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INFERENCE FOR THE LIMITING CLUSTER SIZE
DISTRIBUTION OF EXTREME VALUES

BY CHRISTIAN Y. ROBERT
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Any limiting point process for the time normalized exceedances of high
levels by a stationary sequence is necessarily compound Poisson under ap-
propriate long range dependence conditions. Typically exceedances appear
in clusters. The underlying Poisson points represent the cluster positions and
the multiplicities correspond to the cluster sizes. In the present paper we in-
troduce estimators of the limiting cluster size probabilities, which are con-
structed through a recursive algorithm. We derive estimators of the extremal
index which plays a key role in determining the intensity of cluster positions.
We study the asymptotic properties of the estimators and investigate their
finite sample behavior on simulated data.

1. Introduction. Many results in extreme value theory may be naturally dis-
cussed in terms of point processes. Typically, the distribution of extreme order
statistics may be obtained by considering the point process of exceedances of
a high level. More formally, let (X,) be a strictly stationary sequence of ran-
dom variables (r.v.s) with marginal distribution F. We assume that for each
T > 0 there exists a sequence of levels («, (7)) such that lim,_, o nF(u, (7)) =1,
where F =1 — F. It is necessary and sufficient for the existence of such a se-
quence that limx_mf F(x)/F(x—) = 1, where x ¢ = sup{u: F(u) < 1} (see The-
orem 1.7.13 in [28]). A natural choice is given by u,(t) = F < (1 — t/n), where
F < is the generalized inverse of F, that is, F < (y) =inf{x € R: F(x) > y}. The
point process of time normalized exceedances N,gt)(-) is defined by N,Et)(B) =
> i1 Yi/neB X, >u, (x)) for any Borel set B C E := (0, 1]. The event that X,, i 1.5,
the kth largest of X1, ..., X,, does not exceed u,(t) is equivalent to {N,gt)(E) <
k} and the asymptotic distribution of X, _x 1., is easily derived from the asymp-
totic distribution of N,i” (E).

If (X;,) is a sequence of independent and identically distributed (i.i.d.) r.v.s,

,ET) converges in distribution to a homogeneous Poisson process with intensity t
(see, e.g., [13], Theorem 5.3.2). If the i.i.d. assumption is relaxed and a long range
dependence condition is assumed [A(u,(t)) defined below], the limiting point
process is necessarily a homogeneous compound Poisson process with intensity
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6t (6 > 0) and limiting cluster size distribution 7 [24]. The constant 6 is referred
to as the extremal index and its reciprocal is equal to the mean of 7 under some
mild additional assumptions (see [36, 38] for some counterexamples). It may be
shown that 8 < 1 and that the compound Poisson limit becomes Poisson when
0=1.

If lim,,— o P(N,gf)(E) =0) =¢ 9", then a necessary and sufficient condi-
tion for convergence of N s convergence of the conditional distribution of

N,gr)(Bn) with B, = (0, g,/n] given that there is at least one exceedance of u, ()
in{l,...,q,} tom, thatis,

(1.1) lim P(N;7(By) =m|NV(By) > 0) =n(m),  m=1,

where (g,) is a A(u,(t))-separating sequence (see Section 3). Moreover, if the
long range dependence condition A(u, (7)) holds for each T > 0, then # and 7 do
not depend on 7.

The natural approach to do inference on 6 and 7 is to identify the clusters of
exceedances above a high threshold, then to evaluate for each cluster the char-
acteristic of interest and to construct estimates from these values. The two com-
mon methods that are used to define clusters are the blocks and runs declustering
schemes. The blocks declustering scheme consists in choosing a block length r,
and partitioning the n observations into k;,, = |n/ry, | blocks, where | x| denotes the
integer part of x. Each block that contains an exceedance is treated as one cluster.
The runs declustering scheme consists in choosing a run length p,, and stipulat-
ing that any pair of extreme observations separated by fewer than p, nonextreme
observations belong to the same cluster. The block length r,, and the run length
pn are termed the cluster identification scheme sequences and play a key role in
determining the asymptotic properties of the estimators.

The problem of inference on the extremal index has received a lot of attention in
the literature. The first blocks and runs estimators were constructed by using dif-
ferent probabilistic characterizations of the extremal index (see [13], Section 8.1,
[1, 39]). They are determined by two sequences: the sequence of the thresholds
u,(t) and the cluster identification scheme sequence. Their major drawback is
their dependence on the threshold which is based on the unknown stationary dis-
tribution. Estimating this threshold is intricate since, by definition, it is exceeded
by very few observations [12]. To circumvent this issue, lower thresholds have to
be considered. The following characterizations (see [27, 31])

0 = lim s,,P( max X; > l/lsn(f))/(rnf)»

n—oo lfifr,,

and

6 = lim P( max X; fusn(t)’X1 >usn(t)),

n—00 2<i<pp

where s, = o(n), r, = o(s,) and p, = o(sy), have motivated other blocks and runs
estimators [21, 22, 43]; the threshold u;,(7) can be estimated by X, |nz/s,|:n-
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Note that the estimators are determined by two sequences as well: r, (or p;)
and s,. More recently, new methods for identifying clusters of extreme values
have been introduced in [26] and new estimators of the extremal index which
are less sensitive to cluster identification scheme sequences have been derived.
However, to exploit these methods, it is necessary to know whether the process
exhibits either an autoregressive or volatility driven dependence structure and to
choose an additional threshold to identify the clusters. In order to eliminate the
cluster identification scheme sequences, [16] (see also [15]) proposes estimators
which are based on the sequence of the thresholds u,, (t) and on inter-exceedance
times: a least-squares estimator, a maximum-likelihood estimator and a moment
estimator. It is established that the last-mentioned estimator is weakly consistent
for m-dependent stationary sequences.

There are very few papers which investigate the inference for the limiting cluster
size probabilities. In [21], condition (1.1) is used to motivate the following blocks
estimators

. Sy, gy (x))=m)
(1.2) R 1 (m; 1y, ug, (7)) = —2 —

k}l ’
21 Ly g, (1)>0)

.rn

where Y, j(us, (7)) = 'i’:(j_l)rnH Lix;>u, (r)}> Sn = o(n) and r, = o(sy). Let
EL(T)=>0" | T(m)m(m), where T is a function supported on {1,2,...}. The
weak consistency of the estimators

Fn
Z T(m)ﬁ'n,l (m; I'n, Xn—l_nr/snj : n)
m=1
of E,(T) is established. Note that they are determined by two sequences: r, and
sp. In [23] the following quantities are considered

kn (m) (m+1)
X 2L (R = Ry, (s, (0)>0)
Fon 25 1y s, (7)) = =T =Lt : :
27 Wy g, (1)>0)

where Rg.m) = F(MEI))/F(ME'")) and Mj(-m) is the mth largest value of X;, i =
(- l)r,; +1,..., j‘rn. A partial comparison with 7, 1 (m; ry, ug, (t)) is made un-
der the assumption that F' is known. Recently a new method has been proposed
in [15]: a recursive algorithm forms estimates of the limiting cluster size proba-
bilities from empirical moments which are based on the joint distributions of the
inter-exceedance times separated by other inter-exceedance times. These estima-
tors are only determined by selecting the sequence of thresholds u,, (t). A consis-
tency result for m-dependent stationary sequences is given.

In the present paper we introduce new blocks estimators of the limiting cluster
size probabilities. The approach is the following. First we estimate the compound
probabilities of the limiting point process. Second we use a declustering (decom-
pounding) algorithm to form estimates of the limiting cluster size probabilities.
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This idea has been proposed recently in [S] and [6] where it is assumed that a sam-
ple of the compound Poisson distribution is observed (which is unfortunately not
the case here).

More specifically, let us denote by N{ the weak limit of N\”(E) as n — oo
when it exists and by p(t) = (p(f)(m))mzo its distribution. Let (¢;);>1 be a se-
quence of positive i.i.d. integer-valued r.v.s with distribution 7 and n(6t) be ar.v.
with Poisson distribution and parameter 8t such that n(67) is independent of the
(&i)i>1. We have Ng) 4 Z?gr) ¢i, with the convention that the sum equals O if the

upper index is smaller than the lower index. The distribution of Ng) is given by

(13)  pP0) = P(nBr)=0)=¢""",

m J m —0t 09 J .
1) pPmy =Y P(n@7) = j)P(Z G = m> -y %n*/ (m),

m > 1, where 7*/ is the jth convolution of 7, that is,

0, m<j,

ﬂ*j(m)={ Y. wn--wp,  m=j.

i1+--+ij=m

In risk theory the aggregate claim amount is often assumed to have a compound
Poisson distribution. Panjer’s algorithm [32] is a method to compute recursively
the aggregate claims distribution when the distribution of a single claim is discrete
and the distribution of the number of claims is Poisson, Binomial or Negative-
Binomial. For the limiting compound Poisson distribution (1.3)—(1.4), the recur-
sion is given by

p@0) =77,

In(p”(0) & . . :
PO =——=—==3% (NP m =), m=1.
j=1
Note that the p®) (m) can be expressed as a function of the 7 (j), j=1,...,m. Tt

is possible to reverse the algorithm and to evaluate recursively the 7 (m) from the
@), j=0,...,m,and the 7(j), j =0, ..., m — 1, in the following way

(p(m) +m~ " In(p™0) T1! jm(j)p® m — j))
In(p(®(0)) p© (0)

T(m)=—

k)

(1.5)

m>1.

