

where Q, = Q(0,) = A;l(lr + Ay), and we have used the fact that I', B, =

B. (I, + A.). For notational simplicity we use F llg to denote F 11; (6%). Note that,

for X € T5,, X = ByAx + (I — B.BI')Cx, where Ax = —A% € R™, and

Cx € RM>"_ Using this representation, for any X, Y € 75,, we have
Tul(FHTxBI + BI X (FHTHY]

= —t[ABI XBIY + BT XABI'y]

(A.36)
=t[AX"B.BI'Y + BI XA, YT B,]
=2tr[A. X B,BI'Y]
and
—Lu[(Bl (Fg) + (Fp" B.)X" (I — B.B])Y]
(A.37) = tr[(B] BiAy + MBI B)XT (Iyy — B.BI)Y]

=2t[AXT (Iyy — B.BD)Y].
Next, notice that, for X € 73,, G%B(G*; 0.)(X)=-2I'. X Q*_l. Therefore,
t[Y T G p(0s: 6:)(X)]
(A.38) =—-2ulY'r,x0; "
=—-2u[Y Iy — B.BHX0 'l —2u[YTB,.(I, + A)BI X0 ).

Now, combining (A.36), (A.37) and (A.38), and using the definition of Hp (6,; 6,),
and the factsthat I, — Q7' = (I, + A) "L, XTB, = Al = —Axand BIY = Ay =
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—AIT,, after some simple algebra we have
Hp(04;0:)(X,Y)
(A.39) =2(t[XT BuABI Y (I, + A1 —u[XT BBl Y 0 1))
+2t[A2(1 + AT XTI, — B.BI)Y].

Again, since Ay = —A)T( and Ay = —A;, denoting by Ay ;; and Ay ;;, the (i, j)th
element of Ax and Ay, respectively, we have

[ X" B,ABI Y (I + A0 =X BB Y0, ']
= —tr{ Ax (AwAy (I + A) — Ay Al + A7)

)\’.
=—ZZ Xu( Ain_LAin)
T+ag D T, "

i=1j=1

Asi — Aui
(A4O) _ZZAXUAYU< * - )
1+ Ayi

i=1j=1

j—1 r 1 1
— 2 : AxiiAyiil Awi — Axi -
E X,ij Y,lj|:( *i *])(1_'_)\*] 1—{—)»*1):|

i=1 j=i+1

_jz_ T Ay Ayl — )
- JjAY i
i1 j=it1 (1 + 1) (1 4+ Ay )

D 3) Y O s
25 2= T A ) (4 )

Since miny << (Ask — At )2 (1 4+ Aik) ™2 > C1s and Ay > Cio, for some con-

stants C1y, C42 > 0 (value depending on ¢; and ¢, appearing in A1), it follows
from (A.39) and (A.40) that for X € 7p_,

Hp(6s: 0,)(X, X) > Cy1 tr(X" BB} X) +2Csp tr(X" (Iyy — B.B])X)
> Catr(XT X)),

where C,3 = min{C,1,2Cy;}. This proves that Hp (6,; 6,)(X, X) is bounded be-
low in the Euclidean norm and hence in the canonical metric because of the norm
equivalence. An upper bound follows similarly.

PROOF OF COROLLARY 3.1. From (A.39) and (A.40), we can derive an ex-
plicit expression of Hyg ! (Ox; 05). Note that Hp ! (Ox; 05)(X) is defined as

Hp (0, 9*)(H§1(0*; 0:)(X),Y)=(X,Y), forany Y € 7p,.
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Therefore, for X € 75, and Ax = B*T X,
Hy' (04 0,)(X)

1 (4 A (1 + Asj) )r 1 T\y A =2
=-B Ax.ii —(Iy — By«B,)XA_ “(I, + Ay).
) *( ()\*i _ k*j)z X,ij i =1 + 2( M * *) * ( r+ *)

Using this, we can now get an explicit expression for Hy Y04; 0.0 (VB L, (65)).
From (A.33), we have

BI'VyL,(6,) =2[Q; Bl $B, - BISB,0; "]

