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CONVERGENCE OF MARKOV PROCESSES NEAR
SADDLE FIXED POINTS

By AMANDA G. TURNER
University of Cambridge

We consider sequences (X ,N )t>0 of Markov processes in two dimen-
sions whose fluid limit is a stable solution of an ordinary differential equa-
tion of the form x; = b(x;), where b(x) = (_OM)LO)X +1(x) forsome A, > 0
and T(x) = 0(|x|2). Here the processes are indexed so that the variance of
the fluctuations of X ,N is inversely proportional to N. The simplest example
arises from the OK Corral gunfight model which was formulated by Williams
and Mcllroy [Bull. London Math. Soc. 30 (1998) 166-170] and studied by
Kingman [Bull. London Math. Soc. 31 (1999) 601-606]. These processes ex-
hibit their most interesting behavior at times of order log N so it is necessary
to establish a fluid limit that is valid for large times. We find that this limit
is inherently random and obtain its distribution. Using this, it is possible to
derive scaling limits for the points where these processes hit straight lines
through the origin, and the minimum distance from the origin that they can
attain. The power of N that gives the appropriate scaling is surprising. For
example if 7T is the time that X tN first hits one of the lines y = x or y = —x,
then

N“/(2O‘+/“))|X]7Y| = |Z|#/()‘+M),

for some zero mean Gaussian random variable Z.

1. Introduction. The fluid limit theorem is a powerful result which shows
that, under certain conditions, sequences of Markov processes converge to solu-
tions of ordinary differential equations. We are interested in situations where the
differential equation can be written in the form

(D Xt = Bx; + 1(xp),

for some matrix B, where t(x) = O(|x|?) is twice continuously differentiable.
These differential equations have been studied extensively in the dynamical sys-
tems literature, with the aim of finding precise relationships between solutions of
these differential equations and solutions of the corresponding linear differential
equations

) )5t = By;.
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FIG. 1. The phase portrait of an ordinary differential equation having a saddle fixed point at the
origin.

We restrict ourselves to the two dimensional case where the origin is a saddle
fixed point of the system, that is, B has eigenvalues A, —u, with A, u > 0. The
phase portrait of (1) in the neighborhood of the origin is shown in Figure 1.

In particular, there exists some xg % 0 such that ¢, (xg) — 0 as t — 0o, where
¢ is the flow associated with the ordinary differential equation (1). The set of such
xo is the stable manifold. There also exists some x, such that ¢, ! (Xs0) — 0 as
t — 00. The set of such x is the unstable manifold. The saddle case is interesting
in this setting as it is the only case in two dimensions where there is both a stable
and an unstable manifold.

Fix an x¢ in the stable manifold and consider sequences of Markov processes
with initial condition X év = X0, where the processes are indexed so that the vari-
ance of the fluctuations of X/ is inversely proportional to N. The fluid limit the-
orem tells us that for fixed values of 7, X tN — ¢;(x9) as N — oo. However, if we
allow the value of ¢ to grow with N as N — oo, we shall see that X deviates
from the stable solution to a limit which is inherently random, before converging
to an unstable solution (see Figure 2).

More precisely, we observe three different types of behavior depending on the
time scale:
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Unstable
Solution
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FI1G. 2. Diagram showing how the Markov process X ,N deviates from the stable solution ¢;(xq)
for large values of t.

(A) On compact time intervals, X ,N converges to the stable solution of (1), the
fluctuations around this limit being of order N ~1/2.

(B) There exists some xo # 0, depending only on xg, and a Gaussian random

variable Zo, such that if 7 lies in the interval [R, ﬁ log N — R], then

X =%oe M (er+e1) + N~ Zoge™ (e + £2)
for some ¢; (¢, N) — 0 uniformly in ¢ in probability as R, N — oo, where {e[, e>}

is the standard basis for R2. In other words, X tN can be approximated by the solu-
tion to the linear ordinary differential equation (2) starting from the random point

(v-1i22)-
(C) On time intervals of a fixed length around % logN, X tN converges to the
unstable solution of (1).

The most interesting behavior occurs on time intervals of fixed lengths around
2(++u) log N, as for these values of ¢ the two terms Xpe *' and N~127 e are

of the same order. By considering

foe Mey + N~V2Z eMes,
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we show in Section 7 that it is at these times that X tN crosses all the straight lines
passing through 0, and also that |XtN | attains its minimum value when ¢ is in
this range. The distance from the origin of XV for these values of ¢ is of order
N—#/COFI) which gives us surprising scaling limits for the points at which XV
intersects various straight lines, and for inf | X lN B

In order to study the Markov processes at times of order log NV, it is necessary
to establish a strong form of the fluid limit theorem that is valid for large times.
The key idea is to show that for N and #q sufficiently large, the process (X IN )i>10
is close to (¢4, (XZI(\)/)),Z,O. This is done in Section 2 in the case when (1) is linear

and XV is a pure jump Markov process, in Section 5 for general pure jump Markov
processes, and in Section 6 for continuous diffusion processes. In Sections 3 and
4 we look at the process (¢p;—, (X fg’ )):>1, for large values of N and #, which then

enables us to obtain scaling limits for the process X tN . The same idea can be used to
obtain fluid limit theorems for arbitrary matrices B, for example, with eigenvalues
having the same sign, or in higher dimensions, however an analysis of the solutions
of the underlying differential equation is required, which we do not go into here.

The simplest example of this type of behavior arises from the OK Corral gun-
fight model which was formulated by Williams and Mcllroy [7] and studied by
Kingman [5] and Kingman and Volkov [6]. Two lines of gunmen face each other,
there initially being N on each side. Each gunman fires lethal gunshots at times
of a Poisson process with rate 1 until either there is no one left on the other side
or he is killed. The process terminates when all the gunmen on one side are dead.
It is shown by Kingman that if SV is the number of survivors when the process
terminates, then

N=34N s 23/4 7|12

where Z ~ N (0, %). It is the occurrence of the unexpected power of N that inter-
ested the above authors in the problem. By using our scaling limits we rederive
this result in Section 2.1 and show that it is a special case of a much more general
phenomenon, and that in fact by a suitable choice of B, every number in the in-
terval (%, 1) may be obtained as a power of N in this way. An application of the
nonlinear case to a model of two competing species is given in Section 7.

2. The linear case. In this section we restrict ourselves to sequences of
Markov processes in the special case where equation (1) is linear. We begin by
describing the conditions under which a limit theorem exists for large times and
then establish the exact limit by means of an appropriate martingale inequality. In
Section 2.1 this result is used to derive scaling limits for the points where these
processes hit straight lines through the origin and we use this to obtain a solution
to the OK Corral problem.

