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Using time-reversal, we introduce a stochastic integral for zero-energy
additive functionals of symmetric Markov processes, extending earlier work
of S. Nakao. Various properties of such stochastic integrals are discussed and
an It6 formula for Dirichlet processes is obtained.

1. Introduction and framework. It is well known that stochastic integrals
and Itd’s formula for semimartingales play a central role in modern probability the-
ory. However, there are many important classes of Markov processes that are not
semimartingales. For example, symmetric diffusions on R? whose infinitesimal
generators are elliptic operators in divergence form £ = Zf{ j=I 3%(61[ i (x)aixj)
with merely measurable coefficients need not be semimartingales. Even when
X is a Brownian motion in R? and u € W2(RY) := {u € L*(R?; dx) | |Vu| €
L?*(R%; dx)}, the process u(X;) is not generally a semimartingale. To study such
processes, Fukushima obtained the following substitute for It6’s formula (see [7]):

for u € WH2(RY),
(1.1 u(X;) =u(Xo) + M;' + N/ for ¢ > 0,

P,-a.s. for quasi-every x € RY, where M" is a square-integrable martingale and
N" is a continuous additive functional of zero energy. The decomposition (1.1)
is called Fukushima’s decomposition and holds for a general symmetric Markov
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process X and for u € ¥, where (&, ¥) is the Dirichlet space for X. In this pa-
per, a stochastic process & = {&;, t > 0} under some o -finite measure P is called a
Dirichlet process if & has locally finite quadratic variation under P. The composite
process u(X) is a Dirichlet process under P,,, where m is the Lebesgue measure on
R?, as it has finite quadratic variation on compact time intervals. Nakao introduced
a stochastic integral fot f(Xs)dN} in [14] by using a Riesz representation theorem
in a suitably constructed Hilbert space. Nakao’s stochastic integral played an im-
portant role in the study of lower order perturbation of diffusion processes by Lunt,
Lyons and Zhang [12] and by Fitzsimmons and Kuwae [5]. However, Nakao’s de-
finition of the stochastic integral fé f(X5)dN", requiring u to be in the domain of
the Dirichlet form of X and f to be square-integrable with respect to the energy
measure of u, is too restrictive to be useful in the study of lower-order perturbation
for symmetric Markov processes with discontinuous sample paths, such as stable
processes. Such a study requires stochastic integrals for more general integrators
as well as integrands. The purpose of this paper is to present a new way of defining
the stochastic integral for Dirichlet processes associated with a symmetric Markov
process. Our new approach uses only the time-reversal operator for the process
X and is therefore more direct and provides additional insight into stochastic in-
tegration for Dirichlet processes. This approach enables us to define A (M) [see
(1.5)] for any locally square-integrable martingale additive functional (MAF) M,
subject to some mild conditions. Thus, it not only recovers Nakao’s results in [14],
but also extends them significantly. The new stochastic integral allows us to study
various transforms for symmetric Markov processes, a project that is carried out in
a subsequent paper [2].

A more detailed description of the current paper appears below.

Let X = {Q, o0, F7, X+,6:, ¢, Py, x € E} be an m-symmetric right Markov
process with a Lusin state space E, where m is a o-finite measure with full
support on E. Its associated Dirichlet space (€, ¥) on L?(E;m) is known to
be quasi-regular (see [13]). By [1], (§, F) is quasi-homeomorphic to a reg-
ular Dirichlet space on a locally compact separable metric space. Using this
quasi-homeomorphism, there is no loss of generality in assuming that X is an
m-symmetric Hunt process on a locally compact metric space E such that its as-
sociated Dirichlet space (&, ) is regular on L?(E;m) and that m is a positive
Radon measure with full topological support on E. We assume this throughout the
sequel.

Without loss of generality, we can take €2 to be the canonical path space
D([0, oo — Ea) of right-continuous, left-limited (rcll, for short) functions from
[0, co[ to Ea, for which A is a trap [i.e., if w(t) = A, then w(s) = A forall s > ¢].
For any w € 2, we set X;(w) := w(t). Let ¢ (w) :=inf{t > 0| X;(w) = A} be the
lifetime of X. As usual, ¥, and F; are the minimal augmented o -algebras ob-
tained from }'0% =0{X;]0<s < o0} and Sfto :=0{X; |0 <s <t}, respectively,
under P, ; see the next section for more details. We sometimes use a filtration de-
noted by (M;) on (€2, M) in order to represent several filtrations, for example,



STOCHASTIC CALCULUS FOR SYMMETRIC MARKOV PROCESSES 933

(ff",o), (?’t(}r) on (€2, }'o%), (F3) on (2, ) and others introduced later. We use 6,
to denote the shift operator defined by 6; (w)(s) := w(t +5),t,s > 0. Let wa be the
path starting from A. Then, wa (s) = A forall s € [0, co[. Note that 6, () (@) = wa
if ¢(w) < 00, {wa} € .‘FOO - fFlo forall > 0 and P,({wa}) <P (Xog=A) =0 for
x € E. For a Borel subset B of E, 1p :=inf{t > 0| X; ¢ B} (the exit time of B) is
an (¥;)-stopping time. If B is closed, then 7p is an (J",(i)—stopping time. Also, ¢ is
an (J‘tto)—stopping time because {¢ <t} ={X, = A} € 5’~’t0, t > 0. The transition
semigroup of X, { Py, t > 0}, is defined by

Prf(x) :=Ex[f(XD)]=Ex[f(Xy):1 <], 1=0.

Each P; may be viewed as an operator on L2(E; m); collectively, these operators
form a strongly L2-continuous semigroup of self-adjoint contractions. The Dirich-
let form associated with X is the bilinear form

1
E(u,v) = ltlfxol ;(u — Piu,v)y,
defined on the space

F = {u € LZ(E; m) ’ supt_l(u — P, u)y, < oo}.
t>0
Here, we use the notation (f, g),, := fE fx)gx)m(dx).
For the reader’s convenience, we recall the following definitions from [13] and

[7].

DEFINITION 1.1. (i) An increasing sequence {F,},>1 of closed subsets of E
is an &-nest (or simply nest) if and only if (,>; FF, is &-dense in F, where
81 =&+ (', ')Lz(E,m) and

Fr,;={ueF:u=0m-ae.on E\ F,}.

(i1) A subset N C E is &-polar if and only if there is an &-nest {F},},>1 such
that N C (), (E \ Fp).

(iii) A function f on E is said to be quasi-continuous if there is an &-nest
{Fy}n>1 suchthat f|F, is continuous on F, for each n > 1; we denote this situation
briefly by writing f € C({F,}).

(iv) A statement depending on x € A is said to hold quasi-everywhere (q.e. in
abbreviation) on A if there is an &-polar set N C A such that the statement is true
forevery x € A\ N.

(v) A nearly Borel subset N C E is called properly exceptional if m(N) =0
and

Pi,(X;e EA\Nfort>0 and X;,_ € EA\ Nfort>0)=1
forevery x e E\ N.
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It is known (cf. [7]) that a family {F, } of closed sets is an &-nest if and only if

P, (nll)rgo TR, = g“) =1 forq.e.x € E.

It is also known that a properly exceptional set is &-polar and that every &-polar
set is contained in a properly exceptional set. Every element # in ¥ admits a
quasi-continuous m-version. We assume throughout this section that functions in
F are always represented by their quasi-continuous m-versions. In the sequel, the
abbreviations CAF, PCAF and MAF stand for “continuous additive functional,”
“positive continuous additive functional” and “martingale additive functional,” re-
spectively; the definitions of these terms can be found in [7].

Let ,X/{ and N, denote, respectively, the space of MAF’s of finite energy and the
space of continuous additive functionals of zero energy. For u € ¥, Fukushima’s
decomposition holds:

(1.2) u(X;) —u(Xo) =M, + N/ for every 1 € [0, oo,

P.-as. for q.e. x € E, where M*“ ej/{ and N" € N..
A positive continuous additive functional (PCAF) of X (call it A) determines a
measure ;4 = 4 on the Borel subsets of E via the formula

(1.3) peh =tiim B[ [ ) aa)

in which f: E — [0, oo] is Borel measurable. Here, 1 lim, ¢ indicates an increas-
ing limit as ¢ |, 0. The measure w is necessarily smooth, in the sense that u charges
no &-polar set of X and there is an &-nest {F},} of closed subsets of E such that
w(Fy,) < oo for each n € N. Conversely, given a smooth measure u, with A = A,
In the sequel, we refer to this bijection between smooth measures and PCAF’s as
the Revuz correspondence and to ( as the Revuz measure of A%,

If M is a locally square-integrable martingale additive functional (MAF) of X
on the random time interval [0, ¢[[, then the process (M) (the dual predictable
projection of [M]) is a PCAF (Proposition 2.8) and the associated Revuz measure
[asin (1.3)] is denoted by (7). More generally, if M" is the martingale part in the
Fukushima decomposition of u € ¥, then (M*, M) is a CAF locally of bounded
variation and we have the associated Revuz measure p(pu a1y, which is locally the
difference of smooth (positive) measures. For u € ¥, the Revuz measure f(pu) of
(M") will usually be denoted by 14 ).

Let (N(x,dy), H;) be a Lévy system for X; that is, N(x,dy) is a kernel on
(En, B(EA)) and H, is a PCAF with bounded 1-potential such that for any non-
negative Borel function ¢ on EA X Ea vanishing on the diagonal and any x € Ex,

E, [Za&(xs_,xs)] A [, N dy an, |

s<t
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To simplify notation, we will write
No()i= [ g NG dy)
Ea
and
t
(N« Hyii= [ No(X0)dH.

Let uwy be the Revuz measure of the PCAF H. The jumping measure J and the
killing measure « of X are then given by

J(dx,dy) = %N(x, dy)ug(dx) and «k(dx)=N(x,{ADug(dx).

These measures feature in the Beurling—Deny decomposition of &: for f, g € ¥,

E(f,)=89f ¢+ /E XE(f(x) — FOM)(gx) — g(»)J (dx, dy)

+ / Fg (oK (dx),
E

where €© is the strongly local part of &.
For u € ¥, the martingale part M/ in (1.2) can be decomposed as
M!'=M" + M+ M- for every t € [0, oo,

P.-as. forq.e. x € E, where M,"“ is the continuous part of the martingale M" and

M =};iig{ > (@(Xy) = u(Xs)) Ljucx)—ux,l=ey Lis<¢)

O<s<t

t
_/ (f (M(y)—u(Xs))N(xs,dy)) st}’
0 \HyeE:lu(y)—u(Xy)|>¢}

t
M =/0 u(X)N (Xs {AD) d Hy — u(Xe ) 1j=g)

are the jump and killing parts of M", respectively. All three terms in this decom-

position of M" are elements of j/{; see Theorem A.3.9 of [7]. The limit in the
expression for M*/ is in the sense of convergence in the norm of the space of
MAF’s of finite energy and of convergence in probability under P, forq.e. x € E
(see [7]).

Let N} C N, denote the class of continuous additive functionals of the form
N" + [;8(Xs)ds for some u € ¥ and g € L?(E; m). Nakao [14] constructed a

linear map I" from j/{ into N} in the following way. It is shown in [14] that, for

[e]
every Z €M, there is a unique w € ¥ such that

(1.4) E1(w, ) =Y s imre z(E)  forevery f e F.
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This unique w is denoted by y (Z). The operator I' is now defined by
(1.5) r'(Z),:=N"? — fot v(Z)(Xs)ds  forevery Z eM .
Nakao showed that I'(Z) is characterized by the following equation
(1.6) 1zi¢r{)l %Eglm[F(Z),] = —%[,L<Mg+Mg.K’Z> (E) for every g € .

