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Abstract. We consider a nearest-neighbor, one-dimensional random walk {Xy},>¢ in a random i.i.d. environment, in the regime
where the walk is transient with speed vp > 0 and there exists an s € (1, 2) such that the annealed law of n~1/s (X, —nvp)
converges to a stable law of parameter s. Under the quenched law (i.e., conditioned on the environment), we show that no limit laws
are possible. In particular we show that there exist sequences {#;} and {t,é} depending on the environment only, such that a quenched
central limit theorem holds along the subsequence #;, but the quenched limiting distribution along the subsequence tlé is a centered
reverse exponential distribution. This complements the results of a recent paper of Peterson and Zeitouni (arXiv:math/0704.1778v1
[math.PR]) which handled the case when the parameter s € (0, 1).

Résumé. On examine des marches aléatoires unidimensionnelles en milieu aléatoire avec un environnement i.i.d., dans le ré-
gime ou la marche est transiente avec vitesse vp > 0 et ou il existe s € (1,2) tel que la loi “annealed” (i.e., moyennée) de
n=l/s (X, —nvp) converge vers une loi stable de parametre s. Sous la loi “quenched” (i.e. conditionnelement a I’environnement) on
montre qu’il n’existe pas de loi limite. En particulier on prouve qu’il existe des suites {#;} et {t]i}, dépendant de I’environnement,
tel qu'un théoreme de limite centrale quenched est valide le long de la suite 7z, mais ou la distribution limite suivant la suite
t,; est une distribution centrée exponentielle inverse. Ceci complete les résultats d’un article récent de Peterson et Zeitouni
(arXiv:math/0704.1778v1 [math.PR]) qui traitait le case de parametre s € (0, 1).

MSC: Primary 60K37; secondary 60F05; 82C41; 82D30

Keywords: Random walk; Random environment

1. Introduction, notation and statement of main results

Let £2 = [0, 11%, and let F be the Borel o-algebra on £2. A random environment is an §2-valued random variable
o = {w;};ez with distribution P. In this paper we will assume that P is a product measure on 2. The quenched law
P} for arandom walk X, in the environment w is defined by

w; if j=i+1,

i = .

ZN is the space for the paths of the random walk {X,,},en, and let G denote the o -algebra generated by the cylinder
sets. Note that for each w € §2, P, is a probability measure on (ZN, G),and foreach G € G, P} (G): (82, F) — [0, 1]
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is a measurable function of . Expectations under the law P} are denoted E7,. The annealed law for the random walk
in random environment X, is defined by

P*(F x G):/ P} (G)P(dw), FeF,Geg.
F

For ease of notation we will use P, and P in place of P(g and PV respectively. We will also use P to refer to the
marginal on the space of paths, i.e. P*(G) =P*(£2 x G) = Ep[P;(G)] for G € G. Expectations under the law [P will
be written E.

A simple criterion for recurrence of a one-dimensional RWRE and a formula for the speed of transience was given
by Solomon in [10]. For any integers i < j define

1 — Wi /
pi = p and [IT; :=1Upk. (1)
=i

Then, X, is transient to the right (resp. to the left) if Ep(logpg) < 0, (resp. Eplogpp > 0) and recurrent if
Ep(log po) = 0 (henceforth we will write p instead of py in expectations involving only pg). In the case where
Eplog p < 0 (transience to the right), Solomon established the following law of large numbers

. Xn . n 1
vp:=lim — = lim — =—, P-as, 2)
n—oo n n—oo T, ETy

where T, := min{k > 0: X =n}. For any integers i < j define

J
Wi = an,j and W; = an,j- 3)
k=i k<j

When Eplogp <0, it was shown in [11] that
EJTit1=1+2W; <00, P-as. 4)

and thus vp = 1/(1 + 2EpWy). Since P is a product measure, Ep Wy = Z,fozl(Epp)k. In particular, vp > 0 if
E PP < 1.

Kesten, Kozlov and Spitzer [5] determined the annealed limiting distribution of a RWRE with Eplogp <0, i.e.
transient to the right. They derived the limiting distributions for the walk by first establishing a stable limit law of
index s for T,, where s is defined by the equation Epp® = 1. In particular, they showed that when s € (1, 2) there
exists a b > 0 such that

T, — ET,
lim P("li/s” < x) = L p(x) Q)
n—00 n
and
. X, —nvp
nll)fgo[?(m = x) =1—Lsp(—x), (6)
P

where L j is the distribution function for a stable random variable with characteristic function

i.s,b(t) = exp{ —b|t|° <1 — iﬁ tan(ns/2)> }

While the annealed limiting distributions for transient one-dimensional RWRE have been known for quite a while,
the corresponding quenched limiting distributions have remained largely unstudied until recently. In the case when
s > 2, Goldsheid [3] and Peterson [8] independently proved that a quenched CLT holds with a random (depending
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on the environment) centering. Previously, in [7] and [11] it had only been shown that the limiting statements for the
quenched CLT with random centering held in probability (rather than almost surely). In the case when s < 1 it was
shown in [9] that no quenched limiting distribution exists for the RWRE. In particular, it was shown that P-a.s. there
exist two different random sequences #; and #; such that the behavior of the RWRE is either localized (concentrated
in a interval of size log2 t,i) or spread out (scaling of order #}).

In this paper, we analyze the quenched limiting distributions of a one-dimensional transient RWRE in the case
s € (1,2). We show that, as in the case when s < 1, there is no quenched limiting distribution of the random walk.
However, as shown in Section 2, the existence of a positive speed for the random walk allows us to transfer limiting
distributions from 7;, to X,. Throughout the paper, we will make the following assumptions:

Assumption 1. P is a product measure on §2 such that

Eplogp <0 and Epp®=1 forsomes >D0. @)
Assumption 2. The distribution of log p is non-lattice under P and Ep(p®log p) < o0.

Remarks.

1. Assumption 1 contains the essential assumptions for our results. The technical conditions contained in Assump-
tion 2 were also invoked in [5] and [9].

2. Since Epp? is a convex function of y, the two statements in (7) give that EppY < 1 for all 0 < y < s and
Epp? > 1 forall y > s. In particular this implies that vp > 0 <= s > 1. The main results of this paper are for
s € (1, 2), but many statements hold for a wider range of s. If no mention is made of bounds on s then it is assumed
that the statement holds for all s > 0.

3. The cases s € {1,2} are not covered by [9] or by this paper. It is not clear whether or not a quenched CLT
holds in the case s = 2, but we suspect that the results for s = 1 will be similar to those of the cases s € (0, 1) and
s € (1,2) — i.e. no quenched limiting distribution for the random walk. However, since s = 1 is the bordering case
between the zero-speed and positive-speed regimes the analysis is likely to be more technical (as was also the case

in [5]).

Let ®(x) and ¥ (x) be the distribution functions for a Gaussian and exponential random variable respectively. That
is,
0, x <0,

o
CD(x)::/ \/—_e_tz/zdt and W(x)::{l_ex 0

—00 27[

Our main results are the following:

Theorem 1.1. Let Assumptions 1 and 2 hold, and let s € (1,2). Then P-a.s. there exists a random subsequence
ng,, = N, (®) of ng = 22k and non-deterministic random variables vy, ,, such that

T, —E_ T,
(M§x>:¢(x) Vi eR
Yk

lim P,

and
X —
lim Pw<’m7”"'" §x> =®(x) VxeR,
m—>00 VP V0

where t,, =ty (w) := | E,Ty

].

km

Theorem 1.2. Let Assumptions 1 and 2 hold, and let s € (1,2). Then P-a.s. there exists a random subsequence
Nk, =Nk, (©) of ng = 22 and non-deterministic random variables vy,, ., such that

<Tnkm - Ea)Tnkm

Vi,

lim P,
m-—00

§x>=l1/(x+1) VxeR
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and

X _
lim Pw<""4”"'" §x> —1—W(—x+1) VrxeR,
VP /Vk,, 0

where by =ty (@) == | EyTy,,, |-

Remarks.

1. Note that Theorems 1.1 and 1.2 preclude the possibility of quenched analogues of the annealed statements (5)
and (6).

2. The choice of Gaussian and exponential distributions in Theorems 1.1 and 1.2 are the two extremes of what
quenched limiting distributions can be found along random subsequences. In fact, it will be shown in Corollary 4.5
that T, is approximately the sum of a finite number of exponential random variables with random (depending on
the environment) parameters. Thus, we expect in fact that any distribution which is the sum of (or limit of sums of)
exponential random variables can be achieved as a quenched limiting distribution of T,, along a random subsequence.

