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L? MODULI OF CONTINUITY OF GAUSSIAN PROCESSES AND
LOCAL TIMES OF SYMMETRIC LEVY PROCESSES!
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Let X ={X(¢),t € R4} be a real-valued symmetric Lévy process with

continuous local times {L}, (f,x) € R4 x R} and characteristic function
EM XM = o=tV (M) et

.9 _
T R

(40)

If ag(h) is concave, and satisfies some additional very weak regularity con-
ditions, then forany p > 1,and all € R4,

+h
by Lyt —pxp
oo (h)

for all a, b in the extended real line almost surely, and also in L™, m > 1.
(Here n is a normal random variable with mean zero and variance one.)

This result is obtained via the Eisenbaum Isomorphism Theorem and de-
pends on the related result for Gaussian processes w1th stationary increments,
{Gx),x e Rl}, for which E(G(x) — G(y))2 =0 (x - y);

lim

b
dx:2P/2E|n|P/ |L¥|P/? dx
hl0Ja a

bIG(x +h)—Gx)|P
op(h)

foralla,b e Rl, almost surely.

lim

dx=E|nP® -
i | x=En"(b-a)

1. Introduction. We obtain L?” moduli of continuity for a very wide class of
continuous Gaussian processes and local times of symmetric Lévy processes. To
introduce them, we first state our results for the local times of the Brownian motion
and see how they compare with related results.

THEOREM 1.1. Let{L}, (x,t) € R! x R} denote the local time of Brownian
motion. Then, for any p>1andt € R,

Lx+h Lx 23p/2 1 b
(1.1) lim/‘ dx = F<&>/ |LE|P2 dx
40 hl/2 JT 2 a

forall a, b in the extended real line y.
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When p =2, (1.1) is the following: Forall € R,

00 Lx+h_Lx 24
(1.2) E&}f—“(’ - DTy s

This may be considered as a continuous version of the quadratic variation result:
Forallt € R4,
S~ (piln _ g Ge/m2 _y [
. n - n
(1.3) Jim .Z (L =L =4/_OOL;Cdx=4z a.s.
j=—o00
(We obtain (1.3) from [2], Theorem 10.4.1 and Lemma 10.5.2, using the 2-stable

process which is the Brownian motion multiplied by +/2.)
When p =1, (1.1) is the following: For all t € R,

Lt —Lrjax 23?2 b
1.4 lim =4 = / LT dx a.s.
(1) 110 Vh Jrta VT
This compliments a result of Yor [4] that
Lh _ LO |
1.5 lim —— 2'2,/1%,
(1.5) hm NG i

where 7 is a normal random variable with mean zero and variance one.

Theorem 1.1 can be extended to symmetric Lévy processes with continuous
local times, subject to some regularity conditions. Let X = {X(¢),t € R4} be a
real-valued symmetric Lévy process with characteristic function

(1.6) EeMX O = o=V ),
where
o0
(1.7) 1//(A):2f (1 — cos Au)v(du)
0
for v a symmetric Lévy measure, that is, v is symmetric and
o0
(1.8) / (1 A x*)v(dx) < o0.
0

We assume that

>~ 1
(1.9) ——dl < 0,

A0S

which is a necessary and sufficient condition for X to have local times. We refer
to ¥ (A) as the characteristic exponent of X. Let

dx.

00 in2 _
(1.10) o2 (x — y) = ;/0 sin (Kl(;cmy)/2)
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We say that oy satisfies condition C; if
oo(1/n(logn)?*h)
im =0
n=o oo(1/(logn)?)
We say that ¥ (1) satisfies condition A, if
(1.12) AV =o(r(A) as A — o0o.

(1.11)

THEOREM 1.2. Let X = {X(t),t € Ry} be a real-valued symmetric Lévy
process with characteristic exponent (1) that satisfies condition A, for some
y > 0. Assume that O’Oz(h) is concave and monotonically increasing for h € [0, 8]
for some § > 0 and satisfies condition Cy4. Let L := {Lj, (t,x) € Ry X R} be the
local time of X and assume that L is continuous. Let 1 be a normal random vari-
able with mean zero and variance one. Then forany 1 < p <q andallt € R,

brrx+h _ 7x
lim / L - Ly
hl0Ja

p b
dx=2p/2E|n|p/ |L¥1P/? dx
oo(h) a

20 1y [
:_r<—p+ )/ X7 dx
= U2,

forall a, b in the extended real line almost surely.

(1.13)

We point out on page 615 for which og is concave. The other two conditions in
this theorem are very weak.

In Section 5 we show that the limit in (1.13) also exists in L uniformly in 7 on
any bounded interval of R, for all m > 1.

When ¢ (A) = LB, 1 < B <2, we refer to X as the canonical S-stable process.
(The canonical 2-stable process is the Brownian motion multiplied by ~/2.) In
this case the conditions in Theorem 1.2 hold and (1.13) is the following: For any
l1<p<gqgandteRy,
bLEth — pxp

(1.14) lim

b
T =D W= xp/2
m0Ja  hP(B=D/2 dx—C(ﬁ,p)/a \L¥1P/? dx

for all a, b in the extended real line almost surely, where

1 PI2oP  p41
(115 C(ﬁ’p)z(F(ﬂ)Sin((n/Z)(ﬂ—1))) ﬁr< 2 )

(See Remark 4.1 for more details.)

We derive our results on the L? moduli of continuity of local times of symmetric
Lévy processes using the Eisenbaum Isomorphism Theorem ([2], Theorem 8.1.1).
In order to use it, we need to know about the L” moduli of continuity of squares of
the associated Gaussian processes. These follow easily from results about the L”
moduli of continuity of the Gaussian processes themselves. These are interesting
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in their own right. We take this up in the next section. Here we just mention an
application of the results to the fractional Brownian motion. Let G = {G(x), x €
R'} be a real-valued Gaussian process with mean zero and stationary increments,
G(0) =0, and let

(1.16) E(Gx+h)—Gx)*=h,
0 <r <2.Then
. bIG(x +h)—G(x)|? »
(1.17) }llirol/;l /2 dx =E|n’(b—a)

for all —oo < a < b < oo almost surely. Results like (1.17) also follow from the
work of Wschebor [3]. We explain in Remark 2.1 why we cannot use his approach
to obtain Theorem 1.2.

2. L? moduli of continuity of Gaussian processes. Let G = {G(x),x € R'}
be a real-valued Gaussian process with mean zero and stationary increments and
let

2.1) o2(h) = E(G(x + h) — G(x)).