Here, 5, := & N L°°(E; m). So, in particular, we have I'(M*) = N* foru € ¥ .
Nakao [14] then used the operator I" to define a stochastic integral

t . .
(1.7) fo FX)ANE =T (f * M"), — 3(MPC + M pM*c + M),

where u € F, f € F N L*(E; ) and (f * M“), == [§ f(Xs—) dMY. If we de-
fine

Ne:={N € N, | N = N* + A" for some u € F

and some signed smooth measure u},

then we see, by (1.5), that fj f(Xs)dN* € N.ifu € F and f € F NL*(E; ).
However, the conditions imposed on the integrand f(X;) and on the integrator
N" in Nakao’s stochastic integral are too restrictive for certain applications, in
particular the perturbation theory of general symmetric Markov processes, which
requires more general integrators as well as integrands; see [2].

The purpose of this paper is to provide a new way of defining I"' (M) and Nakao’s
stochastic integral for zero-energy AF’s N“.

For a finite rcll AF M,, it is known (see [3], Lemma 3.2) that there is a Borel
function ¢ on E x E with ¢(x, x) =0 for all x € E so that

(1.8) My — M, =p(X;—, X;) forevery t €10, ¢[, Py,-a.e.

Such a ¢ is uniquely determined up to J-negligible sets. We will call ¢ the jump
function of M. When M = M", u € ¥, the jump function ¢ for M* can be taken to
beas ¢(x,y) =u(y) —u(x) for (x,y) € E x E, with u(A) := 0. We have a similar
result for locally square-integrable MAF’s on [[0, {[[ [see Definition 2.5(iii) for
the definition of a locally square-integrable MAF on [[0, {[[]. Let M be a locally
square-integrable MAF on [[0, ¢[[. There then exists a jump function ¢ on E x E
for M satisfying the property (1.8) (see Corollary 2.9). Assume that

t
/ f(@21{|¢\51}+|¢|1{|¢|>1})(Xs,y)N(Xs,dy)de<oo
0 JE
(1.9)
for every t < ¢,
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P.-as. for gq.e. x € E, where @(x,y) := ¢(x,y) + ¢(y,x) for x,y € E. By
Lemma 3.2 below, there is a unique purely discontinuous local MAF K on [[0, ¢[[
with

Ki— K =—0(X,—, X;) fort <¢, Py-as.forqe.x € E.
Define P,,-a.e. on [0, ¢[,
AM), = _%(Mt +Mior +o(Xi, Xi-)+ Ky) for t € [0, ¢[,

where r; is the time-reversal operator at time ¢ > 0. Note that since X is symmet-
ric, the measure P,,, when restricted to {r < ¢}, is invariant under r,. This time
reversibility plays an important role in this paper. So, A (M) is clearly well defined
on [[0, ¢[| under the o -finite measure P,,. It will be shown in Theorem 2.18 and
Remark 3.4(i1) below that A (M) is a continuous even AF of X on [[0, ¢[[ admit-
ting m-null set. Note that when M = M" for some u € ¥, ¢(x,y) = u(y) — u(x)
is antisymmetric and so ¢ = 0. Thus, P,,-a.e. on {t < ¢},

AM") = =M + M ory +u(X,—) —u(X,)) = N}".

The last identity follows by applying the time-reversal operator to both sides
of (1.2) and using the fact that N/ o r; = N/ Py-a.e. on [[0, {[[ (cf. [4], Theo-
rem 2.1). It then follows for every u € ¥ that A(M") =T'(M*) on [[0, ¢[[ Py-a.e.
We will show in Theorem 3.6 below that this holds when M* is replaced by any

M ej/( . Therefore, under the o -finite measure P,,, A is a genuine extension of
Nakao’s map I'.

A function f is said to be locally in ¥ (denoted as f € Fioc) if there is an
increasing sequence of finely open Borel sets {Dy, k > 1} with | J;2, Dy = E q.e.
and for every k > 1, there is fr € ¥ such that f = f; m-a.e. on Dy. For two
subsets A, B of E, we denote A = B q.e.if AAB:=(A\ B)U (B\ A) is &-polar.
By definition, every f € Fjoc admits a quasi-continuous m-version, soO we may
assume that all f € Fjo are quasi-continuous. We then have f = f; q.e. on Dx.
For f € Fioe, M f¢ is well defined as a continuous MAF on [[0, [l of locally finite
energy. Moreover, for f € Fjo. and a locally square-integrable MAF M on [[0, ¢[[,

t
fs (f % M), = fo F(Xo_)dM,

is a locally square-integrable MAF on [[0, ¢ [[. Here, for a locally square-integrable
MAF M on [0, ¢[[, denote by M€ its continuous part, which is also a locally
square-integrable MAF on [[0, ¢[[ (see Theorem 8.23 in [9]).

DEFINITION 1.2 (Stochastic integral). Suppose that M is a locally square-
integrable MAF on [[0, ¢[[ and that f € Fioc. Let o : E x E — R be a jump function
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for M and assume that ¢ satisfies condition (1.9). Define, on [[0, ¢,
t
| rexyanan,

= A(f x M), — 5 (MPC, M€Y,

t
+%/0 /E(f(y)_f(Xs))w(y,Xs)N(Xs,dy)de

whenever A(f x M) is well defined and the third term in the right-hand side of
(3.10) is absolutely convergent.

The above stochastic integral is well defined on [[O, ¢ [[ under the o -finite mea-
sure P, and extends that of Nakao (1.7). [See Remark 3.9(i) and Theorem 3.10
below.] We will show in Theorem 4.7 below that it enjoys a generalized It for-
mula.

2. Additive functionals. In this section, we will prove some facts about ad-
ditive functionals, to be used later. We begin with some details on the completion
of filtrations. Let 2 (E) be the family of all probability measures on E. For each
veP(E), let F (resp., ;") be the P,-completion of }'O% (resp., P,,-completion
of £ in F2) and set Foo := NverE) Foo a0d Fr := e p(p) 7" Let F (resp.,
F™) be the P,,-completion of ?O% (resp., P,,-completion of ?ZO in £!). Although
m may not be a finite measure on E, we do have ¥, C ¥, F; C F; because
for g € L'(E;m) with 0 < g <1 on E satisfying gm € P (E), P, -negligibility
is the same as P, -negligibility.

For a fixed filtration (M;) on (€2, M), we recall the notions of (M;)-predictabil-
ity, (M;)-optionality and (M;)-progressive measurability as follows (see [15] for
more details). On [0, co[ x €2, the (M;)-predictable [resp., (M;)-optional] o -field
P (My) [resp., O(M;)] is defined as the smallest o -field over [0, co[ x €2 contain-
ing all P,(M)-evanescent sets for all v € P (EA) and with respect to which all
M;-adapted lcrl (left-continuous, right-limited) (resp., rcll) processes are measur-
able. A process ¢ (s, w) on [0, oo[ x 2 is said to be (M, )-progressively measurable
provided [0, t] x 23 (s, w) — ¢ (s, w) is B([0, ¢]) ® M;-measurable for all ¢ > 0.
It is well known that (M;)-predictability implies (M;)-optionality, which in turn
implies (M;)-progressive measurability.

For [0, co]-valued functions S, T on 2 with § < T, we employ the usual nota-
tion for stochastic intervals; for example,

[S,TM:={(t,w) €[0,00[ x 2| S(w) <t <T(w)},

the other species of stochastic intervals being defined analogously. We write
[ST := S, ST for the graph of S. Note that these are all subsets of [0, oo[ X 2.
If S and T are (M;)-stopping times, then [[S, T'1l, [S, T'[[, ... and [[S] are (M;)-
optional (see Theorem 3.16 in [9]).
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DEFINITION 2.1 (AF). An (¥;)-adapted [resp., (F;"")-adapted] process A =
(Ay):=0 with values in [—o00, 00] is said to be an additive functional (AF in short)
(resp., AF admitting m-null set) if there exist a defining set & € Fo, and an &-polar
(resp., m-null) set N satisfying the following conditions:

(1) P.(E)=1forallx e E\N;

(i) 6;& C E forall t > 0; in particular, wa € E and PA(E) = 1 because wa =
Or (w) (@) forall w € E;

(iii) for all w € E, A.(w) is right-continuous with left limits on [0, ¢(w)],
Ap(w) =0, |Ai(w)]| < oo for t < ¢(w) and Asys(w) = As(w) + A (B;w) for all
t,s >0;

(iv) for all + > 0, A;(wa) = 0; in particular, under the additivity in (iii),
Ai(w) = A (w)(w) forall t > ¢ (w) and w € E.

An AF A (admitting m-null set) is called right-continuous with left limits
(rcll AF in brief) if Ay ) exists for each w € E. An AF A (admitting m-null
set) is said to be finite [resp., continuous additive functional (CAF in brief)] if
|Ai(w)| < o0, t € [0,00[ (resp. t+ As(w) is continuous on [0, oo[) for each
w € E. A [0, oo[-valued CAF is called a positive continuous additive functional
(PCAF in short). Two AF’s A and B are called equivalent if there exists a com-
mon defining set E € F, and an &-polar set N such that A;(w) = B;(w) for all
t €[0,00[ and w € E. We call A = (A;);>0 an AF on [[0, ¢[[ or a local AF (ad-
mitting m-null set) if A is (¥;)-adapted and satisfies (i), (ii), (iv) and the property
(iii)" in which (iii) is modified so that the additivity condition is required only
for t + 5 < ¢(w). The notions of rcll AF, CAF and PCAF on [0, ¢[[ are defined
similarly. Two AF’s on [[0, ¢[[, A and B, are called equivalent if there exists a
common defining set E € £, and an &-polar set N such that A;(w) = B;(w) for
allt €[0,¢[and w € E.

REMARK 2.2. Any PCAF A on [[0, ¢[[ can be extended to a PCAF by setting

A @) = Ll%rgl Ay (w), ift > ¢(w) >0,
0, if t > ¢(w) =0,
for w € E and setting A;(w) =0 for w € E€. The (¥;)-adaptedness of this ex-
tended A holds as follows: for a fixed T > 0, we know {A; < T}N{t < ¢} € F.
From this, we have the F;-measurability of {A; < T}. Indeed, {A; < T} =
ﬂt€@+{A, <T,t<¢ye¥Fras{A, <T,t <t} e F; forany t > 0. Thus, {A; <
TiN{t>¢}={A <T}N{t > ¢} € F;. Therefore, {A; < T} e F; forany T > 0,
which gives the (¥;)-adaptedness of A. Noting that { 06, =¢ —t if t < ¢ and
o6 =0if t > ¢, we conclude that Ay = A; + A o 6; for any 7 € [0, oo[ on E.
Consequently, A;+s = A; + A 0 6; holds for any ¢, s € [0, co[ on E.

The following lemma is a special case of [14], Theorem 2.2.
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LEMMA 2.3. Let A, B be PCAF’s such that for m-a.e. x € E, Ex[A;] =
E,[B;] for all t > 0 and suppose that the Revuz measure |14 has finite total mass.
A is then equivalent to B.

REMARK 2.4. The above lemma may fail if the condition p 4 (E) < 0o is not
satisfied. For example, take E = R¢ with d > 2 and let X be Brownian motion
on R? and pu4(dx) = |x|~¢"Vdx. w4 is then a smooth measure and corresponds
to a PCAF A of X. Let B; = A; + t, which is a PCAF of X with Revuz measure
a(dx) + dx. However,

_ [ —d-1 oo
B4 = [ ([, por s dy) ds = 0o =, 1]

for every x € RY \ {0}.

Here, p(s, x,y) = Qmr)~4/2 exp(—|x—y |2/(2t)) is the transition density function
of X.

As usual, if T is an (F;)-stopping time and M a process, then M7 is the stopped
process defined by MtT := M; 1. Following [9], we give the notion of local mar-
tingales of interval type.