3. The sequence ny = 22" in Theorems 1.1 and 1.2 is chosen only for convenience. In fact, for any sequence ny,
growing sufficiently fast, P-a.s. there will be a random subsequence ny,, (w) such that the conclusions of Theorems 1.1
and 1.2 hold.

4. The definition of vk, . is given below in (11), and similar to Theorem 1.3, it can be shown that
limy, s 00 P(n,?z/s Vk,w < X) = Lg2 p(x) for some b > 0. Also, from (2) we have that t,, ~ ETng,, . Thus, the scal-
ing in Theorems 1.1 and 1.2 is of the same order as the annealed scaling but cannot be replaced by a deterministic
scaling.

As in [9], define the “ladder locations” v; of the environment by

inf{n > v;_y: Iy,_; n—1 <1}, i>1,
l)()=0 and V= . . . (8)
sup{j <vit1: Ik j—1 <1,Vk < j}, i<-1

Throughout the remainder of the paper we will let v = v;. We will sometimes refer to sections of the environment
between v;_; and v; — 1 as “blocks” of the environment. Note that the block between v_; and vy — 1 is different
from all the other blocks between consecutive ladder locations (in particular it can be that IT,_, ,,—1 > 1), and that
all the other blocks have the same distribution as the block from 0 to v — 1. As in [9] we define the measure Q on
environments by Q(-) := P(:|R), where

-1
Ri={we2: M__ 1 <1,Vk>1}= [weSZ: > logpi <O,Vk21}.
i=—k

Note that P(R) > 0 since Eplogp < 0. Q is defined so that the blocks of the environment between ladder locations
are i.i.d. under Q, all with distribution the same as that of the block from 0 to v — 1 under P. In particular P and Q
agree on o (w;: i > 0).

For any random variable Z, define the quenched variance Var, Z := E,(Z — EwZ)z. In [9], Theorem 1.1, it
was proved that when s € (0, 1), n~SE, T,, converges in distribution (under Q) to a stable distribution of index s.
Correspondingly, when s < 2 we will prove the following theorem:

Theorem 1.3. Let Assumptions 1 and 2 hold, and let s < 2. Then there exists a b > 0 such that

. Var,, 1), . 1 & vi_1 2
lim Q(W sx) = lim_ Q(m E(Ew Ty) x| =L (x). ©)
=
Remarks.

1. The constant b in the above theorem may not be the same as in (5) and (6).
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2. Theorem 1.3 can be used to show that lim,_, P(V‘;r;;f" <x) = Ly 1y (x) for some b' > 0, but we will not

prove this since we do not use it for the other results in this paper.

A major difficulty in analyzing T, is that the crossing time from v;_; to v; depends on the entire environment
to the left of v;. Thus Var,,(T,, — T),_,) and Var,(T,; — T, ,) are not independent even if |i — j| is large. In order
to make the crossing times of blocks that are far apart essentially independent, we introduce some reflections to the
RWRE. Forn=1,2,..., define

b, = Llogz(n)J. (10)

Let X t(") be the random walk that is the same as X, with the added condition that after reaching vi the environment
is modified by setting w,,_, =1 (i.e. never allow the walk to backtrack more than log?(n) blocks). We couple X ,(")
with the random walk X; in such a way that X t(") > X, with equality holding until the first time 7 when the walk X ,(")
reaches a modified environment location. Denote by 7_}(") the corresponding hitting times for the walk X t("). It was
shown in [9], Lemma 4.5, that lim,_, o, P, (T,, # f,,(: )) =0, P-a.s. so that in fact with high probability the added
reflections do not affect the walk at all before T,,,. For ease of notation we define
Winw:=Ey" Tv(,-n) and afn,w := Var,, (7_"‘)(1,”) — Tvg’i)l).

The structure of the paper is as follows: In Section 2 we prove the following general proposition that allows us to

easily transfer quenched limit laws from subsequences of 7}, to X,,.

Proposition 1.4. Let Assumptions 1 and 2 hold, and let s € (1,2). Also, let ny be a sequence of integers growing fast

enough so that limy_, o, -5 = oo for some § > 0, and define
M-l

ng
diy:=ny —ng—1 and Vg = Z Ji?dk,w = Varw(Tv(ik) — T,f’i"_)] ) (11)
i=nj_1+1

Assume that F is a continuous distribution function for which P-a.s. there exists a subsequence ny,, = n,, (w) such
that for oy, = ng, 1,

. VY,
lim P,™
m-—0o0

= (digy) Ve 7 (i)
T, " —Ey"T, ™
( Xm [0) Xm S y> — F(y) Vy c R,
Vk,, 0
for any sequence x,, ~ ny,,. Then, P-a.s. for all y € R we also have

T, —E,T,
lim Pw(i”’ < y) =F(y), (12)
vkmaw

for any x,, ~ ny,,, and

lim P X =M o) 2y _ poy), (13)
m—00 vpm -

where t,, .= LEwTy,, |-

Then in Sections 3 and 4 we use Theorem 1.3 to find subsequences ny,, (w) that allow us to apply Proposition 1.4.
To find a subsequence that gives Gaussian behavior of 7,,, ~we find a subsequence where none of the crossing times
of the first ng, blocks is too much larger than all the others and then use the Linberg—Feller condition for triangular
arrays. In contrast, to find a subsequence that gives exponential behavior of 7, we first prove that the crossing times
of “large” blocks is approximately exponential in distribution. Then we find a subsequence where the crossing time
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of one of the first ny, blocks dominates the total crossing time of the first ny,, blocks. Finally, Section 5 contains the
proof of Theorem 1.3 which is similar to that of [9], Theorem 1.1.

Before continuing with the proofs of the main theorems we recall some notation and results from [9] that will be
used throughout the paper. First, recall that from [9], Lemma 2.1, there exist constants Cq, C2 > 0 such that

P(v>x)<Cie " vx>0. (14)

Then, since v, =Y i, v; — v;_1 and the v; — v;_; are i.i.d., the law of large numbers gives that

v
lim = =Epv=:D <00, P-as. (15)
n—>oo n

In [9] the following formulas for the quenched expectation and variance of T, were given:

v—1 v—1 v—1
E,Ty=v+2Y W; and Var,T, =4 (W;j+W})+8 > M1 j(Wi+ W7). (16)
Jj=0 Jj=0 j=0i<j

Note that since the added reflections only decrease crossing times we obviously have T, > 7_"\,(”) and E,T, > E, Tv(")
for any n. Also, since (16) holds for any environment w, the formula for Var,, T,,(”) is the same as in (16) but with
Pv_y, replaced by 0. In particular, this shows that Var,, T}, > Var,, 7_"1)(") for any n. As in [9] define for any integer i

M; = max{Hvl.fl,j: Jj€lvizi, vi)}. a7
Then [4], Theorem 1, gives that there exists a constant C3 < 0o such that
OM; >x)=P(M; >x)~Czx"°. (18)

Note that M| < maxo<;<, W;. Therefore, from the formulas for E,T, and Var, T, in (16) it is easy to see that
E,T, > M and Var, T, > M f (the same also being true with T,,(")). Finally, recall the following results from [9]:

Theorem 1.5 (Lemma 3.3 and Theorem 5.1 in [9]). There exists a constant K o, € (0, 00) such that
Q(Var, T, > x) ~ Q((EuT))? > x) ~ Koox ™/ as x — cc.

Moreover, for any € > 0 and x > 0
Q(Varw ]_"U(") > xn?s, My > n(l_s)/‘v) ~ Q((EL,)Y_"U("))2 > xn?S, My > n(l_g)/s) ~ Koox_s/zé

asn— oQ.

2. Converting time limits to space limits
In this section we develop a general method for transferring a quenched limit law for a subsequence of 7, to a
quenched limit law for a subsequence of X,,. We begin with some lemmas analyzing the a.s. asymptotic behavior of

the quenched variance and mean of the hitting times.