Hence, the inversion of Panjer’s algorithm provides an appealing recursive method
to estimate the limiting cluster size probabilities.

The content of the paper is organized as follows. In Section 2 we explain how
we construct the estimators of the limiting cluster size probabilities. We also derive
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estimators of the extremal index. We emphasize that all our estimators are deter-
mined by one sequence and one (or two) parameter(s). In Section 3 we present and
discuss technical conditions which are required for establishing the asymptotic
properties. In Section 4 we give results on weak convergence of the estimators. In
Section 5 we investigate the finite sample behavior of the estimators on simulated
data and we make a comparison with existing estimators. Proofs are gathered in a
last section.

2. Defining the estimators. In the remainder of the paper we assume that
un(t) = F< (1 —1/n). The present approach to estimating the limiting cluster size

distribution is based on the blocks declustering scheme. We divide {1, ..., n} into
ky blocks of length ryy, I; ={(j — Dry, +1,..., jry} for j=1,..., ky, and a last
block Iy, +1 = {rnk, + 1, ..., n}. The number of observations above the threshold
ur, (t) within the jth block is denoted by
Nr(,::)] Zl{xi>urn(f)}, j=1,..., k.
i€l

Since lim,,— 00 E(N r(’i)j) = 1, the parameter 7 can be interpreted as the asymptotic
mean number of observations which exceed the level u,, (v) for each block. The

empirical distribution, p,(f), of the number of exceedances within a block is given
by

p (m) = Z Ln® m > 0.

m.j T

As mentioned in the introduction, the main issue when using these quantities for
estimating p(® is that the threshold ur,(t) is based on the unknown stationary
distribution. It has to be estimated from the data. We define the estimator of p(*) by

P (m) = Z Lo _ m >0,

m.Jj

where Nr(nr,)j = Zielj 1{X,->12,n (1)} and ﬁrn (r)= Xk,,r,l—Lk,,rJ:knrn-

Let us now consider the estimators of the limiting cluster size probabilities. To
ensure that the entries in (1.5) are nonnegative and that their sum does not exceed 1,
we define recursively

m—1
(7 (m) = max<0, min<x,5”<m>, - fnﬁ”(j))) m=1,

j=1

B ) +m~ ingp” O) 25 R (A = )
PO |
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We also define smoothed versions by
N 1 ¢,
nn(m):—/ nrft)(m)dr, m>1,
¢—0Jo

for given 0 < o < ¢ (see [35] for a similar averaging technique used to reduce the
asymptotic variance of the moment estimator of the extreme value parameter).
Finally, let us derive estimators of the extremal index. This parameter appears

in different moments of the distributions of N ,(;) and ¢; (when they exist)
PINP=0)=¢"",  E@n=6"", V(N)=61E@)>.
Fix an integer m > 1. We consider two approximations of ¢
PNENGERILI0)
Z =1J 270 ()

92(m)=; and 6 (m) =
() :

Estimators of 6, 6,(m) and 93r)(m) can be constructed by equating theoretical
moments to their empirical counterparts

él(r):_ln(ﬁr(lr)(o)) (r)( )= 1

’ T S A ()
XL G = OPh()

1D LRV GY

é (T) can be seen as a slight modification of the estimator in equation (1.5) in [39].

(T)(m) has been studied in [21] with (1.2) as an estimator of the limiting cluster
size distribution and m = Tn- To the best of our knowledge, 93 )(m) seems to be

new. Finally, let us define 01,,1 by the smoothed version of the first estimator

1 ¢ .
:_/ (r)dr
¢ —o

All estimators (resp. smoothed versions of the estimators) introduced in this
section are determined by the sequence r, and the parameter T (resp. ¢ and o).
They provide an interesting alternative to the estimators introduced in [16] and
[15] where it is only needed to select the sequence of the thresholds u,, (t). Note
that both methods share the same parsimony since in our case u,, (7) is estimated

by anrn*I_knTJanrn'

=

3. Technical conditions. In this section we present and discuss technical con-
ditions which are required for establishing the asymptotic properties of the estima-
tors. We begin by giving definitions which are essentially due to [20, 27, 33].
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The stationary sequence (X,) is said to have extremal index 6 > 0 if, for each
T > 0, limy_ 00 P(N" = 0) = exp(—67).

Fix an integer » > 1 and 71 > --- > 7, > 0. Define 3",,(2 """ ) as the o -algebra
generated by the events {X; > u,(7;)}, p<i <qand 1 < j <r, and write

o 1(t1, ..., 1) =sup{|P(AN B) — P(A)P(B)|:

Tr

AeF ™ BeF ™ 1<t <n—1).

The condition A({u, (t;)}1<;<,) is said to hold if lim,, . o @ 1,, (71, . .., ) = 0 for
some sequence [, = o(n). The long range dependence condition A ({u,,(7;)}1<j<r)
implies that extreme events situated far apart are almost independent. Of course, it
is implied by strong mixing.

Suppose that A({u,(7;)}1<j<,) holds. A sequence of positive integers (g;) is
said to be A({u,(7})}1<j<r)-separating if g, = o(n) and there exists a sequence
(1) such that [, = o(g;) and lim,,_, nq;lan,ln (t1,...,7,)=0.

We now present the technical conditions. The first one will be considered for
“weak consistency” of the estimators.

CONDITION (CO0). The stationary sequence (X,) has extremal index 6 > 0.
A(u, (7)) holds for each T > 0 and there exists a probability measure 7 =
((i))i>1, such that, fori > 1,

(CO0.a) (i) = lim P(N\(B,) =i|N\"(B,) > 0),

with B, = (0, g,/n], for some A(u,(t))-separating sequence (g,). Moreover,
there exists a constant p > 2 such that, for each 7 > 0,

(CO.b) sup E(N(E))? < oo.
n>1

Condition (CO) ensures that the exceedance point process N,ET) converges
in distribution for every choice of 7 > 0 (see [24], Theorem 4.2). Let 0 <

v < p. Condition (CO.b) implies that (N,Er)(E))” are uniformly integrable and
lim,, - o0 E(N,(,T)(E))” = E(Ng))” < 00. In particular, the first and second mo-
ments of Ng) exist (see [4], page 338). They are given by E(Ng)) =7 and
VNG =0TE ()2

The following set of conditions will be considered for characterizing the distri-
butional asymptotics of the estimators.

CONDITION (C1). Condition (CO) holds. A(u,(t1),u,(t2)) holds for each

71 > 72 > 0 and there exists a probability measure 7, = (7T2(T2/ Tl)(i ,
such that, fori > j >0,i > 1,

(Cla) =™ ™G, j)= lim P(N(By) =i, N\?(By) = jIN{™ (By) > 0),

J))i=j>0,i>1>

with B, = (0, g, /n], for some A(u,(t1), u,(72))-separating sequence (g, ).



278 C. Y. ROBERT

Let us introduce the two-level exceedance point process N;fl ) (N,E”), N,ﬁ’z))

for 71 > ) > 0. Condition (C1) ensures that N,(f"m converges in distribution to a
point process with Laplace transform

2 1
_ ; (@ | — _ _
ECXP( ;Zlef:dN ) eXP( f19f0 (1 L(fl(t),fz(t)))dt),

where N is the ith marginal of the limiting point process, f; > 0 and L is the
Laplace transform of 7, (r2/71) (see Theorem 2.5 in [33] and its proof). Let us denote

by (N(T') N(m) the weak limit of (N\™(E), N\™(E)). By considering constant
functions f;, we deduce that

nO1)
(NG, Ny L <Zl (), Z §(T2/T1)>

where (¢ (z2/71) 8 (r2/ m),>1 is a sequence of i.i.d. integer vector r.v.s with distribu-

tion JTZ(U/ r') and 17((9 71) is a r.v. with Poisson distribution and parameter 67| such
that n(67;) is independent of the (;“2/ o) §(r2/ ™)) (see also Theorem 2 in [29]).

The distribution p(t1 72 (p2r1 r2)(z, 7)izj=0 of (Ng'), N,(Em) is given by
Py 0,0) = P(n(OT) =0) =,

i k
pgl’n)(i, i) = Z P(U(QTI) — (Z ;(72/'51) i Zé.(fz/fl) )

k=1 =1

ot
00T Z ( 1) (TZ/TI) *k(l, . i>j>0,i>1,

(r2/71),%k . (r2/71)

where 7, is the kth convolution of 7, , that is,
jTZ(TZ/Tl)v*k (l, _])
0, i<k,
3 WGy, jo -y i o, iz k.
Q4 ip=i
Jitetje=j

ig>Jg>0,ig>1,1<q=<k

sl —L1=4=

Condition (C0.b) implies that Cov(N(”) N](Em) 11 E(g“(mr') (Q/”)) is fi-
nite.