DEFINITION 2.5 (Processes of interval type). Let D be a class of (¥;)-adapted
processes and denote by Do its localization (resp., by D f-joc its localization by
a nest of finely open Borel sets); that is, M € Djoc (resp., M € Dy-joc) if and
only if there exists a sequence M" € D and an increasing sequence of stopping
times 7, with 7, — oo (resp., a nest {G,} of finely open Borel sets) such that
M = (M™)Tn (resp., M; = M? for t < 1g,) for each n. Here, a family {G,}
of finely open Borel sets is called a nest if P,(lim,— o 76, = ¢) =1 for qg.e.
x € E. (However, see Lemma 3.1.) Clearly, & C Djoc (resp., D C Df-1oc) and
(Droc)oc = Dioc [resp., (D f-1oc) f-loc = D f-1oc]. If D is a subclass of AF’s, then
80 1S Dy [for if M € Do, then there exist M" and T,, as above and for each
w and t,s > 0, there exists n € N with s + ¢t < T,,(w) and s < T,,(6;w), hence
M;s(w) = M;(w) + M;(6;w)], while D f-joc is contained in the class of AF’s on
[0, <.

(1) B C [0, 00[ x Q2 is called a set of interval type if there exists a nonnegative
random variable S such that for each w € 2, the section B, := {t € [0, co[|(¢, w) €
B} is [0, S(w)] or [0, S(w)[ and B, # &.

(i) Let B be an (F;)-optional set of interval type. A real-valued stochas-
tic process M on B [i.e., M1p = (M;(w)1p(t, w));>0 is a real-valued stochas-
tic process] is said to be in DP if and only if there exists N € £ such that
M1p = N1p and is said to be locally in O on B [write M € (Dioc)B] if and
only if S := Dpc is the debut of B¢ and there exists an increasing sequence of
(F7)-stopping times {S,} with lim,_, S, = S and a sequence of M" € D such
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that B,, C [US,[0, Sy (®)] Py-a.s. w € Q and (M1p)5 = (M"1p)% foralln € N
and t+ > 0, Py-ass. w € Q for q.e. x € E. Clearly, DB c (Dioe)B. Moreover,
DB DB and (Dioe) B2 C (Dioe) B! for any pair of (¥;)-optional sets By, B>
of interval type with B; C B>.
(iii) Let B be an (¥;)-optional set of interval type. We set
M :={M | M is a finite rcll AF, E.[|M,]] < oo,
E;[M;] =0 for §-q.e. x € E and all t > 0}
and speak of an element of (MHB [resp., (MIIOC)B] as being an MAF on B (resp.,
a local MAF on B). Similarly,
M :={M | M is a finite rcll AF, E,[M?] < oo,
E.[M;] =0 for §-q.e. x € E and all t > 0}
and an element of M? [resp., (Mioe)B] is a square-integrable MAF on B (resp.,
locally square-integrable MAF on B). We further set
M :={M e M| M is a CAF},
M= {M € M | M is a purely discontinuous AF}
and an element of (MfOC)B [resp., (Mﬁ)C)B] is called a locally square-integrable
continuous MAF on B (resp., locally square-integrable purely discontinuous MAF
on B). For M € (Mioe)®, M admits a unique decomposition M = M€ + M9 with

M€ e (.MfOC)B and M4 e (Mﬁ)C)B (see Theorem 8.23 in [9]). In these definitions,
we omit the usage “on B” when B = [0, oo[ x 2.

For a [0, oo]-valued function R on 2 and A C 2, R4 :=R-14 + (+00) - 1 4¢
is called the restriction of R on A. Clearly, R < R4.

REMARK 2.6. When B = [0, R[[ for a given (¥;)-stopping time R, there
is another notion of “locally in £ on B, obtained by replacing (M1p)5" =
(M"™1)5 with M5 15 = (M")5 15 in our definition; this is a weaker notion than
ours because t — 1p(t, w) is decreasing and 15 (¢, w)1p(s, w) =1p(¢, w) fors <t
and w € Q. This weaker notion is described in [15].

DEFINITION 2.7 (MAF locally of finite energy). Recall that j/( is the totality
of MAF’s of finite energy, that is,

o . 1 2
M= {M €M ‘ e(M) :ltljgiEm[Mt] < OO}

We say that an AF M on [[0, ¢[[ is locally in j/( (and write M ej/( f-loc) if there ex-

ists a sequence {M"} in j/( and a nest {G,} of finely open Borel sets such that
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M; = M} for t < 1, for each n € N. In case X is a diffusion process with
no killing inside E, we can define the predictable quadratic variation (M) for

o
M €M f-10c as follows. First, note that M,”MG =M/, Gn

the continuity of M". Owing to the uniqueness of Doob—Meyer decomposition,
we see that (M"); rtg, = (M my, rtg, - The predictable quadratic variation (M) of

for n < m because of

M e,/\o/(f_loc as a PCAF is well defined by setting (M); = (M");,t < 1G,,n € N,
with Remark 2.2 and by choosing an appropriate defining set and &-polar set

of (M), where M" ej/{ and {G,} is a nest of finely open Borel sets such that
M, =M t<15,.

PROPOSITION 2.8. (MlOC)IIO,C[[ Cj’(f—loc- More precisely, for each M €

(:Mloc)[[o*f[[, there exists a nest {G} of finely open Borel sets such that 1, * M ej/{
for each k € N and the predictable quadratic variation process (M) can be con-
structed as a PCAF.

PROOF. Let M € (Mjoe) 104, There then exists an increasing sequence {7}
of stopping times with lim, o0 7T, = ¢ (Py-a.s. w € Q for q.e. x € E) and
M" € Myoc such that Mya7, 1j0,c((t A T,) = MznAT,,l[O,§[(t A Ty,) holds forall t > 0
P.-as. for g.e. x € E. We may assume that it holds for all @ € by changing
the sample space. Note that [0, {(w)[ C U,;2[0, T (w)] for all v € Q2. Hence,
Mt/\T,, 0, ANTy) = t/\T,,l[OK (t ANT,) for n < m. As noted in Definition 2.5,
we see that M is an AF on [[0, ¢[[. Owing to the uniqueness of the Doob—Meyer de-
composition for semimartingales on [[0, Z[[ (see [9]), we have (M"™); 7, 1[0,¢((t A
Ty) = (M")i a1, 110,c1(t A T,) for n < m. Thus, we have (M™); = (M"); fort < T,
and n < m. The predictable quadratic variation (M) of M is therefore well defined
by setting (M), := (M"); for t < T),. Setting (M); := (M), := limg4, (M) for all
t > ¢, we obtain a PCAF because of Remark 2.2. Let w(p) be the Revuz measure

corresponding to (M) and {Fj} an &-nest of closed sets such that p ) (Fr) < 00
for each k, and let Gy, be the fine interior of Fj. {G} is then a nest. In view of the
proofs of Theorem 5.6.1 and Lemma 5. 6 2 in [7], the stochastic integral 1, * M
is of finite energy with e(1g, * M) = 2[,L my(Gi) and its predictable quadratic
variation (1g, * M) is a PCAF. Let (resp i) be the Revuz measure corre-

sponding to (1, * M) (resp., (1, * M, M)). By Lemma 5.6.2 in [7], for M; ej/{
and f; € L*(E;dpum;) (i = 1,2), we have f1 fad iy mo) = ditifiemy, frrin)s
hence [j(fi fz)(Xs)d(Ml M), = fl * My, > * M>),. From this, we see that

(s £2) = (ke £2) = (g mqys £2) for any f € L*(E: jun)); consequently,
we have ur = ur = g um by mmy(Gr) < oo. This ylelds (1, * M), =
(1, * M, M,_fOIGk(X)d( Vs fort<g' hence (M — 1, * M); =0 for

t < 1G,. Therefore, M; = (1, * M), fort < 1, and 1, * M e,/t{. O
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COROLLARY 2.9. Let M be a locally square-integrable MAF on [0, ¢[l,
that is, M € (Mloc)uo’“[. There then exists a Borel function ¢ on E x E with
¢(x,x) =0 forall x € E such that

My — M, =o(X;—, Xy) foreveryt €0, ¢[, Py-a.e.

PROOF. By the proof of Proposition 2.8, there exists an &-nest { F} such that

for each k e N M* := 17, « M ej/{ and M; = Mtk, t < tf,. Let ¢ be the jump
function corresponding to M* . We then have o(Xi—, X)) =e(X,—, X4), t < TR,
P,,-a.e., for k < £. From this, we see that ¢ = ¢, J-a.e. on Fy x Fj;. We construct
a Borel function ¢ on E x E in the following manner. We set Fp := &, ¢(x, y) :=
@r(x,y) for (x,y) € Fp X Fi \ (Fx—1 X Fr—1), k €N, o(x,y) :=0if (x,y) €
E x E\ (U2 Fr x Ug2; Fr)- ¢ then satisfies ¢(x,x) =0 for x € E. We also
have ¢ = ¢ J-a.e. on Fy x Fy. Consequently, o(X;—, X;) = o (X;—, X;), t <
TF,, Pp-a.e. This means that M; — M;_ = ¢(X;—, X;), t < 1f,, P;y-a.e. Therefore,
My —M;— =¢p(X;—, X;),0<t < Ppy-ae. [0

We recall the definition of the shift operator 65 and the time-reversal operator r;
on the path space 2. For each s > 0, the shift operator 6; is defined by O, (¢) :=
w(t +s) for t € [0, oo[. Given a path w € {r < ¢}, the operator r; is defined by

71 — o((t —s)—), if0<s<rt,

@.1) @)y = { 10 Ho=s

Here, for r > 0, w(r—) := limgy, w(s) is the left limit at » and we use the con-
vention that w(0—) := w(0). For a path w € {t > ¢}, we set r;(w) := wa. We note
that

li&)l ri(w)(s) =w(t—) =r(w)(0) and

(2.2)
ligl ri(w)(s) = w(0) = r(w)(1).

A key consequence of the m-symmetry assumption on the Hunt process X is that
the measure P,,, when restricted to {t < ¢}, is invariant under the time-reversal
operator r;.

Clearly forz,s > 0, 65 : @ — Qis F/! (/" -measurable. The following lemma
deals with the measurability issue of the time-reversal operator r;.

LEMMA 2.10. For each t > 0, r; : Q — Q is .?}O/Tog—measurable and
F" | F/"-measurable.

PROOF. Let F; € B(EA) and s; € [0,00[, i = 1,2,...,n, with 51 < 50 <
< s <t < Sy < o0 < s, for some k € {1,2,...,n}. Then,
rt_l(ﬂ?zl Xs_il(Fi)) =i (Xy; 0 r0)"L(F;) is equal to ﬂf'{:1({X(t—s,»)— eF,t<
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GJUA e Ft =) NN ((Xo € Fit <CYU{A € Fit > ¢}) € 0. Next,
we show the F;* / F,™-measurability of r;. Take C € F,". There then exist D € F,°
and N € ?’o% suchthat C A D C N and P,,,(N) = 0. Since P,, ({wa}) = 0, by delet-
ing {wa} = {w € Q| {(w) =0} € FY C F°, we may assume that wa ¢ CUDUN.
Then, ;' (C) & r7 YD) C r7Y(N), i N (D), 17N (N) € F0 and P, (7 (N)) =
P, (' (N)N{t < Z) + In(@a)Pu(t =) =Py (NN {t <t} =0. O

DEFINITION 2.11. For any ¢ > 0, we say that two sample paths @ and o’ are
t-equivalent if w(s) = o' (s) for all s € [0, 7]. We say that two sample paths w and
w' are pre-t-equivalent if w(s) = '(s) for all s € [0, £[.

For an rcll AF A, adapted to (F.);>0, A;(®) = A;() if @ and o' are
t-equivalent A;_(w) = A;_ (o) if w and ' are pre-r-equivalent. These conclu-
sions may fail to hold if the measurability conditions are not satisfied. We need the
following notion.