Fix 1 < p <00, —00 <a < b < oo and define

b G(x +h) — Gx) [P
22) 100 =Ig(a.b, p) = [ & U()h) o)
Then, clearly,
23) Elg(i;a.b, p) = ElnlP (b — a),

where 1 is a normal random variable with mean zero and variance one. This
shows, in particular, that Ig(h; a, b, p) exists and is finite for all measurable
Gaussian processes G. When o2 is concave in some neighborhood of the origin,
I (h; a, b, p) exhibits the following remarkable regularity property, whether G
has continuous paths or is unbounded almost surely. (These are the only two pos-
sibilities for G; see, e.g., [2], Theorem 5.3.10.)

THEOREM 2.1. Let G be as above and assume that o*(h) is concave and
monotonically increasing for h € [0, 8], for some § > 0. Let {h,} be positive num-
bers with h, = o(m). Then for any 1 < p < 00,

b _
(2.4) fim [ |EE A =GO
U(hn)

n—-oo J,

dx =En|? (b —a)

forall a,b € R', almost surely.
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Before proving this theorem, we give a preliminary lemma that is an application
of the Borell, Sudakov-Tsirelson Theorem. For each &, consider the symmetric
positive definite kernel

2.5 pr(x,y) = E(G(x+h) —GX)(G(y+h)—G),

1
o?(h)
X,y € R'.
Note that by stationarity and the Cauchy—Schwarz inequality
(2.6) lon(x. ) <1, x,yeR".
For p > 1, define
2.7) IGln.p = g (s a, b, p))!/P.

We denote the median of a real-valued random variable, say, Z, by med(Z).

LEMMA 2.1. Under the hypotheses of Theorem 2.1,

2 ~2
(2.8) P(|IGln, p — med(lIGllln,p)| > 1) <2e™"/37),
where
) b rb
(2.9) 7= s [ [ formeedsdy
(filfly<nyJa Ja
and 1/p +1/q = 1. Furthermore,
b rb 1/p
(2.10) 825(/ / Iph(x,y)ldxdy)
and
G
2.11 E(||G — med (|| G <—.
(2.11) [EUG I, p) (il |||h,p)|_m

PROOF. Let B, be a countable dense subset of the unit ball of L7 ([a, b]). For
f € By, set

b G h)y—G
(2.12) H(h,f):/ oGt -6w)
a O’(h)
It is a standard fact in Banach space theory that
(2.13) sup H(h, f) =Glln,p-

feBy
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Let

62 := sup E(H*(h, f))
feBy
(2.14)

b b

= sw [ " r@rmeneydrdy.
{(f:lflg=<1}/a Ja

The statements in (2.8) and (2.9) follow from a standard application of the Borell,

Sudakov-Tsirelson Theorem (see [2], Theorem 5.4.3).

For 1 < p < oo,
H b rb 1/p
o s(f f Iph(x,y)l”dxdy)
a a

b rb 1/p
< (/ / Iph(x,y)ldxdy> ,
a a

where in the last line we use (2.6). This follows from Holder’s inequality when
1 <p<oo. When p=1,g=o00and | fl|le := sup, | f(x)|. Obtaining (2.15) in
this case is trivial.

The statement in (2.11) is another standard application of the Borell, Sudakov—
Tsirelson Theorem (see [2], Corollary 5.4.5). [

(2.15)

PROOF OF THEOREM 2.1. In order to use the concavity of o2(h) on [0, 8],
we initially take b — a < §/2. It follows from (2.8) and (2.10) that

2 a2
(2.16) P(|IIGlln,,p — med(IGlp,,p)| > 1) < 2e /o),
where

Az b pb 1/p
@.17) 2= ([ iononlaxay)

a a

‘We show below that

b b 1
2.18 // , V)| dxdy = < )
(2.18) - lon, (x, y)|dxdy =0 (ogn)?

as n — 0o. Assuming this, we see from (2.16), (2.17), (2.18) and the Borel-
Cantelli Lemma that

(2.19) 1im (Gl ., — medlIGlln, ) =0 as.
Let med([|Gll,,p) = M, and note that by (2.3)
M, <2E(I|GlIn,.p) <2(ENGII], )7

(2.20)
=2En")P b —a)l'”
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for all n. (Here we also use the obvious fact that the median of a random variable is
less than twice the mean.) Choose a convergent subsequence {M,, }72, of {M,}2,
and set

(2.21) lim M,, = M.
1—> 00

It then follows from (2.19) and (2.21) that
(2.22) lim [|Glla,. ., = M a.s.
i—00 !

It follows from (2.6) and (2.17) that 8,% is uniformly bounded. Therefore, by
(2.8), for all r > 0,

(2.23) E[GIln, p — med(IGlln, p)|" < C"(r),

for some function C’(r) that depends only on r. We show in (2.20) that
med(||G|llx,p) is bounded uniformly in h. Therefore, for all » > 0, there exist
finite constants C(r) such that

(224) ENGIl;, ,<C(r) Va1,

Thus, in particular, {|||G|||£n’ Py n= 1,...} is uniformly integrable for all 1 < p <
oo. This, together with (2.22), shows that

(2.25) lim E|IGII}, = M”.
Since E|||G|||fn,p = (b — a)E|n|?, we have that

(2.26) M" = b —a)En|P.

Thus, the bounded set {M,};° | has a unique limit point M. It now follows from
(2.19) that

(2.27) Jim G, , =@ —a)Eln|”.

This gives us (2.4) when b — a < §/2. To extend the result so that it holds for
any a < b, simply divide the interval [a, b] into a finite number of subintervals
with lengths §/2 and write the integral in (2.34) as a sum of integrals over these
subintervals.

We now have (2.4) for fixed a and b. Clearly, it extends to all a and b in a count-
able dense subset of R'. It extends further, to all a and b, by using the property
that both the left-hand side and right-hand side of (2.27) are increasing as a | and
b1.