CONDITION (C2). Letr > 2 and ¢ > 0. There exists a constant D = D(r, ¢)
such that, for ¢ > 71 > 170 > 0,

(C2.2) sup E(NS(E) — NS®(E)) < D(11 — o).

n>1
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Let6; =3r/(r — (24 w)), where 0 < u < ((r —2) A 1/2). There exists a constant
C > 0 such that, for every choiceof 1y > --- > 1, >0, m>1,1 <[ <n,

(C2.b) U (T1s oo T) <oy :=CI7%,

(ry) is sequence such that r, — oo and r,, = o(n) and there exists a sequence (/)
satisfying

(C2.0) lh=00"") and  lim nr,'

oy, =0.

Note that condition (C2.a) provides an inequality which is quite natural to prove
tightness criteria. Condition (C2.b) is satisfied by strong-mixing stationary se-
quences where the mixing coefficients vanish at least with a hyperbolic rate. The
underlying idea to establish the asymptotic properties of the estimators is to split
the block /; into a small block of length /,, and a big block of length r, — [,.
Condition (C2.c) ensures that [, is sufficiently large such that blocks that are not
adjacent are asymptotically independent, but does not grow too fast such that the
contributions of the small blocks are negligible.

Finally, we need a condition on the convergence rate of r, to infinity to guaran-
tee that the extreme value approximations are sufficiently accurate.

CONDITION (C3). Let m be an integer. The sequence (r,,) satisfies
nlgrolo \/E(T - rnﬁ(”rn (T))) =0

and
m
i VB3[P B) =1) = p D] =0
locally uniformly for T > 0.

Note that, if F is continuous, then r,, F (ur, (r)) = T and the first part of Condi-
tion (C3) is obviously satisfied. We now discuss the example of the first order sto-
chastic equations with random coefficients. A special case is the squared ARCH(1)
process introduced in [14]. This process is probably one of the most prominent fi-
nancial time series model of the last two decades.

EXAMPLE 3.1. Let X¢ be a r.v. and let (A, By), n > 1, be i.i.d. (0, 00)*-
valued random vectors independent of Xg. Define X,, by means of the stochastic
difference equation

3.1 X, =A,Xn—1+ By, n>1.

For sake of simplicity, we assume that the distribution of (A, By) is absolutely
continuous. Kesten [25] proved that there exists a r.v. X, independent of (A1, By),
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such that X 4 A1 X + B. Assume that X has the same distribution as X, so that
(Xp) is a strictly stationary sequence. According to Corollary 2.4.1 in [8], (X},) is
also strongly mixing and absolutely regular with geometric rates.

Further, suppose that there exist ¥ > 0 and & > O such that

EAT =1, E (A} max(log(Ay), 0)) < oo,
EA{™ <00 and EB{™ €(0, 00).

Under these moment assumptions, results of Goldie [17] show that there exit ¢ > 0
and p > 0 such that

(3.2) Fx)=cx *(1+0(x"")),  asx— oo.

We deduce that u,,(t) = (cn/t)l/"(l + O(n="/%)) as n — co. The one-level point
process of exceedances was studied in [19] and the multi-level point process of
exceedances in [33].

Now we successively verify that our technical conditions hold. Let R(x) =
g{j > 1:)?]‘[{:114,- > x}, where P(X > x) = x %, x > 1, and define 6; =
P(R(1) =k), k> 0. Using results in [19] and in [33], we see that A(u, (7)) holds
for each 7 > 0 and that 6 = 6y and 7 (k) = (Bk—1 — 6k) /6o, k = 1, for any (gn)
A(un(t))-separating sequence such that g, = n¢ with 0 < ¢ < 1. Moreover, by
Lemma 6.1 with 7y = 7 and 7o = 0, we deduce that E(N,ET)(E))3 < 00 and that
Condition (CO) holds with p = 3.

By [33], A(un(t1), u,(72)) holds for each 71 > 70 > 0 and

enyz/">(i,j)=( (R(U—’—l R((Q)w) >
(2)7)=9)

B O(H(2)) -1

A(2)) -0

for any (gn) A(u,(t1), u,(r2))-separating sequence such that g, = n¢ with 0 <
¢ < 1. Therefore, Condition (C1) holds.

By Lemma 6.1, E(N\"(E) — N\?(E))} < K(t1 — ) for ¢ > 11 > 10 > 0.
There exists a constant C satisfying (C2.b) for any 6; > 9/(1 — u), where
0 < u < 1/2 because (X,,) is a geometrically strong-mixing sequence. Moreover,
if r,=n°withO < ¢ <1and !/, =n” with0 < y < 2¢/3, then (C2.c) is satisfied.
Therefore, Condition (C2) holds.

Under the assumptions on (A, By), F is absolutely continuous and
rnF(urn (7)) = t. Let us use Lemma 6.2 with ¢, = |[n% ], m, = |nf], 8, = |n¥|,

—

—P(R(l)—z R(
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xp=[n’]andr, = [nS] with0<B<a<1,0<y <k, 6§>0and0<¢ <1,
then there exists a constant K such that

Ve Y |P(NSP(E)=1) = p@ ()]
=1

< Kn=072 (=08 g =)ty nP8/3 | on*€ 528y

locally uniformly for t > O, with y = (¢ —B)A (1 —a) Aa Ay Ad(k —€) A p/k,
0<n<1,0<¢<1land0 < € < «. Finally, choose 1/(1+2x) < ¢ < 1 such that
Condition (C3) holds.

4. Asymptotic properties of the estimators. To characterize the asymptotic
properties of the estimators, it is convenient to introduce D7 o = D([o, 9], R™)
[resp. D™ = D((0, c0), R™)], the space of functions from [a, ¢] [resp. (0, 00)] to
R™ which are caglad (left-continuous with right-limits) equipped with the strong
Ji-topology (see [44] where the spaces of cadlag functions (right-continuous
with left-limits) are equivalently considered). Let us recall that weak convergence
(which will be denoted by =) in D™ is equivalent to weak convergence of the
restrictions of the stochastic processes to any compact [o, ¢], 0 <o < ¢ < o0.

We start this section by giving a “weak consistency” result.

PROPOSITION 4.1.  Suppose that (CO) holds. Let (r,,) be a sequence such that
rp—> ooandr, =o0(n),and 0 <o < ¢ < 0o. Then

(Y0, ... pYm) = (pL(0), ... pV(m))

o, °
@O, .., 70 m) = (@), ..., w(m))
in Da’qb,
(617,65, (m), 65) (m)) = (6, 62(m), 65" (m))
in D ,,

ﬁn(m) —P> w(m), m>1 and /9_\1’,1 £> 6.

We continue with a series of results leading to a characterization of the distrib-
utional asymptotics of the estimators of the limiting cluster size probabilities. We
first introduce the following centered processes:

ejn()=Vha(pP ()= PN =), j=0.
en() = Vkn (P — raP(X1 > up, (),
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where

o] kn nkn

A= S0 = 1 YN = 3 o

i=1 nj=1

p,(,) is called the tail empirical distribution and e, (-) the tail empirical process.
They are very useful tools for studying the asymptotic properties of tail index
estimators (see, e.g., [9, 34]) or for inference of multivariate extreme value dis-
tributions [18]. The weak convergence of the tail empirical process of strong-
mixing (resp. absolute regular) stationary sequences has been studied by [37]
(resp. by [37], [10] and [11]). Note that the absolute regularity condition implies
the strong-mixing condition which implies A({u,(7;)}1<;<,) for every choice of
71 > --- > 17, > 0, r > 1. The following theorem deals with the weak convergence
of the process

Em,n() = (eO,n(')9 cees em,n(')7 en(-))
in D2 Tt will be useful throughout this section.

THEOREM 4.1. Suppose that (C1) and (C2) hold. There exists a pathwise
continuous centered Gaussian process

En()=(eo(),...,em(-), ()
with covariance functions defined for 0 < 1y < 11 by:

o ifi=0,...,m,

cov(ei (1)), ei(2)) = pS ™2 G, i) — p™ () p ™ (i),

l
cov(ei(t1), () = Y jps ™, j) — ©p ™),
=

cov(e(ty), €i(12)) = ij(” 2(j, i) — 1 p ™),
Jj=i
e f0<i<j<m,
cov(ei(t1), ej (1)) = —p ™ (@) p™(j),
o if0<j<i<m,
cov(e; (1), ¢j(12)) = pS ™, j) — p ™) p™ (i),
e and

cov(e(r), é(r) = —In(p™©) Y ijns ™G, j),

O0=j=i,l<i



CLUSTER SIZE DISTRIBUTION OF EXTREME VALUES 283

such that Ep, , = E, in D"tZ,

Let us compare the conditions in [37] that are needed for convergence of e(-) in
the case of strong-mixing sequences with our conditions. First we have to impose
that the threshold, u,, in [37], is such that u,, = O (u,, (7)). Then Condition C1 in
[37] is equivalent to our condition (C2.a). Condition D2 in [37] is slightly weaker
than our condition (C2.b) and condition (C2.c) since we also assume that [, =
o(r,% / "). Condition C3 in [37] is implied by our Condition (C1), but it appears as a
natural sufficient condition when u,, = O (u,, (7)).

Now let us consider the estimators of the compound probabilities and introduce
the following processes:

ein()=vVhka(pOG) = pOG)),  j=0.

