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EXACT HAUSDORFF MEASURE ON THE BOUNDARY OF A
GALTON-WATSON TREE

BY TOSHIRO WATANABE
University of Aizu

A necessary and sufficient condition for the almost sure existence of an
absolutely continuous (with respect to the branching measure) exact Haus-
dorff measure on the boundary of a Galton—Watson tree is obtained. In the
case where the absolutely continuous exact Hausdorff measure does not ex-
ist almost surely, a criterion which classifies gauge functions ¢ according to
whether ¢-Hausdorff measure of the boundary minus a certain exceptional
set is zero or infinity is given. Important examples are discussed in four addi-
tional theorems. In particular, Hawkes’s conjecture in 1981 is solved. Prob-
lems of determining the exact local dimension of the branching measure at a
typical point of the boundary are also solved.

1. Introduction. An interesting history of the classical problem of determin-
ing the Hausdorff and packing dimensions and then the exact Hausdorff and pack-
ing measures of the boundary of a supercritical Galton—Watson tree is found in
the previous paper [46]. It was initiated in 1973 by the thesis of Holmes [18],
whose supervisor and examiner were C. A. Rogers and S. J. Taylor, respectively.
The author [46] completely solved the problem of determining the exact packing
measure of the boundary of the tree by filling the critical gap in the proof of the
theorem of Liu [22], which had been pointed out by Berlinkov and Mauldin [4].
Berlinkov [3] independently studied the exact packing measures of homogeneous
random recursive fractals and, as a corollary, he obtained an analogous result under
a certain additional assumption on the tree. However, it was stated without precise
proof and he could not identify the explicit value of the exact packing measure of
the boundary. Upon an outline of Hawkes [17], the author [46] defined a random
sequence {Y (n)} for n <0 as Y (—n) := u(B,), that is, the branching measure of
the ball B,, with diameter ¢~" on the boundary of the tree and discovered that it
is a shift self-similar additive random sequence on a certain extended probability
space. It is a key fact for solving this old problem, which enables us to use new
limit theorems for shift self-similar additive random sequences developed by the
author [44]. In the present paper, we extensively employ limit theorems of “lim-
sup” type for the sequence {¥ (n)} and find a necessary and sufficient condition for
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the almost sure existence of an absolutely continuous (with respect to the branch-
ing measure) exact Hausdorff measure on the boundary of a Galton—Watson tree.
It is represented by the nondominated variation of the right tail of the martingale
limit of the branching process, equivalently, by the nondominated variation of the
integrated function of the right tail of the offspring distribution. See Corollary 1.1.
In the case where an absolutely continuous exact Hausdorff measure does not ex-
ist, we give a criterion which classifies gauge functions ¢ according to whether
¢-Hausdorff measure of the boundary minus a certain exceptional set is 0 or oo.
See Theorem 1.2. The explicit value of ¢-Hausdorff measure of the boundary is
determined for each example in three additional theorems by closing the serious
gaps in the proofs of Liu [21]. See Remark 1.4. In particular, Theorem 1.3 can be
applied to obtain upper and lower bounds for the explicit value of the exact Haus-
dorff measure of a homogeneous random recursive fractal such as the limit set
of Mandelbrot’s fractal percolation and the path of a self-avoiding process on the
Sierpinski gasket. See [14] and the examples of Berlinkov [3]. Moreover, a con-
jecture of Hawkes [17] in 1981 is solved. See Theorem 1.6. As is found in the
concluding remarks, our problem of determining the exact Hausdorff measure is
not yet completely solved. However, it is realized that the study of the exceptional
set A defined by (1.7) below will lead to the complete solution.