We conclude the proof by obtaining (2.18). Note that pj (x, y) is actually a func-
tion of |x — y|. We write pp, (x, ¥) = pp(x — y). Using the fact that pj, is symmetric
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and setting ¢ = b — a, we see that

b rb c pc
@) [ [l -nldedy= [ [ i ldxay

a Ja 0 JO
c
=2 [ 1o lc—s)ds
c
(2.29) <26-a) [ 1m)lds.
0

Furthermore, using the fact that o%(h) is concave and monotonically increasing,

Cc

20 [ lon(o)lds

= /hC(Uz(S) —02(s —h) — (6%(s + h) — 0%(5)))ds

(2.30) c c+h
_ 2 2 _ . 2 200
—/h (0°(s) —o(s —h))ds /Zh (07(s) —o“(s —h))ds
< /Zh(a2(s) —02(s — h))ds < ha*(h)
=) <
and
) h
o2 [ lon(s)lds
h
2.31) 5/0 (02 + 1) — 02()) + |02k — 5) — o 2(s)]) ds

<2ha?(h).
Combining (2.28)—(2.31), we get

b rb
(2.32) f f lon(x — y)| dx dy < 6(b — a)h,

which gives us (2.18). U

When G in Theorem 2.1 is continuous and o satisfies a very mild regularity
condition we can take the limit in (2.4), with &, replaced by A.

THEOREM 2.2. Let G be as in Theorem 2.1 and assume, furthermore, that G
is continuous. Let 1 < p < oo and set h, = 1/(logn)4, where q > p. If

o (hy — hns1)

(2.33) i —0,
n—00 o (hyy1)
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then

b
2.34 i
R Y

forall a,b € R', almost surely.

p

Gx+h)—Gx) dx = En|P (b —a)

o(h)

PROOF. Without loss of generality, we assume that b > 0. Let

b 1/p
(2.35) IA" G ptap) = (f |G(x 4+ h) — Gx)|? dx>
a
and set
AYGl 14
(2.36) Joth:a.b, py = 12 Clplabl
o(h)

In this notation we can write (2.4) as
(2.37) lim Jg(hn;a,b, p)=(En"HYPb—-a)'/?  as.
n— oo

Fix § > 0 and consider a path for which both (2.37) holds and also the analogous
statement with b replaced by 2b. We show that for such a path there exists an
integer n1, depending on the path and §, such that

(238)  |Jg(hia,b, p) — (Eln")/P(b—a)!/P| <8  Yh <hy,,.

Since we can do this for all § > 0 and all paths in a set of measure one, we get
(2.34).

Set Co =2(E|n|”)Y/P(b —a)'/P v 1 and € = §/6C. By taking § small enough,
we can assume that € < 1/10. Choose N7 > 10 sufficiently large so that

0 (h = hns1) _

(2.39) <€,
o (hn+1)
(2.40) |76 (hn; a, b, p) — (EInI")"/P (b —a)!/7] <,
(2.41) Je(hy;a,2b, p) < Co
for all n > Ni. The inequality in (2.41) implies that
(2.42) sup  Jg(hy;c,d, p) <Cy Vn > Nj.
a<c<d<2b

Note that for any ¢ < hy, we can find an integer m > N such that
(2.43) /2 <hy <.

To see this, simply take m = [exp(¢ ~V/9)] + 1.

To obtain (2.38), it suffices to show that it holds for all & € (h,, 41, hy,] for any
n1 > Ni. We proceed to do this. Fix n1. We inductively define an increasing subse-
quence {n;}, with lim;_, oo n; = 00 beginning with n;. Assume that ny,...,n;_1,
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J =2, have been defined and set u; 1 := Z{:_ll hn;+1. We take n; to be the small-
est integer with
(2.44) hnjv1 <h—uj-i.
It follows from (2.43) that
(2.45) (h—uj—1)/2 <hp;41 <h—uj_1 <hy,,

which implies that

(2.46) lim u; =h.

j—o00

It follows from the last inequality in (2.45) that h —u; < h,, i hy, JESP Therefore,
replacing j by j — 1, we have

(247) h_uj—l Shnj,I _hnj,1+1»

which implies, by (2.45), that

(248) hnj—l—l = h”j—l - hn]'_1+1~
We now show that, for all j > 2,

ou; —uj_ :
(] Jj l)féj_l
o(uj—1)

oth—uj_1) -l
o(uj—1)

(2.49) and

To see this, we note that by (2.48) and the fact that o is increasing
o(uj—uj_y)
o(uj-1)
o (1)
- o(uj—1)
o (hnj+1) 0 (hn;_+1) 0 (hnyy1)

(2.50) =
oy 111 0 (hn; 21) 0 Gj—1)

U(hnj+1) O—(hnjfl‘*'l) o o (hny+1)
G(hn_i_1+1) U(hnj_2+1) G(hn1+1)

O-(hnjfl - hnj71+1) G(hnj—2 - hnj—2+1) o o (hpy — hy+1)
o (hn;_+1) o (hp;_5+1) o (hp,+1)

The first inequality in (2.49) now follows from (2.39); the second follows similarly
using (2.47).
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Since (2.40) holds for all n > Ny, we have
2.51) [J6wi;a, b, p)— (Eln")/P(b—a)'/?| <e.

[For notational convenience, let Jg (uo; a, b, p) := (E|n|”)!/P (b —a)'/P.] For any
j =1, wehave

| JG (h; a, b, p) — (EIn|")/P (b — a)'/?|
2.52) <G (hia.b. p) = Jo(u;ia.b. p)l

J
+> Ueuiza, b, p) — Jo(ui-1:a,b, p).
i=1

To estimate this, note that, since o is monotonically increasing, for any 0 < r < s,

|Jg(s;a,b, p) — Jg(r;a,b, p)l
[A*Glipjab) 1A Gllp,1a.b)
o(s) o(r)

1 1

<|— - —_|ia’6
<o G(r)‘u tan

(2.53) |
+ mIIIASGllp,[a,b] — A" Gl p.1a,b1]

_ 106 = aMIIA"Gllp1a,b)

o(r) o(r)
1
—|AG - AT .
+ o IA°G Gllp.a.b]

It is easy to see that the concavity of o2 implies the concavity of . Therefore, we
have

lo(s) =M 1A"GlIplab _ 0o —7)

2.54 Jg(r;a,b, p).
2:54) o () or) = oy letiab.p)
Furthermore,
(2.55) IA*G — A" Gllp.ja.p) = 1A Gl p.1a+rb+r1-
Consequently, for 0 <r < s,
|JG(s;a,b, p) — Jg(r;a, b, p)|

o(s—r) 1 s—r

(2.56) <————Jg(r;a,b,p)+ ——IIA"" Gl p.1a+r.b+r]
o(r) o(r)
o(s—r)

<—(g(r;a,b,p)+Jg(s —r;a+r,b+r,p)).
o(r)
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In particular, for any i > 2, by (2.49), we have that
|Jg(uisa,b, p) — Jg(ui-1;a,b, p)|
(2.57) <€ (JoWwi-1;a,b, p) + JG(hn+1;a +ui—1, b+ ui-y, p))
<Y Jgi-1;a,b, p) + Co),
where, for the last step, we use (2.42).
We claim that for any i > 1
(2.58) Jeo(i;a, b, p) <2Cy.