The fluid limit theorem that we state below is widely known and has been the
object of many works. We use the formulation found in [2].

Let (X tN ):>0 be a sequence of pure jump Markov processes, starting from xg
and taking values in some subsets IV of R?, with Lévy kernels KV (x, dy). Let
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S be an open subset of R? with xo € S, and set S¥ = IV N S. For x € S and
6 € (R?)*, define the Laplace transform corresponding to Lévy kernel KV (x, dy)
by

m" (x,0) = /2 ONKN (x, dy).
R

We assume that there is a limit kernel K (x, dy) defined for x € S with correspond-
ing Laplace transform m (x, 6) with the following properties:

(a) There exists a constant ng > 0 such that m(x, ) is uniformly bounded for
all x € S and |0] < no.
(b) As N — oo,
N
sup sup w —m(x,0)| — 0.
xesN [61<no N
Set b(x) = m'(x,0) where ' denotes differentiation in 6. Suppose that b is Lip-
schitz on S so that b has an extension to a Lipschitz vector field b on R2. Then
there is a unique solution (x;);>¢ to the ordinary differential equation x; = l;(xt)
starting from xp. Suppose that S contains a neighborhood of the path (x;);>0. By
stopping X ,N at the first time it leaves S, if necessary, we may assume that X IN

remains in S for all ¢ > 0. Under these assumptions, for all 7o > 0 and 6 > 0,
limsup N~} 10gIP’<sup |va — x| > 8) <0.
N—o0 IS0))
Suppose additionally that:
(c) bis C!on S and
sup N6 (x) — b(x)| — 0,

xeSN

where bV (x) =m"'(x, 0).
(d) a, defined by a(x) =m" (x,0), is Lipschitz on S.

It follows from the above that for any 1 < g there exists a constant A such that

3) sup sup N|m™"(x, No)| < A.
xeSN 10|<n
Let yzN = Nl/z(XtN — x¢). Then for any ¢ > 0, ytN = ¥ as N — oo, where
(v1):>0 is the unique solution to the linear stochastic differential equation

“) dyr =0 (x)dW; +Vb(x,)y, dt
starting from 0, W a Brownian motion in R?, and o € R? ® (R?)* satisfying
o (x)o (x)* = a(x). The distribution of (y;);>0 does not depend on the choice of 0.

We are interested in the case where b(x) = Bx for some matrix B = (" /' D),
w, A > 0.
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Let ¢;(x) be the solution to the ordinary differential equation

) $i(x) =b(pr(x)),  Po(x) =x.

In the linear case we can solve (5) explicitly to get ¢;(x) = eB'x. We concen-
trate on processes where the initial condition is chosen to be xo = (x¢,1, 0) with
x0,1 # 0, so that x; = ¢;(xp) = 0 as t — oo. We shall show that for sufficiently
large values of N and 7y, X gv is in some sense close to ¢, (X {(\)’ ) for t > ¢.

Introduce random measures ™ and vV on (0, 00) x R?, given by

N
Ho= Z St axNy>
AXN£0

vN(dt,dy) = KN (XN, dy)dt,
where §(;,) denotes the unit mass at (t, y) and AXY = XN — xN.

Let f(t,x) = e Br(x — ¢,_,0(XZI(\)/)), for ¢t > ty. By 1t6’s formula,

179
@, XN = fo, XM+ MY — PN + (_f + KNf>(s, XN )ds,

o 0 ot
where
0
—f = —BeiB’x,
ot
KV G0 = [ (x4 9) = F60) KN dy)
= [ e vk  dy)
R2
=€_BsbN(X)
and

MEN = / (s XX +3) = £, X)) —vN)(ds, dy)
(0,1]xRR2

= e Byl —vNy(ds, dy).
(0,1]1xR2

So if t > 1y, then
©) eTHXN = g1y (X))
t
=MPN —MEN [ e BN () — b(x ) ds.

0]
LEMMA 2.1. There exists some constant C such that

E(supe‘“IeBt(M,B’N — MB’N)l) <CN~ 120,

fo
t>1
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PROOF. By the product rule,
- B,N B,N
e BT — M)

! B.N
= [ (B—aDeB M MEN — M) ds
fo

t
[ eyt =vy.ds)
0

E(supeMIeB”(M,B’N - M,ﬁ’N)|>

t>19

and hence

t
5E(sup O+ wye *Hms (BN — pmf hlds)

1>10 J1o
(sup // My VN)(dy,dS)>
1>10 1 J1g

— 1/2
S/; ()\.+M)e ()H-M)S(]E(MSB,N )1) /
0

L) / Sy —vVy(dy, ds) 2)1/2.

t
IE// le ™y (ds, dy) < 0o
0 JRr?

for all ¢ > 0, the process

(/ e -y, ds)>fzo

is a martingale, and hence, by Doob’s L? inequality

( sup
t>19

Since

2
(ol L]
t=1 o
t 2
§4supE(// e MyuN —vV)(dy,ds) )
t>1o to JR2

Now

t
E(MPY =My =E [ [ ey dy.ds)
0

t
<E [ &¥mMN" (XN ,0)|ds
fo

XM A
< —’
- 2uN
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where A is defined in (3). Similarly

t
—As N _ N
E( /to /Rze y(u" —vh)(dy,ds)

E(supe—*ﬂe’f’(Mf’N —MB’N)|)

0]
t>1

0 A \1/2 AN /2
< A —Asf T d kto(_)
=/, A+ we (ZMN> s+e N

2) 6—2)\.[0 A
<
- 2AN

Hence

1/2 1/2
_APG+pt20m)Y ) N1/, 30 .
A2l

THEOREM 2.2. Forall e >0,

lim limsupIP’(supe_M|XtN —¢,_t0(XZI(\)/)| > N_1/25> =0.