THEOREM 4.2. Suppose that (C1), (C2) and (C3) hold. Let 0 < 0 < ¢ < o0.
Then

(€0 (), -y emn()) = (e0(), ..., em(")

in D?;l , where

ej()=¢ej()—hj()e()

and hj(v) = 9p'V(j) /97 |z=c.

Note that the 4 (-) satisfy the recursion
ho(-) = p© () In pD(0),

In(p©(0) ¢ (1n<p<‘><0)>
hi() = —p ) N Y AN O PR h'_'~), P> 1
e : ;m(l) Oy Y TR0 jz
In order to address the asymptotic properties of the estimators of the limiting
cluster size probabilities, we construct several processes. Following [6], we define
recursively the processes d () using the intermediate processes

wj() = PO ()——Z( D —i)éi)
R Y T () poO) & TP

1 L,

1 A
— 5.() — in i V(.
oo~ o &0 0
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by do(-) = —éo(-)/p(0) and for j > 1,

j
w;(+), if 7(j)>0and Y 7(i) <1,
i=1
-1 j
min{wj(-), —Zd,-(-)}, if (j)>0and Y m(i)=1,
50— i=1 i=1
dj(') = j
max{0, wj(-)}, if m(j) =0 and Zn(i) <1,
i=1
-1 j
max{O, min{wj(-), - Zd,-(-)} } if r(j)=0and Y m(i)=1.
i=1 i=1

Note that the process d (+) depends on the support of the limiting cluster size
distribution. It is not in general a Gaussian process because of the truncations in

its construction, except if 7 (i) >0fori =1,..., j and Z{:l w() < 1.
In the following corollary we derive the weak convergence of the processes

djn()=Vhka (@O D =7()), =1,
and the asymptotic behavior of

djn=Vkn(Tn(j) —7(j)), =1

COROLLARY 4.1. Suppose that (C1), (C2) and (C3) hold. Let 0 < 0 <
¢ < 00. Then
(s () = (1), d())

in D?,d) and

_ _ e, 1o
(dl,n,...,dm,n)—‘ﬁ<mfa dl(r)dt,...,d)—/g dm(r)dr>.

We end this section by focusing on the estimators of the extremal index.

COROLLARY 4.2. Suppose that (C1), (C2) and (C3) hold. Let 0 < o <
¢ < 00. Then
A 1
Veka(6), —0) = ———5=é0()
O =) ()P (0)
in D6’¢,

Va (65, 0m) = 63m) = = @2m)> 3 jd; ()

j=1
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. 1
in Da,qb’

| (S = 070 =0 Sy 4 0)
OPEYE.{0)

Vha (05, (m) — 65" (m))

in Dé’qb and

= d 1 ¢ 1
kn@1,—06 — dt.
Vkn (01, ) —> ¢_0f0 Tpm(o)eo(r) T

Note that the asymptotic variance of él(rn) is given by

o0
T2 <e9f —20T —1+6°t) jzn(j)>.
Jj=1
It can be estimated by using the estimators of the limiting cluster probabilities
ﬁ,ﬁ’) (j) and the estimator of the extremal index Ql(Tn).

5. Simulation study. A simulation study is conducted to investigate the per-
formance of the estimators on large samples and to make a comparison with exist-
ing estimators.

(i) Performance on large samples. Data are simulated from three stationary
Markov processes:

e asquared ARCH(1) process: X, = (n + )»Xn_l)Z,%, n > 2, where Z,, are i.i.d.
standard Gaussian r.v.s, n = 2 X 1073, 2 =0.5 and X1 is a r.v. drawn from the
stationary distribution of the chain. The limiting cluster size probabilities and
the extremal index have been computed by simulations in [19]: 7 (1) = 0.751,
m(2) =0.168, 7(3) = 0.055, 7 (4) = 0.014, = (5) = 0.008, 6 = 0.727.

e amax-AR(1) process: X,, =max{(1 —6)X,,_1, W,,}, n > 2, where W,, are i.i.d.
unit Fréchet r.v.s, 6 = 0.5 and X1 = W1/6. By [33], = (1) = 0.5, 7(2) =0.25,
m(3) =0.125, 7 (4) = 0.0625, 7 (5) =0.031, 6 =0.5.

e an AR(1) process with uniform marginal: X, = r~'X,_1 + €n, n > 2, where
(en) are i.i.d. r.v.s uniformly distributed on {0, 1/r,...,(r — 1)/r}, r =4 and
X1 is uniformly distributed on (0, 1). By [33], 7(1) = 0.75, 7 (2) = 0.1875,
m(3) =0.0469, 7w (4) =0.0117, = (5) = 0.0029, 6 = 0.75.

To compare the performance of the estimators, 500 sequences of length
n =2000 were simulated from the three processes. We have considered the ra-
tios 7y (j)/7(j) for j=1.....5,0{,) /0, and 8\ (m)/6 for j =2,3 and m =8.
The graphs show the average over the 500 sample’s.

In Figures 1 and 2 the means and the root mean squared errors (RMSE) of the

ratios are plotted as a function of k,. The bias of 7%,51) (1) is small and approxima-
tively stable with respect to k, for the three processes. The biases of fr,sl)(2) and
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FIG. 1. Means of the ratios of the cluster size probabilities fr,gl)(l)/n(l), ﬁ,ﬁ”(Z)/n(z),

7%,(,1)(3)/71(3), 7?,(,1)(4)/71(4), ﬁ,gl)(S)/n(S), and means of the ratios of the extremal index él(ljl/e,
85 (8)/60 and 65))(8)/0 as a function of ky = 50. ..., 250 for the squared ARCH(1) process (—).

,n

the max-AR(1) process (- - - -) and the AR(1) process (- - - -). The graphs show the average over

500 samples of length n = 2000.

7%,21)(3) are small for the squared ARCH(1) process and the max-AR(1) process

but large for the AR(1) process.

For j > 4, the biases of the estimators can be relatively large and it seems very

difficult to have good estimates of 7 (j) in the case of a data set of length 2000.
The RMSE of the ratios increase dramatically with j because of the biases. Note
also that a minimum of the RMSE with respect to k,, can not always be found. An
optimal choice of &, based on the RMSE criterion will depend on the process and
on the limiting cluster size probabilities.
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FIG. 2. RMSE of the ratios of the cluster size probabilities n,ﬁ )(1 )/ (1), fr,(,l) (2)/71 2),

A0 3) /7 3), 2D @ /7 @), 75" (5)/7(5), and RMSE of the ratios of the extremal index 6\") /6,

85" (8)/6 and 65') (8)/6 as a function of ky =50, ..., 250 for the squared ARCH(1) process (—).
the max-AR(1) pr()ceﬂ (- - - -) and the AR(1) process (- - - -). The graphs show the average over
500 samples of length n = 2000.

The bias of 9 is lower than those of 92 )(m) and 93( )(m) for the squared
ARCH(1) process and the max-AR(1) process. But for the AR(1) process, the
bias of 03(’2(171) is the smallest. 01(12 and 9(1)(m) perform in the same way in terms

of RMSE and better than 63 (m).

(i) Comparison with existing estimators on large samples. Data are simu-
lated from the squared ARCH(1) process defined below. 500 sequences of length
n = 2000 were also used. For the limiting cluster probabilities comparisons are
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made between 7,(i) = 7, )(]) Jrn(J) with 0 = 0.7 and ¢ = 1.3, Hsing’s es-
timators 7, 1(j) with n/s, = k,/2 and Ferro’s estimators 7,(j) with N = k,
(see [15], equatlon (4.12)). For the extremal index comparisons are made between

Gn = 01 oS 0 2 witho =0.7 and ¢ = 1.3, Ferro and Segers’ est1mator0 (1) with
u = Xy—k,+1:n (see [16], equation (5)), Hsing’s estimator 9 withn/s, =k, /2 (see
[21], page 137) and the runs estimator é,f (p,u) with p = [r, /6], u = Xy —|n/s,|n
and n/s, = k, /2 (see [43], page 282). )

In Figure 3 the RMSE of the ratios 7,(i)/7 (i) for i =1,...,5, and 6,/6
are plotted. For the limiting cluster size probabilities and the extremal index, the
smoothed versions 7?,1 and /9_\1,,1 perform uniformly better than the unsmoothed es-

timators n,gl) and 91(1,2 which perform uniformly better than the other estimators

[except for 7 (2), where Hsing’s estimator should be preferred to the unsmoothed
estimator]. As Ferro and Segers’ estimators, our estimators only require the choice
of a sequence, but their performance is more favorable.

6. Proofs. Throughout we let K be a generic constant whose value may
change from line to line.

LEMMA 6.1. Consider the first order stochastic equation with random coef-
ficients of Example 3.1. There exists a constant K such that, for ¢ > 11> 1 >0
andn > 1,

E(N{W(E) — N®/(E))’ < K (11 — o).
PROOF. Let I,(t1, 172) = (un (1), uy(12)]. By using the same arguments as in

the proof of Lemma 4.1 in [10], we can show that there exists a constant K such
that, for¢p >ty >1p>0andn > 1,

1 o
cii=P(X; € L(t1, v)|Xi € L(11, 1)) < K(; +<pf—’>, jzi=1,

where ¢ = E Af < 1for & € (0, k). By the stationary and Markov property, we get
E(N{™(E) — N (E))®

<3 Y Elxenmoilxien @) X el
ij=1itj<n+l

<311 — ) > CL,iCiitj—1
i,j=litj<n+1

1 . 1 .