By (2.42), this is true for i = 1, without the factor of 2. However, fori > 1, u; need
not be a member of the sequence {%,}. To obtain (2.58), assume that it is true for
all k <i. Then by (2.57),

i
(2.59) Jo(uiza, b, p) <Co+ Y €713Co <2C.
k=2

It follows from (2.57) and (2.58) that

(2.60) |G (wi; a, b, p) = Jo(wi-1;a, b, p)| <3¢~ Co.

Using this together with (2.51) and (2.52), we see that, for any j > 1,
6 (hs a,b, p) = (Eln|)!P (b —a)!/7|

(2.61)
<|Jg(h;a,b, p) = Jg(uj;a,b, p)| +4€Co.

By (2.46) and the continuity of o, we can assume that, for j sufficiently large,
o (uj) > o (h)/2. Then using the first two lines of (2.56), (2.49) and (2.58), we see
that, for all j > 2,

|JG(h;a7b’ p) - JG(Mj;Cl,b, p)|
_olh—u))

< Jo(uj;a, b, p)
ouj) g

(2.62)
+

N :
”A ulG”p,[a-l—uj,lH—uj]

o(uj)
- 1
<2e/71Co 4+ —— || A"THG :
< o+0mﬂl Il p.1a,26]
We can choose j so that & — u; is arbitrarily small. Therefore, since G is contin-

uous, for a fixed path w, we can make A iG| p.la,2p] arbitrarily small. Since
8 = 6¢€Cy, we obtain (2.38). [

Condition (2.33) is very weak. It is satisfied by any reasonable function one can
think of, but we cannot show that it is always satisfied. In the next lemma we show
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that it holds when az(h) > Ch'/4, for some q > p. In particular, when p =1,
it holds for o%(h) > Ch'~¢ for any € > 0. [Since o2 is concave, we must have
o2(h) > Ch, for some constant C.]

LEMMA 2.2. When o%(h) > Chl/q,for some q > p, (2.33) holds.

PROOF. Since h, =1/(logn)?, when o2(h) > Ch'/4,
(2.63) o2(hy) = C/(logn).

Suppose (2.33) does not hold. Then there exists a § > 0 and a decreasing subse-
quence {hy, } of {h,} for which

(2.64) o (hy, — hpyy1) = 80 (hpy11)

and hy, — hppq1 < (hyy | — hnk71+1)2. Using this last inequality, we see that
hnk71 _hnk_1+l du 1 1/2

2.65 / ———— > —(log(1/(h,,, — hy, .

Bt g1y = 300 = )

Using this, the monotonicity of o, (2.63) and (2.64), we see that

/hnk_l_hnk|+1 o(u)du
hnk_hnk+l M(log(l/u))l/2

) 2
(2.66) = 20 (i) (log(1/ (rny = 1))
- scl/? <log(1/(hnk — hnk+l))>l/2 -2,
- 4 log(ny + 1)
where for the last inequality we use the fact that, for all n sufficiently large,

2q
ni(logn)a+1’

(267) hnk - hnk—l-l =

Consequently, summing the left-hand side of (2.66) over all k sufficiently large,
we see that, for all « > 0,

o ou)du _
(2.68) J, u(log(1/un1 2~ °°

This contradicts the fact that G is continuous. See Example 6.4.5 in [2]. [

It is clear that the limit in (2.34) does not hold when o (k) = h%. This case
includes Gaussian processes with differentiable paths. In this case

b
(2.69) lim Ik a.b, p) = [ 16/ @7 dx,
- a
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which is not constant in general. For example, G could be an integrated Brownian
motion, in which case G’ would be the Brownian motion. Nevertheless, it is not
necessary that o2(h) > Ch for the limit to exist. We touch on this briefly in the
next result for the fractional Brownian motion.

THEOREM 2.3. Let G be a fractional Brownian motion, that is, o2(h) =h",
0 < r <2 then (2.34) holds for all a, b € R', almost surely.

PROOF. Clearly, this is immediately a consequence of Theorem 2.2 for 0 <
r <1,butwhen 1 < r <2, 52(h) is convex. We consider this case. Let 62(h) = h",
1 <r < 2. Analogous to (2.30), we now have

20 [ lon(s)lds
_ /hc((az(s +h) —02(5)) — (62(s) — 02(s — b)) ds
(2.70) = /C(oz(s +h) —o%(s))ds — /c_h (0%(s +h) —a*(s))ds
h 0

< / (0%(s 4+ h) —o*(s))ds
c—h
<2rd'n? =2r W% (h)
for all 4 sufficiently small. Also,

h
o2 (h) /0 lon(s)| ds

h
@.71) - fo (02 + ) — 02(9)) + (02(h — 8) — o2(5))) ds

<2ho?(2h) < 8ho*(h).

Consequently, when oz(h) =h",1<r <2,

b b
2.72) / f lon(x — ) dxdy < Ch2.

Because of the difference between (2.72) and (2.30), we must take h, =
O(W) in Lemma 2.1. This does not cause us a problem. The proof of

Theorem 2.2 also works when o2(h) = h" because o is concave and in the proof
of Theorem 2.2 the power of the |log 4, | is arbitrary. [J

REMARK 2.1. Theorem 2.1, which is critical in our approach, depends on the
deep Borell, Sudakov-Tsirelson Theorem. We have found a much simpler proof,



608 M. B. MARCUS AND J. ROSEN

based on work of Wschebor [3] that gives (2.4) for h, =n~? for any g > 2, in-
dependent of p. Thus, (2.33) holds when o is a power. However, a sufficient con-
dition for a Gaussian process to be continuous, when o is increasing, is that the
integral in (2.68) is finite. This is the case, for example, if o (h) = (logl/h)™"
for h € (0, hg] for some hg > 0, and r > 1/2. In this case (2.33) holds when
h, = (logn)~4, but not when h,, =n"9.

3. L? moduli of continuity of squares of Gaussian processes. The results
of Section 2 immediately extend to the squares of the Gaussian processes. This is
what we use to obtain results for local times.

LEMMA 3.1. Let {G(x), x € R} be a mean zero continuous Gaussian process
with stationary increments. Let oz(h) be as defined in (2.1) and assume that

. [P1G(x+h)—G(x)
(3.1) }}ino/(;

o(h)
foralla,be R almost surely, where 1 is a normal random variable with mean 0
and variance 1. Then
G?*(x +h) — G*(x)
o(h)

p
dx=En|’(b—a)

p b
dx = E|n|p2p/ |G)|P dx

a

(32)  lim /a ’

h—0

foralla,b e RY, almost surely.