=X N o t>1

PROOF. Let Ny be sufficiently large that sup . v, N2|bN —b| < re/2 and
set

£
Qw1 = {sup le™MeB M — My ™)) < Nl/zi}.
t>ty

By (6), on the set Qy 4, with N > Nj,

—At|yN N —At Bt B,N B,N
supe” M| X, — (/b,_,O(X,O ) <suple “e” (M; — M,0 )|
[ 24 1)) =19

t
+ supe*“/ 1B 16N — bl ds
0]

t>1

< N~12¢,
Hence

limsupIP’(supe_MlXtN - ¢z—t0(X11(\)/)| > N_1/2€> < limsupP(Q2y ,)
N—>00 1>t N—o00 '
2CeH0
<

&

—0

as fop — oo, where the second inequality follows by Markov’s inequality and
Lemma2.1. O
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Let Zoo ~ N(O, o*go), where

g

o =/ e a(xs)ads.
0

THEOREM 2.3. The following converge in probability as N — 00.
@)

sup [e" XY —x0.1| > 0
t<ty

for any sequence ty — oo with e* TN = O(N1/?);
(ii)

sup Nl/ze_“|XtN1| —0
>ty ’

for any sequence ty with ePMHIIN — o (N1/2);
(iii)

sup N'2le X, —e XN | >0
1,02=IN

for any sequence ty — 00.
Furthermore, if 650 # 0, then
N2 MxN, = 7o

ast, N — oo.

REMARK 2.4. Given any sequence of times 1y — 0o as N — 00, by the Sko-
rohod representation theorem, it is possible to choose a sample space in which
Zévo = N1/2e=HN Xg’v’Z — Z almost surely as N — oo. In this case the above
result can be expressed as

(7 XN =xp1e7M (e1 + 1) + N2 ZseM (e2 + £2)
where ¢; = &; (N, t) — 0, uniformly in t, in probability as N — oo.

PROOF OF THEOREM 2.3. For any fixed fo, Sup; <, |el”Xf"1 —xo,1| = Oasan
immediate consequence of the fluid limit theorem. For (i) it is therefore sufficient
to show that for any & > 0, lim;—, oo limsupy_, . P(sup,, -, |e/”XtN1 — xo0,1| >

_ : Ny _ B(t—to) v N _ ,B(t—19) (. —1/2., Ny
e) =0.Now if 1 > 19, 1 (X,O) =e Xy =e (X +N Yo ). Since
x0 = xo,1€1, B0 x, = ¢ x). Hence

¢t—to(le(\)[) — e—Mt(xO + N—l/ZeMtoyt(l)\f]el) + N_l/ze)‘te_)‘to)/,f)\fzez,
and so

XN =e M (xo + N7 ety N g Ot (X V — g (X))
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and
®)  Xh=NTVeM (e M0y s + N (XY — g1y (X))
Let N — oo and then fy — oo. Statements (i)—(iii) follow by Theorem 2.2 and the

fact that y,f)v = V4,» @ Gaussian random variable.
For the last part, note that by (4),

0]
—Afg, , N — Al —AS
My = M2 = [ e e 0 () W)

as N — oo. Since

A 2 * o
| le o wrds < [ e lat)ds
0 0

A
<_7
—2A

where el’.k is the transpose of ¢;, e~ Mo Yi0,2 —> Zoo almost surely as o — oo, for

o
Zoo = (/ e—“o(x,)dw,> ~N(0,02).
0 2
The result follows by (8) and Theorem 2.2. [J

2.1. Applications. Applications will be dealt with more fully in Section 7.
However, we illustrate here how the above result can be used to study the first
time that X ,N hits Iy or [_g, the straight lines passing through the origin at angles
6 and —6, where 6 € (0, %), as N — 00. As XIN is not continuous, we define the
time that X tN first intersects one of the lines /4 as

N N

X X
Ty :inf{t >0: ‘ 2| <|tan6| and ‘LNZ > |tan9|}.

Xt—,l Xt,l
Let

tyn=———1logN

AR TPRT
and

1 X0,1 tan 6
cop= o}
v At & Zo
THEOREM 2.5. Under the assumptions of Theorem 2.3

)] TQN —IN = Co
and

(10) N/ QOA1) |X17§;N| = |secd||tan® |—M/()\+M) |X()|)"/()“+“) |ZOO|M/()»+M)

as N — oo.
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PROOF. For simplicity, we work in a sample space in which Zévo — Zoo al-
most surely. Define ¢; as in Remark 2.4. By observing that

xo.1e ey + N2z ete,
first intersects one of the lines /1y at time t =ty + cg, given any € > 0,

P(T) <ty 4co—e)

N

Xz,2
N
1,1

§IP’< sup than9|)

t<tnN—+cog—¢

xo,1e Mer o+ N7V Zoge™ (14 2,2)
xo.1e M1 +e€11)+ N_l/ZZOOe)‘tsz’l

=IP’< sup zltan9|>
t<ty+cp—e

—0

as N — oo. Similarly,
N

P(TY >ty +co +e) 51@( inf | -%2

t>ty+egte | X

< |tan9|> — 0.
11

The result follows immediately. [J

REMARK 2.6. The sign of Z,, determines whether XtN hits Iy or [_y at
time TQN . Since Z is a Gaussian random variable with mean 0, each event occurs

with probability .

EXAMPLE 2.7 (The OK Corral problem). The OK Corral process is a Z> val-
ued process (UN, VN) used to model the famous gunfight where U} and V" are
the number of gunmen on each side and Uév = VON = N. Each gunman fires lethal
gunshots at times of a Poisson process with rate 1 until either there is no one left
on the other side or he is killed. The transition rates are

(u—1,v), at rate v,
(u,v) —> {

(u,v—1), at rate u
until uv = 0.

The process terminates when all the gunmen on one side are dead. We are in-
terested in the number of gunmen surviving when the process terminates, for large
values of N.

This model was formulated by Williams and Mcllroy [7] and later studied by
Kingman [5] and subsequently Kingman and Volkov [6].

Let X ,N = (UN, V,N )/N. This gives a sequence of pure jump Markov processes,
starting from xg = (1, 1), with Lévy kernels

KN (x,dy) = Nx28(—1/n.0) + Nx18(0.—1/n)-
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If we let
K(x,dy) =x28(—1,0) +x18(0,—-1)»
then
0 5 mY(x,N6)
mx,0)=xpe ' +xj¢ 2= —--——,
N
0 -1
b(x) = (_1 0 )x:bN(x)
and

x 0
a(x) = .
0 ( 0 X1)
So, under a rotation by %, the conditions required for Theorem 2.5 are satisfied,
with A = p = 1. In the original coordinates, the process terminates when X tN hits
the x or y axes. Under the rotation, this corresponds to hitting li%. Hence, if

the OK Corral process terminates at time Ty and there are SV survivors, then
Ty = Tn]\% and SN = N|X¥%|, and so
Ty — AlflogN = %logZ — %log|Zoo|
and
N3N = 03/41 712,

where Zo, ~ N (0, %). The limiting distribution of N~3/4SV is the one obtained
by Kingman in [5].