Lemma 2.1. Assume s <2. Then for any § > 0,

Q(Varw 7:”(:) ¢ (n2/s—a’n2/s+8)) < P(IR) P(Varw Tv(:) ¢ (n2/s—5,n2/s+8)) — o(n*‘ss/“).
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Proof. The first inequality in the lemma is trivial since for any A € F we have from the definition of Q that Q(A) =

P ;),?%7)%) < %. Next, note that when s < 2 [9], Lemma 5.11, gives

P(Varw Tv(:) > nz/”‘s) < P(Varw T, > nz/H"S) = o(n_’ss/4). (19)
Also, since Varw(f‘v(l.”) — 7_"1)(,."7)1) > M? we have
P(Var, T < n?/°7%) < P(M} <n?7%)" = (1 = P(My > n'/2))"

— o™,

where the last equality is from (18). ]

Corollary 2.2. Assume s < 2. Then for any § >0
P(oew ¢ (" dg" ") = o(d "),

Consequently, if s <2 we have /v , = 0(dy), P-a.s.

Proof. Recall from (11) that by definition vg ., = Varw(Tv(i K _ T‘f,i kgl ). Also, note that the conditions on nj; ensure
that nj grows faster than exponentially and that diy ~ ng. Thus, for all k large enough v , only depends on the
environment to the right of zero. Therefore for all £ large enough
2/s—8 2/s+3 = = 2/s—8  2/s+8
P(Uk,w ¢ (dk/s sdk/s+ )) — Q(Varw(Tv(:ik) _ T(dk)l) ¢ (dk/S »dk/s+ ))

Vng_

= Q(Var, T ¢ (4" &) =o(d ")

where the last equality is from Lemma 2.1. Now, for the second claim in the corollary, first note that 2 > % + %
since s > 1. Therefore, for any ¢ > 0 and for all k large enough we have

P(vk,w > Sd,?) < P(Uk,w - d}?/er(sfl)/s) _ O(dI:(Sil)/AL)_

This last term is summable since d grows faster than exponentially. Thus the Borel-Cantelli lemma gives that vy , =
o(dlf), P-as. [l

Corollary 2.3. Assume s < 2. Then

~ Var, T,,nki1
Iim — =0, P-a.s.
k—o00 Vk, o

Proof. By the Borel-Cantelli lemma it is enough to prove that for any ¢ > 0

o0
Z P (Var, Tvnk,l > eV, ) < OO.
k=1

However, for any § > 0 we have

P(Var, Ty,  >sv,) < P(Var, T, >ed,”* )+ P(vi, <d° 7). (20)

Ng—1 — Ng—1
By Corollary 2.2 the last term in (20) is summable for any § > 0. To show that the second to last term in (20) is also
summable first note that the conditions on the sequence n; give that there exists a § > 0 such that sd,f/ §0 > nz/_f 1+ )

for all k large enough. Thus, for some § > 0 and all k£ large enough we have
P(Varw Ty, , > 8d13/s+5) < P(Varw T > ni/_T‘S) = o(n,ji“),

1 Vng—1
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where the last equality is from (19). (]

Lemma 2.4. Assume s € (1,2). Then ET| < 00, and P-a.s.

lim Eank+[x\/mW - Eank

=xET} VxeR. 1)
k— 00 /Vk,w

Ey n+x Uk o —Ey Tnk
Vk

statement in (21) holds. Obvidusly this is true when x = 0 since both sides are zero. For the remainder of the proof
we’ll assume x > 0. The proof for x < 0 is essentially the same (recall that by Corollary 2.2 v, = o(dx) = o(ng)
when s < 2). Note that for x > 0 then we can re-write Eankam] —E,T,, = Ef Tnkﬂxm1~ By the Borel-
Cantelli lemma it is enough to show that for any ¢ > 0,

Proof. Now, since

is monotone in x it is enough to prove that for arbitrary x € QQ the limiting

00
Z P(|EZank+|'xm'\ — (XA/Uk’w—‘ETﬂ > 84/Uk’w) < Q. 22)

k=1

However, for any § > 0 we have

P(|E} Tot1x yoral — [x\/Vko |ET1| = /Vk.0)

< P(Elm e [[xd," ™7, [xdy" 1] |EL Tupogm — mETi| > 87’") 4 P(okw ¢ [0, 7))

< P( max  |E,T, — mET)| > ed,i/s_a) +o(d "), 23)

m<Txd,”*
where the last inequality is due to Corollary 2.2 and the fact that (E) Ty +m}mez has the same distribution as
{E»Tm}mez since P is a product measure. Thus, we only need to show that the first term in (23) is summable in k for
some § > 0. For this, we need the following lemma whose proof we defer.

Lemma 2.5. Assume s € (1,2]. Then for any 0 < §' < % we have that

m<n

Assuming Lemma 2.5, fix 0 < 8’ < £~ and then choose 0 < § < 9(28—_/5/) We choose § and &’ this way to ensure

2s
that (1/s + 8)(1 — 8') < 1/s — 8. Therefore, for all k large enough, ed.”* ™ > [xd***11=%". Thus for all k large

enough we have

P< max |Ey Ty, — mIET)| > 8d,:/sfa) < P( max |E,T,, —mET|| > [xdll/SH-ll—a')

m=[xd,”* "] m=[xd,”* "]

= o(d,:(l/s+8)(‘v_l)/2) as k — o0o.

Since s > 1 this last term is summable in k. O

Proof of Lemma 2.5. Before proceeding with the proof we need to introduce some notation for a slightly different

type of reflection. Define X ,(n) to be the RWRE modified so that it cannot backtrack a distance of b,, (the definition of
 (

Xy

location i, we modify the environment by setting w;_p, = 1. Let T, ™ be the corresponding hitting times of the walk

") is similar except the walk was not allowed to backtrack b,, blocks instead). That is, after the walk first reaches
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X t (n). Then

P(max \E,T,, — mET}| > n“‘s’)

m=<n

15 s 1-8
< P<Ean — E, T > T) + P<ET1 — ]ET(n) > T) + P(maXIE T — mET(")| > T)

1-§
—148 7 . AOINGEL
<3n~ " (BT, ~ET") + 15, B0 sy TP (wgﬁyEwT,gm —mET,"| > 3 ) (24)

Now, from (4) we get that E,, Ty — E,T\™ = (1 +2Wo) — (1 +2W_p,+1.0) = 2T—p,+1.0W_

and thus since P is a
product measure

n?

ET, — ET") =nEp(E,Ti — E,T\") = ———(Epp)?*!. (25)
1—-Epp

Since Epp < 1 and b, ~ log® n the above decreases faster than any power of . Thus by (24) we need only to show that
P(maxp,<y |Ey T(") mIET(n)l > ) = o(n_(s /2y For ease of notation we define K(") E(’;)_lfi(n) — ]ETI(").
Thus, since E,T;\" —mET(") Z Z ZL(m 0/bn (")+l we have

1—5' L(m—i)/bn] p1=o
P(rﬂr}g‘E T —mIET(")] > T) < P(r’;lgﬁ Z ;ZZJF, zZ— )
i=1 j=0
bn L(m—i)/bn] -8
= XI:P<IJ}§§ Z(:) K;Zi+i = n3bn )
i= j=

1
AL
]bn +i

by
= ZP( max
i=1

I=<|(n—i)/bn] |~
J=

_ 1= 06)
= 3b, |
Due to the reflections of the random walk, K(") depends only on the environment between i — b and i — 1. Thus, for

each i {K](Z’)l i }°° ~ o is a sequence of i.i.d. random variables with zero mean, and so {Z =0 ik
Now, let y € (1 s). Then, by the Doob—Kolmogorov inequality, for any integer N we have

()
<Illla}\)]( Z K]bn +i Z Kjbn+i

Jj=0
Now, since {x ]( b) +l} ~, 18 a sequence of independent, zero-mean random variables, the Marcinkiewicz—Zygmund

inequality [1], Theorem 2 on p. 356, gives that there exists a constant B,, < 0o depending only on y > 1 such that

N
ZK/b +i Z( ;Z,)l-‘rt)z

Jj=0

/b +z}l>0 is a martingale.