In what follows, denote by R? the d-dimensional Euclidean space and let R, =
[0,00). LetZ={0,£1,%2,...},Z+={0,1,2,...},N={1,2,3,...}, and denote
U=J2,Z" with Z = @. We denote i € Z" by (ix)}_, or (i1,i2,...,iy). For
ieZ’ cU, we define |i| =n. Let I = ZT. We denote i € I by (ix)72, and de-
fine, for i € I, |i| = oo. For i = (ix)j_; and j = (ji)j_, in U, we definei* je U
asixj:=(1,i2,...,0n, J1, ..., Jm). In particular, we have @ xi=1% & =i. We
define ijn = (ix);_, fori e UUI with n € Z U {00} satisfying n < [i|. We under-
stand that i|0 = &. We say thati < jin UUL if |i| =n < |j| and j|n = 1. In this
order, we definei Aje UUI fori,je UUTasiAj:=max{ke UUI:k <iand
k < j}. We define a metric d(i, j) fori,j € I as d(, j) := e "I Then (I, d) is an
ultrametric space. Denote by B(I) the class of all Borel sets in (I, d). From now
on, let {Nj,i € U} be Z-valued i.i.d. random variables on a probability space
(2, F, P). In particular, put N := Ng. We assume, to avoid the trivial cases,
that the support of the distribution of N is not a one-point set. We denote by
f(s) =302 pns” the probability generating function (p.g.f. for short) of the dis-
tribution of N, where p, := P(N =n) for n € Z. Let f,(s) be the nth iteration
of f(s) with itself. We assume that

(1.1) a:=E(N)>1 and E(NlogN) < 0.

A set T C U is called a Galton—Watson tree on (2, £, P) with offspring distribu-
tion {py}n=0 = {P(N =n)},>o if the following three conditions are satisfied:

(1) o€T.
(2) LetieTandi € Z,. Theni*i e Tifandonlyif 0 <i < N;— 1.
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3) IfieTandj<i,thenjeT.

Let T be a Galton—Watson tree. We define the boundary (or branching set) 0T
of T as

oT:={iel:ilneT foreveryn € Z}.
We define F,, C T and Z,, forn € Z as
F,={ieT:|iil=n} and Z,:=CardF,.

Here Card A stands for the cardinality of a set A. Then {Z,,, n € Z.} is a supercrit-
ical Galton—Watson branching process with p.g.f. f(s) of the number of offspring.
Thus the distribution of N is the same as that of Z;. We define an R -valued
random variable W as the following martingale limit:

. Z
(1.2) W= lim —.

Our assumption (1.1) implies that W exists almost surely with E(W) = 1. Note
that {W =0} = {0T = &} = {lim,,_,~ Z, = 0} up to probability zero sets and
that g := P(W = 0) is the first nonnegative solution of the equation f(s) —s =0.
Thus it is obvious that ¢ = 0 if and only if pg = 0. See [1] as to the above as-
sertions. In this paper we use the words “increase” and “decrease” in the wide
sense allowing flatness. A nonnegative decreasing function 4(x) on R is called
of dominated variation as x — oo [h(x) € D for short] if 2(x) > 0 for x > 0 and
liminfy_ o h(2x)/ h(x) > 0. Note that if /(x) is regularly varying as x — oo, then
h(x) € D. See [10] and [39]. For two positive functions /1 (x) and i7(x) on R,
we define a relation £ (x) < ha(x) as x — oo by limsup, _, ., h2(x)/h1(x) < 00
and liminf,_ 0 h2(x)/h1(x) > 0. For a positive increasing function /(x) on
(0, 00), we define the inverse function 2~ (x) as

h~!(x) := sup{y : h(y) < x}
with the understanding that sup@ = 0. Let « := loga. We define two classes

4 and & of functions on R, depending on a, as

(1.3) g = {g(x) :g(x)>0onRy and limsupg(n+1)/g(n) < a}
and

O :={p:¢(t) =1tg(|logt|) on (0, 00) with g(x) € G,

and ¢ (¢) is positive
(1.4)
and increasing on (0, §;) with some §; > 0

satisfying ¢ (0) := ¢ (0+) = 0}.
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Note that we assume the monotone property for ¢ € ® but do not for g € §. For
a nonnegative function ¢ on (0, oo), which is positive and increasing on (0, é1)
for some §; > 0 with ¢ (0) := ¢ (0+) = 0, the ¢-Hausdorff measure ¢- H (E) of a
Borel set E in the metric space (I, d) is defined by