REMARK 2.8. It is remarked by Kingman [5] that it is the occurrence of the
surprising power of N that makes the OK Corral process of interest. Theorem 2.5
shows that this is a special case of a more general phenomenon, and in fact, by
a suitable choice of %, every number in the interval (%, 1) may be obtained as a
power of N in this way.

3. Linearization of the limit process. We now turn to the general case where
b(x) = Bx +t(x) for B = (7}* AO), w, A >0,and 7 : R — R2, twice continuously
differentiable, with t(0) = V1(0) = 0. Let ¢;(x) be the solution to the ordinary
differential equation

(11) i (x) = b(¢ (x)), $o(x) = x.

This section consists of a technical calculation which expresses ¢, (x) in a linear
form.

We are interested in the behavior of solutions starting near the stable manifold.
Lemma 3.2 proves the existence of the stable manifold and establishes the limiting
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behavior of a stable solution. First order behavior is investigated in Lemma 3.3,
and these results are then used in Theorem 3.4 to express solutions near the stable
manifold in the required linear form. Theorem 3.5 shows that over large time peri-
ods, solutions starting near the stable manifold approach the unstable manifold.

Throughout this section we use the following classical planar linearization the-
orem due to Hartman [4].

THEOREM 3.1.  There exists a C' diffeomorphism h:U — V = h(U), defined
on an open neighborhood U of the origin, with uniformly Holder continuous par-
tial derivatives and having the form h(x) = x 4+ o(x) such that

h(¢r(x)) = P (x)
forall (t, x) with ¢;(x) € U.
Pick 0 < § < 1 sufficiently small that the ball of radius § centered at the origin

is contained in U N V. Since A~ (x) = x 4+ o(x), and Vi(x) = I + o(1) we can
further ensure that § is sufficiently small that

sup (|h(x)/x| Vv |h_1(x)/x|) <2

0<|x|<é
and

sup (IVA(x) —I|V |[VR~ (x) = I]) < 1/2.

[x]<$8

LEMMA 3.2. There exists an xg with 0 < |xg| < §/8 such that ¢;(xg) — 0 as
t — 00. Furthermore, for any such xq, there exists some xo with 0 < |xo| < 8/4
such that

g0 = ()
ast — oo, and
s (x0)| < 2|Xple ™™ < se™H /2

forallt > 0.

PROOF. Pick some xg € R with 0 < |xg| < /16 and define xg = h=1 (o, 0).
Then

b}
0<|xol< sup |h'(x)/x[|%o| < <
0<|x| <8 8

¢ (x0) Zh_l(eB’ ()E)O)) =h! (e_’(‘)’io> -0

and
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ast — o0.

Conversely, given xp satisfying the above conditions, define xo = /4 (xp)1. Note
that because of the form of A (x), xo has the same sign as xp, ;. Since eBh(xp) =
h(¢:(x9)) = 0ast — o0, h(xg), =0, and so

0 < |xol = [A(x0)| < 2|x0| < /4.
Also

— —ut = _
eut¢t(x()) — euth—l eBl X0 — eu,l e X0 + O(E—I,Ll‘)zo) - X0
0 0 0
as t — oo, and

] .
ol = (e ()| = (4T0) | < 2imole < S

forall: >0. O

LEMMA 3.3. (i) There exists some Do € (R%)* \ {0}, where 0 = (0 0), such
that

Vi)~ ()

ast— oo.

(i) If|x| < 8 and |¢;(x)| < 8/2, then |V; (x)| < 4e*.

(i) If |x| 41yl < 8 and supy<g<; |@: (x +6Yy)| < 8/2, then there exist constants
K eRand 0 <« <1 such that

[V (x + ) — Ve (x)| < KM IOy,
PROOF. (i) Let Dy = Vha(xp) € (R%)*\ {0}. Then

-
e MV (x0) = VA <e Oxo)e(B“)’Vh(xo)

— (8 (1)> Vh(xg)

_ (9
= p,
as t — 00.

(i) If |¢; (x)| < 8/2, then |eB h(x)| = |h(¢;(x))| < & and so
IV (x)| = VA~ (B h(x))eB Vi(x)]

< sup [VA™'(y)| sup |Vh(y)|e"
[yl<é |y|<d

< 4eM,
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(iii) Since # and h~! have uniformly Hélder continuous partial derivatives,
there exists some Ky € R and O < o < 1 such that

|Vh(w) — Vh(2)| < Kolw — z|*
and
VA~ (w) = VA~ ()] < Kolw — 2|
Therefore
IV (x +y) — Vi (x)]
= |V (B h(x 4 ))eB ' Vh(x + y) — VA~ (B h(x))eB! Vh(x)|
< VR Y eB h(x + y))eB (VRh(x + y) — VA(x))|
+ (VA (B h(x + ) — VR (B h(x)))eB Vi (x)|
<2eMKoly|* + 2 Kole (h(x +y) — h(x))|*
< SKOeAt(l+a)|y|a. O

Suppose z € R?, with 0 < |z| < 1, and x, = x0 + z.

THEOREM 3.4. Fix C and consider the limit 7 — 0 with |Dioz| < C, where

Dy is defined in Lemma 3.3. There exist w;, i = 1,2 (not necessarily unique) with
w; (t,z) = O uniformly int € [R, —%log |z| — R] as z — 0 and R — o0 such that

b1 (x;) = Foe M (e 4+ wy) + Doze™ (ex + w).

PROOF. Suppose |DLOZ| <Cand R > %log %Iiol' If [x — x0| < |z] and
8 1
0<r< ( inf inf{s > 0:]¢s(x)] > —}) A (——loglzl - R),
lx—xol<|zl 2 A
then
[ ()] < | (x0) | + [ (x) — 1 (x0)]
< 2|Xole ™" + |V (xo + 0" (x — x0))|lx — xo|
< 2|xole ™ 4 4|z]eM
< 2|xg| + 4e K
)
<=,
2

where 6’ € (0, 1). Hence |¢; (x)| < §/2 forall |x —xp| < |z| and 7 < —%log |z|— R.
Now

b1 (x) = ¢r (x0) + Vi (x0)z + (Ve (x0 + 02) — Vbt (x0))z
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for some 6 € (0, 1) and so, defining
wi(t,2) =X ' (" ¢ (x0) — Foer)
and

wa(t, 2) = (Doz) " (e ™ Vi, (x0)z — Dozea + e (Ve (xo + 0z) — Ve (x0))2),
b1 (x;) = Xoe M (e1 + w1) + Doze™ (3 + wy).