DEFINITION 2.12 (PrAF). A process A = (A;);>0 with values in R :=
[—o0, o0] is said to be a progressively additive functional (PrAF in short) (resp.,
PrAF admitting m-null set) if A is (¥;)-adapted [resp., (F;"")-adapted] and there
exist defining sets & € Foo, &1 € F; [resp., E € F, E; € /"] foreach t > 0 and
an &-polar (resp., m-null) set N satisfying the following conditions:

G Py(E)=1foralxe E\N,ECE; C Es foreveryt>s>0and E =
N0 Er

(i) 6;E Cc Eforallt > 0and 6;_5(E;) C E; forall s €]0, t[, and, in particular,
wa € B8 C By and PA(E) =PA(E;) = 1 under (i);

(iii) forall w € E;, A(w) is defined on [0, ¢[, is right continuous on [0, t A { ()]
and has left limit on ]0, #]N]0, ¢ (w)[ such that Ag(w) =0, |As(w)| < oo for s €
[0,t A¢(w)[and Ap iy (@) = Ap(w) + Ay(Opw) forall p,g >0 with p+¢q <1t;

@iv) forallt >0, A;(wa) =0;

(v) for any ¢t > 0 and pre-z-equivalent paths w, @’ € 2, w € E; implies that
w' € By, As(w) = Ag(e') for any s € [0, ¢[ and A;_(w) = As_ (') for any s €
10, ¢].

Furthermore, A is called an rcll PrAF (or an rcll PrAF admitting m-null set) if, for
eacht > 0 and w € E;, s = A;(w) is right-continuous on [0, #[ and has left-hand
limits on ]0, t] and a PrAF (or a PrAF admitting m-null set) is said to be finite
(resp., continuous) if |As(w)| < oo for all s € [0, ¢[ (resp., continuous on [0, #[) for
every w € &;.

We say that an AF A on [[0, ¢[[ (resp., AF A on [[0, ¢ [[ admitting m-null set) is a
PrAF on [0, ¢[[ (resp., PrAF on [[0, ¢ [ admitting m-null set) if A is (¥;)-adapted
[resp., (¥,")-adapted] and there exist E € F, &; € F; (resp., E € FL, B, € F™)
for each 7 > 0 and an &-polar (resp., m-null) set N such that (i"), (ii), (iii"), (iv) and
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(V') hold—(i"): Py (E) =1 forallx e E\ N, EC &, forallt >0, E =), &
and B, N{r < ¢} C EsN{s <} for s < t; (iii’): for each w € B, N {r < ¢}, the
same conclusion as in (iii) holds; (v'): for any ¢ > 0 and pre-f-equivalent paths
w,w’ € QN {t < ¢}, the same conclusion as in (v) holds.

The notion of rcll PrAF on [[0, ¢[[ (or rcll PrAF admitting m-null set) is simi-
larly defined.

REMARK 2.13. (i) Our notion of PrAF is different from what is found in
Walsh [16].

(i) Every PrAF (resp., PrAF on [[0, ¢[[) is an AF (resp., AF on [[0, ¢[]).

(iii) The MAF M* and the CAF N* of O-energy appearing in Fukushima’s
decomposition (1.2) can be regarded as finite rcll PrAF’s in view of the proof of
Theorem 5.2.2 in [7]. In this case, the defining sets for M“ as PrAF are given by

E:={we Q| M;" (w) converges uniformly on ]0, ¢] for V¢ > 0
for some subsequence n;} € Foo,
B := {w € Q| M;" (w) converges uniformly on ]0, 7]
for some subsequence ny} € ¥;

for every t > 0, where M, := u,(X;) — u,(Xo) — fé(un(XS) — fu(Xs))ds with
fni=n(u —nR,y+1u) and u, := Ry f, = nR,+1u. Hence, an MAF of stochastic
integral type fé g(Xs_)dM{ [g,u € F with g € L*(E; M u))] can be regarded as
a finite rcll PrAF. Consequently, any MAF of finite energy can also be regarded
as an rcll PrAF, in view of the assertion of Lemma 5.6.3 in [7] and Lemma 2.14
below. .

(iv) Every M €M f-10c can be regarded as a PrAF on [[0, ¢ [[, hence every M €
ME)()C,éﬂ is also. Since every local martingale can be written as the sum of a local
martingale with bounded jumps (and hence a locally square-integrable martingale)
and a local martingale of finite variation, we conclude that every local MAF is a
PrAF.

LEMMA 2.14. Let (A") be a sequence of finite rcll PrAF’s with defining sets
E" € Fx and B} € F;. For each t > 0, set

g, = {a) € ﬂ O ‘ A" converges uniformly on [0, t[} eF
neN

and

E::{a)eﬂE”

neN

A" converges uniformly on [0, t[ for every t € [0, oo[} € Foo.



946 CHEN, FITZSIMMONS, KUWAE AND ZHANG

Suppose that there exists an &-polar set N such that P,(E) =1 forx e E\ N. If
we define A, :=lim,_, . A} on Q, then A is a finite rcll PrAF with its defining sets
g, &.

PROOF. We only show that for any ¢ > 0 and pre-z-equivalent paths w, o/,
w € &, implies that o’ € &;. Suppose that ® € E, and w is pre-t-equivalent
to o’. It easy to see that @’ € (), EF. We then see the uniform convergence of
Al_(o) = A?_(w) for s €]0, t]. Therefore, o’ € B, Ag(w') = As(w) for s € [0, 1]
and A;_ (o) = As_(w) for s €10,¢]. O

Recall that {6;, ¢ > 0} denotes the time-shift operators on the path space for the
process X.

LEMMA 2.15. Fort,s > 0:

(1) Oiri4sw is s-equivalent to ryw if t + 5 < L(w) or s > {(w);
(1) rbsw is pre-t-equivalent to ri4sw and, moreover, if @ is continuous at s,
then r,0sw is t-equivalent to ryyso.

PROOF. (i) We may assume that  + s < ¢(w). For v € [0, s],
1150 (V) = o((s — v)—) =rsw(v)

and so 6;r;4 5w is s-equivalent to ryw.
(ii) Note that ¢ + s < ¢{(w) is equivalent to ¢ < {(fsw). It follows from the
definition, if t 4+ s < ¢ (w), that

2.3) (r10,00) (v) = {a)((t +5—v)—), if0<v<t,

w(s), ifv=t,
while 740 (v) = w((t + s — v)—) for 0 < v <t. Hence, typically, r6;w is only
pre-t-equivalent to ryysw. [

Fix 1 > 0. Set #! := F; for s € [0, 7] and FH! := F; for s €]z, 00[. (H!)s>0 is
then a filtration over (2, o) and F; C F! for all s > 0.

LEMMA 2.16. The following assertions hold for any fixed t > 0:

(1) if we let ¢ be a Borel function on E x E and set Xo— := Xg, then
[0, 00 x 23 (5, w) = 10,1 (s, )1, (@) @( X (w), Xs(w)) is (H!)-optional for
any I'y € F3;

(1) if we let A be an rcll PrAF with defining sets & € ¥, &; € F; and we set
Ao—(@) := 0 and AL(®) := 15, (@) (L10,11(5) As(@) + 11,0 () A/ (@) for o € 2,
then [0, 00[ X 23 (s, ) > 1jo,¢1 (s, @) (AL (w) — AL_(w)) is (H])-optional.
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PROOF. (i) Note that 1o ¢ is (H!)-predictable. The assertion is clear if ¢ =
f ® g for bounded Borel functions f, g on Ea. The monotone class theorem for
functions gives us the desired result.

(i) Since A’ is (#¢!)-adapted and rcll on €2 and A" is (#!)-adapted and lcrl on
Q, (s,w) > As(w) is (H!)-optional and (s, w) > Al_(w) is (H!)-predictable.
Consequently, (s, w) — Al(w) — AL_(w) is (H!)-optional. [J

By Lemma 3.2 of [3], for a finite rcll AF A = (A;);>0, there is a Borel function
¢:E x E— R with ¢(x, x) =0 for all x € E such that

2.4) Ay — A =0 (Xi—, Xy) for every t €]0, ¢[, Py-a.e.

Moreover, if ¢ is another such function, then J(¢ # @) = 0. As before, we refer

to such a function ¢ as a jump function for A. Recall that if M € ME)OC’;[[, then

there exists a jump function ¢ (unique in the above sense) so that M; — M;_ =
o(X;—, X;) fort €]0, ¢[, Pyy-ace.

LEMMA 2.17. Let A be a finite rcll PrAF with defining sets {E, E;,t > 0}.
There then exists a real-valued Borel function ¢ on Ex x Ea with ¢(x, x) =0 for
x € E such that A with defining sets

={we B Aj(w) — As_(0) = p(Xs— (), X5(w)) for s €10, ¢ (w)[},
ri={we B | Asy(w) — As_(0) = p(Xs— (), Xs(w)) for s €]0,:[N]0, ¢ (w)[}

is again an rcll PrAF admitting m-null set. The analogous assertion holds for
PrAF’s on [0, ¢[[ and, in particular, for elements of (,Mloc)[lo’fu.

[I] t

[

PROOF. Letg:Ea x Ex — R be a Borel function vanishing on the diagonal

and define &, :; in terms of @, as above Clearly, & = ﬂt>0 Ers E; C E; for
s < t. Moreover, we see that 91»;.4 E forr>0 and 6, s(u;) CE us fors < t. For
two pre-t-equivalent paths w, @', we see that w € E, implies that o’ € E;.

By the previous lemma,

I = {(s,0) | g0, (s, 0)1g, (@) (Al (w) — Al_(0) — p(X;—(®), Xs(w))) # 0}
is (F¢!)-progressively measurable for any fixed # > 0 and the debut of T is
Dr () :=inf{s > 0| 1jo,¢[ (s, @)1z, (0)(AL(w) — AL_(w)
— o(Xs—(0), Xs(w))) # 0},
which is an (#!)-stopping time by (A5.1) in [15]. In particular,
{we Q| 1jo(s, 0)1g, (0)(Ag(@) — As— (@) — 9(Xs— (@), X5 () =
for s € [0, #[}
={weQ|t<Dr(a))}eJ€t’=3ft.
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Hence,
{we 8| As(w) — Ay— (®) — (Xs5—(w), Xs (@) =0 for s €10, 1[N0, £ (®)[}
={we & | Ay(w) — Ay_(0) — p(X;_(w), X5 () =0
for s € [0,7[ N[0, ¢ (w)[}
={w e & | 100 (s, 0) (A5 (@) — Ag— (@) — p(X;5— (o), X;(0))) =
for s € [0, 7[}
€ F.

Therefore, it € ¥ and Ee Fso- The proof for PrAF’s on [[0, ¢ [ is similar, so we
omitit. [

The following theorem is a key to our extension of Nakao’s operator I". Its proof
is complicated by measurability issues, but the idea behind it is fairly transparent.
We will use the convention X¢_ (w) := Xo(w).

THEOREM 2.18 (Dual PrAF). Let A be a finite rcll PrAF on ([0, ¢ || with defin-
ing sets E, B; admitting m-null set. Suppose that there is a Borel function ¢ on
E x E with p(x,x) =0forx € E such that p(X;—(w), X5(w)) = Ag(w) — As—(w)
forall s €]0,t[N]0, ¢[ and all w € E;. Set

Ar(@) = A (r (@) + (X (@), X;— (o))

(2.5) ~
fort €0, ¢(w)] and A;(w) :=0fort € [ (w), 00l.

A is then an rcll PrAF on [0, ¢[[ admitting m-null set such that
At Ai_orr+o(Xs, X;—) and At A\t— =(X;, Xi2)
forallt €]0,¢[, Pp-a.e.

PROOF. Let E € o, E; € F™, t > 0 be the defining sets of A admitting m-
null set. We easily see rt_l(E;) N{t<ct}cC rs_l(Es) N{s < ¢}fors €]0,[ by use
of Lemma 2.15(1) and 6, _(E; C E;.