<3111 — )K*? > <—+<pf_1><—+<p’_1>
ij=1itj<n+1 n

<K(t1 —n). O
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FI1G. 3. RMSE of the ratios of the cluster size probabilities 7t (1) /7 (1), 77, (2) /7 (2), 77, (3) /7 (3),
Tin(4)/7(4), 70 (5) /7 (5) as a function of kn =50, . .., 250, for s = #\D (- - - 2), 7tp = 7Tn (—),

7t = 7ty (Ferro’s estimators - - - -) and 7t = iy | (Hsmg s estimator — — —). RMSE of lhe ratios of
the extremal index 6, /0 as a function of ky =50, ...,250, for 6, = 91(1) (----), 6, = 91 n (—),
9.,1 = 5,, (Ferro and Segers’ estimator - - - ), én = 9,, (Hsmg s estimator — — — ) and 9,1 = 9n (runs
estimator - — - —).

LEMMA 6.2. Consider the first order stochastic equation with random coeffi-
cients of Example 3.1. Let (qn), (my), (6), (xn) be sequences of integers such that
qn — o0 and g, = o(n), m, — oo and m, = o0(q,), 6, — oo and né,’* — oo and
Xy — 00 as n — 00. Then for each | > 0, there exists a constant K such that

T c /3 9ins,*)
|P(N(E)=1) — <>(1)|<1<< T T

qn n dn Qn nd, "~



290 C. Y. ROBERT

+ 8, 4 tnxd 4+ x, 7 4 n_"/K>
locally uniformly fort > 0,where 0 <n <1,0<p <1,0<é& <kand0 <e <«.

PROOF. Write d(n,l) = |[P(N\V(E) = 1) — p@@)]. Let 6 = n x
P(N,gt)(Bn) > 0)/(tqn), where B, = (0; g,,/n]. Let ;ifz), i > 1, be i.i.d. integer-
valued r.v.s such that

('Y =m)=P(N{V(B,) =m|IN(B,) >0), m=>1,

nn

and n(6, 't) be a Poisson r.v. with parameter 9( )7 and independent of the g“(t).

We have that

e(f)

6" 7)
dn,l) < (N(r)(E)_l ( Z é‘zn _l>‘
U(G()
( Z é.(f) )—p(f)(l)‘
= I[+II[.

By using Theorem 2 in [30], we deduce that

L<2e 420 —+ " min{602/3 (©): Bum, (D)),
qn dn

where

Bri(t)= sup Esup|P(B|IFY)—P(B):BeF (],

t+l,n
1<t<n-lI

Note that, since (X,) is a geometrically absolute regular sequence, there exists a
constant 0 < n < 1 such that, for every choice of T >0 and 1 <! <n, o, j(7) <
Bni(T) < O(").

By (1.3) and (1.4), we deduce that there exist constants K1; > 0 and K»; > 0
such that, locally uniformly for 7 > 0,

I
I < K167 — 60| + Koy Y |77 (k) — 7 (k)|

k=1
[+1 4n

< K167 — 6o| 4+ 26, 'k 0 ) -

< Ki.|0, ol +265 ' K21 Y |60 Y 7\ () — Ok—1].
k=1l j=k

Let 6;") = P(N\" (By) = k|Xo > u,(7)). Note that

167 — 60| <657 — 67| + |67 — 6| =: Tla + TIb
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and for k > 1,
b D)~ | < '90 5, I i+ & _1‘915?1,”
=k P(N, (By)>1) 0, 6)

+167,, — 6k—1| = ey, + ey + ey

By using the same arguments as for the proof of Lemma 2.4 in [33], we have for
k>1

|P(NP(By) = k) = (gn — k+ D PN (By) =k — 1, Xo > un (7))
<kP(Mo.g, > un(t), My, 24, > tn(7)),
where M; j =max{X;:l=i+1,..., j}. It follows that for k > 1
6o nP(Mo,q, > un(t), My, 24, > n(7)) . k—1 6y

Ilc, <k
9,51) Tqn qn 9,51)

and
la <nP(Mog, > un(t), Mg, 24, > tn(7))/(Tqn).
Now observe that
P(Mo,q, > un(7), Mgy, 2q, > un(7))
= P({{Mo.gy—my, > tn (D)} UMy —my g0 > Un(D)}} N {My, 24, > un(1)})
< P(My,—my.qn > tn(0)) + tpm, (T) + P2 (Mo 4, > un (7))

2
< ‘L’ﬂ +apm, (t) + (rq—"> 002
n n

and, therefore,

+1
1
g+ 3 (lcg + Tdy) < K(@ + Ly )+ 4 —).
k=1 qn n n n
Let ox = >32,0; = P(R(1) > k) = [P P(#{j = 1:TT_; A > x71} > by x
x*~Vdx. We have that 64_; = ox — 0_ for k > 1. Then
qn

qn

b < |36 — oo +| Y65 — o
j=0 =1
4n qn
e <| Y 0F) —ory|+|D. 07 —o|. k=1
k1 i—k

Let us define the probability measure, O, on (1, oo) by
Qn(dx) = P((un(1)) ™' Xo € dx)/P((un()) "' Xo > 1).
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As in [19], we introduce the process (A,) definedby Ag=0and A, = A, Ay—1+
B,,n > 1. We have that A, > 0 and X, = Xo[['_, A; + A, forn > 1. Let

Bi(qn, (Aj)j=1,...q» On)

00 J
=/ P(H{l§j§qn:XonAi+A,~>un(f)}
1

i=I

> k| (un ()" X0 = x) 0, (dx).

.....

< Bk (qn, (Aj) j=1,...qn» On) — Bi(gqn, (0)j=1,....q,> On)l

qn -
D05 —ox
=k

+ [Bi(gn, (0)j=1,....q.» @n) — Br(00, (0) j=1,...,00, On)|

+ 1Bk (00, (0) j=1,....00, @n) — Bk (00, (0) j=1....,00, Q)I.

We now consider successively each term of the upper bound:
(i) On the one hand, we have that

/1 P(ﬂ{lgqun:XonAi+Aj>u”(r)}zk

i=1

(un (1)) X0 = x)
x Qu(dx)
00 J
z/ P(ﬁ{ISJSQn:XOHAi>Mn(T)}zk
1

i=1

(un (1))~ Xo =x)
X Q,(dx).

On the other hand, we have that

J
{ﬂ{lfijniXonAi+Aj >un<r>} zk}

i=1

J
c Ml §j§q,1:HX0]_[A,- > un(1)(1 —5;1)}

i=l

U{A; >5;1u,,(r)}} zk}

j
- !ﬁ{lsjy]n:XoHAi >un(r)(1—5n‘1)}

i=l
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+8{1<j<gn:Aj> 8 uy () zk}

dn
cUltll <j<an:8)> 8 un(m)} =1}
=0

N{#1 <j <qu:Aj > 8, un(r)}) = (k —1) v 0}.
Then
/1 P(ﬂ{lgijn:XonA,-+Aj >un(t)] >k

i=1

(n (1) ' X = x)
X 0 (dx)

00 J
5/ P(ﬁ{liijniXonAi>Mn(f)(1—5n1)}Zk‘
1

i=1
(un ()" X =x) 0, (dx)

[T PEI ) 2008) > 8 )] = 0),(dv).

Note that A; < X; for j > 1 and, therefore,
0
/1 P{1<j <qn:{A; > Suun(D)}] > 0) Qu(d)

qi, sk
< P(My, > 8, uy(v)) < K221
néd;,

if g, — o0 and nd,;“ — oo as n — oo. Moreover, by a change of variable, we
have that

00 J
/1 P(ﬂ{lfijn:XonAi>un(f)(1—5n—1)}Zk

i=1

(un (7)) Xo =x)
X O (dx)

o0 J
- % (1—5-1)-1 P(ﬁ{l <J=<qn: HA,' > x_l} Zk> 0, (dx).

i=1
Since the density function of Q,, is uniformly bounded in a neighborhood of 1, we
T
deduce that fl(l 5 0, (dx) < K§, ! and it follows that
Ainsi*) | -1
|Bk(Qn»(Aj)j:l,.“,qn: Qn)_Bk(Qny(O)j:l ..... qn> Qn)| <K 7"'8" .

nd, “
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(ii) Let ¢ = EA? < 1for & € (0, k). We have that

00 J
/1 P<ﬁ{jzl:nA,~>xl}zk>Qn(dx)
i=1
00 J J
:/ P(ﬁ{lfijn:HA,~>x_l}+{j>qn:1_[A,~>x_l}Zk)
I i=1 i=1
X Qn(dx)

00 J
5/1 P(ﬂ{lfijn:HAi>x_l}zk)Qn(dx)

i=l

o0 j
+</1 P(ﬁ!j >q,,:HA,- >x_1} >O)Qn(dx).

i=1
It follows that

| Bk (qn, (0) j=1,....q,» @n) — B (00, (0) j=1,....00, On)l

00 J
5/1 P(n{j>qn:]'[A,~ >x—1} >0)Qn(dx)

i=1

Xn 0 J
S/; P( \/ HAi >x_l)Qn(dx)+Qn(xnaoo)

J=qn+1i=1
J € (pqnx;f K
< Z @/ + Qn(xn, 00) < 5 —
J=qn+1 —QD Xn

by Chebyshev’s inequality and Potter’s bounds.