Then |w;| — O uniformly in ¢t > R as R — oo by Theorem 3.2, and

1zl (] - 0
wal = (e Voo — () |+ K1)

< c( e MUy (xo) — ( 30) ‘ + Ke—MR)

-0

uniformly in ¢ € [R, — 1 5 log|z| — R]as R — oo and z — 0, by Lemma 3.3. [J

Since ¢, Y(x) satisfies (11) with b replaced by —b, we may apply Lemma 3.2
and Lemma 3.3 to deduce the existence of xo with 0 < x| < §/8 such
that e ¢, (xo0) — (;O)o) for some X € R as t — 0o, and D such that
MV (xo0) — (DO"O) as t — 0o. Suppose that as z — 0, the sign of Doz is
eventually constant and nonzero. As X, has the same sign as x 2 (see the proof
of Lemma 3.2), we may choose x, such that L_)OZ > 0.

There exists some t5, > 0 such that ¢, (xq) does not intersect the line xoo +7 D}
for any ¢ > t. Let

=inf{t > 100 1 1 (x;) = Xoo + r D}, for some r € R}.

THEOREM 3.5. Fix C > 0 and consider the limit z — 0 with |DLOZ| < C.Then

| _
sZ——logxﬁeO
A Doz
and
Xoo \ M/ _ D%,
— X,) — Xoo) = X0————=
<DOZ> (¢sz( z) oo) 0|Doo|2
as z — 0.

PROOF. We shall prove this theorem in the case where for z sufficiently small
Doz, xog > 0. The other cases are similar.
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di(x0)2 _ e (x0)n
Pr(xo)1 ey (xoh XO

that |¢’g°§2| < 1forallt>T.Let
t; =1nf{t > T : | (x)1] = |1 (x7)2[}.

By expressing ¢ (x;) in the form derived in Theorem 3.4, we may use a similar
argument to that in Theorem 2.5 to show
1
log —0 —0
A+u T Doz
as z — 0. Let f:B(0,1) — R be defined by f(z) = ¢, (x;)1. Again as in Theo-
rem 2.5,

Since =0 as t — 00, there exists some 7 > 0 such

t;, —

(Doz) /0 f (2) — x5+
asz — 0.
Define g: Rt — R by

c(0) =7 ‘(xoo+y|§*|z)

where t; is defined in the same way as #, except for ¢! instead of ¢. [The scaling

factor of |Dso|? is chosen so that Doo(y%) = y.] Note that ¢;_(x;) = xo0 +
¢! Dio

Bya s1m11ar argument to above, y —h OAp )g (y) = X0

’(%)W g (f () — %o

< (Do2) M| eI (F () — Fg)PTIA
+ |((Doz)_”“/(H'“)f(z))()”ﬂ”/)” — %o

T/ +“)asy—>0.Butthen

- A
_ (Doz) M/(A+M)f(z) ( +/L)/A|)EM/A B (yf)\/()rFM) ( ))(A+u)/x|
yH O+ g(y) > gL
+ |((Doz)_”“/(H'“)f(z))()”ﬂ”/)” — %o
—0
as 7z — 0, where y = g~ 1(f(z)) > 0as z — 0. So
Too \ M/ <;oo )M/ i _ D%,
— (X)) —x0) = — Z
() (ot —x) = (3 (@) Doo|2 fopes
Also, since t; =, —tz,andt — mlog —>0asy—0,
1
(s; —t;) — log )_COO — — 0,

A+ T (Doz/Xeo)H* X
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that is,

1 Xoo
s; — ; log D—oz — 0. =

4. Convergence of the fluctuations. Now suppose XV is a pure jump
Markov process satisfying all the conditions in Section 2, except with b(x) =
Bx 4+ t(x), B and 7 defined as in Section 3. In this section we express ¢;_;, (X l](\)] )
in a linear form for large values of N and 1.

Recall from Section 2 that ¥,V = N/2(XN — x;) and y," = y, for each t as
N — oo, where (y;);>0 is the unique solution to the linear stochastic differential
equation (4).

Fix some 79 > 0. Then ¢;_, (X ,1(\)’ ) = 1 (dy, ! (X ,1(\)’ )) and using the same notation
as in Section 2, there exists some 6 € (0, 1) such that

b (XD = ¢ (i) + NTV2V g ()
+ N2V Gy + ON T2 N) = Vb (i)Y
=xo+N"'2zZN

to°

where Zf(\)’ =Zy= V¢,gl(xt0)y,0 as N — oo. Now
To
DoZiy = lim eze Vi(xo) [ V4 o (x) W,

0]
— lim e /0 Voo (x)0 (xs) AW,

t—00

and

0
liminfe™ 2" / 3V y—s (x;)0 (x5)|* ds
t— 00 0

o0
<liminfe~2 fo Vs (rs)2la(rs) | ds

—00

t—00

o0
< liminfe 2 / 16D, 2>~ A ds
0

32A
<

S
where A is defined in (3) and the modulus of D; = lim,_)ooe*“qut(xs)z is
bounded above by 2, by the same argument used to show existence of Dg in The-
orem 3.3. Hence, if we define

’

o0
02 = fo lim =2 Vs (x5)2a (xs) Vg s (x5)3 dis

—>00

o0
= / e_szsa(xs)D;k ds,
0
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then DoZ;, — Zoo almost surely as 1y — oo, where Zo, ~ N (0, o*go).

Choose xJ, and x5, with 0 < [x£| < 8/2 and x_, < 0 < x7

00,2+ Such that

o ! (x%) — 0ast — oco. Define a random variable X, on the same sample space
as Z« by

x5, if Zoo >0,
Xoo=10, if Zoo =0,
x5,  if Zoo <0,

and define X, similarly, except replacing xgg by )E;EO.

By the Skorohod representation theorem, we may assume we are working in a
sample space in which Z,]X — Z;, almost surely for all #p € N. Without this as-
sumption, analogous results about weak convergence hold, however this assump-
tion simplifies the formulation. Let

(12) SNty = 1Inf{s > too: ¢s—z0(X;]X) = Xoo + r D, for some r € R}
and
Xoo

1 1
13 Sy =—IlogN + —1 ,
(13) N og +)»OgZoo

21

where we interpret 8 =1.