Set @, = r,_l(E;) for t >0 and & := M=o @,. We then see that & =
Mi>0,r€Q E by use of r,_l(E[) N{t > ¢} ={t = ¢} and the monotonicity of

t_l (E)) N{t < ¢}. Indeed, we have 2cC Ni>0,1Q 2, c(EsN {s<chulr=c¢}
forany 0 <s <r withr e Q. Taking the intersection over ¢ € ]s, co[ N (QQ, we have
E C()>0,reQ u, cE s for all s > 0, which yields the assertion.

We prove 6, C & for each r > 0, in particular, 6,8 C 6,& and, equlva-
lently, GS_IE C 9,_] E if s € [0, 7]. Suppose that w € &. Then, riso € S;py. If
t+s < ¢(w), then r 5w € Ej, otherwise 7130 = wa € Eg. Hence, we have
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rs6:w € Eg, by Lemma 2.15(ii). Therefore, rs6;w € &y for all s > 0, which im-
plies that 6, € z

Next, we prove 9,_s(§,) C @s for s €10, ¢[. Take w € @t. Then, ri0; _sw is
pre-s-equivalent to r;w € E; C Eg, by Lemma 2.15(ii) and hence r6;_s0w € Ey.
Therefore, Qt_sa) € @s for all s €10, £[.

From E; C ?m, we obtain :t e ™, by Lemma 2.10. Since (H,)C =

((u[) ) =r; ((u[)c) N {t < ¢} holds by noting wa € E;, we have
m((uz)c)— P, ((8)) =0. R

By (2.2), v —~ rg(w)(v) is continuous at v = s. Hence, on E; N {t < ¢}, we
have p(Xs_, X5) ors = ¢(Xy, Xs—) org =0, in particular, Ag org = Ag_ org for
s €]0,1[.

The remainder of the proof is devoted to showing that A is an rcll PrAF on [0, ¢l
with defining sets E, E; such that on u[ N{t <c}, A =As_ory + o(Xs, X5-),
s €10, t[. First, note that for w € &, |A,(a))| < oo for any ¢ €]0, {(w)[ because,
by taking T €]t, {(w)[, rrw € Er implies that rrw € &y, hence |A;_(r;w)| < 00.
Moreover, for w € @t N{t <}, weseethatryw e B, N{s < ¢} and |A;— (rsw)| <
ocoforall0 <s < t.

For two pre-7- equ1valent paths , a) € QN {t < ¢} with 7 > 0, we show that
w € &y 1mphes o' € &; and A (w) = A (o) for s € [0, t[. Recall that w € E; N
{t <¢} C EgN{s <} fors € [0, 1] and note that w and o’ are s-equivalent for any
s € [0, 7[. On the other hand, s < ¢ (w) is equivalent to s < ¢ (') for any s € [0, £[.
We then see that ryw € Ej is s-equivalent to rge’ for any s € [0, 7], which implies
that ryw’ € By for any 10, 7] and A;_ (ryw) = Ay_(rs@’) for any s € [0, ¢].

Fix 1 > 0.0n &, N{r < ¢} and for any p, g > 0 with p+¢ < ¢, by Lemma 2.15,

Aptqg= Ap+g)- 0 Tp+g + 0(Xprgs X(ptg)-)

=(Ap+Ag—00p) orpig + (Xpig: X(pq)-)

=Aporprg+Ag—00p0rpig+@(Xpig, X(ptq)-)

= (Ap—orprg +9(Xp—. Xp) 0rpiq) + Ag— 01g + @(Xp1g. X(p+g)-)

= (Ap—orpoby +9(Xy, X4-)) + (A4 — 9(Xg, X4-))

+0(Xptq. X(p+q)-)
= (Ap = 9(Xp, Xp-) 00y + Ag +9(X pgs X (pg)-)
=Ap00,+A,.
On @t N {t < ¢}, again by Lemma 2.15 and (2.2), for any s > 0 and u €0, s],
As - As_u = Au 0 05—y

= (Au—ory +o(Xu, Xy-)) 065y
= Ay_0ry 00s_u+ ¢(Xs, Xs_)
=A,—ors+o(Xs, Xs-).
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So,
lim(Zs - A\s—u) =o(Xy, X5-).
ul0
This shows that A has left limit at s € 10, ¢[ and Ks — A\s, = (X5, X5-).

To show the right continuity of A on @, N{t < ¢} atany s €]0, ¢[, note that for
any u €]0, ¢ — s[, by Lemma 2.15 and (2.2),

Agiu — Ay = Ay 06
= (Ay—ory + Xy, Xy-)) 0 bs
= Au— o1y 005+ 0(Xsyur X(s4u)-)
= Ay— oy + O(Xstur X(su)-)-

Since (Ay —Ay—)orsry = @(Xy—, Xy)orssy = 0(Xs, X5—), while, by Lemma 2.15
and (2.2),

(Ay — Ay—) orgpy =lim(Ay — Ay—y) 0 rs4y
ul0
=IlimA, 06,_
ulir(} u Oby—y 0Tty
=lmA,_oryiu +¢Xs, X5-),
ul0

we conclude that

limA,_ =0.
uli% u— O Ts+u

On the other hand, for any s > 0,

lim o (Xs4u, X(s1u)—) =1m@(X y—u)— Xv—u) © Fs4v
ul0 ul0

= lim(Av—u - A(v—u)—) OTs+v
ul0

=(Ay— —Ay_)orsy, =0.
Hence, we have, for s > 0,
lim(Ay,, — Ay) =0.
u1¢0( s+u s)
In other words, Ais right-continuous at any s € ]0, ¢[ on @, N{t < ¢}. We also see
that

li Agpy — Ag) =0.
u<s,slg)l,u¢0( s s)
We can thus define the limit Ko(w) :=limy o ZS (w) for w € N {t < ¢} for any
t > 0. We also see that Ag(w) = limg g Ay (w) for w € E,N{t <} foriny t>0
because limg 0 ¢(X;, Xy—) = 0. Next, we prove that Ag(w) =0forw e B, N{r <
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¢} for any t > 0. Take w € @t N {t < ¢} for some fixed ¢ > 0. It suffices to show
that lim,, o Ay, (6,@) = As(w) for s € [0, ¢[. Owing to Lemma 2.15(ii), we have

Asu(0y®) = Ag—iy—(rs—ubu®) + (X5 (@), Xs—())
= A(s—u)—(rs0) + (X (@), Xs— ()
= As—u(rs0) — (X4 (@), Xu— (@) + ¢ (X (@), X~ (@)
= As—u(rs0) — Ay (@) + Ay—(0) + 9(Xs (@), X5 (@)
— As—(rso) + (X5 (@), X5— (o)) asu |0
= As(w).

The " -measurability of A\t is clear from (2.5). This proves the theorem. [

3. Stochastic integral for Dirichlet processes. The following fact will be
used repeatedly in this section. Since a Hunt process is quasi-left continuous, for
each fixed ¢ > 0, we have X;_ = X;, P,-a.s. for every x € E.

Before embarking on the definition of our stochastic integral, we prepare the
following lemma for later use.

LEMMA 3.1. The following assertions hold.

(1) Let {G,} be an increasing sequence of finely open Borel sets. The following
are then equivalent:

(@) {G,} is a nest, that is, Py(lim,, 0o 0p\G, N =¢) =1 forg.e. x € E;
b) E=U2,Gn gee.;

(c) Py(lim,0p\G, =00) =1 for m-a.e. x € E;

(d) Py(lim, 00 0p\G, =00) =1 forq.e. x € E.

In particular, for an increasing sequence {F,} of closed sets, { F,} is an &-nest if
and only if Py (limy, o 0p\F, = 00) =1 for m-a.e. x € E.

(ii) For a function f on E, [ € Fioc if and only if there exist an &-nest {Fy} of
closed sets and { f | k € N} C F, such that f = fx q.e. on Fy.

PROOF. (i) For the implications (i)(a) <= (i)(b), see Theorem 4.6 in [11]. The
implication (i)(d) = (i)(a) is clear. Next, we show (i)(b) = (i)(c). Since each
G, is finely open, it is quasi-open by Theorem 4.6.1(i) in [7]. So, there exists a
common nest {A¢} of closed sets such that (E \ G,)) N A is closed for all n, £ € N.
Set 0 :=1im,_, o 0g\G,. We then have that for all n € N, XGE\G,, e E\ G, P,-
a.s.on {0 < oo} forqg.e. x € E. We have Py (limy_, o 0p\a, =00) =1 qe. x € E.
Since o (w) < 00 and limy_, oo 0g\ 4, (w) = 00 together imply o (w) < OE\Ay, (w)
for some £y = £o(w) € N, we have that there exists £y € N such that og\g, <
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op\a, foralln > £ > £y, Py-a.s. on {o < 00} for q.e. x € E. This means that

P,(c <o0) < Px( lim {X(,E\G” e(E\NGy) NAgforalln> 4,0 < oo})

£— 00

< lim Py(Xop g, € (E\Go)NAgforalln> ¢, 0 <00)

{— 00

< lim Py(Xo € (E\ Go) N Ag, 0 < 00)

{— 00

< lim P,(X; € E\ G¢,0 <0)

{—00

o

=PX<X(, €E\|JGeuo <oo> =0
=1

for m-a.e. x € E because of the &-polarity of E \ | ;2 G, where we use the

quasi-left continuity of X up to oo and the closedness of (E \ G;) N A;. The

implication (i)(c) <= (i)(d) follows from the fact that x — P, (6 < 00) is the limit

of a decreasing sequence of excessive functions and Lemma 4.1.7 in [7].

(i) The “if” part is clear by (i) because 75, = 7G,, where Gy is the fine interior
of Fj. We only prove the “only if” part. Take f € Fjoc. There then exist {fi | k €
N} C ¥ and an increasing sequence {Gy} of finely open sets with E = (2| G
g.e. such that f = f; m-a.e. on Gr. We may take f; € £, for each k € N by
replacing fi with (—k) V fi A k and Gy with G N {| f| < k}. Note that f and
fx are quasi-continuous, so f = f; q.e. on Gg. Taking an &-quasi-closure G_k8 of
G, we have f = f; g.e. on G_kg (see [10] for the definition of &-quasi-closure).
Let {A,} be a common &-nest of closed sets such that for each k,n € N, G_kg NA
is closed. Set Fj := G_kg N Ag. By (i), {G¢} is a nest, hence G_kg is a nest of g.e.
finely closed sets because of 7, < T7~—¢. Here, we recognize G_kg as a finely closed

Gy
Borel sets by deleting an &-polar set. Since {A,} is a nest of closed sets, {F} is

also, that is, Py, (limy— oo 75, 7 ¢) = 0. Therefore, {Fy} is an &-nest of closed sets.
We easily see that foreach k e N, f = fy q.e.on F;. U

Recall that any locally square-integrable MAF M on [[0, ¢ [[ admits a jump func-
tion ¢ on E x E with ¢(x,x) =0 for x € E such that AM, = ¢(X,_, X;) for

t €]0,¢[, Py-a.e. When M et/(\)/(, we can strengthen this statement by replacing
10, ¢[ with ]O, ool in view of Fukushima’s decomposition and the combination of
Theorem 5.2.1 and Lemma 5.6.3 in [7].

LEMMA 3.2. Let ¢ be a Borel function on Ex x Ea satisfying ¢(x,x) =0
forall x € Ep.

(1) Suppose that
N(1exe (81> AlpD)un €.
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There then exists a unique, purely discontinuous local MAF K on [0, ¢[[ [i.e.,
K € (ML) such that K, — K,— = ¢(X,—, X,) for all t € [0, ¢[, Py-a.s. for
ge.x € L.
(i) If
N(1exes (101 Al¢D)pn €S,
then K can be taken to be a local MAF (i.e., K € .Mlloc) and K; — K,_ =
¢ (Xi—, Xy) forall t € [0, oo[, Py-a.s. for g.e. x € E.