14

3/
> 3 )<3yb7 —y+ys Ep

v/2

Ep <ByEp

’

N
< B,Er <Z|K§';z+i|y> = B,V DER "]
Jj=0

where the second inequality is because y < s <2 implies y/2 < 1. Now, recall from [5] that P(E,T1 > x) ~ Kx~°
for some K > 0. Therefore, since y < s we have that Ep|E,T1|” < oo. Thus, it’s easy to see that Ep|K(")|V =

E p|EwT1(”) — IETI(") |” is uniformly bounded in n. So, there exists a constant B)’, depending on y € (1, s) such that

)
P | max
I<N

1§

RO
= 3b,

jbn-‘rl

) <BLbyn VTN 4+ 1)
j=0
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and thus by (26)

1-8

~ ~ n ’
P(max|EwT,§,") — mET"| > ) < B b} T nr Y < i 1) O(bln! 7).
m<n by,

. . — . . — /
Since by assumption we have §' < %, we may choose y < s arbitrarily close to s so that b} n~ V17 =

o(n=6—D/2y, O

Proof of Proposition 1.4. Recall the definition of «,, := ng,—1. To prove (12) it is enough to prove that Ve > 0

. vy, — EwTv,
lim P, L “1>g) =0, P-as. 27
m— 00 Vi, 0
and
Vo, (dkm . Vo, _(dkm) _
[lim P, (Ty, #Te, ™) =0 and lim E,"(Ty, — Ty, ™) =0, P-as. (28)
m—0Q

To prove (27), note that by Chebychev’s inequality

p ( T, —EoTy,, - 8) - Var, T,
w - — ’
LY, Uk,,,,w 8 Ukm s

which by Corollary 2.3 tends to zero P-a.s. as m — 00. Secondly, to prove (28), note that since
P (T, # i) = Pt (T = Tl = 1) < By (T, = T),

it is enough to prove only the second claim (28). However, since x,, < 2ny,, for all m large enough, it is enough to
prove

: @)y _
Jim Eo(To, —T,,") =0, P-as. 29)

To prove (29), note that for any ¢ > 0 that

d ~
E(Ton, = Ty ) _ BT = T3y 2mB(Ty — F{)
g - g N g '

P(Ey(Ta — T\%) > ¢) <

2n 30)
However, from (25) we have that E(T; — Tl(d")) = ﬁ(E P p)b"k which decreases faster than any power of nj
(since Epp < 1 and di ~ ny), and thus the last term in (30) is summable. Therefore, applying the Borel-Cantelli
lemma gives (29) which completes the proof of (12). Note, moreover, that the convergence in (12) must be uniform
in y since F is continuous.

To prove (13), for any y € R let x,, (y) := [ng,, + yvp/Vk, 01, and define X[ := max,<; X,,. Then we have

X;km — Nk, .
Py m <y ) =Po(X}, <xn(3) = Po(Ta,(y) > tm)

— Pw(Txm(y) — E Txm(}) - E Txm(y)> (31)

Vi Vk,n

Now, recalling the definition of t,,, :== | E, X, im 1> by Lemma 2.4 we have

lim tm — Ewam(y) — Im I_Ea)Tnka E Tnkm+yvp [Vl @ _

m—>0o0 Vi, 0 m—>o0 Vg,

—y VyeR, P-as.,

m,W
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where we used the fact that vpET] = 1 due to (2). Also, by Corollary 2.2 we have P-a.s. that , /U, = o(dx) = o(ny)
since s < 2, and therefore x,, (y) ~ ny,, . Thus since the convergence in (12) is uniform in y, (31) gives that

X* —n
lim P, ( fon > —1—F(—y) VyeR, P-as. (32)
m—00 VP SV 0

Now, (2) gives that t,, ~ (ET)ny,,, P-a.s. Therefore, an easy argument involving (14) and [9], Lemma 4.6, gives
that Xy, F—-X,, = o(log2 tm) = o(log2 ng,,), P-a.s. Also, Corollary 2.2 and the Borel-Cantelli lemma give P-a.s. that

Vo = d2/s b~ i/s_a for any 8§ > 0 and all k large enough. Therefore, P-a.s. we have that lim,,_, oo X\’}”%’” =0.
Combining this with (32) completes the proof of (13). U

Remark. For the last conclusion of Proposition 1.4 to hold it is crucial that s > 1. The dual nature of X} and T,
always allows the transfer of probabilities from time to space. However, if s < 1 then ET| = oo and the averaging
behavior of Lemma 2.4 does not occur.

3. Quenched CLT along a subsequence

For the remainder of the paper we will fix the sequence ny := 22" and let dy and vy, be defined accordingly as in
(11). Note that this choice of nyj satisfies the conditions in Proposition 1.4 for any § < 1 since ny = ”/%—1' Our first
goal in this section is to prove the following theorem, which when applied to Proposition 1.4 proves Theorem 1.1.

Theorem 3.1. Assume s < 2. Then for any n € (0, 1), P-a.s. there exists a subsequence ny, = ny, (w,n) of ny = 2%
such that for &y, , B and yy, defined by

Oy =Ny 1 Bm :=nk,—1 + [ndk, | and  yp = ny, (33)

and any sequence x,, € (vg,,, vy, ] we have

. v Tx(dkm) E, T(dkm
lim P,™ L <x)=d(x).
m—0o0 /Ukm,w

The proof of Theorem 3 is similar to the proof of [9], Theorem 5.10. The key is to find a random subsequence
where none of the variances oﬁdk " with i € (ng, -1, nk, ] is larger than a fraction of vy, .. To this end, let #(1)

m

denote the cardinality of the set I, and for any 5 € (0, 1) and any positive integer a < n/2 define the events

Sina= U (Mo €200 () (1,0 <2))

IC[1,qn] Niel Jell,nn\I
#(I)=2a

and

nn:={ Z O' <2n2/s}.

ie(nn,n]

On the event S, , 4, 2a of the first nn crossings times from v;_; to v; have roughly the same size variance and the rest
are all smaller. Define

ay = |loglogk] Vv 1. (34)
Then, we have the following lemma:

Lemma 3.2. Assume s < 2. Then for any n € (0, 1), we have Q(Sy d;.a, N Uy, a,) = %for all k large enough.
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Proof. First we reduce the problem to getting a lower bound on Q(S, 4, .4,). Define
0,,,,, = { Z afn’w < n2/s}.
ie(nn+by,n]

Note that S, ,  and 17,7, » are independent events since U »,n only depends on the environment to the right of the vp,,1.
Thus,

Q(Spna NUpn) = QSynaNUyn) — Q( > e nz/s)

ie(nn,nn+b,]

- _ n2/s
= Q(Sn,n,a)Q(Un,n) - an(Varw Tv(n) > b )

n

Now, Theorem 1.3 gives that Q(U,,,n) > Q(Var, T,, < nz/s) = Lgpp(1) + o(1), and Theorem 1.5 gives that
by Q(Var, T > 22y ~ Kbl +5n=!. Thus,

n

Q(Sy.dp.ar NUnay) = QSydp.a) (Lsy2p(D) +0(1) = O(byFdi ") ask — oo

and so to prove the lemma it is enough to show that limg_, 00 k Q(S;),4;,¢,) = 00. A lower bound for Q(S) n,4) Was
derived in [9], preceding Lemma 5.7. A similar argument gives that for any ¢ < % there exists a constant C, > 0 such

that
(nCe)% Qa — 1)(1+4b,)\* "\ v s o
Q(Sr/,n,a) > (Za)! <1 - ) (Q(Z(Ew Tv,-)z < nz/ ) — ao(n 1+2 ))

n
" i=1

2a
(nn) ao(e_”g/((“)), (35)

 Qa)!
where asymptotics of the form o(-) in (35) are uniform in 1 and a as n — oo. The proof of (35) is exactly the
same as in [9] with the exception that the lower bound for Q(N j E[l,n]{uin,w < n?%}) in equation (70) in [9], is
o, (Ej! Tvi)2 < n?/%) instead of Q(E,, T, < n'/%). Then, replacing n and a in (35) by dj and a; respectively,
we have for ¢ < % that

C,)2a% Dag — 1)(1 + 4bg, )\ 2 & S ~
50 P (- ) o S ) -t

dj ) ¢/ (65)
_ (n k) dkO(e_dk )

(2ar)!
(nCo)™ |
=——- D)(L D —oM) —of = ). 3
Qap)! (1+0(D)(Lsj2.p(1) —o(1)) — 0 . 36)
The last equality is a result of Theorem 1.3 and the definitions of ax and dj in (34) and (11). Also, since a; ~ loglogk
CZak

we have that limy_, o0 k = oo for any constant C > 0. Therefore, (36) implies that limg_. o kK Q(S;,4;,4,) = 0.

]

(2a)!