o0 o0

(1.5) ¢-H(E) -—lgr_r)l(l)rif!’;MIDnl)-ECnL:Jan,IDnI <8,

where |D, | denotes the diameter of the set D, € B(I). We can take the set D,
as a closed ball in the definition (1.5), since (I, d) is an ultrametric space. Under
the single assumption that @ > 1, both the Hausdorff and packing dimensions of
dT are o almost surely on {0T # &}. See, for Hausdorff dimension, [12, 17, 18]
and [26]; for packing dimension, [4, 22] and [46]. See also [20] for an extension
of Hawkes’s result. A ¢-Hausdorff measure is called an exact Hausdorff mea-
sure for dT if 0 < ¢p-H(IT) < oo a.s. on {dT # &}. Denote by u the branching
measure on the boundary dT. An exact Hausdorff measure is called absolutely
continuous (with respect to the branching measure w) if ¢-H (A) = 0 a.s. provided
that w(A) =0 for a Borel set A C dT. A precise definition of the branching mea-
sure w is given in Section 2. The random sequence {Y (n),n < 0} on an extended
probability space (2 x I, # x B(I), Q) will be defined by (2.6) and (2.7) in Sec-
tion 2. There can be more than one exact Hausdorff measure. Our main results are
as follows.

We define an integrated function K (x) of a tail probability on R as

o
(1.6) K(x) :=/ P(N > u)du.
X
We define an exceptional set A in 9T and a condition (G o) for g € § as follows:
W.
(1.7) A= {ieaT: lim ﬁ:o},
n—0o0 g(n)

where Wj is defined by (2.3) below and

n—1
hmsup(Z Q(Y(0) —Y(—1) > og(k)) — logg(n)) =00

(Ga)
for some &y > 0.

The relation between the set A and the condition (G A) is found in Lemma 4.3
below.

THEOREM 1.1. Suppose that K (x) ¢ D. Then there exists an absolutely con-
tinuous exact ¢p-Hausdorff measure for 0T with ¢ (t) =t“g(|logt|) € ®. It satis-
fies that

(1.8) ¢-H@OT) =CyW  a.s.on {0T # o},
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where the positive constant Cy is determined by
= 00, A =0(0)>1,

(19 Y QYO - ¥(=0 > sg(m) for0<s5<Cy,
n=0 < 00, Vﬂzl,for8>C;1.

Moreover, it is represented, for A € B(I) satisfying A C 9T, as
(1.10) ¢-H(A) = Cyu(A) a.s.

REMARK 1.1. A concrete but not simple example of ¢ € ® for an exact
¢-Hausdorff measure for dT is found in the proof of the above theorem in Sec-
tion 4. The condition K(x) ¢ D is equivalent to P(W > x) ¢ D, but not to
P(N > x) ¢ D. See Lemma 2.5.

THEOREM 1.2.  Suppose that K (x) € D. Let ¢ € ® with ¢(t) =t*g(|logt])
and let A’ be an arbitrary Borel set in 0T with u(A") =0 a.s. Then there is no
absolutely continuous exact Hausdorff measure for 0T. More precisely, we have
the following:

() If Y02y K(g(n)) < oo, then ¢-HQOT \ A') = ¢-H(AT) = 00 a.s. on
(9T # o).
() If Y20 K(g(n)) = oo, then p-H(@OT \ A) =0 with u(A) =0 a.s.
(i) If 3°,20 K (g(n)) = oo and

n
lim sup lim sup Z K (8g(k))/log(g(n) v e) = oo,
§—~0+ n—>0o0 k=0

then ¢-H(OT) =0 a.s.

REMARK 1.2. In the case where K (x) € D, it is still hard to answer whether
there exists an exact Hausdorff measure for 0T. However, our results say the fol-
lowing. Suppose that K (x) € £ and there exists an exact ¢-Hausdorff measure
¢-H for T with ¢ € ®. Then it is singular with respect to the branching measure
w and satisfies that

O0<¢p-H(A)<oo and ¢-H@OT\A)=0 with u(A) =0 a.s.