PROOF. Leta=ro<ri<---<ry, =>b. We have

/b G2(x +h) — G*(x)|P
a O'(h)
" |GA(x 4+ h) — G2 (x)|P
(33) =>/ “ G()h) SU
j=I rj—1
27 |G+ h)—Gx)|P
<2’ d G(x)|P.
- ]E:l /rj—l U(h) * rj,lﬁs)lclgrj-i-h | (X)|

Using (3.1), we can take the limit, as & goes to zero, of the last line in (3.3) to
obtain

b p

G (x +h) — G*(x)
dx

o(h)

m

<EnP2’>" sup [GW)IP(rj—rj_1)  as.

rj_1=X=rj

lim sup
h—0 a

34

j=1
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Since G has continuous sample paths, almost surely, we can take the limit of the

right-hand side of (3.4), as m goes to infinity and sup;;,,_ rj+1 — rj goes to

zero, and use the definition of Riemann integration to get the upper bound in (3.2).
Similarly to the way we obtain (3.4), we get

G*(x +h) — G*(x)|?
o (h)
PHypP 1 P(yp. _ 4.
> En|P2 I_X_:Ir,ﬂélfgr,m(x)' (rj—rj-1)  as.

b
lim inf
h—0 a

dx

(3.5)

Taking the limit as m goes to infinity and sup; ., rj+1 — rj goes to zero, as in
the previous paragraph, we get the lower bound in (3.2).

We have now obtained (3.2) for a fixed a and b. We extend it to all a, b € R! as
in the proof of Theorem 2.1. [

4. Almost sure L? moduli of continuity of local times of Lévy processes.
We give some additional properties of symmetric Lévy processes X = {X(¢),t €
R} introduced in (1.6)—(1.10). For 0 < @ < oo let u®(x, y) denote the a-potential
density of X. Then

1 [ Ax —

T
Also, since u“(x, y) is a function of x — y we often write it as u®(x — y).

Because of (1.9), X has continuous transition probability densities, p;(x, y) =
p:(x —y); see, for example, [2], (4.74). Consequently, it is easy to see that u® (x, y)
is a positive definite function [2], Lemma 3.3.3. For 0 < o < oo, let

o2(x — y) 1= u®(x, x) + u(y, y) — 2u(x, y)

4.2) =2(u*0) —u“(x — y))
_i/msinzk(x_y) !
7 Jo 2 a+y@)

We can also consider u“(x, y), 0 < a < 00, as the covariance of a mean zero
stationary Gaussian process, which we denote by G, = {G4(x), x € R}. We have

(4.3) E(Gy(x) — Ga(y))* = 02(x — y).

Note that the covariance of G, is the O-potential density of a Lévy process killed
at the end of an independent exponential time with mean 1/«. Thus, G4 is an
associated Gaussian process in the nomenclature of [2].

We are interested in those Lévy processes with 1-potential density given by (4.1)
for which the stationary Gaussian processes G 1, defined by (4.3), are continuous
and satisfy (3.1). We refer to these processes as Lévy processes of class A. Since
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the Gaussian processes G are continuous, we know that the Lévy processes of
class A have jointly continuous local times ([2], Theorem 9.4.1, (1)).

We now use the Eisenbaum Isomorphism Theorem, as employed in [2], Theo-
rem 10.4.1, to obtain the following L” moduli of continuity for the local times of
these Lévy processes.

LEMMA 4.1. Let X = {X(t),t € Ry} be a real-valued symmetric Lévy
process of class A with 1-potential density u' (x, y) and let {L},(t,x) € Ry X R}
be the local time of X. Then, for almost all t € R,

x+h
Lith —px

p b
dx =2P°E P/ L¥|P? dx
o1 (D) i : |L; |

(4.4) lim /a ’

hl0

forall a,b € R, almost surely.

PrROOF. By Lemma 3.1,

b
lim /
h—0 a

b
_ 21’/2E|n|”f 1G2(x) /21 dx
a

Gi(x+h)/2—Gi(x)/2|

o1(h)

4.5)

for all @, b € R' almost surely, where 7 is a normal random variable with mean 0
and variance 1. A simple modification of the proof of Lemma 3.1 shows that, for

all s,
b
lim/
h—0 a

b
- 2P/2E|n|”/ (G1(x) +5)* /2|7 dx

(G1(x +h)+5)?%/2—(G1(x) +5)%/2 de
o1(h)

(4.6)

for all a,b € R! almost surely.
Let w € Q¢, denote the probability space of G and fix w € Qg,. Using the
notation of (2.7),

IIL: + (G1(w) + S)2/2|||5,p
b x+h _7x 2 _ 2 »
47 :/ (L L; +(G1(x+h,ci)l(4}—l)s) /2 —(G1(x,w) +5)2/2) "

It follows from the Eisenbaum Isomorphism Theorem that, for any s # 0, an al-
most sure event for (G (@) + 5)? /2 is also an almost sure event for L; + (G (w) +
s)2/2, for almost all + € R, ; see [2], Lemma 9.1.2. (Here X and G are inde-
pendent.) Therefore, (4.6) implies that, for almost all @ € Q¢, and for almost all
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te R+,

. 2

timL: + (G1(@) +5)°/2]l.,
(4.8)

1/2 1/ b 2,5 P/2 e
=212 e ( [+ (Grv. o)+ /207 ax)
a

for all a, b € R! almost surely (with respect to Qx). Consequently, for almost all
w € ¢, and for almost all 7 € R,

limsup | L[l »
hl0
<22(E|n|P)/P

b 1/ b 1/
x((/ ILflp/de) p+</ ](Gl(x,a))+s)2/2|p/2dx> p)

bI(Gi(x + h, ) +5)%/2 — (Gi(x, ) +5)*/2
o1(h)

4.9)

p
dx

+ lim sup
nlo Ja

for all @, b € R almost surely. Using (4.6) on the last term in (4.9), we see that, for
almost all w € Q¢, and for almost all t € R,

limsup || L5 p < 2Y2(E|n|P)'/P
hl0

b 1/
(4.10) x((/ |L;‘|P/2dx) '