THEOREM 4.1. Suppose o # 0.
(i) As N — oo and then ty — o0,
M |1y (X)) — ¢ (x0)| — O

uniformly in t on compacts in probability.
) IfR<t < i log N — R, then there exist 8;-(N, to, t) — 0, uniformly in t
in probability as R, N — 0o and then ty — 00 such that

G- (X 1Y) = Foe M (e + &}) + N7V Zooe (e2 + &)).

(iii)) As N — oo andthenty — o0, Sy 1, — SN — 0in probability. Furthermore,
ift =S8N, — S for some s, then

i1y (Xp) — ¢y ' (Xoo)| = 0

uniformly in s on compacts, in probability as N — oo and then ty — 00.

PROOF. (i) By Theorem 3.3, for some 6 € (0, 1)
iy (X)) — ¢r(x0)| = €|V (xo+ON~2Z)INT12 12|
< 46(X+M)1N—1/2|ZZ{V|
- 0
-0

uniformly in # on compacts in probability.
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(ii) Apply Theorem 3.4 with z = N~!/2 Zt](\)’ and use the fact that DOZ;(\)/ — Zso
almost surely as N — oo and then f9 — co. A potential problem arises when Z
is close to 0, however as it is a Gaussian random variable, the probability of this
occurring can be made arbitrarily small.

(iii) The first result follows from Theorem 3.5 by a similar argument to (ii). For
the second result apply a similar argument to the proof of (i) to ¢, Lo

5. A fluid limit for jump Markov processes. We now show that for large
values of N and ¢, X ZN is in some sense close to ¢;_ tO(X ) as tg — 00, and com-
bine this with results from Section 3 to obtain results analogous to those in the
linear case in Section 2.

Let f(1,x) = e B"(x — ¢4, (X[))). By It6’s formula,

fa.xM) = ro, X6V>+MBN+/ ( +Kf)(s xN)yds,

where
E;—{:—Be_BtX _Btf((pl‘ l‘()(X ))
Kf(s,xV)= / (£, X 4 3) = £, ;D) KN (XL dy)
_ / e BsykN (XN dy)
RZ
=e BpN(xN)
and

MPN = [ (P X ) = £ X)W — vV, dy)
0,r]1xR2

= e BiyuN —vNy(ds, dy).
(O,t]x]R2

Soif t > 1y, then
e PHXN — i (XP))
B,N B,N
=M — M,
(14) ,
+/ e BN (XN ) —b(XN))ds

+ / B (r(XN) =ty (X)) ds

Since T € C?, Vr is Lipschitz continuous on the unit disc with Lipschitz con-
stant denoted by K. In addition to the restrictions on § from Section 3, suppose

Ak
S <SRG
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THEOREM 5.1. Forall e > 0,

lim limsupIP’< sup e M XY — iy (X)) > 8N_1/2) =0.

0=>0 Nosoo  \1g=t=Sy

PROOF. Let
Ry =inf{t > t0: e |XY — iy (X)) = N2} A Sy .

We shall show that Ry ;, = Sy 4, by bounding the terms on the right-hand side
of (14).
Fix ¢ > 0. Since increasing ¢ decreases the above probability, we may assume

Age,;z(. Suppose C > 4 and pick R > %log(lgcfw), Define

O<e<noA

— B,N B,N — &
Q}V,m:{supe MePt - My )l <N 1/25},

=1

)
QY k= { sup e |1y (X)) — ¢y (x0)| < —}
0<t<R 2

n { sup  18\(N, to, DIV [N f0, )] < 1}

R<t<Sn,i,—R

_ _ )
m{ sup V0 Dlg L (xN) — g5t _,<Xoo>|<§},
SN.ig—R=<t=SN 1 0

where ¢] and & are defined in Theorem 4.1, and
1

3
QN,to,c = {SIO,N = B

logN+c}.

Let N be sufficiently large that sup - v, N2 |bN — b| < re/3.
On the set Qy , N QY Ny, N{CT < [Zeo| < C} with N > Ny, if
to <t < R, then

|11 (X < 8,
if R<t <S8y, — R, then
|r—1y (X < 1Fole ™™ (1 + |e]]) + N™V2| Zoole (1 + |&5))
< ée_’” + N~122¢ceM
p— 2 b
and if Sy ;0 — R <t < Sn 4, then

|11 (X)) < 8™+ N0=1),
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From (14),

e MX)Y = i (X))

t
<e M MPN — MEV) + M f PN (X)) = b(X )l ds

ten BN ) — (e (XN ds
0
1
—U|eBt(MB N _Mt() )| + X||bN —b|
+ | e IVT (i (XN) + (XY = iy XWX — i (X)) ds

fo

1
<e P MY = M+ 1Y = b

+Ko/ (st X+ 1XY. = gymrg XN XN — sy (XN s,

for some 6 € (0, 1).
Hence, on Q) NQY , r N, . NC! <|Zoo| < C} with N > N,

sup e M|xN — ¢z—zo(XzO)|

10=t<Ry

& &
< N-128 4 y-128
- 3 3

Ry
+K°ft (1950 DI+ 1X0L = sy XDDN e ds

0

R
<NV 28@ + Ko ( / O (5(e + e MM DY 1 N1 2e0M) dy
1

0

S —R
4 [T N2 dt))

fo

B 2 SA+p)  eer 2Cer _
< N2 (_ 1% ( AR))
< € 3 + Ko o + . + . e

< N7,

Since X is right continuous, this means Ry s, = Sx.;, and so

]P’( sup e M|XN—¢, zo(X ) >N~ 1/2>

10=I=<SNy,

< P(QY,)) + PR3 1, 2)) + PRy 1.0 — P(1Zsol ¢ (€71, 0)).
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Letting N, ty, R, C, c — oo in that order, and using Lemma 2.1 and Theorem 4.1
gives

lim limsupIP’< sup e*AthtN —¢t_t0(XN)| > Nl/Zg) =0.

0= N0 1<SN.1q 10 O

REMARK 5.2. The same idea can be used to obtain convergence results for
arbitrary matrices B, for example, with eigenvalues having the same sign or in
higher dimensions. The rate of convergence and the time up to which convergence
is valid will depend on the eigenvalues of B and bounds on |¢;(x)|.

Combining the above result with Theorem 4.1 we get the following.

THEOREM 5.3. (i) Forall N e N,
N2 XN — ¢ (x0)

is bounded uniformly in t on compacts, in probability. (This follows directly from
the fluid limit theorem and diffusion approximation stated in Section 2.)