=2<BT.§B*-< bi e ))
R ST W Y YN

(1+)»*z)(1+?»*ﬂ ij=1

Also,
(In — B«B])VgL,(By, Ay) = —2(Iy — B,B])SB, 0} ".
Thus, it follows that
—Hy ' (0.5 0.)(VBLa(65))
= (5 BI8B)  + U - BBDEBAT
(Asi — Asj) ij=1
=—[R1SB*1:--- :RrSB*,]. Ol

A.5. Gradient and Hessian on product manifolds. In this section, we give a
brief outline of the intrinsic geometry associated with the product manifold of two
Riemannian manifolds, and as an application we consider the manifold 437, @ R,
which is the parameter space for (B, ) in our problem.

Product manifolds. Consider two Riemannian manifolds: M, N with metrics
gum and gy, respectively. The product manifold & of M, N is then defined as:

=MON ={(x,y):xeM,ye N}
with the tangent space at a point p = (x, y) € P,
TpP :=TMDTyN,

where 7, M, 7N are tangent spaces of M, N at points x, y, respectively. The
Riemannian metric g on the tangent space 7 & is naturally defined as

(T, T2)g = (&1, 82) gy + (M1, M) gy

where T; = (§;, ;) e TP, with& e TMand n; e TN (=1, 2).
By the above definition of the product manifold &, the intrinsic gradient and
Hessian of a smooth function f defined on & are as follows:
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e Gradient:

Vi=mfmVNIn),

where fu (fu)is f viewed as a function on M (N), and V¢ (V. ) denotes
the gradient operator for functions defined on M (N).
e Hessian: for T; = (&;,n,) e TP (i =1,2),

H¢(T),T2) = Hpy (61, 862) + (Vv (Ve frs E1) s M) gy

+ (VY fwsm)en> &)y + Hrw (1, 02).

The above expression is derived from the bilinearity of the Hessian operator and
its definition. Also note that

(VA (Vi fms 0 gur> m2) gy = (V{Vv fvs m2) gn» E1) g

Application to the product of a Stiefel manifold and an Euclidean space. Con-
sider the special case: M = &y, , with the canonical metric (-, -)., and N = R4
with Euclidean metric. For a point p = (B, x) on the product manifold &, the
tangent space is

TpP =TBM DTN,
where
TegM={AeRM*":BTA=—ATB} and T, N =R%.
For a smooth function f defined on the product space &:

e Gradient (at p):

’

p

V1= (Vs o)

p — MJS> ax
where V. f|, = f5 — BfL B (with fg = L),

e Hessian operator (at p): for T = (A, a), and forX = (X, n) € T, P,

0
(A.41) =Hf,M(A,XB)|p+<£<Verv A)c,n>

) 702 f
{5V fs XB)e,a) +a’ —5m,
0x ox

where
Hye (A, XB)lp
_ 1 T T T T
= fpe(A, XB) + 5 Trl(fg AB" + B" Afg)Xp]
— (BT f5 + fE B)YATTIX 5]
with [T=17 — BBT.
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e Inverse of Hessian operator (at p): for G € 7,P, T = H_I(G)|p is defined
as: T = (A,a) € 7% such that for any X = (Xp,n) € 7, the following
equation is satisfied

He (T, X)|p, =(G, X)g.

A.6. Some inequalities involving matrices. In this paper we make frequent
use of the following matrix inequalities:

e For any A, B, and with A, (B) denoting the smallest eigenvalue of B
IABlF < |AllFIIBll and [[AB|F = [[AllFAmin(B),

where the last inequality holds for B positive definite. Also, if A and B are
invertible then

(A.42) AT'—B ' =A"'B-A)B =B (B—A)A"".

e Weilandt’s inequality [16]: For symmetric p X p matrices A, B with eigenvalue
sequences Aj(A) > --->Ap(A) and A (B) > --- > A, (B), respectively,

p
(A43) > 1%i(A) = 1B <114 - Bl

i=1

e FEigenvector perturbation [21]: Let A be a p x p positive semidefinite ma-

trix, with jth largest eigenvalue A ;(A) with corresponding eigenvector p;, and

7j = max{(A;_1(A) — kj(A))_l, (Aj(A) — Xj+1(A))'} is bounded [we take

Ao(A) =00 and A, 11(A) =0]. Let B be a symmetric matrix. If q; denotes the

eigenvector of A + B corresponding to the jth largest eigenvalue [which is of

multiplicity 1, for || B|| small enough, by (A.43)], then (assuming without loss
of generality g} p; > 0),

IB| IBII\?
(A.44) laj —pjll =5—+4(—) .
Tj Tj

Acknowledgments. We thank two anonymous reviewers for their comments
which helped in improving the presentation of the material.