" 2</ab|(G1(X, w) +5)2/2|P"? dx>1/p>

for all a, b € R! almost surely. And since this holds for all s # 0, we get that, for
almost all w € Q¢, and for almost all € R,

limsup [ Ll p
hl0

(4.11) <2'2(E|n|»)/P

b I/p b I/p
x<</ |Lf|”/2dx> +2</ |G%(x,w)/2|P/2dx> )

for all a, b € R! almost surely.
Since G| has continuous sample paths, it follows from [2], Lemma 5.3.5, that,
forall € > 0,

4.12) P( sup |G1(x)] 56) > 0.

x€la,b]
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Therefore, we can choose w in (4.11) so that the integral involving the Gaussian
process can be made arbitrarily small. Thus, for almost all # € R',

b 1/p
(4.13) 111215(;.][) |||Ll|||h,p < 21/2(E|n|l7)1/]7 </ |L;C|[7/2 dx)
a

for all a, b € R', almost surely. By the same methods, we can obtain the reverse of
(4.13) for the limit inferior. [

Analogous to the definition of cro% in (4.2), we set

oo (x) = O}i_r)rb2(u°’(0) — u®(x))

4.14
( ) 4 >  HAix 1

By (1.9) and the fact that A2 = O(r(r)) as A — 0 (see [2], (4.72) and (4.77)),
the integral in (4.14) is finite, so that og is well defined whether or not X has a
O-potential density.

For later reference, we note that by the definition of the «-potential density of X
and (4.14)

o5 (x) =2 lim /oo e " (pi(0) — py(x))dt
a—0Jo
(4.15)

=2 [ (p(© = pu() .

Lemma 4.1 is very close Theorem 1.2. However, Lemma 4.1 requires that G
satisfies (3.1). Theorem 2.2, which gives conditions for Gaussian processes to sat-
isfy (3.1), requires that 012 is concave at the origin. It is easier to verify concavity
for 002. That is why we use 0’02 in Theorem 1.2. We proceed to use Lemma 4.1 and

some observations about 0]2 and 002 to prove Theorem 1.2.
We need some general facts about Gaussian processes with stationary incre-
ments. Let u be a measure on (0, co) that satisfies (1.8). Let

. 4 [, Ax
(4.16) ¢(x) .—;/0 sin 7d,u,()n).

The function ¢ (x) determines a mean zero Gaussian process with stationary incre-
ments H = {H(x),x € R'} with H(0) =0, by the relationship

@.17) E(Hx) — H)') = px — ).
(This is because it follows from (4.17) that

(4.18) EH@X)H(y) = 3(¢x) + ¢ () — ¢ (x — y)).
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Itis easy to see that E H (x) H (y) is positive definite and, hence, determines a mean
zero Gaussian process; see, e.g., [2], 5.252.) _

We consider three such Gaussian processes, G, and Gy and G, for o > 0,
determined by

2y = 2 [T g2 M

4.19) Go(h)_n/o sin RN A,
ot [Tt

(4.20) aa(h)_n/(; sin CRCERTT) dx,
2= 2 [T M o

“4.21) G“(h)_n/o sin RTINCERTIT) dx,

as described in the previous paragraph. Note that G, (x) = Gy(x) — Gu(0), x €
R!, for G, as defined in (4.3). Therefore, the increments of G, and G, are the
same and, Eg = o*(f, defined in (4.3).

Obviously,
(4.22) og (h) =2 (h) +&2(h).
Let G, and (N}a be independent. It follows from (4.22) that G, + (N}a is a version
of Gy. In this sense we can write
(4.23) Go(x) =Go(x) + Go(x),  xeR.
We show in [2], Lemma 7.4.8, that
oo(h)

im =1.
h—0 0 (h)

(4.24)

This shows that G has continuous paths if and only if G, or equivalently, G,
has continuous paths. Furthermore, by (4.22) and (4.24), if G, has continuous

paths, so does éa. (These facts about continuity follows from [2], Lemma 5.5.2
and Theorem 5.3.10. See also [1], Chapter 15, Section 3.)

LEMMA 4.2. Let oy, 6y and ¥ () be as giveiy in (4.19) and (4.21) and assume
that ¥ (1) satisfies (1.12). Assume also that h*>~V = 0(0& (h)) for some y' > 0 as
h | 0. Then for all @ > 0, there exists an € > 0 such that

(4.25) 52(h) = O(hc¢(h))  ashlO.

PROOF. Leté=1y’/4 < 1.By (1.12), there exists an M € R! such that v(A) =
AY forall A > M v 1. Then

h? (Mo )2 (1/hy?
52(h) < —( —dk+/ kzdk>
m \Jo ¥() M
o o0 oAb 1
+ - sin” ———
infy> (/s (@ + ¥ (x)) Jaayny 2 ()

<0(>737'1%) 4 0(h% o (h))

(4.26)
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which implies (4.25). (Here we use the fact that A2 /¥ (X) is bounded on [0, M];
see, e.g., [2], Lemma 4.2.2.) [

PROOF OF THEOREM 1.2. In this section we prove this theorem with “all
t € Ry” replaced by “almost all # € R;.” We complete the proof of this theorem
in Section 5.

Since L has continuous local times, it follows from [2], Theorem 9.4.1, (1),
that G, the stationary Gaussian process with covariance u1, is continuous almost
surely. Therefore, by the remarks made prior to the statement of Lemma 4.2, G,
G1, G and G are all continuous almost surely.

Using (4.23), we see that

Go(x +h) — Go(x)|P P
dx)
oo(h)

(f
PG +h) = Gi@) P P
(*27) -(/ oo(h) @)
p 1/p
dx) .

- (fb Gi(x+h) —Gi()
~\Va oo(h)

We show below that the last integral in (4.27) goes to zero as & |, 0. Furthermore,
by Theorem 2.2, the limit of the first integral in (4.27) goes to E|n|? (b —a) almost

surely as i | 0. Consequently, the limit of the second integral in (4.27) also goes
to E|n|? (b — a) almost surely as & | 0. Using (4.24), we have

b p

Gi(x+h)—Gi(x) dx = EnP (b —a) a.s.

o1(h)

4.2 li
42 i,

a

This shows that X is a Lévy process of class A (see page 609), so (4.4) holds.
Using (4.24) again gives (1.13).
Note that by (4.25) there exists an € > 0 such that

(4.29) &2(h) <hoi(h)  for h €0, ho]
for some /g > 0. Therefore, by [2], Theorem 7.2.1,
(4.30) C(h¢ol(h)log1/h)"/?

is a uniform modulus of continuity for G . It follows from this that the last integral
in (4.27) goesto zeroas h | 0. [

REMARK 4.1. The simplest and perhaps most important application of The-
orem 1.2 is to symmetric stable processes with index 1 < 8 < 2. In this case
Y(A) = |A|2. (Stable processes with index 8 < 1 do not have local times.) By a
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change of variables, we see that

4 (oo s\ 1
200N _ pB—17 .25
oy(h)=nh n/o (sm 2>—|s|ﬂ ds

1
L(B)sin((/2)(B— 1))
The calculation that gives the last line is given in [2], (4.94) and (4.99)—(4.102),
however, note that the numerator in [2], (4.102), should be one.
When 8 =2 the Lévy process is {ﬁB,,t € R;}, where {B;,t € R.} is a stan-

dard Brownian motion. The factor /2 occurs because the Lévy exponent in this
case is A2 rather than A% /2.