Corollary 3.3. Assume s < 2. Then for any n € (0, 1), P-a.s. there exists a random subsequence ny, = ny,, (o, n) of
ng = 22" such that for the sequences o, , B, and yy, defined as in (33) we have that for all m

ﬂm

Ym
2 as _ 1 2 2 2s
omax g, < 2dkm < — E Wi.dy, o and E O dy 0 < 2dkm . 37
te(em, fn] kg1 i=Pn+1
—Ym —Fm
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Proof. Define the sequence of events

si= U (Otawel@ 2 N (e, =<a)

IC(ng—1,np—1+ndi] “iel J€Mmp—1,np—1+ndi\1
#(1)=2ay

and
I 2 2/s
Uk T { Z ai’dklfl’ 2dk771 }.
i€(ng—1+ndi,nkl

Note that due to the reflections of the random walk, the event S,’( NnU ,2 depends on the environment between ladder
locations nx—1 —bg, and ny. Thus, since ng_1 —by, > nx—> for all k > 4, we have that {Sék N Uék},fiz is an independent
sequence of events. Similarly, for k large enough S; N U} does not depend on the environment to left of the origin.
Thus

P(SNU;) = Q(8Si NUf) = Q(Sy.dae N Un.ai)

for all k large enough. Lemma 3.2 then gives that ) >, P(S5, N Uj,) = oo, and the Borel-Cantelli lemma then
implies that infinitely many of the events S}, N U}, occur P-a.s. Therefore, P-a.s. there exists a subsequence k,, =
ki (w, n) such that S,’(m nu ,im occurs for each m. Finally, note that the event S,’(m nu ,im implies (37). a

Proof of Theorem 3.1. First, recall that [9], Corollary 5.6, gives that there exists an n” > 0 such that

o

This can be applied along with the Borel-Cantelli lemma to prove that

n

Z(Gi%m,w - Miz,m,w)

i=1

> 8n2/3> —o(n™") V56>0VmeN. (38)

ng—1+ndx]

3 (Fhw — Haw) =0(d). P-as. (39)
i=ng_1+1

Thus, P-a.s. we may assume that (39) holds and that there exists a subsequence ny
tion (37) in Corollary 3.3 holds. Then, it is enough to prove that

= ny,, (w, n) such that condi-

m

= (dx,,) (dry)

— E T,
lim Pa‘jam ( VBm VBm < y) — cD(y) (40)
m— 00 Uiy, 0
and
. \)ﬂ I_‘x(lfklﬂ ) _ Evﬂﬂl T (dklﬂ )
lim P,™ >e =0 Ve>0. 41
m— 00 m
To prove (41), note that by Chebychev’s inequality
= (d, m) - d " (dkm (dkm) Ym
Pwvﬁm < Tka — Evﬂ Txmk > 8) < Varw( B ]wl3 ) < i= ﬂm+1 ldkm,w
Vk,, 0 &2 Vi &2 Vi,

However, by (39) and our choice of the subsequence ny, we have that 3/’" Bt 12 diyyo0 < 2d,fn/1 ¥ and Vi =
m 2 2
Z =am+19i dkm Zf am+1 Ml iy 0 T o(dk/s) > a, ;. /s 4 O(dk,,/,s)‘ Thus
Ym 2
. i= m 1 O—"d 5
lim i=fp+1 "i,dy, ,® —0, (42)
m—0oQ vkm,w
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which proves (41). To prove (40), it is enough to show that the Lindberg—Feller condition is satisfied. That is we need
to show

ﬂl}l
1
lim o? =1 43
m—00 Vi i:a2+1 l’dkm’w ( )
and

ﬁm (d ) 2
lim EV-'(T) ) — w; 1 =0 Ve>0. 44
ms00 vy wi:aZ_H ® [( v l’l‘l,dkmva)) 7 (km i, o> Tnm] (44)

To show (43) note that the definition of vy, and our choice of the subsequence ny, give that
1 Y ,
- Z i o=1—7— D lg,,=1—0),
ki i=oty+1 ki i=Pm+1

where the last equality is from (42). To prove (44), first note that an application of [9], Lemma 5.5, gives that for any
g >0
nj—1+ndx]

2 2/s
Z Uiadk’wlMiSd;] —eNfs = O(d ) P-as.,
i=ng_1+1
2
where M; is defined as in (17). Then, since v, .« = ax,d;, /s

m

+ o(d,i: ¥} we can reduce the sum in (44) to blocks where

M; > d,gn )5 Thati is, it is enough to prove that for some &’ > 0 and every ¢ > 0

B
1 v e 2
lim > ES(T, ) i 1 _w ) 1 1oy = 0. (45)
m=00 Vg, 0 . & ‘i [( " k"”w) IT,; i —MWidy,, w|>€ /Ukm,w] Mi>d15m /s
—Ym

To get an upper bound for (45), first note that our choice of the subsequence ny,, gives that for m large enough vy

ms

5 Zf};"am 41 w? R T Mi.dy,, .o forany i € (o, Bm]. Thus, for m large enough we can replace the indicators 1n51de
i »

the expectations in (45) by the indicators of the events {Tv(l.dk’”) > (1 + &y/ak, /2) i 4, .o} Thus, for m large enough
and i € (o, Bm], we have

i— = (k) 2
Ey ' [(To " — i 1
e
= (dg,,) 2
< EUI 1 T( km _ . 1_
[( Vi Mz,dkm,w) T‘flflkm)>(l+8 /—akm/Z)Mi,dkm,w]
> Vict (7 (i) 2
:/ P! (T "> X i dy, o )2(x — l)ﬂi,dk,,,,wdx
I+e4/ag,, /2

i—1 (7 (i
62 (an, /D1t g, W Po (T > (4 ev/ag, /2) i dyy 0)-
We want to get an upper bound on the probabilities inside the integral. If ¢’ < % we can use [9], Lemma 5.9, to get
that for k large enough, E.~' (T, ™)) < 27 j1 pL'jd for all ny_ < i < ny such that M; > d(l_sl)/s Multiplying by

A dy,w)” J and summing over j gives that Eg, ! T” ', de-@) < 2. Therefore, Chebychev’s inequality gives

Puljffl (’I_‘v(ldk) > xﬂi,dk,a)) <e X/4Evl 1 Tv /(4lh ) <2e” /4.
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Thus, for all m large enough we have for all o, <i < B,,, < g, with M; > d,ii_sr)/ ¥ that

o0
i— ~ (d) m)
/ P (T, k) X[hi dyy, ) 2(X — l),u%dk wdx
I+e4/ak, /2 "
o0
< Miz,dkm,w /1+ i 4(x — l)e—X/4dx + 8261km/’bi2,dkm,we_(1+€« [k /2)/4
€ akm

L1/
= 'uiz,dkm,wo(e K )

Therefore we have that as m — oo, (45) is bounded above by

’ o 1 Bm
mlimwo(e m) -~ (l %ﬂ Wivdiy oy g )/S> (46)
However, since
B 1 B 2 o( d2/s )
Vky 0 Z_QX:HMI o2 = Z 1 ,dkm (,—QXM:H(T’ o 0Lk )) =t Zakmdz/s + o(d,flﬁs)
we have that (46) tends to zero as m — oo. This finishes the proof of (44) and thus of Theorem 3.1. (I

Proof of Theorem 1.1. Choose n € (0, 1) such that n < % where v = Epv, and then choose ny, as in Theorem 3.1.
Then for B,, and y,, defined as in (33), we have that (15) and the fact that dy ~ nj give

. v - - . v
lim ﬂ:nv<1<v= lim .
m—)OOnkm m—)OOnkm

Thus x,, ~ ng,, = xpu € [vg,,, vy, ] for all m large enough. Therefore, the conditions of Proposition 1.4 are satisfied
with F(x) = ®(x). O

4. Quenched exponential limits

4.1. Analysis of T, when M is large

The goal of this subsection is to analyze the quenched distribution of 7" ™ on “large” blocks (i.e. when M > n(1=8)/%),
We want to show that conditioned on M being large, T( 2 /Eq, T(") 1s approximately exponentlally distributed. We do

this by showing that the quenched Laplace transform E,, exp{— A

} is approximately - +/\ on such blocks.