(i) Let fi(x) = P(#{{j > 1:TI/_; A; > x~'} > k). Since the distribution of
A1 is absolutely continuous, f is differentiable. Then we have

Bi(00, (0) j—1... .00 On) — Bi(00, (0)j1....000 O)
- / Fi)(Qn(dx) — Q(d) / £ (Qn(x. 00) — Q(x, 00)) dx

where fk is the first derivative of fi. But, by equation (3.2), sup, - [(Qn(x, 00) X
0~ ' (x,00) — 1)| < Kn~"/ and we deduce that

|B(00, (0) j=1.....00, On) = Br(00, (0)j1....c0. Q)| < Kn™#/¥.
Putting the inequalities together yields

I+1

k=1 ndy "



CLUSTER SIZE DISTRIBUTION OF EXTREME VALUES 295

and the result follows. [
We now define the big blocks IjA and the small blocks I}“ by

1P ={(G = Dra+ 1o jr =),
I={jrm—l+1,...,jr}, J=1 .. k.

Let us introduce the following r.v.s associated with the big and small blocks:

(0.0
N2 =3 X mu, (0)

iel?
N Z 1{X,>urn(‘[)}’ ] = 1’ 5kn7
iel*
j
pi R = ZlNu)A :
nsJ
| Jo
pr(lr) i) = . Z(I{N(z) i NOF N© ) I{N(r)A PN 0}),
n j=1 ™m.Jj m.Jj n.J

(r) A —(1),A

It is easily seen that p, )(z) = (i) + p(r) *(i) and p(T) = Dn + ﬁ,(f)’*.
To prove Proposition 4.1, we will need the three following lemmas. The first
lemma can be derived from Lemma 1 in [7].

LEMMA 6.3. Let p1, p2, p3 be positive numbers such that pl_l + pz_1 +
P3 =1, Suppose that Y and Z are random variables measurable with respect

to the o-algebra ¥, 1(;‘1 """ o) ?nﬂ}“,;’ o) respectively (1 <m < n — ) and assume

further that || Y || p, = (E|Y|P1)1/Pl <00, |Z]lp, = (E|Z|P2)!/P2 < 00. Then

| Cov(Y, Z)| < 101 (T1, - s TN YPNY oy 1 Z 1] -

LEMMA 6.4. Suppose that (CO) holds. Let (rn) be a sequence such that
rp, — oo and ry, = o(n). Then py, )(z) — p(f)(z) andp
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PROOF. Since r;, = 00, A(u,, (7)) holds and there exists a sequence (/) such
that [, — 00, I, = o(r,) and «;, 1, (t) — 0. Let € > 0. By Chebyshev’s inequality,

P(|pP* ()] > &)
(1),

<e /(PN =i = NN > 0) + PN,

'n 78 WA

<2e7'P(NT* > 0) < 281P< U x> urn(r)}) <2 'l /r, > 0

ielf
and
P(|p\*] > e) < e_lE(Nr(;’)l’*) <e 2, /r, — 0.
Hence, pi*(i) 5> 0 and 5% 5 0. Now let us show that p{™2 (i) 5 p® (i)

and ﬁ,(f)’A £ 1. Since lim,— 00 P(Nr(,f,)f* =i) =0 and limneooE(Nr(;)l’*) _

0, we deduce by condition (CO0.b) that lim,_, o P(Nr(,,t,)fA =1i) = p™ () and

lim,_ o E (Nr(nr,)f A) = 1. Therefore, it suffices to show that

PV — P(NGTS =) 50 and p7° — E(NJT®) 5 0.
We have

n

PP 6) = PN, =i)| > )
<e2E(pD20) — PN =1))?
<2kne) D [Cov(L iy Lyma )|
1<j<i<ky i "

By using Lemma 6.3 with p; = 0o, py = 00, p3 =1, we get

P(Ip\% @) = PN =) > €)

n,l
kp—1

< K (kne)~? (kn + Y ki = 0ty et Gy, (f)> || 1{N<r>iA:,»}||io
j:1 n,

< Kz?_z(kn_1 +ay,.1,(1)) — 0.

In the same way, by using Lemma 6.3 with p; = p, pp = p, p3=p/(p — 2), we
get

— A
P(Ip7" = E(N,7 )] > ¢)

<e 2B — EINT) =20k Y [Cov(NTSA, NI )

Tn,j .l
1<j<l<kn
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kn—1
.
= K(kne)_2<kn + Z (k” - j)(arnyln“'(j_l)rn (T))l 2 >||N£;’)iA}{)20

j=1

< Ke 2 (k' + (ay, 1, (1)) 72

-1

A

Observe that sup,.;| E (Nr(nry)l)p < 00 by condition (C0.b) and 1 —2p~! >0 to
conclude. [J

LEMMA 6.5. Suppose that (CO) holds. Let (r,) be a sequence such that
rp, — oo and r, = o(n). Then

(P(0), ..., pLm), p) = (pV0), ..., pV(m), ()  in D™

PROOF. Let us first recall that convergence in D12 is equivalent to conver-

gence in Dm+2 for all choice of positive o and ¢, 0 < 0 < ¢ < co. Moreover,
since ( p( )(0), e p( )(m), (+)) is a deterministic element of DZ’;Q, we only need

to prove that p,({)(i) = pY(i) in D}W, i=0,...,m, and 13,(1 = () in D! e
By Theorem 13.1 in [3], it suffices to prove that the finite-dimensional dlstrl—
butions converge and that a tightness criterion holds. It is easily seen that the
first condition is satisfied by using Lemma 6.4. We only need to check that the
(P (D=1 i =0.....m, and (p")=1 are tight in D/ ;. Following Section 12
in [3], we call a set {r;} a §-sparse if it satisfies 0 =19 < -+ < Ty = ¢ and
ming <; <y, (7 — 7;—1) > 8, and we define for g € D}W

w'(q,8) =inf max  sup |q(s) —q(?)|.

i} 1<i=w $,t€(Ti—1,71]
By using Theorem 13.2 in [3] and its corollary, p )(1) is tight in D . 1f and only
if the two following conditions hold:

(i) for each t in a set that is dense in [0, ¢] and contains o,

Jim lim sup P(ptP (i) > a) =0,
(ii) for each & > 0, lims_.olimsup, P(w'(py (i), 8) > &) =

Condition (i) is satisfied since pj )(z) — p(’)(z) < 1 for each 7 € [0, ¢] (by
Lemma 6.4). Let us now consider condition (ii). Let § < ¢ — o and define Mg =
L@ —0)8" ']+ 1, 1) =0 +18 for 0 <I < Ms and 7}, = ¢. Note that 7 -

i/-:O p,(f)( J) is a nonincreasing function, and then

i

swp SO0 - D) < e h - p ).

r,v'e(r? .77 j=0 =0
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It follows that

(pr)(n a><1g;3§42 G- ().

j=0
If i > 1, we have

P(w'(p$),8) > €)

i i—1
< P(u/(z P (), 8) > f) + P(u/<2 P (), a) > f)
j=0 2 =0 2

§P< max 3 (VG = p )<j>)>§>
j_

1<i<M; *

(- 1) @, . ¢
<lglg>;4 Z —p' () > 2>.
If i =0, we have
7 or: (] 1) (Tl)
P(w'(py,’ (), 9) >8)5P(1§}§%( 0) — (0)) >g).
By using Lemma 6.4, we get

1<I<M; 1<I<M;

max > (pn (- 1)(]) (j))—> max Z (T D(j) — (rl)(]))
Jj=0

which is less than /2 for small §, since T > Z =0 hj(z) is a continuous and
bounded function on [o, ¢]. Thus, we deduce that

lim limsup P (w'(p{’ (i), 8) > &) = 0.
§—0 n

Condition (i) is satisfied and py’ (i) is tight in D
Now note that 7 — ﬁ(r) is a nondecreasing function and 85 /8t = 1. The

arguments for p() run 51m11ar1y We conclude that (pn)(O) . p,,)(m) p,(,))
weakly converges in D(T qf ,and then in D2, O

)

PROOF OF PROPOSITION 4.1.  The generalized inverse of p( is given by

Tnkn

pie inf{f >0: ) lxy=Fe(l—t/r)) = knf} = 1 F (Xkyr— k2 )kurn)
i=l

since F (F(Xk,ry—knt)knrn)) = Xkyrn—|kn): knra- 1t is a caglad function on

[o, ¢]. Note that for T € [0, ¢] and n such that |k, T ]| < k,ry,

PO = pP ), m =0,
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Let Dy o ¢ (resp. D?ﬁ ¢ Cto.> C CTT? ) be the space of nondecreasing func-
tions from [0, ¢] to R (resp. nondecreasing functions from [o, ¢] to [o, ¢], contin-
uous nondecreasing functions from [o, ¢] to R, continuous nondecreasing func-
tions from [o, ¢] to [o, ¢]).