REFERENCES

[1] ANTONIADIS, A. and SAPATINAS, T. (2007). Estimation and inference in functional mixed-
effects models. Comput. Statist. Data Anal. 51 4793-4813. MR2364541

[2] BICKEL, P.J. and LEVINA, E. (2008). Covariance regularization by thresholding. Ann. Statist.
36 2577-2604.

[3] BICKEL, P. J. and LEVINA, E. (2008). Regularized estimation of large covariance matrices.
Ann. Statist. 36 199-227. MR2387969

[4] BURMAN, P. (1985). A data dependent approach to density estimation. Z. Wahrsch. Verw. Ge-
biete 69 609-628. MR0791915

[5] CHEN, A. and BICKEL, P. J. (2006). Efficient independent component analysis. Ann. Statist.
34 2825-2855. MR2329469

[6] DE BOOR, C. (1974). Bounding the error in spline interpolation. SIAM Rev. 16 531-544.
MRO0361531


http://www.ams.org/mathscinet-getitem?mr=2364541
http://www.ams.org/mathscinet-getitem?mr=2387969
http://www.ams.org/mathscinet-getitem?mr=0791915
http://www.ams.org/mathscinet-getitem?mr=2329469
http://www.ams.org/mathscinet-getitem?mr=0361531

(71
(8]

(9]

(10]

[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]

(22]

(23]

[24]

[25]

[26]

CONSISTENCY OF REML ESTIMATORS 1271

DE BOOR, C. (1978). A Practical Guide to Splines. Applied Mathematical Sciences 27.
Springer, New York. MR0507062

DEVORE, R. A. and LORENTZ, G. G. (1993). Constructive Approximation. Grundlehren
der Mathematischen Wissenschaften [ Fundamental Principles of Mathematical Sciences]
303. Springer, Berlin. MR1261635

EL KAROUI, N. (2008). Operator norm consistent estimation of large-dimensional sparse co-
variance matrices. Ann. Statist. To appear.

DAVIDSON, K. R. and SZAREK, S. (2001). Local operator theory, random matrices and Banach
spaces. In Handbook on the Geometry of Banach spaces (W. B. Johnson and J. Lenden-
strauss, eds.) 1 317-366. North-Holland, Amsterdam. MR 1863696

EDELMAN, A., ARIAS, T. A. and SMITH, S. T. (1998). The geometry of algorithms with
orthogonality constraints. SIAM J. Matrix Anal. Appl. 20 303-353. MR1646856

FAN, J., FAN, Y. and Lv, J. (2008). High-dimensional covariance matrix estimation using a
factor model. J. Econometrics 147 186-197.

FERRATY, F. and VIEU, P. (2006). Nonparametric Functional Data Analysis: Theory and
Practice. Springer, New York. MR2229687

HALL, P. and HOSSEINI-NASAB, M. (2006). On properties of functional principal components
analysis. J. R. Stat. Soc. Ser. B Stat. Methodol. 68 109-126. MR2212577

HALL, P.,, MULLER, H.-G. and WANG, J.-L. (2006). Properties of principal component meth-
ods for functional and longitudinal data analysis. Ann. Statist. 34 1493-1517. MR2278365

HORN, R. A. and JOHNSON, C. R. (1994). Topics in Matrix Analysis. Cambridge Univ. Press,
Cambridge. MR1288752

JAMES, G. M., HASTIE, T. J. and SUGAR, C. A. (2000). Principal component models for
sparse functional data. Biometrika 87 587-602. MR1789811

Kato, T. (1980). Perturbation Theory of Linear Operators, 2nd ed. Springer, Berlin.
MRO0407617

MUIRHEAD, R. J. (1982). Aspects of Multivariate Statistical Theory. Wiley, New York.
MRO0652932

OLLER, J. M. and CORCUERA, J. M. (1995). Intrinsic analysis of statistical estimation. Ann.
Statist. 23 1562-1581. MR1370296

PAUL, D. (2005). Nonparametric estimation of principal components. Ph.D. dissertation, Stan-
ford Univ.