-(n)
As was done in [2], we analyze the quenched Laplace transform of TU( ") by decomposing Tv( ") into a series of
excursions away from 0. An excursion is a “failure” if the random walk returns to zero before hitting v (i.e. if
T, > T0+ :=min{k > 0: X =0}), and a “success” if the random walk reaches v before returning to zero (note that
classifying an excursion as a failure/success is independent of any modifications to the environment left of zero since
if the random walk ventures to the left at all, it must be in a failure excursion). Define p,, := P, (T, < TO+), and let N
be a geometric random variable with parameter p,, (i.e. P(N =k) = p,(1 — po)k for k € N). Also, let { Fi}72, be an
i.i.d. sequence (also independent of N) with F; having the same distribution as 7_‘,)(") conditioned on {7_"],(") > TO+}, and
let S be a random variable with the same distribution as 7;, conditioned on {7}, < TO+} and independent of everything
else (note that for success excursions we can ignore added reflections to the left of zero). Thus, we have that

N
7 Law ¢ Z F; (quenched). @7
i=1
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In a slight abuse of notation we will still use P, for the probabilities of F;, S, and N to emphasize that their distribu-
tions are dependent on w. The following results are easy to verify:
1 —po
Po

E,N = and E,T" =E,S+ (E,N)(E,F1), (48)

Var,, T = (E,N)(Var, Fi) + (E,F)*(Var,, N) + Var,, §
= (E,N)(E,F?) + (E,F)*(Var, N — E,N) + Var,, §

= (ExN)(EoF?) + (EoF)*(E,N)?* + Var, S (49)
and
_AT®™ _ _ N _ Pw
E oM _ g o E [(E oM —F oS ~0.
v SR e e ey
Also, since e™* > 1 — x for any x € R we have for any A > 0 that
7 (1) 1—AE,S 1—-XE,S
Ewe " > (1 = AE,S) Po - © > ©

1= (1= po)(I —=AEuF)) 1+ MEoN)EoF) ~ 1 4 1E, 7™

where the first equality and the last inequality are from the formulas for £,N and E,, 7_",)(") given in (48). Similarly,
sincee ™ <1—x+ % for all x > 0 we have that for any A > 0 that

Ewe*’\f”(n) < Po
1— (1= pu)(1 —=AE,Fi +A2/2E,F})

1

1+ MEWN)(EwF1) — 22/2(EyN)(Eo, F2)
1
1+ MEoN)(EwF1) — 22/2(Vary, T — (EyN)2(E, F1)? — Vary, S)
1

14+ MELT™ — E,S) — 22/2(Vary T — (Eo T — E,S)2)

IA

where the first equality and last inequality are from (48) and the second equality is from (49). Therefore, replacing A
by A/(E,T,™) we get

T (n T (n E 1
T IET S (1 fgf) 1 (50)
E,T\ 14+ A

and

E e M [ET™)

1
< - - - - -
1+ 4 = AEpS/(EoT\") — 22/2(Vary, T, J(Ey TY™)2 — (Eo T\ — ES)2/(EoT\)?)
1
= = () = () = (n) . G
145 — o+ A EpS/(EuT") — 22/2(Var, T J(E,T)2 — 1)

A J(EQT) A L

Therefore, we have reduced the problem of showing E, e~ ~ when M, is large to showing that

m
EE‘%(S,,) ~( and Var“’_(Tn“))z ~ 1 when M is large. In order to analyze E,S, we define a modified environment which is
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essentially the environment the random walker “sees” once it is told that it reaches v before returning to zero. A simple
computation similar to the one in [11], Remark 2 on pages 222-223, gives that the random walk conditioned to reach

v before returning to zero is a homogeneous Markov chain with transition probabilities given by @; := P! (X; =
. pi+l
i +1|T, < T;"). Then the definition of @; gives that @y = &; = 1, and for i € [2,v) we have &; = W
Using the hitting time formulas in [11], (2.1.4), we have
w;i Ry i :
@ = ﬁ Vi €[2.v), where Ro; =Y Io;. (52)
=

j=0

_ l-w

Let p; := —+ and define ﬁi’ j» and Wi,j analogously to I1; ; and W; ; using 0; in place of p;. Then the above

formulas for @; give that oy = p; =0 and p; = p; % Vi € [2, v). Thus,
_ Roi—2Rp;—
=1 — 22200 v <i<j<, (53)
Ro,j—1Ro,

Note that since Ry; < Ry, for any 0 <i < j we have from (53) that
1:1,;/517,;] forany 0 <i < j <. 54)

Now, since E,§ = E5T, we get from (16) that E,S = v +2 Z‘;;; Wy j=v+2 27;; J_, ;. ;. Therefore, letting
My :=max{Il; j: 0 <i < j < v} we get the bound

E,S < v—|—2v21\711. (55

Thus, we need to get bounds on the tail of M. To this end, recall the definition of M; in (17) and define 7 := max{k €
[1,v]: My x—1 = Mi}. Then, define

M~ :=min{ll; ;: 0<i<j<t}Al and M* i=max{[ll; j;: T <i<j<v}VvLl (56)
Lemma 4.1. For any ¢,§ > 0 we have

P(M™ < n M > n(l_s)/s) = o(n_lﬂ_‘ss"'s/) Ve' >0 (57)
and

P(M*t > n®, My > n(l_g)/s) = o(n_lﬂ_‘s”g/) Ve’ > 0. (58)
Proof. Since [Ty —1 = M) by definition we have

PM™ <n?? My>n""95) < P(F0<i<j<t—1: I ; <n® Mo,y >n'"9))

<P@>b)+ Y. P(I;<n® Moi>n""9F)

O<i<j<k<by

<P@W>by)+ Z P(Moi—1 i1 > n179/5F), (59)

O<i<j<k<by

Since (14) gives that P(v > b,) < Cre~ 2P we need only handle the second term in (59) to prove (57). However,
Chebychev’s inequality and the fact that P is a product measure give that

P(H() i*]nj+l L > n(l—s)/s—&—&) < n—l+8—5s(EPps)i+k—j — n—l+£—8s'



702 J. Peterson

Since the number of terms in the sum in (59) is at most (b,)> = o(ng/) we have proved (57). The proof of (58) is
similar:

P(M+ >n®, M, >n(1_8)/s) < P(EI‘L' <i<j<v Il >n5,170,r,1 >n(1_£)/‘v)

<P >bh,)+ Z P(MoslT; j > n1=2/5+9)

0<k<i<j<by,

< Cle—Czbu + (bn)3n—l+8—85 — O(n—l-‘rs—(SS-F&‘/). 0
Corollary 4.2. For any ¢, > 0 we have
P(E,S > n’, M > n(l_g)/“) = o(n_lﬂ_‘s”gl) Ve' > 0.

Proof. Recall that (55) gives E,S <v + 20IM 1. We willuse M~ and M7 to get bounds on M. First, note that for
any i € [0, T) we have

i i—1 .
My i+1
Roj=Y Mox=1Io;+ Y ' S”0*'<M )
l =0 l k=0”k+l,i l N

Note also that Rg ; > [Ty j holds for any j > 0. Thus, for any 2 <i < j <t we have

- Roi—2Ro,i— i\ Ho,;_2Moi— i\ 1 ;2
fi;; =, ; Roi=2Ro 15”;',;(%) 0.i—21To,i 1=<l__> - 1_3.
Ro,j—1Ro,; M Iy, j—1 1o, M iy j—1 — (M)
Also, from (54) we have that f[,"j <II;; < M for T <i < j < v. Therefore we have that M < 5;11\11; (note that
here we used that M~ < 1 and M+ > 1). Thus,
204 M+ ,

P(EwS >n>% My > n 8)/5) < P(v + (;4_)3 >n% M > n(lgm).