Let us introduce the map Y from Dj 44 to D?f¢ taking s into max(o,

min(h <", ¢)). It is continuous at C?ﬁ e Let us denote by [7,(1')b’F the function

T( ﬁﬁj)). By Lemma 6.5 and the continuous mapping theorem (CMT), it follows
that 5\, = () = () in DJY .

Moreover, the composition map from D(’;f;l X D‘Tfﬁ s 0 D;’f;ﬁl taking (g, h)
into g o h is continuous at (g, h) € C;’f;fl X C??(P (see, e.g., [2], page 145). It
follows by the CMT that

=(), <

(Pap ) (Pap ) ) .
(P " O, pn " () = (pD(0), ..., pP(m))
in D?, ;fl. Now we have

-(r),<—)

S0y (! .
sup |pPr () —pa ()
t€lo,¢]
= s PP - D e,
t.7elpy" 0l

vioosup  pP ) = PP DI ey

7 7elg, o
Si imi ) (s : - _(0),«< P
ince the weak limit of (p,’(j)),>1 is continuous at o and ¢, p, — o and
e EN ¢, we deduce that
50 S S
sup [piP V() —pa "t (D0,
7€[o,¢]

. @), By ), .
or, equivalently, p, (j) — pn (j)=0in D, ,. Finally, we get

(pA,(l.)(O), ey ﬁr(l)(m)) = (p(~)(0)’ o p(')(m)) in ngl'

To prove weak convergence of (7%,5’)(1), e, fr,g')(m)) in DY # We proceed by

induction. First note that by Lemma 6.5 lim,,_, oo P ([ pA,(fb) (0), 13,(1”)(0)] e (0,1)=
1. We deduce by the CMT that

P (1) pO(1)

(1) = — _
X (D 1n(,3,5'>(0))ﬁ,(,')(0)$ In(p®)(0)) p© (0)

=n(l)
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: 1
in DU,¢,
#9(1) = max(0, min(x” (1), 1)) = = (1)
in Dclw,, and
(P, pO (D), 7D(1) = (pV(0), pO (1), (1))
in Dgy »- Now assume that we have already shown that
(PO, ..., pO (N, 2O M), 7O G = 1)
= (PO, ....pY (). w(D), ..., = 1))

.....

into

O+ i~ In(f1 () le:_ll ifivjr1() fi—it10)

\\/n . =
i(F) In(f1() f1()

Note that
XD =w;(pV0), ..., pV D, 7O W), &P G - 1)

and that W; is continuous on the space of continuous functions from [o, ¢] to

(0, 1) x R¥ =!It follows by the CMT that x,”(j) = 7(j) in D}, ,. Let us recall
that

j—1
23 () = max(o, min(x,i'><j>, 1= ﬁri')@))-

i=1
We conclude by the CMT that 7%,5') (j)=nx(j)in Dé,rb and
(PO, ..., pYG + D, 701, ..., 20 ())
= (pVO),....pY G+ D, x (D), ... 7w ()
in Dgféﬂ). The induction is established and
@O, 7O M) = (w1, ..., w(m))
in Dy - Finally, by using again the CMT, we deduce that

61, 05),m), 05, m) = (0, 62m), 65" (m)

in wa, J?n(m) £ mw(m), m > 1, and ’9:1,,, £ 6. O
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Let us now define
ey (D) = Vhn (p(20) = PN =),
(0),A - — N(T)s* N(r) * 0))

* — ./ —
ei*n(‘c) - kn(l{N:;)}A N(I) *,N(T)’<*>0} P(Nrn,j TV R Y

m,J m,J

_\/k_(l{NmA N 0) P(N(rm
0 (1) = Vkn (P2 = (ra — In) P(Xi > up, (D)),
en (1) =V (PO — 1 P(Xi > up, (1)),
EL () = (€5,y(0), ... eh (1), 22 (),
Ep 1 (1) = (€5, (0), ..., €5 (), E5(D)).

We have ej,,()_e ()+e* () and en()_en()+e*() The proof of Theo-
rem 4.1 is now presented ina serles of three lemmas.

i, N > 0)),

LEMMA 6.6. Suppose that (C2) holds. Let T > 0. Then E, ,(t) £o.

By (C2.c), there exists a sequence (/,,) satisfying [, = o(r,%/ ") and

PROOF.
lim, o nr, loqn = 0. We have that
E(e}, (1)
kn
-1
S 2kn E(Z {N(r) A—l Nr(;)j*!Nr(;)j* O}
2
(0),A (7),* (7),*
—P(N, ;" =i—=N, "N, " > O)))

m,J

kn 2
1 (1), . (7),%
+ 2k, E(Z N(r)A  NOFL 0}_P(Nrn,j :l’Nrn,j >O)))
j=1
=:2(I1 + Ip).
Let 2 < v < r. By using Lemma 6.3 with p; =v, po =v, p3 =v/(v —2), we get
~1
I} <2k, Z COV(I{Nr(r)JA_l Nr(r)j* Nr(r)j* oy’ 1{Nr(r)iA:i_Nr(T)i*’Nr(r)l’*>0})
1<]<l<k n n n n, ns ns
kn—1

a1
SKkn_ (k + Z(k Olrn (] l)rn(r))l 2 >
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X |1, p@.8_: @ @ ”2
{Nrn,i :l_Nrn,i ’Nrn,i >0} v

kp—1
< K(l + Z a2 ) (N5 > 0)"

ad -1 _ I, \?/"
<K (1 Yl )(lmurn @ =k(2)
j=0 T

1-2v7!
J
P(lefy (D] > &) <e2E(e},(1)* < K(Un/rn)*" — 0.
By using Lemma 6.3 with p; = v, po =v, p3 =v/(v — 2), we get
kn—1
—2v —1
E(e (T))2 =< —(k + Z (kn — Olrn (ra=ln)+(j— l)rn(f)) >

j=1

since Z?‘;Oa < oo. Similarly, I, < K (I,,/rn)*'*. Therefore,

X NS = 1y F g, ()]

fn—1
_n,—1
< K(l +> (.t G— 1y (D)) 2 )

j=1
= 2
[NV = 1y F ur, ()] 7.
By Theorem 4.1 in [40] [equation (4.4)], we have
E|Nr(nty)1’* _ lnl:”(ur,l (-17))|” < Kl:;/z || 1{X1>ur,, () — F_'(urn (‘L’))H:

1, v/2
<K( 2/r) — 0.

Putting the inequalities above together yields £}, , (7) Lo O

LEMMA 6.7. Suppose that (C1) and (C2) hold. Let r > 1 and 71 > --- >
7, > 0. Then

d
(Emn(t)s- s Emn(tr)) = (Em(T1), - -y Em (7).
PROOF.  Since by Lemma 6.6 E,; , (7) £ 0, we only prove that

d
(Ef (T  EL p(T) > (Em(TD), - ., En(T0).
By applying the Cramer—Wold device, it suffices to prove that, for A5 ; € R,
h=1,...,randi=0,..., m+1,

r m r m

_ d _
> (Zkh,iefn(fh) + )»h,m+1ef(fh)) = <Z Aniei(th) + /\h,m+18(fh)>-
h=1 \i=0 h=1 \i=0
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Let

r m
A
fin= Z Z)“h,i(l{N(rh?,A:i} — P(Nr(nrhj) =1i))

h=1i=0 .
r
+ 3 At (N2 = (= 1) P (X1 > ur, (h)).
h=1

By using recursively Lemma 6.3 with p; = oo, pp = 00, p3 =1, we get

. kg kn .

iu iu
Eexpy—— fing — Eexp{——f; }
which tends to 0 by condition (C2.c). This implies that the f; , can be considered
as i.i.d. r.v.s. By condition (C0.b) and Minkowski’s inequality, lim,, o0 E| fj 4| <
oo where p > 2. Therefore,

k
SiLEfal 1 Elfialf

Y En»e? kP EGDP?

=< Kknarn,ln (T1, .05 Tr),

-0

and Lyapounov’s condition holds (see, e.g., [4], page 362). It follows that
(ko E( f]yn)z)_l/ 2 Zf”zl fi.n converges in distribution to a standard Gaussian ran-
dom variable.

By Condition (C1), (N\™ (E), N\ (E)) = (N, N{™) and the limiting sec-

ond central moments of the r.v.s I{N(Thw_i} and Nr(nfhl)»A, h=1,...,r,exist. Sim-

n,l

ple calculations yield the covariance functions given in Theorem 4.1. [

LEMMA 6.8. Suppose that (C1) and (C2) hold. Then (Eu, 5 (-))n>1 is tight in
olinel
0’¢

PROOF. We use similar arguments as for the second part of the proof of The-
orem 22.1 in [2]. The tightness criterion which is considered is the following (see
Theorem 15.5 and Theorem 8.3 in [2]): (Ey; 1 (-))n>1 is tight in DZ’EZ if:

(i) for each positive 7, there exists an a such that
P(|Emn( @) >a) <n, n>1,
where | E|1 = X1 | Ej;

(ii) letting € > 0 and n > 0, there exists 6 > 0 and an integer ng such that

P( sup |Em,n(fl) - Em,n(72)|l > 5> <né, n = no,

1 <11<12+4

for all 1; € [0, ¢].
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Moreover, by Theorem 15.5 in [2], it follows that the weak limit of a subse-
quence E,, ,(-) belongs a.s. to C(’ff.