PROOF. The proof of (ii) is similar to that of (i), so we only prove (i). By mar-
tingale theory (see, e.g. [9]), the hypothesis implies that the compensated process

2
K= D d(Xo—, X1 g(xo, x> 11 s <)

O<s<t

t
- /0 /E N (X, dy)(Xs. 1o xey 1) dHs

is a local MAF of X of finite variation on [[0, ¢[[ and

1 .
Kz( )= gg%( Z & (Xs—, X)) lecipx,_, x) <1} s <z}

O<s<t

t
_./o /EN(Xs,dy)qﬁ(Xs,y)1{5<¢(xs,y)|§1}st)

is a purely discontinuous locally square-integrable MAF of X on [[0, ¢[[. Thus,
K=KD4+K®Pisa purely discontinuous MAF on [[0, ¢[[ with jump function ¢.
The uniqueness is clear from martingale theory. [

DEFINITION 3.3. Let M be a local MAF on [0, ¢[ [i.e., M € (M| )T
with jump function ¢. Assume that for g.e. x € E, P,-a.s.

t
/0 /E (@ 1(01=1) + @151 1) (X5, )N (Xs, dy) d Hy < 00

(3.1)
for every t < ¢,

where @(x, y) := ¢(x, y) + ¢(y, x). Define, Py,-a.e. on [[0, ¢[[,

(3.2) AM):=—%5(M; + M, or, +o(X;, X,-)+ K;)  forte[0,¢,
where K, is the purely discontinuous local MAF on [[0, ¢[[ with

3.3) Ki—K_=—0(X,—, Xy) forevery t < ¢, Py-as.

forg.e. x € E.
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REMARK 3.4. (i) The condition (3.1) is nothing but N(1 g x £ (1G> A @) e €
S. In particular, condition (3.1) is satisfied by the jump function of any element of
(Mioc) <1

(i1) It follows from Remark 2.13(iv) and Theorem 2.18 that A(M) is a con-
tinuous PrAF admitting m-null set on [[0, ¢[[. (This is because Remark 2.13(iv)
and Theorem 2.18 imply that the process defined on [0, {[ by B; := M; o r; +
@(X¢, X¢-) is an rcll PrAF, with left-limit process B;— = By — ¢(X;, X;—). It fol-
lows that A(M) is rcll on [0, ¢[ and that A(M);,— = A(M); for all t €10, ¢[, Py,-
a.e.) Note that —K; := ngt o(Xs—, X)ls<¢y — f(; fE @(Xs, y)N(Xs,dy)dHj,
t < ¢, satisfies K, = K; or; Py-a.e. on {t < ¢} for fixed ¢ > 0. In view of Theo-
rem 2.18, it is then clear from the definition that A is a linear operator that maps
local MAF’s on [[0, ¢[[ satisfying condition (3.1) into even CAF’s on [[0, ¢[[ ad-
mitting m-null set.

(iii) If {M",n > 1} is a sequence of MAF’s having finite energy and converging
in probability to M, then it is easy to see that M[' or;, " (X;—, X;) = M]'! — M]"
and ¢"(X¢, X;—) converge to M; ory, o(X;—, X;) = M; — M, and ¢(X;, X;-)
in probability, respectively, under P,,. Hence, we have that A(M™); converges to
A (M); in measure for each ¢ > 0.

(iv) Foru e ¥,

AM"), = —3(M!' + M or; +u(X,-) —u(X,)) = N}",

P,,-a.e. on {t < ¢}, for each fixed ¢ > 0. The first equality above is just the def-
inition of A (M"), while the second follows by applying r; to both sides of (1.2)
because X; = X;— and N“ or; = N/, Py-a.e. on {t < ¢}. (The last property is
proved in [4], Theorem 2.1, when X is a diffusion, but the same proof works for
general symmetric Markov process X.) Since both A(M"); and N/ are continuous
in ¢, we even have, P,,-a.e.,

AM"); =N/ forallt <¢.

We are going to show that A (M) defined above coincides on [0, ¢[ with I'(M)
defined in (1.5) by Nakao when M is an MAF of finite energy. An AF Z is called
even (resp., odd) if and only if Z; or; = Z; (vesp., Z; ory = —Z;), P,-a.e. on
{t < ¢} for each ¢ > 0. For an rcll process Z with Zg =0 and T > 0, we define

RrZ, = (RrZ);:=Zr_ — Z(T—t)— forO0<t<T,
with the convention Zy_ = Zo = 0. Note that R7 Z; so defined is an rcll process in
tel0,T].
LEMMA 3.5. Suppose that Z is an rcll PrAF. Then, Py,-a.e. on {T < ¢},

Ziorr, if Z is even,

—Ziorr,  ifZisodd, ~ Joreveryi€l0.T]

(3.4) RrZ; = {
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PROOF. Let Z be an rcll PrAF and let 7 > 0. By Lemma 2.15,

Z;OFT:(ZT—ZT_IOQI)OI"T:ZT OrT—ZT_tOI"T_z

3.5
forallt < T.

When Z is even,
Ziorr=Zr —Zr—=Zr- — Z(1-1- = RrZ4,

P,,-a.e. on {T < ¢} for each fixed 0 <t < T. Since both sides are right-continuous
int € [0, T[, we have, P,,-a.e., RrZ; = Z; orr forevery t € [0, T]. When Z is an
odd AF of Z, (3.4) can be proven similarly. [

THEOREM 3.6. For an MAF M of finite energy, A(M) defined above coin-
cides on [[0, ¢[[ with I'(M) defined in (1.5), P,,-a.e.

PROOF. Foru e F and 0 <t < T, since N* is an even CAF, by Lemma 3.5,
(M} +2N/)orr = (u(X,) —u(Xo)+N/)orr
= M(X(T—t)—) - M(XT_) + N%i - NEJT—Z)—
= MZ‘T—;)— - Mr_
=—RrM/.
Since both (M} +2N/") orr and Ry M/ are right-continuous in 7, we have, P,,-a.e.
on{T <},
3.6) RrM;'=—(M; +2N/)orr for every t € [0, T].

Foru € D(L) C F and v € Fp, define M; = fé v(X,_)dM{, which is an MAF
of finite energy. Note that, since u € D(L), N/ = f(; Lu(X)ds is a continuous
process of finite variation. For each fixed 0 <t < T and n > 1, define t; = it/n
and s; = T — t + t;. Using the standard Riemann sum approximation of the It6
integral and of the covariance process [M", M"], we have, P,,-a.e. on {T < ¢},

My — M7 + M, M"]r — [M°, M"]7_,

n—1
= nlif;o(z DX (MY, — M)+ (MY, — M), — Ms‘i))

i+1
i=0

n—1
- nlg&(Z V(i ) (M, = Mg) = Ny, = No)(Mg, | — M;j))
i=0
n—1
- nll>nolo _2(:) U(Xsiﬂ)(Mgm - M;)
=
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n—1
= nlLHgO X(:) U(XT—t—I—ti)(RTMzu—zi - RTMIM—EH)
1=

n—1
= lim (Z U(Xt—liﬂ)(led—fiH - Mtu_t" +2Ntu_ti+1 - 2Ntu_ti)) o

n—00 \ 4
i=0

_ _(/t o(Xs_)d(M" + 2N;f)) orr,
0

where in the third equality, we used the fact that N* has zero energy, while in the
second to the last equality, we used (3.6). Note that the stochastic integral involving
N*" in the last equality is just the Lebesgue—Stieltjes integral since N* is of finite
variation. Also, note that X; = X,_, P,,-a.e., for each fixed ¢t > 0. So, we have, for
each fixedt < T, Py-a.e. on {T < ¢},

t
RrM; + Rr[MY, M"], = —(/ v(Xs—)d(M{ + 2NS“)) orr.
0
Since both sides are right-continuous in ¢ € [0, T'], we have, P,,-a.e. on {T < ¢},

t
RrM, + Rr[MY, M"], = —</0 v(Xs_)d (MY + 2N;‘)> orr

(3.7
forevery t € [0, T].

By [14], Theorem 3.1 and (1.7),
t t . .
/0 v(X,_)dN" = /0 v(X,) AN = T (M), — 5(M"€ 4 M%T, M"€ 4 M"),.

It follows that P,,-a.e. on {T < ¢},
RTM;+ Rr[M°, M"];
= —(M, + 20 (M), — (M"€ 4+ M"J, M"C 4+ M"“),) orr
= —(M; + 2T (M), — (MV¢, M"Y, — (MY, M"I)) o rr
forallt <T.
Recall that
[MY, M"]y = (M"C, M™€) + Y (M — MY_) (MY — M)

S<t

= (M"C, M), 4y (0(Xs) = v(Xs2)) ((Xy) — u(Xs-)).
§<t
Taking r = T and noting that both I'(M) and (M"V¢, M*:°) are continuous even
AF’s, we have, from above, that, P,,-a.e. on {t < ¢},

(38) F(M)[ = —%(M[ + M; ory + U(X[)(M(Xt_) — M(X;)) + Kt)’
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where

K=Y (v(Xs) = v(X52) (u(Xy) — u(Xs-)) — (MPT, M),
s<t
is the purely discontinuous MAF with K; — K;_ = (v(X;) — v(X;2)) (u(Xs) —
u(X¢—)). Note that the right-hand side of (3.8) is right-continuous on [0, ¢[,
P,,-a.e. [cf. Remark 3.4(ii)]. Also, observe that M; — M;_ = ¢(X;_, X;), where
@(x,y) =v(x)(u(y) — u(x)), and that

Ki —Ki—=—p(X;—, Xy) — (X, X 2).
This shows that I'(M); = A(M);, P,,-a.e. on {t < ¢} for each fixed ¢ > 0. Since
both processes are continuous in ¢ € [0, ¢[, we have, Pj,-a.e.,
(M) = A(M) on [0, ¢[

for an MAF M of the form M, = [ v(X,_)dM" with u € D(L) and v € Fp.
By Lemma 5.4.5 in [6], such MAF’s form a dense subset in the space of MAF’s
having finite energy. Thus, by Lemma 3.1 in Nakao [14] and Remark 3.4(iii), we
have, for a general MAF M of finite energy, I'(M); = A(M); Py,-a.e. on {t < ¢}
for every fixed ¢ > 0. Since both processes are continuous in ¢ € [0, ¢[, it follows
that '(M) = A(M) on [0, ¢[[, Py-ae. O

THEOREM 3.7. Let M be a locally square-integrable MAF on [0, ¢[[ with
Jjump function ¢. Suppose that ¢ satisfies condition (3.1). Then, for every t > 0,

n—1

(3.9) Jim ;)(A(M)(e+1)z/n — AM) )’ =0,

where the convergence is in Pgy-measure on {t < ¢} for any g € LY (E;m) with
O<g=<lm-a.e.

PROOF. By (1.5) and Theorem 3.6, (3.9) clearly holds when M is an MAF of
finite energy. For a locally square-integrable MAF M on [[0, ¢[[, there is an &-nest

{Fy} of closed sets such that 15, * M ej/( for each £ > 1 in view of the proof of
Proposition 2.8 and so (3.9) holds with 15, * M in place of M. For each fixed
k>1,

AM), = A(lp M), — SKF,  Py-ae.on (0, 75l
where K ,k is a purely discontinuous local MAF on [[0, ¢[[ with
K = K- =1 (X9 (Ko X0) + 1 (X9 (Xp. Xio) - fort <.

[e]
Since 15, * M €M, we have

/E Npxee?) din = /E N(Lgxr,¢®) dun < oo.
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Consequently, by Lemma 3.2, we have the existence of a purely discontinuous
local MAF on [[0, ¢[[ with jumps given by 15, (X;_)o(X;—, X;) + 15 (X)e(X;,
X,;_), t <. So, we obtain the existence of such K tk . Since the square bracket
of K¥ is given by Y-, 1pe (Xs )9 (X, Xy) + 1pe(X)9* (X, X;—) and it van-
ishes at t < Tf,, we have, for each fixed ¢ > 0,

n—1
. 2 .
nlgrgo E O(A(M)(Hl)t/n — A(M)yyn)” =0 in Py, -measure on {r < tx, }.
/=

Passing to the limit as k 1 co establishes (3.9). [

We are now in a position to define stochastic integrals against A (M) as integra-
tor. Note that, for f € Fioc, M /¢ is well defined as a continuous MAF on [0, ¢[[ of
locally finite energy (see Theorem 8.2 in [9]). Moreover, for f € Fjoc and a locally
square-integrable MAF M on [0, ¢[[,

t
ts (f % M), = /0 F(Xso)dM,

is a locally square-integrable MAF on [[0, ¢[[.