An easy argument using (14) and Lemma 4.1 finishes the proof. |

Lemma 4.3. For any ¢, > 0 we have

<‘ Var,, T,,(")

s 1|>n"% M > n(l_g)/s) = o(n_2+28+55+8/) Ve’ > 0.
(EuTy™)

Proof. Recall that from equation (61) in [9], we have that there exist explicit non-negative random variables DT (w)
and D~ (w) such that

(Eajj’”)2 — DY (w) < Var, T™ < (EJU(”))2 +8Rp.,_1 D™ (w),

where Ro ,—1 is defined as in (52). Therefore, since E,, ]_"U(") > M/, we have

<‘ Var,, TU(")
(E,T\")?
< Q(8Ro,y—1D ™ () > n?72)/57%) 4 Q(DT(w) > n729/579), (60)

1>n% M > n(l_g)/s)

However, Lemma 5.2 and Corollary 5.4 in [9] give respectively that Q(DV(w) > x) = o(x_“"’s”) and Q(Rp -1 X
D™ (w) > x) =o(x ") for any ¢” > 0. Therefore, both terms in (60) are of order o(n~2+2¢+3s+¢"((2-26)/5-8)) The
lemma then follows since &” > 0 is arbitrary. O
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= (n)
For any i, define the scaled quenched Laplace transforms ¢; , (1) := E)! exp{—A Ty }

Kinw "

Lemma4.4. Let ¢ < %, and define &' := 1_5& > 0. Then

1—an—¢/s 1
1+A1 " 14x—+322/2)n—¢/s

Q<E|)\ >0: p1.,(1) ¢ |: i|’ My > n(l—S)/s) _ O(n_l_g/)_

Proof. Recall from (50) and (51) that

E,S \ 1 1
<1—x ‘f(n))—idn,n(k)f = (n) 7(n) 7
E,T™ ) 1+4 L+A— A+ADELS/(EoT,") — A2/2(Var, T, /(E,T)")? — 1)

for all A > 0. Therefore

0(320: prao ¢ [ L2 ! My > -5
: , , >n .
=7 Pl 1+r " T+r—(+3222nes !

7 (1)
< Q( Eaif) > n—s/x’ M > n(l—s)/s) + Q<Va‘rw%(T”) —1 zn—s/s’ M, 2n(l—£)/s>'
E,T\" (E,T,")?

Now, since EwTv(") > M we have

E,S . ) ) )
Q<E ;i(n) > n*é‘/é, Ml > n(l&)/b) < Q(Ews > n(1728)/5’ Ml > n(l*&)/_&) — 0(n7(6785)/5)’
wtv

where the last equality is from Corollary 4.2. Also, by Lemma 4.3 we have

Var, I_‘(")
<7w_(:) ;- 1>n"% M > n(l_‘g)/s> = o(n_2+48).
(EoTy™)
Then, since —2 + 4¢ < %‘LSS when ¢ < % the lemma is proved. O

Corollary 4.5. Let ¢ < %. Then P-a.s., for any sequence iy = ix(w) such that iy € (ng—1, ng] and M;, > d,ﬁl_g)/s we
have

1
Hm ¢ q(0) = —— Vo> 1
A= V=0 v
and thus
Jim PO (T > xpti g0) = () VxR, (62)
—00

Proof. For i € (ny—1,nk] and all k large enough ¢; 4, (1) only depends on the environment to the right of zero, and
thus has the same distribution under P and Q. Therefore, Lemma 4.4 gives that there exists an &’ > 0 such that

ol ' 1—ad " 1 (1—e)/s
1€ (nk—lvnk]v)"zo' ¢i,dk()") ¢ 1+)\’ ’ 1+}" ()\'_'_3)\'2/2)(178/3 1Ml' >dk
- k

1—ad,* 1 (1—€)/s
Sde 3)\20 ¢l,dk()‘)¢ s ¢/s 7M1>dk
L+4 14— +322/2)d,

=0(dk_8/).
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Since this last term is summable in k, the Borel-Cantelli lemma gives that P-a.s. there exists a ko = ko(w) such that
for all k > k¢ we have

—&/s

1 —Ad; 1
LHa 14— +302/2)d "

iemem] and M;>d, " = ¢,~,dk(x)e[ } Vi >0,

which proves (61). Then, (62) follows immediately because 1/ + is the Laplace transform of an exponential distribu-
tion. ]

4.2. Quenched exponential limits along a subsequence

In the previous subsection we showed that the time to cross a single large block is approximately exponential. In this
section we show that there are subsequences in the environment where the crossing time of a single block dominates
the crossing times of all the other blocks. In this case the crossing time of all the blocks is approximately exponentially
distributed. Recall the definition of M; in (17). For any integer n > 1, and constants C > 1 and n > 0, define the event

Ducy = {Eii ellngn]: MP>=C Y ofnw}
Jri#j=n
Lemma 4.6. Assume s < 2. Then for any C > 1 and n > 0 we have liminf,,_.oc Q(Dy,c,,) > 0.

Proof. First, note that since afn = Ml.2 and C > 1 we have

nn
R EDY Q(Mf >C ) a,%n,w) (63)
i=1 Jri#j<n

Thus, we want to get a lower bound on Q(Ml.2 >C> ., ) that is uniform in i. The following formula for

jis#jzn @ J n,o
the quenched variance of TV(") can be deduced from (16) by setting Pv_p,=0"

v—1 v—1
Var, T =4 (W, 41+ W, (1) +8) Z it j(Wo 40 + W2, 1))

j=0 j=0i=v_p,+1
v—1 v—1

<4Z Vb+1j+Wvb+1] +SZ Z WVb+1j(1+Wvb+ll)
j=0 j=0i=v_p,+1
v—1 v—1 v—1

<43 (Wi j+ W2, 1) +8(ZWV,,+1,>< 3 (1+Wub,,+1,l-)>,
Jj=0 j=0 i=v_p,+1

where the first inequality is because Wy, +1.j = Wit1,j + i1, ;Wy_, +1,i- Next, note that if vg_1 < j < v for
some k > —b,,, then

J
Wy, +1,j = Z I ;
I=v_p,+1

Vg—1—1

= > My, j+ Z M j < (vk = vop,) My,
I=v_p,+1 I=vp_q
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where the last inequality is because, under Q, I1;,,, ,—1 <1 forall/ < vt_1. Therefore,

Var, T" < 4v ((vi = v_p, )M + (v — v_p,)*M7)

1
+8(vi(vi — v_p,) M) <(V1 —V_p,)+ Z (v — ve—1) (v — Vb,,)Mk>

i=—by+1

1
< —v_p)* (12M1 +4M7 4 8M, Z Mk>.
k=—b,+1

Similarly, we have that o7, , < (v; — vj_1-5,)*(12M; +4M? +8M; 3_._, My) Q-a.s. for any j. Now, define
the events

Foi= (] {vj—vj-1<by} and Gjpe:= N {M;<n9) (64)
J€(=bn,n] JEli=bn,i+by]\{i}

Then, on the event F,, N G; , . N {M; < 2n1/s} we have for j € (i,i + b,] that

0,2 <b4(bn+l)4(12n(1—8)/s +4n(2—28)/S+8n(1—8)/s(bnn(l—8)/s+2n1/s))

jsn,w = %n

< b} (by + (120179 1120 @728/ 4 16n@9)/5) < 80 n @)/,

where the last inequality holds for all n large enough. Therefore, for all n large enough

o(Mzc Y oh)z (9 =Mi=C Y of i FuGin)

jri#jzn jiizj<n
so(wrzmzc( X ok s G
jell,n\[i,i+by]

> Q(M; e [nl/s, an/‘v], Vi — vi—1 < by)

2/s

n ~

x Q( Z O.jz,n,w + 80b3n(2_£)/‘v = Tv an Gi,n,é‘)y
Jell,n]\li,i+bn]

where I:"n ={vj —vj_1 <by,Vj € (=by,n\{i}} D F,. Note that in the last inequality we used that sz,n,w is inde-

pendent of M; for j ¢ [i,i + b,]. Also, note that we can replace F,, by F, in the last line above because it will only
make the probability smaller. Then, since el n\[ii+bn] ajz’n’ » < Var, T,,, we have

Q(Miz >C Z a},w)
Jrizj<n
> Q(My e[n'*,2n'5],v < by) Q(Var, T, <n**C™1 — 406/ 0@~ ' F, Gine)
> (Q(M1 e [n'/*.2n'7]) = Qv > b)) (Q(Vary, Ty, <n**(CT! = 40b,n™)) — O(Fy) - (G5,.,))
1
~G(1=27) L (€T, (65)
where the asymptotics in the last line are from (14), (18), and Theorem 1.3, as well as the fact that Q(FY) +