Further it satisfies that lim,,_, o, g(n) = oo and that

o0 n
Y K(g(n))=oc and limsuplimsup ) K (8g(k))/logg(n) < co.
n=0 §—0+ n—>00 k=0

COROLLARY 1.1. (i) There exists an absolutely continuous exact ¢-Hausdorff
measure for 0T with ¢ € ® if and only if K(x) ¢ D, that is, P(W > x) ¢ D. It is
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also equivalent to that there exists ¢ € © such that 0 < ¢-H (AT \ A) < oo with
U(A)=0a.s. on {0T # &}.

(i1) An exact ¢-Hausdorff measure for oT with ¢ € © is absolutely continuous
if and only if K (x) ¢ D and ¢p-H(A) =0 a.s. If an exact ¢p-Hausdorff measure
with ¢ € ® satisfies the condition (G ) for its g function, then it is absolutely
continuous.

REMARK 1.3. There is symmetry between the problem on the exact Haus-
dorff measure on the boundary of the tree and that on the exact packing measure.
The former is related to the right tail behavior of the distribution of W and the
latter is to the left tail behavior. The existence of an exact packing measure for the
tree is determined by the nondominated variation of the left tail of the distribution
of W, namely, po = p1 = 0. In addition, the exact packing measure is explicitly
given and absolutely continuous with respect to the branching measure. See [46].
Moreover, t*-Hausdorff measure (so-called a-Hausdorff measure) of 0T is almost
surely zero. On the other hand, r*-packing measure (so-called «-packing measure)
of 0T is almost surely infinity on {0T # &}. An analogous symmetry is already
found in the results of [45].

We add the three theorems which were discussed by Liu [21]. Unfortunately, his
proofs of Theorems 1.3 and 1.4 contain serious gaps as was already pointed out by
Watanabe [46]. Theorems 1.3 and 1.4 correspond to Theorems 2 and 3 in [21]. See
Remark 1.4. The results of Bingham [8], Watanabe [45] and Bingham and Doney
[9] on the right tail behavior of the martingale limit W are used in the proof of the
following theorems, respectively.

THEOREM 1.3. Let M :=sup{n > 0: p,, > 0}. Suppose that 1 < M < 00. De-
fine y and ¢ as y :=log M/loga and ¢o(t) := t*(log|logt|)Y~D/Y . Then we
have y > 1 and

(1.11) ¢o-HOT) =tV V"W as on {dT # 2},
where T is a positive constant determined by

v/(y—1) < 0o, f0r0<8<‘5,
(1.12) Eexp(W ){zoo, fors > 1.

THEOREM 1.4. Let Sy :=sup{s > 0: f(s) < oo}. Suppose that 1 < Sy < 0.
Define ¢1 as ¢1(t) :=t*log|logt|. Then we have

(1.13) $1-HOT)=cW a.s. on {0T # T},
where o is a positive constant given by

1 n+1 -1 _
(1.14) o= 1im @ ((f) 7 (So) — 1),

where ( f,,)_1 (s) is the inverse function of f,(s).
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THEOREM 1.5. Let6p:=sup{f > 1 : E(N?) < 00). Suppose that 1 < 6y < oo.
Define by and rp as by :==1/(6g — 1) and Yp(t) := t*] logt|bf0r —00 < b < o0.
Then we have, a.s. on {0T # &},

(1.15) Vp-H(T) = {0’ Jor b < bo,

00, for b > by.

Moreover, ifE(NeO) < 00, then Yrpy-H (dT) = 00 a.s. on {0T # &}. On the other
hand, ifE(NeO) = 00, then Yrp,-H (0T \ A) =0 with n(A) =0 a.s.

Finally we present a resolution for a conjecture of Hawkes [17]. However, it
should be noted that no necessary and sufficient condition for the relation (1.16)
below in terms of the offspring distribution of the branching process is known up
to now.

THEOREM 1.6. Let R(x) :=x20(x) be a positive and increasing function on
(0, 00) with 0 < b <1 and slowly varying £(x) as x — 00. Define ¢» as ¢,(t) :=
t*R~(log(e v |logt|)). Suppose that ¢ € ® and

(1.16) —log P(W > x) < R(x) as x — oo.
Then we have

(1.17) ¢r-H(OT) = &g W a.s.on {0T # T},
where Eg is a positive constant determined by

< 00, for0 <68 < &g,

(1.18) Eexp(R(SW)){zoo for 8 > &g.