DEFINITION 3.8 (Stochastic integral). Suppose that M is a locally square-
integrable MAF on [[0, ¢[[ and f € Fjoc. Let ¢: E x E — R be a jump function
for M and assume that ¢ satisfies condition (3.1). Define, P,,-a.e. on [[0, ¢[[,

t
/O F(Xeo) dAM),

(3.10) = A(f * M), — 5 (M7, M°),

t
l p—
* 2/0 /E(f(y) f(X9)e(y, Xs)N (X, dy) dHs,

whenever A(f % M) is well defined and the third term in the right-hand side of
(3.10) is absolutely convergent.

REMARK 3.9. (i) Under the above condition, the stochastic integral is clearly
well defined on [[0, ¢[[ under P, and is a PrAF of X admitting m-null set.

(i) Here are some sufficient conditions for every term on the right-hand side
of (3.10) to be well defined. In addition to the conditions in Definition 3.8, we
assume that, P,,-a.e.,

(3.11) /t/ (f(X5) — f(y))zN(Xs,dy)st < 00 forevery t < ¢
0 JE
and that

t
(3.12) //¢(y,Xs)2N(Xs,dy)st<oo for every t < ¢.
0 JE
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The first and third terms on the right-hand side of (3.10) are then well defined. This
is because N(1gxg|@)py € S implies that N(Agxg| f@)um € S, and

F@e@, )+ fMe,x) = f)@x, y) + (f() — fF)e(y, x),

so A(f x M) is well defined on [0, ¢[ in view of the condition (3.1) for f *x M,
(3.11) and (3.12). Condition (3.11) is satisfied when f is a bounded function in
Floc Or f € F. This is because, when f € ¥, the left-hand side of (3.11) is just
(M*J),. When f is a bounded function in Fjoc, by Lemma 3.1(i), there exist a
nest {F, | n € N} of closed sets and a sequence of functions {f,, | n € N} C %
such that f = f, q.e. on F, for every n > 1. Note that for each n > 1, M4 is a
square-integrable, purely discontinuous martingale and

Vlvd nvd
M mm = F(X) = fa(X).

So, t = Y i< (fu(Xs) — f,,(Xs_))2 is Py-integrable for q.e. x € E. Since f is
bounded, we have, for each n > 1, that

te Y (f(Xy) = f(Xs0)

SSINTE,

= Y (XD = FXO) + (f Kinep,) = f Kines, )
S<tATE,

= Y (5D~ faKe) + (f Kiney,) — f Kineg )’
S<tATE,

is an increasing process and is Py-integrable for each fixed ¢t > 0 for q.e. x € E.
Similarly, A; =) -, (f(Xs) — f(Xs_))2 is locally integrable in the sense of De-
finition 5.18 in [9]. Indeed, for a stopping time T, :=inf{t > 0| A; > n}, Ar, =
Ar_ 4+ (f(Xt,) — f(XT”_))2 is bounded, hence P,-integrable for q.e. x € E.
Note that the dual predictable projection of A; is nothing but fot I LX) —
f(y))zN(Xs,dy)st. The dual predictable projection of Zssmrpn (f(X5) —
f(X,_))? is then given by fg”*’" Je (f(Xs)— f(»)2N (X, dy) d Hy from Corol-
lary 5.24 in [9], which is P,-integrable for q.e. x € E. This implies that (3.11)
holds for every t < tf,. Therefore, (3.11) holds for every t < ¢.
Condition (3.12) is satisfied when M d g P,,-square-integrable. Indeed,

Em|:2(p2(xs’ Xs-):it < §:| :Em[[Md]t orp:if < C]
s<t
=Em[[Md], it <] <oo.
Corollary 4.5 in [8] then tells us that
1 1
lim -E,, 2(Xg, X)) = lim -E,, 2(Xg, X0 |,
lim [pr( >t<;} lim [Zw( )}

<t s<t
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which implies that

t
Em[ [] go(y,onN(Xs,dy)st} <0

for all # > 0 by way of its subadditivity Hence, we obtain (3.12).
(iii) Suppose that f € F. Let K, be a purely discontinuous local MAF on
[0, ¢[[ with K; — K;— = —(/’(Xt , X1) —o(X¢, X;—) on |0, ¢[. Then,

(M MT 4 K), / / FO) = F(X)p(y, XN (Xy, dy) dHy.
In this case, (3.10) can be rewritten as
(3.13) /t X dAM)s = A(f % M) — 3 (M€ + MPT M€+ M7 + K),
0

on [0,¢[. So, when M = M" for some u € £ and f € F N LZ(E;,u(M)),
Jo F(Xs=)dA(M)s on [0, [ is just the [§ f(Xs) odT' (M), defined by (1.7). This
shows that the stochastic integral given in Definition 3.8 extends Nakao’s defini-
tion (1.7) of stochastic integral first introduced in [14].

THEOREM 3.10.  The stochastic integral in (3.10) is well defined. That is, if M
and M are two locally square-integrable MAF’s on [[0, ¢ [[ such that all conditions
in Definition 3.3 for M and M are satisfied and A(M) = A(M) on [[0, ¢[[, then
for every f € Fioc for which fot F(Xs)dAN(M) and fo f(Xs_)dA(M)g are well
defined, we have, P, -a.e.,

f t ~
[ rexdnan,= [ roxyandd,  ono.cl
PROOF. It is equivalent to show that

/ " F(X,)dAM — )y =0  on[0,¢].
0

By taking M to be M — M, we may and will assume that M = 0. Moreover,
a localization argument allows us to assume that f isbounded. Letg : E x E — R
be a jump function for M. Let K, be the purely discontinuous local MAF on [[0, ¢[[
with

Ki— K- = —9(Xi—, X)) —9(X;, X,=)  fort <¢.
Since A(M) =0, we have
(3.14) M, +Mor,+9o(X,X,-)+ K, =0 on [0, ¢[.
Thus, by (3.5) and (3.14), on {T < ¢},
Myorr=Mrorr —Mrp_,orr_,
(3.15) =-Mr —Kr+Mr_;+ Kr—;
— (X7, X72)+ 0 (X7—1, X(7—1)-)
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for every t € [0, T]. Using the standard Riemann sum approximation and (3.15),
we have, for f € ¥,
(f*M)or + f( X)Xy, Xi-)
=—(f*M); = (f %K) = [M! M + K],
=—(f * M) — (f %K) — (M7, M°),
+ ) (f(Xs) = f(Xs2)) (X, Xs-)

s<t

P,,-a.e. on {r < ¢} for each fixed ¢ > 0. Consequently, we have, for f € Fiqc,
P,,-a.e. forall r € [0, ¢[,

(fxM)ior: + f(Xp)o(Xs, Xi—)
(3.16) =—(f* M) — (f xK) — (M€, M€Y,
) (X)) — f(Xe0))o(Xs, X5,

§S<t

since both sides are right-continuous in ¢ € [0, ¢[. Let K be the purely discontinu-
ous local MAF on [[0, ¢[[ with

Et — Et— =—f(Xi)eX—, Xy) — fF( XX, Xi-) forall r € [0, ¢[.
Then, for f € Fioc, we have, by (3.16),
A(f M) ==5((f * M)+ (f x M) or, + f(Xp)p(X;, X,-) + K))

t

- Z(f(Xs) - f(Xs—))ﬂo(Xs’ Xg_) — kt)

s<t
Thus,
t
/0 F(X,_)dAM),
= A(f * M), — S(MPC, M€Y,

t
+%/0 fE(f(y)_f(xs))w(y,XS)N(Xs,dy)st

t ~
= %/0 f(Xs-)dKs — %Z(f(Xs) — f(Xs—))(p(Xs, X, )— %Kt

§S<t

t
3 [ (0 = F X0 XON (Ko dy) d.
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Note that
K== (f(X;0)o(Xs—, Xo) + f(X)o(Xy, Xs2))

s<t

3.17) t
+ / f (f(X)@(Xs. ¥) + F0@(y. X)) N(Xs. dy) dH,
0 JE

and that
(3.18) K= ;g%(— > @p1=e) Xs—s Xo) + (N@11-e1) % H)t),
s<t

where @(x, y) := ¢(x, y) + ¢(y, x). It follows that
t
/ f(Xs)dA(M); =0 forallr <¢,
0
P,-ae. O

REMARK 3.11. The above proof actually shows that if A(M) = A(M ) on
[0, TIN[O, ], then, Py,-a.e.,

t t ~
/O f(Xs)dA(M)s = /0 f(Xs-)dA(M); on [0, T]NI0, ¢[.
4. Further study of the stochastic integral.

THEOREM 4.1. Suppose that [ € Fioc and that M is a locally square-
integrable MAF on [0, ¢[[ satisfying (3.1) such that A(M) is a continuous
process A of finite variation on [[0, C[[. Assume that the stochastic integral t —
fot f(Xs_)dA(M)y is well defined. Then, P,,-a.e.,

t t
/ F(Xo_)dA(M), = / FX)dAs  on 0.zl
0 0

where the integral on the right-hand side is the Lebesgue—Stieltjes integral.

PROOF. Let ¢:E x E — R be a Borel function with ¢(x,x) =0 for x € E
such that o(X;—, X;) = M; — M,_ for t € [0, ¢[, P,y-a.e. Let K; be the purely
discontinuous local MAF on [[0, ¢[[ with

Ki — K- =—¢p(X;—, Xy) — o(Xy, Xi-) forz €]0, ¢[.
Since A(M)=A on [0, ¢[,
Mior;+ (X, Xi—)=—M; — K, — 24, forall r € [0, ¢[.
Thus, by (3.5), forevery T >t > 0, on {T < ¢},

Myorr =—Mr — Ky —2Ar +Mr_ + K7,
4.1)
+2A7- — (X7, X7-) + 9(X7-1, X(T—1)-)-
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Now, fix f € Fioc; as before, we may assume, without loss of generality, that f is
bounded. Using the standard Riemann sum approximation, we obtain, on {t < ¢},
(f xM)ior + f(X)ep(X:, Xi—)
=—(f * M) — (f %K) = 2(f * A)r — (M7, M + K +2A],
= —(f x M) — (f %K) = 2(f * A} — (MP€, M),
+ ) (f(X) — F(Xe2)) (X, Xoo).

<t
Consequently, we have, P,,-a.e. for all ¢ € [0, ¢[,
(f*M)ior + f(X)e(Xs, Xi-)
(4.2) = —(f x M) = (f x K) = 2(f * A}, — (MP€, M€),
+ D (f(X) = F(Xs)p(Xs, Xyo)

s<t

since both sides are right-continuous in ¢ € [0, ¢[. Let K be the purely discontinu-
ous local MAF on [[0, ¢[[ with

Ki— Ko =—f(Xi2)op(Xi—, X)) — f(XDe(Xs, X,—)  forallz €[0,¢].
Then, by (4.2),
A(f M) =—=3((f* M)+ (f x M) ory + f(XD(Xs, X,—) + K)

i [’ t
=z</0 f(Xs_)sz+2fO f(Xs_)dAs + (M€, M€Y,

S (K — F X)X Xo) — Iz)
s<t
Thus,
t
[ rexoanan,
=A(f* M), — S(M<, M),
+l/t/ (f() = f(X))e(y, Xs)N(Xs,dy)dH,
2 0 JE N s A g S s

t t
—4 [ rxoar+ [ fonoaa,

IS (Xo) — F(XO)e(Xs, Xo) — AR,

s<t

t
- %/0 fE(f(y) — f(X))e(y. XN (X dy) dH.
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It now follows from (3.17)—(3.18) that, P,,-a.e.,
/Ot f(Xs2)dAM)s = /Ot f(Xs=)dAg forallz € [0, ¢[.
This proves the theorem. [
Note that if f, g € Fioc, then fg € Floc.