Q(Gf’n‘w) <(n+b)0W > by) +2b,0(M; > n1=8/5) = O(ne=2Lr) 4+ o(n='172) due to (14) and (18). Com-
bining (63) and (65) finishes the proof. U
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Corollary 4.7. Assume s < 2. Then for any n € (0, 1), P-a.s. there exists a subsequence ny,, = ny,, (w,n) of ny = 22
such that for oy, , Bm, and yy, defined as in (33) we have that

i = im(@, 1) € @, Bl Mp=m Y oiy (66)
Je(am’ym]\{im}

Proof. Define the events

,Dl,nC,n = {Eli € (Nx—1,nk—1 + ndy]: M12 >C Z O—jz,dk,w}'
J€mp—1,n]\{i}

Note that since Q is invariant under shifts of the v;, Q(Dk c. ,7) = Q(Dy,,c,y)- Also, due to the reflections of the
random walk the event D/ . Con only depends on the environment between v, " and vy, . Thus, for k large enough
Dk Con only depends on the environment to the right of zero and therefore P(Dk c. 77) = Q(Dk C. n) = O0Dyy,c,y)-
Therefore liminfj_, P(Dk C ) > 0. Also, since ny_1 — bg, > ng—» for all k > 4, we have that {Dzk Con }k=2 is an
independent sequence of events Thus, we get that for any C > 1 and n € (0, 1), infinitely many of the events Dy,c.y
occur P-a.s. Therefore, P-a.s. there is a subsequence k;, = k;;, (w) such that w € Dy, ., for all m. In particular, for
this subsequence k;, we have that (66) holds. O

Theorem 4.8. Assume s < 2. Then for any n € (0, 1), P-a.s. there exists a subsequence ny, = ng,, (w,n) of ny = 22"
such that for oy, B and yy, defined as in (33) and any sequence xp, € (vg,,, vy, ] we have

. V
lim P,
m—0oQ

< Tx(:jkm) _ EVDtm T

(dkm)
fx) =¥Yx+1) VxeR.
Vi,

Proof. First, note that

P< max M; < d,ilg)/s) = (1 — P(M1 > d,ilfe)/s))dk =0(e_dk )7

Jjeng—1,nk]

where the last equality is due to (18). Therefore, the Borel-Cantelli lemma gives that P-a.s. we have

max M; > d,gl_g)/s for all k large enough. (67)
JEMmk—1,nk]

Therefore, P-a.s. we may assume that (67) holds, the conclusion of Corollary 4.5 holds, and that there exist subse-
quences ny, = ng,, (w,n) and i, = i,(w,n) as specified in Corollary 4.7. Then, by the choice of our subsequence
ny,,» only the crossing of the largest block (i.e. from v;,,_1 to v;,,) is relevant in the limiting distribution. Indeed,

(a'k Vo 7 i) (i) (dy,) Vi (i)
v”lll()( vlmml _E mTI;;1m1)+(T " _T " E ”T " ) - )
=&
N Yk
(dkm T (dkm) 2 2
Vara)( - Tvam ) _Gimadkm»w - Zje(aﬂ1yym]\{im}aj,dkm,w - 1
B 20,0 - e2M? ~2m’

Im

where in the second to last inequality we used that v, o > al%n Ao o = Mizm , and the last inequality is due to our
choice of the sequence i,,. Thus we have reduced the proof of the theorem to showing that

. Vi1
lim P,™
m— 00

2 (dkm)
< Tuim - /Lim,dkm o)
Vk, 0

x):ll/(x—l-l) Vx e R. (68)
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Now, since iy, is chosen so that M;, = maxjeu,, _;.n,1 Mj, we have that M;, > d,ﬁ::g)/s for any &€ > 0 and all m
large enough. Then, the conclusion of Corollary 4.5 gives that
~(d
lim P,™ — 2 <x | =¥ ().
m—00 Ky, di,, 0

Thus, the proof will be complete if we can show

lim Miy, Jdy,, @

m—00 Uknuw

=1. (69)
However, by our choice of ny,, and i,, we have

2 2 2 _ 2
i diyy 0 > M, = Z O diy 0 = m (V0 . )
J€@m, Vi I\lim}

which implies that

v m+1
1 < 5 ki, < + 5 1 (70)
Uim,dkm,w m m—oo

Also, we can use Lemma 4.3 to show that for k large enough and ¢ > 0

2
o
P<Eli € (ni—1, nl: ‘ bo 1‘ >d " M; > d,ﬁ“g’/s)
H’i,dk,a)
= (dy)
Var,, T _ _
< de(liw_(;) — 1‘ >d, 5 My > d,i1 s)/s) =o(d,:1+48).
(EoT,™)?
Then, for ¢ < % the Borel-Cantelli lemma gives that P-a.s. there exists a kg = ko(w) such that for k > kg and i €
. (1—6)/s i —¢/s . . (1—6)/s
(nk—1, k] with M; > d; we have |u2— — 1l <d, """ In particular, since M;, > d, for all m large
idy,w "
enough, we have that
2
O
lim —dn® (71)
m— 00 Mim,dk,,l,w
Since (70) and (71) imply (69), the proof is complete. U
Proof of Theorem 1.2. As in the proof of Theorem 1.1 this follows from Proposition 1.4. ]

5. Stable behavior of the quenched variance

Recall from Theorem 1.5 that Q(Var, T, > x) ~ K 00X /2. Since the sequence of random variables {Var, (T, —
Ty;_,)}ien is stationary under Q (and weakly dependent) it is somewhat natural to expect that n=2/5 Var, T,, converges
in distribution (under Q) to a stable law of index % < 1.

Proof of Theorem 1.3. Obviously it is enough to prove that the second equality in (9) holds and that

n

Var, Ty, — > (E4'T,,)?
i=1

lim Q( > anZ/S> =0 V§>0. (72)
n—>0oo
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However, (72) is the statement of [9], Corollary 5.6, with m = oco. Thus it is enough to prove the second equality
in (9). To this end, first note that

e 2o (ES ) = s Y (B T) (BT T)) -
i=1 i=1
1 g s
* s D (EST T0) Ly pi-ors (74)
i=1
1 N s
t s D (ESTT) Vygympi-orss. (75)

i=1

Therefore, it is enough to show that (73) and (74) converge to 0 in distribution (under Q) and that

. 1 - i—1 2
Jim O (;127 XI:(E:) "TO) 1y pa-ens < x) = Ls/2,5(x) (76)
i=

for some b > 0. To prove that (73) converges to 0 in distribution, first note that factoring gives
(Eu~'T,)* = (E0'T™M)? <2E07'T, (B Ty, — EST'T).

Therefore, for any § > 0

n n
0 (Z((E(f;‘—' T)’ — (B4 TM)) > 5n2/5> < Q(Z 2B T, (EU7'T, — E4T'TM) > 5n2/s>

i=l1 i=l1
<nQ(EoT, — EoT" > 1) + Q(2E,T,, > én*/*). (77)

Then, Lemma 3.2 and Theorem 1.1 in [9] give that both terms in (77) tend to zero as n — oo. The proof that (74)
converges in distribution to O is essentially a counting argument. Since the M; are all independent and from (18) we

know the asymptotics of Q(M; > x), we can get good bounds on the number of i < n with M; € (n®, nf 1. Then,
since by equation (15) in [9], we have Q(E)! 7_"],(,.") >nP, M; <n®) = o(e’”(ﬁw)/s) we can also get good bounds on
Vi1

the number of i < n with E, Tu(in) € (n*, nP]. The details of this argument are essentially the same as the proof of
Lemma 5.5 in [9] and will thus be omitted. Finally, we will use [6], Theorem 5.1(III), to prove (76). Now, Theorem
1.5 gives that Q((EwT,,)21M1>n(1_g)/s > xnz/s) ~ Koox™5?n~1 and [9], Lemma 3 .4, gives bounds on the mixing of
the array {(Ec‘f)"’l T,,l.)leiM(]_g)/s}iez,neN. This is enough to verify the first two conditions of [6], Theorem 5.1(III).
The final condition that needs to be verified is

. —2/s = (1)) 2 —
lgrz)lzlisolianQ[n (EoTy™) 1M1>n“’€)/51n*1/3EwTv(”)§5] =0. (78)
By Theorem 1.5 we have that there exists a constant C4 > 0 such that for any x > 0,

- ' ' 1
Q(EwTv(”) >xn'/S M, > n(]fs)/‘) < Q(EwTv > xnl/é) < Cyx5—.
n

Then using this we have
52
_ = 2 = 2 ¢ —_
nEQ[n 2/S(EwTv(”)) 1M1>n(1—8>/f1n—1/s5 ,l:(n)<8] =n/ Q((EwTU(”>) > xn?s, My > n{l 8)/s)dx
wty = 0

82 2—s

C4é
5C4f X =
0 1—S/2
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where the last integral is finite since s < 2. (78) follows, and therefore by [6], Theorem 5.1(II), we have that (76)
holds. (]
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