(i1) Suppose R <t < % log N — R. Then provided o, # 0, for i =1, 2 there
exist &;(N, t) — 0 uniformly in t in probability as R, N — o0 such that

XN =xge M (e +£1) + N7V2Zooe (e + £2),
[cf. (D]

(i) As N — o0
Xg, s = ¢ (Xoo),

uniformly on compacts in s > 0, in probability.

REMARK 5.4. These results can be reformulated as results about weak con-
vergence which are true, independent of the choice of sample space, in a manner
analogous to Theorem 2.3. In particular, for any sequence ty — co0 as N — oo,
Zévo = N1/2¢=2n X,jlvV » = Zoo and working on a space in which this sequence
converges almost sure’ly is sufficient for Theorem 5.3.

6. Continuous diffusion Markov processes. Interest in this problem arose
through looking at the OK Corral problem. It was therefore natural to prove results
for pure jump Markov processes. However the proof of the analogous result in the
case of continuous diffusion processes is similar and we give it below. The pure
jump and continuous cases can be combined to obtain results for more general
Markov processes.
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Let (X ,N ):>0 be a sequence of diffusion processes, starting from x( and taking
values in some open subset S C R?, that satisfy the stochastic differential equations

dxN =oN(xXNydw, + b (xN)dt

with o, bV Lipschitz.
Suppose that there exist limit functions b(x) = Bx + t(x), with B and 7t as in
Section 3 and o, bounded, satisfying

(a)
sup N2 16N (x) — b(x)| — 0.

xes
(b)
sup NN (x) — o (x)| = 0.

xeS

It follows that there exists a constant A such that for all N
(15) lo™[l < (A/N)'2.

Let ytN =NY2(x tN — x;), where x; is defined as before. It is straightforward,
using Gronwall’s lemma, to show that ytN — ¥: as N — oo, where (y;);>0 1s the
unique solution to the linear stochastic differential equation

(16) dyr =0 (x))dW; + Vb(xy)y, dt
starting from 0, W a Brownian motion.

Consider for ¢ >t f(t,x) =e B/ (x — d),_,O(XfX)). By I1t6’s formula,

trof s
&, XN = fo, XM+ MPN — MmN + (—(s, XNy +e B‘bN(Xiv)) ds
To

as
where
% — _—Be Bty — e_BtT((l)z—zo(Xzo))
and
mEN =/Ote_BsoN(X§V)dWs.
Soift > 19,
e B(xN - ¢l—lo(Xt](\)I))
. _ MB N sz N

+ fem BspN (XN )y —b(xXN))ds

+ / ((X) = Ty (X)) ds
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By comparing this with (14), it is sufficient to prove an analogous result to
Lemma 2.1, for the conclusion of Theorem 5.3 to hold for diffusion processes.

LEMMA 6.1. There exists some constant C such that

E(supe—mem(M,B’N — M,’j’N)|) <CN 1240,

t>1
PROOF. By the product rule,

t
B2t (BN _ Mg,N) =/t (B — 1D)eB—Ds (BN _ M,g’N)ds
0

t
+ | e oM XNy dw

fo

and hence
E(supe_“|eBt(MtB’N — Mtlg’N)|>
>t
' B,N
§E<sup ()\+M)e_()‘+“)s|(MSB’N ~mp )1|ds>
t=1to J 1o
t
—HE(sup f e_“crN(XsN)dWs)
t>10 | 1o
0
<[ G4 we *HWIERMEN — MBI g
fo
t 2\ 1/2
+E<Sup / e oM (xNyaw; ) .
t=1 fo
Since

1
E/ le ™™o (XM)||>ds < 00
0

t
([ Lsrrnon)
0 JR? >0

is a martingale, and hence, by Doob’s L? inequality
)

t
/ e o N (XN dw,
1

0

for all ¢ > 0, the process

E(sup

>t

t
/ e_)‘SaN(Xév)dWs
1

0

)y

§4supE<

t>19
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Now

t
E(MEN —MEN?) =R l gV (XN, ds
0

XM A
p— ZILN bl
where A is defined in (15). Similarly
t 2 e—Z)Lt()A
(/toe T X)W ) =5
Hence
E(supe—*ﬂe‘f’(M,B’N —M,f’N)|)
t>1o
00 A 1/2 24 1/2
< A —AS( ) d —M‘o(_)
=), $tweTgy) e Un
SAPOARF200) | g
a2 ' =
Define oo, Zoo, Xoos Xoo as in Section 4 and let
S L o+ 11 Xoo
=—1Io —log——.
N B TR

The following analogous theorem to Theorem 5.3 for diffusion processes holds.

THEOREM 6.2. (i) Forall N € N,
N2 XN — ¢, (x0)]

is bounded uniformly in t on compacts, in probability.
(i1) Suppose R <t < ;7 log N — R. Then provided o, # 0, fori = 1, 2 there
exist &;(N,t) — 0 uniformly in t in probability as R, N — oo such that

XN =%oe M (er + 1) + N~V Zoge (2 + 2),

[ef: (D]
(ii1) As N - o0

X$, = b7 (Xo0),

uniformly on compacts in s > 0, in probability.
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7. Applications. Throughout this section we work in a sample space in which
Z évo — Zso almost surely so that, in particular, the statement of Theorem 5.3 holds.

7.1. Hitting lines through the origin. As in the linear case, Theorems 5.3
and 6.2 may be used to study the first time that XtN hits Iy or [_g, the straight
lines passing through the origin at angles 6 and —6, where 6 € (0, %), as N — oo.
We define the time that X ,N first intersects one of the lines /14 as in Section 2 by

XN
TN :inf{t 20:' 2
Xl*,l

N
X
< |tan@| and =
X

zltan@l}.

First note that by Lemma 3.2,

$i(x0)2 _ eMr(x0)2 O —0

Ge(xo)1  eMpi(xo)1  Xo
as t — oo. In particular, since tanf # 0, there exists some sg > 0 such that
|%| < |tan@| for all # > sy. To rule out the trivial case where TGN converges
to the first time that ¢, (xo) hits /g, we shall assume that xg is chosen sufficiently
close to the origin that sy = 0.
We prove the following result in the case where X tN is a pure jump process. The
proof for continuous diffusion processes is identical, except uses Theorem 6.2 in

place of Theorem 5.3.