THEOREM 4.2. Let f, g € Fioc and let M be a locally square-integrable MAF
on [0, ¢[[ satisfying (3.1). Then P,-a.e.,

4.3) /Ot g(XS_)d</os / (Xr—)dA(M)r>

- / CF(Xy g (Xs ) AAM),  foreveryt <.
0

whenever all of the integrals involved are well defined.

PROOF. Let ¢:E x E — R be a Borel function with ¢(x,x) =0 for x € E
such that, P,,;-a.e.,

o(X—, X))=M;, — M, _ for all r €10, ¢[.
Let K; and K ¢ be the purely discontinuous local MAF’s on [[0, ¢[[ with
Ky — K- = —p(Xi—, X¢) — (X, Xi-) forr €10, ¢[
and
Ki— K= —f(X)e(Xi—. X)) — f(XDe(Xi. X,-)  forr €]0,¢],
respectively. The left-hand side of (4.3) is then equal to

t t
/ g(X, ) dA(f * M)y — § / ¢(X,_)d(M*<, M),
0 0

t

= A(fg* M), — S(MSC, (f x M)°),
t
+%/O /E(g(y)—g(XS))f(y)(p(y,Xs)N(XSsdy)st
t
- %,/0 g(Xsf)d<Mf’C’ M€)s

t
+%/0 /Eg(Xs)(f(y)_f(XS))q)(y,XS)N(XS’dy)dHS

= A(fg* M), — S (MT$¢, M°),



STOCHASTIC CALCULUS FOR SYMMETRIC MARKOV PROCESSES 965
t
+3 fo /E(f(y)g(y) — f(X9)g (X)) (y, Xs)N (X, dy) d Hy

t
= [ rxogx) daan,.

This proves the theorem. [

Let g denote the class of stochastic processes that can be written as the sum of
an (¥;)-semimartingale ¥ and A (M) for a locally square-integrable MAF M on
[[0, ¢ [ satistying the condition of Definition 3.3. The last two theorems imply that
the following stochastic integral is well defined for integrators Z € ¢.

DEFINITION 4.3. For f € Fioc and Z =Y + A(M) € &, define on, [0, ¢[,

t t t
/ F(Xs_)dZ, = f F(Xoo)dY, + / F(Xs_) dAM)s,
0 0 0

whenever the latter stochastic integral is well defined.
To establish Itd’s formula, we need the following result.

THEOREM 4.4. Let f € Floc and let M be a locally square-integrable MAF
on [[0, ¢[[ such that [y f(Xs—)dA(M) is well defined on [0, ¢[. Then, for every
t>0,Py,-ae on{t<t},

n—1

t
@) [ AN = Tim S FCaagn) (A g = A a)
£=0

Here, the convergence is in measure with respect to Pgy on {t < ¢} for every
ge LY (E;m)with0 < g <1m-a.e.

PROOF. By (3.5), Mjor, =M;or; — M;_sor_s forall s <t. Let p: E X
E — R be a Borel function with ¢(x, x) =0 for x € E such that p(X;_, X;) =
M; — M;_ for all ¢t € [0, ¢[. Let K be the purely discontinuous local MAF on
[0, ¢[[ with

Ki — K- =—p(X;—, Xy) — (X, X 2) fort €]0, ¢[.

Then, for each fixed t > 0, P,-a.e. on {t < ¢},

n—1

Jim S Ko ym) (MM @1y /n = AM) s n)
=0

=—2(f*M) — 3(f*K),
n—1

+ %nlggog FXetyn) (Mes1yi/n © Fe1y1/n — Meijn © Ter/n)
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=—3(f* M) — 3(f xK),

n—1
— 7 lim |:Z F(Xe+1yt/n) (Mies1ye/n — Mﬁt/n):| or

n— 00
=0

= —3(f % M) = 3(f %K)y = 5(f % M)cory = 3IMT Ml or,
= —3(f * M) = 5(f %K)y = 5(f 5 M) o r = J(MP<, M€Y,
— I X = F X)X, X0

s<t
=A(f* M) + 1K — L(f « K)p — LM Fe, mey,
— I (X0 — F(X0)e(Xs, Xio)

s<t
t
- /0 FXoo)dAM),

where K in the penultimate equality is the purely discontinuous local MAF on
[0, ¢[[ with Ky — Ks— = — f(Xs-)p(Xs—, Xs) — f(Xs)o(Xs, X5-) fors €]0, ¢[.
g

REMARK 4.5. (i) Theorem 4.4 immediately implies Theorems 3.10 and 4.1.

(ii) By (3.9),
n—1

(4.5) /0 f(Xs)dA(M)s = lim > F (X e yesn) (A ety jn — MMt n)
=0

holds in Pg;,-measure on {t < ¢} for any g € LY(E;m) with 0 < g < 1 m-ae.
Hence, we could denote this stochastic integral by either fot f(Xs)dA(M); or
fg f(X5) o dA(M);. Here, [} f(X) odA(M)y is the Fisk-Stratonovich type in-
tegral: fort < ¢

t
/ F(X) 0 dA(M),
4.6 °°

— lim "z_:l S X@snin) + fXeryn)
n— oo

5 (A et 1y/n = DM i)

£=0
(iii) For any f € Foc and P,,-square-integrable MAF M, by way of the
Riemann sum approximation (4.4), we can extend the stochastic integral
f(g f(Xs-)dA(M), without imposing further conditions. Indeed, let {G,} be a
nest of finely open Borel sets and f, € ¥, with f = f, m-a.e. on G, [see
the explanation for the condition (3.11) in Remark 3.9]. By (4.4), we see
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Jo Fn(Xs2)dAM)g = [§ fo(Xs—)dA (M), for t < 7, and n < £. We can then
define fé fF(Xs—)dA(M)s = fot Sn(Xs—)dA(M), fort < g, foreach n € N and,

consequently, for all # < ¢ P,,-a.e. More strongly, for M ej/( and f € Floc, we can
define fé f(Xs_)dA(M); forall ¢ € [0, oo[ Py,-a.e. Indeed, by Remark 3.9(ii), our

stochastic integral f,, * A(M) for M ej/( agrees with that defined by Nakao [14]
on [0, ¢[ P,,-a.e., while the latter is defined as a CAF of X for all # > 0. This
implies that limgqz (f, * A(M)), exists and is finite P,,-a.e. After we extend our
definition of stochastic integral f, * A(M) beyond [0, {[ by

(fux AM)), = (fn * A(M))§ = liTng(fn * A(M))S fort>¢,

fn * A(M) becomes a CAF of X on [0, oo[ P,,-a.e. With this extension for each
n < £, wehave [ f(Xs=)dA(M); = [§ fe(Xs=)dA(M); for t < op\G,, Pm-ae.
Owing to Lemma 3.1(i) and the existence of the limit lim;, fé f(Xs—)dA(M);
P,,-a.e., we obtain the stochastic integral fé f(Xs—)dA(M)s, on [0, oo[, Py,-a.e.

for any f € Floc and M ej/( , extending the stochastic integral of Nakao [14].

Remark 4.5(iii) says that the stochastic integral [ *x A(M); :=
fot f(Xs—)dA(M)g can be defined for ¢ € [0, oo[, Pj,-a.e., for every f € Fioc and

o
M e M. We shall refine this statement from m-almost every starting point x € E
to quasi-every x € E.

LEMMA 4.6. For f € Fioc and M ej/(, the stochastic integral f * A(M); :=
fé f(Xs_)dA(M); can be defined for all t € [0, oo[, Py-a.s. for g.e. x € E, in
particular, f x A(M) is a CAF of X on [0, ool.

PROOF. Since f € Fjoc, we have { fx | k € N} C ¥ and a nest {G | k € N} of
finely open Borel sets such that f = f; q.e. on G. We know that the stochastic

integral fi % A(M) is defined P,-a.s. for g.e. x € E. Let E; be the defining set
admitting an &-polar set for the CAF fi *« A(M) of zero energy and set

o0
8= {a)e ﬂ Ek‘ for any k, £ € N with k < £,
k=1

t
fo fi(Xs— (@) dA(M)s ()

t
=/0 fe(Xs—(w)) dA(M)s(w) for ¢ <6E\Gk(a))}-

Then, P, (ES) =0, m-ae. x € E. Hencg\, for each s > 0, Px(G;l(Ec)) =
Ps(P.(E€))(x) =0 for q.e. x € E. Setting E := ;2| 8k N ﬂseQH 95,_1(3), we
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have Px(é) =1forqe.x e E.Forwe B 2 with 7 < 0E\G, (), we can find small
so(= so(w)) > 0 such that 1 + 59 < op\G,(w). We then see that 1 < op\g, (0;w)
for any rational s € ]0, so[. Hence, for such w, we have for k < ¢ and any rational
s €10, so[

t+s t+s

Je(Xo— (@) dA(M)y(w) = Je(Xy— (@) dA(M)y ().

N N

Letting s — 0 and noting that w € Eg, k € N, we have that fork < £, fi x A(M); =
fe * A(M); fort < op\G,, Px-a.s. for g.e. x € E. By Lemma 3.1(i), we know
that Py (limg . oo 0p\G, = 00) = 1 for gq.e. x € E. Therefore, we obtain that the
stochastic integral f % A(M) defined as in Remark 4.5(4.5) can be established
P,-as. for q.e. x € E. This completes the proof. [

THEOREM 4.7 (Generalized Itd6 formula). Suppose that ® € C 2R and u =
(ui,...,ug) € Fd. Then, for gq.e. x € E, Py-a.s. for all t € [0, oo[,

P (X)) — Pu(Xo))

- Z/ —(u(X ) dug(Xy)

1 d ! 82q> u;,c uj,c
@7 +5 Z fo ey, K DA M),
(cb(u(x ) — d(u(X, )

_ Z _(u(x N (ur(Xs) — up(Xs )))

PROOF. Note that both sides appearing in (4.7) are Py-a.s. defined for q.e. x €
E in view of Lemma 4.6. First, we show this Itd formula (4.7) under P,,, for a fixed
t > 0. Note that ® o u € Fioc and that

up(Xe) = ug(Xo) + M;* + N/* = u(Xo) + M;* + A(M"),.

This version of It6’s formula follows from Theorems 3.7 and 4.4 by a line of
reasoning similar to that used to prove It6’s formula for semimartingales (cf. [9]).
Since both sides in (4.7) are right-continuous, (4.7) holds under P,,.

Second, we refine the starting point. Recall that €2 consists of rcll paths. Let
I;(w) be the difference of the left-hand side and the right-hand side of (4.7). Let
& be the intersection of all of the defining sets of AF’s appearing in the for-
mula and {w € Q| I;(w) = 0,Vt € [0,00[}. Then, P,(E°) =0, m-a.e. x € E.
Let E be the intersection of the defining sets of AF’s appearing in the formula
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and ﬂseQ++ HS_I(E). We then have Px(é) =1 for q.e. x € E, as in the proof of

Lemma 4.6. Take € &. For any positive rational s > 0, we then have I; (6;0) =0
that is,

P u(Xi1s(@)) — @ (Xs(w)))

d_ . rr+s 9
— Z (X du (X,
> / 8xk(u( (©))) dug (X))
1 d I+s
3 Z / Ty, K- @) M M) )
Z <d>(u(x (@) — U(Xy—(@)))

d 50
- Z a—(u(Xv—(w)))(uk(Xv(w)) — uk(Xv—(w)))>-
k=1 9%k

Letting s — 0 and using the right-continuity of s — u(X;) and stochastic integrals,
we have /;(w) = 0. This completes the proof. [J
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