REMARK 1.4. Each one-half of the proofs of Theorems 1.3 and 1.4 by
Liu [21] has a serious gap. Namely, the first equality on line 7 on page 535 and
the reason for the inequality on line 11 on page 536 of [21] are not true, respec-
tively. The first assertion of Theorem 1.5 was conjectured by Liu [21]. All the
exact Hausdorff measures ¢;-H (j =0, 1, 2) in Theorems 1.3, 1.4 and 1.6 are ab-
solutely continuous because they satisfy the condition (G ) for their g functions.
Thus they satisfy (1.10) with Cg, = 17 =D/¥ | Cy, = o and Cyp, = &, respectively
satisfying ¢;-H(A) =0 a.s. (j =0, 1, 2). The constants T and o are explained
more precisely in Lemmas 2.4 and 2.5 and Remarks 2.1 and 2.2. The existence
and positivity of &g are trivial, but the method of the numerical calculation of its
value is not known. We do not know whether v, - H (0T) = 0 a.s., that is, whether
Ypo-H(A) =0 a.s., in the case where E(N?%) = c0.

The organization of this paper is as follows. In Section 2, we review some use-
ful results on the distribution of W and those on shift self-similar additive random
sequences, and give some preliminary results. In Section 3, we give limit theo-
rems of “limsup” type for a shift self-similar additive random sequence {Y (n)}. In
Section 4, we prove the main theorems and the four additional theorems.
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2. Preliminaries. Letc¢ > 1. An R?-valued random sequence {X (n),n € Z}
on a probability space (2, F, P) is called a shift c-self-similar additive random
sequence if the following two conditions are satisfied:

(1) The sequence {X (n), n € Z} has shift c-self-similarity, that is,

(X(n+1),neZ}y2{cXn),nell,

where the symbol =9 stands for equality in the finite-dimensional distributions.
(2) The sequence {X(n),n € Z} has independent increments (or additivity),
that is, for every n € Z, {X (k), k <n} and X (n + 1) — X (n) are independent.

The definition for an R?-valued random sequence {X(n),n <0} to be a
shift c-self-similar additive random sequence is similar. That is, the sequence
{X (n),n <0} is called a shift c-self-similar additive random sequence if {X (n +
D,n<—1}=%4cX®),n < —1} and, for everyn < —1,{X(k),k <n}and X(n +
1) — X (n) are independent. Note that shift self-similarity does not imply the usual
self-similarity. We denote by 7 the characteristic function of a probability distri-
bution 1 on R?. Let 0 < b < 1. A probability distribution  on R¢ is said to be
b-decomposable if there exists a probability distribution p on R such that

(2.1) 1(z) =1(bz2)p(2).

For example, semistable distributions and homogeneous self-similar measures
such as Bernoulli convolutions are b-decomposable for some b € (0, 1). In the
case where p is infinitely divisible, 7 is also infinitely divisible and is called semi-
self-decomposable. The equality (2.1) is equivalent to

(2.2) 1) =[]p0"2)