THEOREM 7.1. Under the conditions required for Theorem 5.3
TQN —IN = Cp

and

N1/ COA) |X7A~2N| = [sech|| tan9|—#/()»+u) |i0|)»/()»+u)|zoo|#/()\+u)

as N — 0o, where

1 1

=—logN and cyp= lo
200+ ) B W

IN

Xotan@ ‘
Zoo

PROOF. By the fluid limit theorem and diffusion approximation, for any con-
stant R > 0,
XN
LNZ‘ > |tan9|)

1,1

P(T) < R)

IA

]P’( sup

t<R

= IP(sup
t<R

—0

i (x0)2 + N~y
¢ (x0)1 + N=1/2yN

= Jtano))
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as N — oo.
By an identical argument to Theorem 2.5

P(R<T) <ty+cp—e)—0
and
P(ty +co+e<T) <Sy—R)—0

as R, N — oo. The result follows immediately. [J

REMARK 7.2. As in the linear case, the sign of Z«, determines whether X
hits Iy or [_g at time TQN . Since Z is a Gaussian random variable with mean 0,
each event occurs with probability % Furthermore, provided x, is chosen suffi-
ciently close to the origin that ¢, (xs0) does not intersect l1g, if X tN hits one of
the two lines then the probability of it hitting either line again before Sy converges
to0as N — oo.

7.2. Minimum distance from the origin. Another application is to investigate
the minimum distance from the origin that X ,N can attain for large values of N.

THEOREM 7.3. Under the conditions required for Theorem 5.3,

A/ 2OAw) 1/2
N QO+ inf |X;V| = (E) (& + 1) |X0|A/(K+M)|ZOO|M/(A+M)
t<Sy A "

as N — oo.

PROOF. By the fluid limit theorem and diffusion approximation, for any con-
stant R > 0,

ti2£ N/L/(Z(A+/J«))|XtN| > ,iEIfg N/L/(Z()»+M))(|¢z (x0)| — N_1/2|)/tN ) — 00

as N — oo.
By Theorem 5.3,

inf  NH/QCO+w) |XtN|

R<t<ty—R

> dnf ("N g0l (1 — |e1]) — MV Zoo| (1 4 e2)))

T R<t<ty—R

— 0

in probability as R, N — oo.
For each ¢ > 0 there exists some € — 0 in probability such that

inf N“/(Z()‘+“))|XIN| > inf NM/(2(1+H))(|¢S—1(XOO)| _ 8) - 00.

SN—c<t<S§ 0<s<c
N
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Also

inf N/ C0OA1) |XtN|
tN+R<t<1/(2r)logN—R

> inf AN Z (1 = |ea]) — e INTD1501(1 + |e
= @ TVIZel( e [Fol(1+ fe1 )

— 0

in probability as R, N — oo.
Finally if t =ty + ¢, then

NH/COFON XN = N/ QOF (™M 5o(1 4 e1,1) + N™V2ZogeM e2.1)°
+ (e M %oe10 + N2 Zooe™ (14 £29)))
= ((€7"F0) + (" Z))

in probability uniformly in ¢ on compact intervals. The right-hand side is mini-
mized when

1 p,)?g
c= log ——-.
2004w 2k
Therefore
w A QA+) /o 1/2
N/ COA) nf |XtN| = (_) (_ + 1> |);O|)»/()»+M)|ZOO|M/()»+M)
lfSN )\. ,l,L

as N —o00. O

EXAMPLE 7.4. Let (U, V,N) be a Z? valued process modelling the sizes of
two populations of the same species with Uév = VON = N. The environment that
they occupy is assumed to be closed with the initial population density independent
of N. Each individual reproduces at rate 1. Additionally, the individuals are in
competition with each other, a death occurring due to competition over resources at
rate o and due to aggression between the populations at rate 8. Hence the transition
rates are

(u+1,v), at rate u,
(u—1,v), atrate cu(u +v—1)/N + Buv/N,
(u,v) > (u,v+1), at rate v,

(u,v—1), atrate cv(u +v—1)/N + Buv/N.

Let X ,N = (U,N , V,N )/N. This gives a sequence of pure jump Markov processes,
starting from xo = (1, 1), with Lévy kernels

KN (x,dy) = Nx18(1/n.0) + N(ax1 (x1 +x2 — 1/N) + Bx1x2)8(—1/5.0)
+ Nx28(0,1/5) + N(axa(x1 + x2 — 1/N) + Bx1x2)80.—1/N)-
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If we let
K (x,dy) =x18(1,0) + (ax{ + Bx1x2)8(—1.0) + X28(0.1) + (@x3 + Bx1%2)8(0,1)
then for § = (0,2)% and g = 1,
m(x,0) = xleel + (oexl2 + ,Bxlxz)e_el + xzee2 + (ozx% + ,3)61)(2)6_92
satisfies
m¥ (x, NO)

sup sup N

xeSN 181=<no
as N — oo. Therefore
o _(x1(1—ax; — (@ + B)x2)
b(x) =m(x,0) = (xz(l —axa— (@ +B)x1) /)’
The deterministic differential equation

1 (x) = b(¢r (1)), po(x) = x
is a special case of the Lotka—Volterra model for two-species competition. See [1]
for a detailed interpretation of the parameters « and §. Further generalizations are
discussed in [3].
It is straightforward to check that b(x) is C "on § and satisfies
sup N'216N (x) — b(x)| — 0

xeSN

—m(x,@)‘ -0

as N — 0, and that
a(x) = (x1(1+ax1 + (@ + B)x2) 0 )
0 x2(1 4 axa + (o + B)xi)
is Lipschitz on S.
Now b(x) has a saddle fixed point at (ﬁ, ﬁ) and by symmetry any point
x on the line x; = xp satisfies ¢;(x) — (ﬁ, ﬁ) as t — 0o. So under an
appropriate translation and rotation, the conditions required for Theorem 5.3 are

satisfied, with A =1 and p = ﬁ [Note that ogo > 0 since a(x) is positive
definite on S]. Hence for times ¢ satisfying ¢ < ¢y, where ty = 42(2{:—1?) log N,

the two populations coexist with the sizes of both being equal. However at time
ty + O(1) the deterministic approximation breaks down and one side begins to
dominate. The previous results give a quantitative description of the behavior
of the processes in this region, however we do not go into this here. At time
t=Sy+s= %logN + 0(1), X[N — qbs_l(Xoo) in probability as N — oo, where
Sy is defined in Theorem 5.1 and X is defined in Section 4. Now b(x) has sta-
ble fixed points at (¢!, 0) and (0, «~!) and hence o, (X ) converges to one of
these two fixed points as s — oo. For any ¢ € (0, 1) we say that a population is
e-extinct if the proportion of the original population that remains is less than &.
Thus for arbitrarily small ¢, one of the populations will become e-extinct at time
%log N+ 0Q).
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