Condition (i) is satisfied since E, ,(¢) i E, (¢). Let us consider condition (ii).

Note that

P( sup |Em,n(n)—Em,n(rz)|1>e)

0<11<1+4

m
SZP( sup lein(T1) — ein(T2)| > >
i—=0 T=T1<12+§ m+1

4 P( sup ey (t1) —en(1)] >

<11<12+4

i

Z(ej,n(fl) - ej,n(fz))‘ > ﬁ)

j=0

m
522P< sup
i=0

=112+

_ _ e
+ P( sup e (1) —en(12)] > )
7 <T1<12+3$ m+ 1

and it suffices to check the tightness criterion for each Z?:o ejn(),i=0,....m
and for e, (). Now we simply indicate the modifications to be made in the proof
of Theorem 22.1 in [2] to establish that condition (ii) holds.

Let2 <v<p<r <ooand ¢ > 0. Assume that 6; > v/(v — 2) and 6; >

(p—Dr/(r —p).
(i) Let o0 < 1p < 11 < ¢ and define

Si(t1, 725 kn) := Vkn (ZZ(e,-,n(n) - e,-,n(m)).
j=0
By Theorem 4.1 in [40] [equation (4.3)], we have that
E|Si(t1, 12; kn)|?
< K(k,f/z(P(N(’” <i < NI 4 k(PN <i < NP
K2 (P(NGT) = Ny > 1)+ kP (PN = N > 1))
KB — NPT A (BN N
K (kP (1 = o) + ke Y (m = w)?).
Letn=p/2—(1+¢).If0<e<1ande/k < (t1 — 1) PP~/ we get

d

> (ejn(t) — ejn(12))

p
) <Ke l(r) — )P,
=0
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which replaces equation (22.15) of [2].
(i) Let £}, == (N, — N\™) — (EN,"") — EN,™))) and define

kn
S(t1, 125 kn) = Vkn(@n(t1) — €n(12)) = D &)
j=1

By Theorem 4.1 in [40] [equation (4.3)], we have that
E|S(t1, i kn)|” < K (k211610018 + Ky 11810 010)-
Now for v > 2,
Eral” <2°((N = N2+ (ENT — ENT))Y).
For large n and for 0 < 15 < 11 < ¢,
Eral” < K((N) = N2 + (11 = ).
By condition (C2.a), we get E(|Sl,n|k) < K(11 — 1p) for 2 < A <r and we deduce
that
E|S(z1, 123 ka)l” < K (k)2 (01 = 2P/ + k" (1 — 1))
Therefore, if € < 1 and e/k,’l < (11 — 1)PW/v=1/") e have that
E(j2n(r1) — ea(0)|?) < Ke™ (11 — )",

which also replaces equation (22.15) of [2].
(iii) We replace equation (22.17) in [2] by
i
> (ejn(r2+8) —ejn(t2)| + 8vkn,

Jj=0
|en(11) — en(12)| < |en(T2 4 8) — &n(12)| + 8v/kn,

for 5 < 11 < 12 + &, by using monotony arguments as in [2].
(iv) We need to replace (22.19) of [2] by

( € )Vv/(P(r—v)) €
— =p<
ky! Vkn

> (ejn(t) — ejn(12))

j=0

=

and to assume that

nrv rv 1 (d+4e) 1
pr—v) (r—v)(i_ P >>5‘
Since 6; has to be larger than (p — 1)r/(r — p) which is increasing in p and p > v,
we let p = v(1 4 &) and choose v such that
rv 1 (I+¢)
(r—v) (5 B

~Las
)—E 8).
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It follows that v = (3 + ¢)r/(r + (1 4 €)). Then the inequalities 6; > v/(v — 2)
and 6; > (p — D)r/(r — p) become

346 r >((2+8)2—2)r—(1+8)

64 > and 6; > ,
l+er—2 r—24e)(1+e¢)
which are satisfied if ¢ < ((r —2) A 1/2)/4 and
3r
Oy > ——.
r—2(1+42¢)

Everything else remains the same as for the proof of Theorem 22.1 in [2]. Finally,
choose u =4¢. [

PROOF OF THEOREM 4.1.  Weak convergence in D"+ of a stochastic process
is equivalent to weak convergence of the restrictions of the stochastic process to
any compact [0, ¢] with 0 <o < ¢ < oo in DZ’H. The convergence of the finite
dimensional distributions of E,, ,(-) is established by Lemma 6.7 and the tightness

of (Ep.n(-))n>1 in DZ};Z by Lemma 6.8. Weak convergence in DZ’;;Z follows by
Theorem 13.1 in [3]. By Theorem 15.5 in [2], we deduce that E,,(-) € C"t2. O

PROOF OF THEOREM 4.2. Let
&in() = Vha(pS () = PV () = €jn ) + Vhn (PN = j) = pO (1))

Since sup; (. [vkn (PN, = j) = p@(j))| = 0 [by Condition (C3)], we de-

duce that (€p ,(-), ..., €mn(-)) = (e0(-), ..., em(-)) in DZ’;I. By using the func-
tion Y, the composition map, the same arguments as in the proof of Proposition 4.1
and Theorem 4.1, we deduce that

@0n (PS5 )s - Eman (P T)) = (0(). .. em()
in D('Z ;1 . Now note that

sup [¢,.,(p9
T€l0,¢]

= sup eja(D) =@ oy
=er50). < n
T,T€[pn

) =2 (Py )

0]

v sup l€j.n(T) —Ej,n(f)ll{ﬁr<1¢)ﬁ<—>¢}-

7€l py ]

. .. ~ . . _ P
Since the weak limit of (¢ ,,(-)),>1 is continuous at o and ¢, p,(,")’e — o and

P 5 . it follows that Sup, iy 41 1. (55 ") = & (py ;) > 0 and that

(P ) = &Py )= 0in D ;. Let
en(-) = Vka (P — () = n(-) + Vhkn (ra F (ur, () = ().
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By Condition (C3), sup,¢[, 4] k| F(uy, (t)) — | — 0. It follows by Theo-
rem 4.1 that e, (-) = e(-) in D;’ . Now by using Vervaat’s lemma [42], we get
Ve (PO = ()= —e()  inD} .

We deduce from the differentiability of p¢(j) and the finite increments formula
that

S0), < _
V(PP () = () = —hj()e()
in D}L - Finally, we get

e]n() = (e] n(p()

V=BT + (BT
+ V(PP () = pO ()
= e;()—hi()e() =&;()

in D! 0. and
@0 (s eesbmn (D) = @0()s () in DI, O

PROOF OF COROLLARY 4.1. We first recall that a map 7 between topological
vector spaces Bj, i = 1,2, is called Hadamard differentiable tangentially to some
subset § C By at x € By if there exists a continuous linear map 7’(x) from Bj to
B; such that

T(x +tayn) — T(x)
In

—->T'(x)-y

for all sequences 7, | 0 and y, € B converging to y € S. Note that the map W¥;
introduced in the proof of Proposition 4.1 is Hadamard differentiable tangenually

to C ]¢ atfeC d,andthat

fir1() W)
<1n(f1(-))f1<->>2 A0 )gl()

ren-e0 = (

"o 2 Z(J—z>fz, i+1()8i+1()

1 1 = 1
_mgj+l(-) f()Z ifi—ie1()gitj+1().

We now proceed by induction. By Theorem 4.2,
(€0.n () -+ mn()) = (0(), ..., em ()
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in D(’f’;fl. First, we deduce by the §-method (see Theorem 3.9.4 in [41]) that
Vi (X (1) = (1) = ¥ (p©(0), p (1) - @0(). 1()) = wi (")
in D(;(b. Then
din () = max(— vk, (1), min(vVkn (x (1) = 7 (D), Vka (1 = (1)) = di (-)
in D(;d) and
@0 (). 10 ().d1a () = (0(-), 1(). d1 ()
in Dg’ - Assume that we have already shown that

0n()s s jn(),di1(), .y dic1()) = @0()s .. (), d1 (), .., dj—1().
The §-method yields

Ve (37 (G) = () = Wi (p(0), ... pO (). (D), .. 7V (= 1)
X (€0(-)s - (), d1 (), ..., dj—1())

in D1 , and a straightforward computation shows that the limit is equal to w;(-).
Let us recall that

din() = max(—/En(j),

min(\/_( O = (), (1—271(:)) —%,A-))),
where ¥, () = Y2/ di (). Tt follows that d; ,(-) = d; (-) in D, 4, and
Con()seesjitn()di )y dj()) = (0(), ..y ej01(), di (), .. dj ()
in Diff”. The induction is established and

@10 () dmn (D) = (1) ey d ()
in D7/ ,. By the CMT, we deduce that

N 1 2N
—o‘L d](f)df,...,ﬁ/a dm(f)d'f) ]

PROOF OF COROLLARY 4.2. The assertions follow from the §-method and
the CMT. O

d

i) > <¢
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