PAUL, D. and JOHNSTONE, 1. M. (2007). Augmented sparse principal component analysis for
high-dimensional data. Working paper. Available at http://anson.ucdavis.edu/~debashis/
techrep/augmented- spca.pdf.

PENG, J. and PAUL, D. (2007). A geometric approach to maximum likelihood es-
timation of covariance kernel from sparse irregular longitudinal data. Tech-
nical report. arXiv:0710.5343v1l.  Avaialble at http://anson.ucdavis.edu/~jie/
pd-cov-likelihood-technical.pdf.

RAMSAY, J. and SILVERMAN, B. W. (2005). Functional Data Analysis, 2nd ed. Springer, New
York. MR2168993

YANG, A. and BARRON, A. (1999). Information-theoretic determination of minimax rates of
convergence. Ann. Statist. 27 1564—1599. MR1742500

YAO, F., MULLER, H.-G. and WANG, J.-L. (2005). Functional data analysis for sparse longi-
tudinal data. J. Amer. Statist. Assoc. 100 577-590. MR2160561

DEPARTMENT OF STATISTICS

UNIVERSITY OF CALIFORNIA

DAvIs, CALIFORNIA 95616

USA

E-MAIL: debashis@wald.ucdavis.edu
jie@wald.ucdavis.edu


http://www.ams.org/mathscinet-getitem?mr=0507062
http://www.ams.org/mathscinet-getitem?mr=1261635
http://www.ams.org/mathscinet-getitem?mr=1863696
http://www.ams.org/mathscinet-getitem?mr=1646856
http://www.ams.org/mathscinet-getitem?mr=2229687
http://www.ams.org/mathscinet-getitem?mr=2212577
http://www.ams.org/mathscinet-getitem?mr=2278365
http://www.ams.org/mathscinet-getitem?mr=1288752
http://www.ams.org/mathscinet-getitem?mr=1789811
http://www.ams.org/mathscinet-getitem?mr=0407617
http://www.ams.org/mathscinet-getitem?mr=0652932
http://www.ams.org/mathscinet-getitem?mr=1370296
http://anson.ucdavis.edu/~debashis/techrep/augmented-spca.pdf
http://arxiv.org/math.PR/0710.5343v1
http://anson.ucdavis.edu/~jie/pd-cov-likelihood-technical.pdf
http://www.ams.org/mathscinet-getitem?mr=2168993
http://www.ams.org/mathscinet-getitem?mr=1742500
http://www.ams.org/mathscinet-getitem?mr=2160561
mailto:debashis@wald.ucdavis.edu
mailto:jie@wald.ucdavis.edu
http://anson.ucdavis.edu/~debashis/techrep/augmented-spca.pdf
http://anson.ucdavis.edu/~jie/pd-cov-likelihood-technical.pdf

	Introduction
	Functional data
	Model
	Consistency

	High-dimensional vector
	Model
	Consistency
	Efficient score representation

	Proof of Theorem 2.1
	Parameter space and exponential map
	Loss decomposition
	Probabilistic bounds for a fixed parameter in Theta(alphan)
	Covering of the space Theta(alphan)

	Proof of Theorem 3.1
	Proof of Theorem 3.2
	Discussion
	Appendix
	Properties of cubic B-spline basis
	Proofs for the sparse case
	Proof of Proposition 5.1
	Score representation in the matrix case
	Gradient and Hessian
	Boundedness and inversion of H(theta*;theta*)

	Gradient and Hessian on product manifolds
	Product manifolds
	Application to the product of a Stiefel manifold and an Euclidean space

	Some inequalities involving matrices

	Acknowledgments
	References
	Author's Addresses