(4.31)
S

PROOF OF THEOREM 1.1. This is an immediate application of Theorem 1.2
in which we calculate (1.10) with v (1) = 2%/2. Thus, the function o§ (h) for the
Brownian motion is twice the last line in (4.31), which in this case is simply 2A.

g

We have a much larger class of concrete examples to which we can apply The-
orem 1.2. In [2], Section 9.6, we consider a case of Lévy processes which we call
stable mixtures. Using stable mixtures, we show in [2], Corollary 9.6.5, that for
any 0 < 8 < 1 and function g which is regularly varying at infinity with positive
index or is slowly varying at infinity and increasing, there exists a Lévy process
for which the corresponding function 002 (h) is concave and satisfies

(4.32) og(h) ~|h|Pg(log1/Ih])  ash— 0.
Moreover, if in addition,
I d
(4.33) / X,
0 g(x)

the above statement is also valid when = 1. Since 002 is regularly varying, (2.33)

holds. Also, in [2], Section 9.6, the characteristic exponents of stable mixtures is
given explicitly and it is easy to see that they satisfy (1.12).

5. Convergence in L™. In Section 4 Theorem 1.2 is only proved for almost
every t (see page 614). To obtain Theorem 1.2 for all ¢, we need additional infor-
mation which is contained in the next theorem. This theorem is also interesting on
its own.

THEOREM 5.1. Under the hypotheses of Theorem 1.2,
h
Lith Ly
oo(h)
in L™ uniformly in t on any bounded interval of R, for allm > 1.

b

(5.1) lim

P b
dx:2p/2E|n|p/ |LX|P/? dx
hi0Jg a
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The proof follows from several lemmas on moments of the L norm of various
functions of the local times. We begin with a formula for the moments of local
times. For a proof, see [2], Lemma 10.5.5.

LEMMA 5.1. Let X ={X(t),t € Ry} be a symmetric Lévy process and let
{L}, (t,x) € Ry x R} be the local times of X. Then forall x,y,z € R,t € R and
integers m > 1,

6 E@y=mf | o =2 [ pan© [ ] di.
! i=2

i=1
where p; is the probability density function of X (t) and At; =1t; — ti_1.
Furthermore,

E*((L} — L])™™)

O<ty <<ty <

63 =emf [ (e =D+ -2)
2m m
x [1(pan©) = (=1*" " pay (x =) [ ] dri.
i=2 i=l

Let Z be a random variable on the probability space of X. We denote the L™
norm of Z with respect to P° by || Z||,,. Let

t
(5.4) V()= /0 s (0)ds.

The next lemma follows easily from Lemma 5.1 and the fact that ps(x) < ps(0)
for all x € R, and uses the representation of o in the last line of (4.15). For (5.6),
we also use the fact that L} — L] = Ly_ o 6, together with the Markov property.

LEMMA 5.2. Let X = {X(t),t € Ry} be a real-valued symmetric Lévy
process and let {L7, (t, x) € R4+ X R} be the local times of X. Then forall x,y € R,
s,t € Ry and integers m > 1,

(5.5) ILY — L] lloam < Cm)V2(0)oo(x — y),
(5.6) ILY = L | < C'(m)V (1 —5),
(5.7) ILE |lm < C'(m)V (1),

where C(m) and C'(m) are constants depending only on B and m.

It is clear that the inequality in (5.6) is unchanged if we take the norm with
respect to P*, for any z € R. The same observation applies to (5.5) since it only
depends on |x — y|.

In the next lemma we use notation introduced in (2.7), except that o is replaced
by o9.
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LEMMA 5.3. Let X ={X(t),t € Ry} be areal valued symmetric Lévy process
and let {L7, (t, x) € R+ X R} be the local times of X. Then forallh > 0, s,t € R4,
with s <t, p > 1 and integers m > 1,

5.8) LMy, = NLslE 1, < CpmVP=D2O V21 —5)(b - a).
In particular,
(5.9) LA Y7 < C'(p.m) V' (1) b — )P,

where C(p, m) and C'(p, m) are constants depending only on p and m.
Similarly, for any r > 1,

b b
(5.10) / |Lf|rdx—/ |[L|"dx| < D(r, m)V' YV (it —s)(b —a).
a a m
In particular,
b
(5.11) / IL¥|"dx| <D'(r,m)V"(t)(b— a).
a m
ForanyO <r <1,
b b
(5.12) f |Lf|’dx—f LYV dx| <DGm)V'(t — )b — a).
a a m
In particular,
b
(5.13) / IL¥|"dx| < D'(r,m)V"(t)(b—a),
a m

where D(r,m) and D'(r, m) are constants depending only on r and m.

PROOF. Set
(5.14) AMLE =Lt px

Suppose that u > v > 0. Writing u? — v? as the integral of its derivative, we see
that

(5.15) uP —vP < p(u —vyuP='.
Therefore, it follows from (5.15) and the Schwarz inequality that

L, = WLsly

b1
< [ e lIah Ly - AL ], dx

Uo(h) ’
(5.16)

b

p - _

< [ AL+ 12317 )
0

X || ALY — APLY ||, dix.



618 M. B. MARCUS AND J. ROSEN

Let r be the smallest even integer greater than or equal to 2m(p — 1). Then by
Holder’s inequality and (5.5), we see that

5.17 [aRLE P, < 1AL
C-17 (P=1/2 4y 5P~
<D@m)V ()oy (h),

where D(m) = (C(r))?~! and C(r) is the constant in (5.5). (Clearly, this inequal-
ity also holds with ¢ replaced by any s <¢.)