n=0

which is convergent if and only if [p4 log(1+|x|)p(dx) < oo. The distribution p in
(2.1) is not necessarily uniquely determined by the distribution 5. It is uniquely de-
termined by the distribution 7 in case the support of 7 is contained in Ri. See [11,
25, 27, 29] and [30]. Absolute continuity of b-decomposable distributions is very
difficult and is related to Peres—Solomyak numbers (PS numbers, for short) and
Pisot—Vijayaraghavan numbers (PV numbers, for short). See [42, 43] and [47].
Let {V;} be i.i.d. random variables with the distribution p in (2.1). Then the se-
quence {X(n),n € Z} defined by X(n) = ;!:_Oo c/ V; with ¢ = b~ is a shift
c-self-similar additive random sequence with 7 being the distribution of X (0). For
instance, let {7,,} be a first exit time from an equilateral triangle with side 2" of a
Brownian motion {B(#)} on the extended Sierpinski gasket, starting at the origin.
Then {T,,n € Z} is a shift 5-self-similar additive random sequence and, for each
n € Z the distribution of T}, is semi-self-decomposable and absolutely continuous
with infinitely differentiable density. Certain limit theorems of “limsup” type and
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“liminf” type for {7, } are equivalent to the laws of the iterated logarithm of “lim-
inf” type and “limsup” type for {B(¢)}, respectively. In particular, the constants
in the laws of the iterated logarithm for {B(¢)} are unknown up to now, but their
upper and lower bounds are explicitly obtained together with their candidates by
using analogous constants in the limit laws for {7,,}. The same kinds of results
are also true for Brownian motions on many nested fractals other than Sierpinski
gasket. See [42, 45] and Remark 2.2.

The author [44], motivated by the results of Sato [36], introduced and character-
ized shift self-similar additive random sequences, and studied in detail their tran-
sience and rate of growth. Further, he found in [45, 46] two important examples
of them in relation to general supercritical Galton—Watson branching processes.
See Theorem 1.1 of [45] and Theorem 2.1 of [46]. They are closely related to
self-similar or semi-self-similar additive processes. See [28, 31, 37] and [41]. In
general, finite-dimensional distributions of the shift self-similar additive random
sequence {X (n)} are determined by the distribution of X (0) — X (—1) but not al-
ways by that of X (0). We shall use the following increasing case.

LEMMA 2.1 (Theorem 2.1 of [44]). Letc > 1.

(i) Suppose that {X (n),n < 0} is an increasing shift c-self-similar additive
random sequence. Then the distribution of X (n) is ¢~ '-decomposable on R for
n <0andlim,_, o X (—n) = 0 a.s. There is a unique in law increasing shift c-self-
similar additive random sequence {)? (n), n € Z} such that

{X(n),n <0} < {X(n),n <0}.

(ii) Conversely, for any ¢~'-decomposable distribution n on R, there ex-
ists a unique in law increasing shift c-self-similar additive random sequence
{X (n), n <0} with the distribution of X (0) being n.

Let T be a Galton—Watson tree on (2, F, P) with f(s) being the offspring
p-g.f. We continue to use the notation and the assumptions in Section 1. In partic-
ular, the random variable W is defined by (1.2). We define a shifted tree Tj of T
for i € U by the following two conditions:

(1) oeT;.
(2) LetjeTiandi € Z. Then j*i € Tj if and only if 0 <i < Nj,j — 1.
We define an R -valued random variable Wj fori e U as
Card{j € T;: |j| =
2.3) Wiom lim A € Tizlil=n}

n—oo am

The limit Wj; exists almost surely. It satisfies that

Ni—1
1N ,
(2.4) Wi=— ,;) Wie;  forieU,



1016 T. WATANABE

with the understanding that Z; :10 = 0. The distribution of Wj is the same as that
of W for i € U. Moreover, W; and Wj are independent, whenever neither i < j nor
j <1i. We define a closed ball Bj in I and its diameter | Bj| fori € U as

Bi:={jel:i<j} and |B;j=¢ Ml

Note that {W; =0} = {0T N B;j = &} fori € T up to a probability zero set. A subset
I" of T is called a cutset for a subset A of the boundary 9T if the following three
conditions are satisfied:

(1) Neitheri < jnorj <iwheneveri,jeI andi#j.

(2) A CUer Bi.

(3) Foriel', BiN A # @.

Let I" be any cutset for T N B;j. We see from (2.4) that
(2.5) |Bi|*Wi =) |Bj|* Wj.

jer

We define a finite measure u = u,, on (I, B(1)) by
a”llw;,  forieT,
0, forie U\ T.
Note that p is determined uniquely on (I, 8B (I)) for each w € 2 and the support of
w is contained in 0T almost surely. The measure w is called the branching measure

for the tree T. See [21] as to the above assertions. We define a probability space
Qx L F x Bd), Q) by assigning Q(A), for A € F x B(I),

u(Bi) 1={

2.6) 0(A) = E( [ 14, i)Mw(di)>,

where 14 stands for the indicator function of a set A. We denote by Eo the
expectation under the probability measure . We define a random sequence
{Y(n),n <0} by

2.7) Y (—n) := u(Bip) forneZy andiel.