It follows from (5.5) and the remark immediately following the statement of
Lemma 5.2, that for all z € R,

(E5(AMLT_)>™12m — | AP LY =2

(5.18)
< Cm)V'*(t = s)09(h).
Consequently,
IAPLY = APLY om = 1AL} 0 65l
(5.19) = (EY(EXs(AhLT_)2mypt/am,

<Cm)VY2(t = s)op(h).
It follows from (5.16), (5.17) and (5.19), and the fact that s < ¢, that
ey =Ly |
(5.20) po TP
<2pD(m, p)C(m)V P~ D2y V12t —5)(b - a).

This gives (5.8). The statement in (5.9) follows from (5.8) by setting s = 0.
To prove (5.10), we take s < ¢, and note that

b b
/ |Lf|’dx—f LTI dx
a m

= [(HLir = 8] dx = 0 - @ sl - 12,
X

(5.21)

It follows from (5.15) with p replaced by r > 1, followed by the Cauchy—Schwarz
inequality, that

(5.22) NLE = L2 ], < FILE = LY | ILFT s,
Asin (5.17), we have
(5.23) N g < ILF1G7

where ¢ is the smallest even integer greater than or equal to 2m(r — 1). The in-
equality in (5.10) now follows from (5.6) and (5.7). The inequality in (5.11) fol-
lows from (5.10) by setting s = 0.
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When 0 <r <1 we have

(5.24) 0<|Ly|" = |L;|" <ILy — L}|",
so that
(5.25) s =g |, < WLy = L3\, < 1Ly — Ly,

where ¢ is the smallest integer greater than or equal to rm. The inequality in (5.12)
now follows from (5.6). The inequality in (5.13) follows from (5.12) by setting
s=0. O

PROOF OF THEOREM 5.1.  Although it is usually easier to prove convergence
in L™ than it is to prove convergence almost surely, the only way that we know to
prove this theorem is by using Theorem 1.2. Fix a < b. For h > 0, let

x+h
b |Lz - Lf|l’

b
dx —2P?E P/ L¥|P/? dx.
og’(h) 0] i |Ly|

(5.26) Hy (1) :f

It follows from Theorem 1.2 and Fubini’s theorem that there exists dense subset
D C R™, such that, for each t € D, Hj,(t) converges to 0 almost surely.
By (5.9) and (5.11), we have that, for any m,

(5.27) IHp @)l < Cm, b —a,r1) < oo,

where the function C(m, b — a, t) is independent of 4. In particular, for each 7, the
collection {Hy(¢); h > 0} is uniformly integrable. Consequently, for any m > 1,

(5.28) Eﬁ% | Hp () |lm =0 Vt e D.

Fix T > 0. By (5.8), (5.10) and (5.12) for any m > 1 and any € > 0, we can find
a § > 0 such that

(5.29) sup ||Hp(s) — Hp()|lm <€ Vh > 0.
0<s,t<T
ls—1|<é
Choose a finite set {1, ..., %} in D N[0, T'] such that U’;Zl [tj —8,t; + J] covers
[0, T']. By (5.28), we can choose an /i, such that
(5.30) sup [|Hp(tj)|lm <€ Vh < he.
j=1,...k

Combined with (5.29), this shows that
(5.31) sup || Hp(s)|lm < 2e Vh < he.

0<s<T ]

Using Theorem 5.1 we can now complete the proof of Theorem 1.2.
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PROOF OF THEOREM 1.2 CONTINUED. Fix —o0 <a < b < co. What we
have already proved (see page 614) implies that we can find a dense subset 7’ € R
such that

b Lx+h —LxXP b
(5.32) lim [ |[=——% dx=2p/2E|n|P/ |L¥ P2 dx
hi0Ja oo(h) a ’
for all s € T’ almost surely. Fix ¢ > 0, and let s,,n =1, ..., be a sequence in T’

with s, 1 ¢. Using the additivity of local times, we have
h h h
(5.33) ALy — A"Lg = A"Ly_ o6,

so that, in the notation of (2.35),

. 1
A= timsup 1AM L o) = 18" ol
. 1 hrx hyx
(5.34) < lﬂz‘fglp oo 1A L = AL, p fab
. 1 hyx
= hr;llisoup pre IA"LY (004, p.1a.b]-

Let X, = Xits, — X5, 17 = 0._Note that {)_(r; r > 0} is a copy of {X;;r > 0}
that is indepe_ndent of X;,. Let {Ly; (x,r) e R! x R} denote the local time for
the process {X,; r > 0}. It is easy to check that

(5.35) Li, o6y, =Li )"
Therefore,

— _Xsn
536 IAPLY_ 004l papr = 1AL 5 " | p.as)

_ hyx
= 1AL _ l p.1a—x,, . b—X,1-

Since X, is independent of {)_( r; r >0}, it follows from Theorem 5.1 that, condi-
tional on X, ,

lim
10 ag(h)

AL Nl fa—X, b- X,

37 12 Upy7 1/2 1
=2 2EMNPIL N e, pox,1 0 L%

where L ;( denotes L' with respect to X.

We now use (5.37) followed by Holder’s inequality, and then either (5.11) for
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1< p/2<o0,o0r(5.13) for 0 < p/2 < 1, to see that

1/2
E(An|Xy,) <22 EINYPENLE o 15 e, box, 11 Xs)
1
(5.38) <2 2EWIPY P E(LE 1573 10 x, 5x, 1 X7

<22(EPD'(B, p/2, (b —a)) PV (1 — 5,).
Therefore,
(5.39) E(Ay) <CV2(1 —s,),

where C < oo, is independent of n. Since T’ is dense in R™, we can choose a
sequence {s,} € T’, so that 3-°°, V!/2(t —s,) < co. Therefore, by (5.39) and the
Borel-Cantelli Lemma,

(5.40) lim A, =0 a.s.

n—oo

The proof of this theorem is completed by observing that, for each =,

lim sup IA" L p tas <11msup 1AL Nl tae) + A
no  oo(h) plad] oo(h) sl bL
1/2
=21 2E ") PILE 1A s+ Ane
liminf ALY > liminf ALY —A
M o 14 i It 2 it G AT pta.by = An

1/2
=22E ") PILE )5 s — An.

and, by the continuity of {L{;0 <s <t},
(5.41) Jim LS p/2.1a.b1 = L7 1| p/2.1ab)-

This completes the proof of Theorem 1.2 for —oo < a < b < co. To handle, for
example, a = —o0, b = o0, note that by what we have shown, almost surely,
k Lx+h —_ LX|P k
(5.42) lim "p—’ldx =2P/2E|n|P/ |LY 1P dx, k=1,2,....
hl0J—k oy (h) —k
The case a = —o0, b = oo follows, since, for each ¢, L} has compact support in x
almost surely. [
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