The shift self-similarity of {Y (n)} was suggested by Hawkes [17], but not so was
the additivity in the following lemma.

LEMMA 2.2 (Theorem 2.1 of [46]). The sequence {Y (n), n <0} is an increas-
ing R -valued shift a-self-similar additive random sequence on the probability
space (2 x I, F x B), Q). In particular, we have Q(Y (0) <x) = E(Wl{w<y))
and the distribution of Y (0) under Q is a! -decomposable.

For a distribution n on R, we denote the tail by n(x), that is, n(x) = n(x, 00)
for x > 0. We denote the convolution of distributions 1 and v by 5 * v and de-
note the nth convolution power of 7 by 1™* with the understanding that n%* (dx) =
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do(dx), namely, the probability distribution concentrated at 0. Denote the distrib-
ution of W under the probability measure P by vy . The characteristic function of
the distribution vy satisfies Poincaré’s equation, that is,

(2.8) Vw(2) = fOw(z/a)).
Define the p.g.f. f (s) = Y02 Pns" and the distribution nw by
_f@+d—q)s)—q vw (dx) — qdo(dx)

2.9) f(s):= — and  nw(dx) = i

Note that po =0 and 7w (x) = (1 — ¢) "' Dw (x) > 0 for any x > 0 and that vy =
nw if and only if pg = 0. Define the distributions 77y, and pw by

(2.10) nyy(dx) :=nw(adx) and pw(dx):=Y_ Pulny)" *(dx).

n=1

Then we obtain from (2.8) and (2.9) that

(2.11) w(2) = f@w(z/a)) and nw(dx) =y * pw(dx).

That is, nw is a_l-decomposable. We denote the distributions of Y (0) and Y (0) —
Y (—1) under the probability measure Q by ny and py. Then we have by (2.2) and
Lemma 2.2

(2.12) ny(dx) = r;;/ * py(dx) and /1 (logx)py(dx) < oo,

where 17y (dx) :=ny(adx).
Bingham [8] proved the following lemma by using a Tauberian theorem of ex-
ponential type of Kasahara [19] and Theorem 3.4 of [16].

LEMMA 2.3 ((11) of [8]). Let M :=sup{n > 0: p, > 0}. Suppose that 1 <
M < oo. Let y =logM/loga. Then we have y > 1 and

(2.13) —log(hw(x)) < x¥/=D  ggx - 0.

Moreover, we see that there exists a positive constant t determined by (1.12)
and (1.12) is clearly equivalent to

< 00, for0 <48 <,

(2.14) E(Wexp(sw?/r=)) {_ 0o, fors>t

REMARK 2.1. The positive constant t is represented by Liu [22] as

t = liminf{—x"/1"" log P(W > x)}.

X—> 00

Numerical calculation of the value of t is very difficult. See [7] and also [5, 6].
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LEMMA 2.4 (Theorem 2.2 of [45]). Let Sp :=sup{s > 0: f(s) < 00}. Suppose
that 1 < So < 0o. Then there exists a positive constant o such that

< 00, for0<t <o,
(2.15) Eexp(tW) { — o, fort>o.
Further, it is represented as (1.14) and (2.15) is obviously equivalent to
< 00, for0<t <o,
(2.16) E(Wexp(tW)) { — oo, fort>o.

REMARK 2.2. Suppose that, for some positive integer &,

f) =

s
(a—(a—1)skl/k

Then we see that
s

(an _ (an _ 1)sk)l/k

Jn(s) =

and Dy (z) = (1 — ikz)~ V¥, that is, vy is the gamma distribution with parame-
ter 1/k and thereby o = 1/k. See [16] or [8]. The existence and the positivity
of o are also found in [22] but its representation (1.14) is not therein. It should
be noted that the constant ¢ can be numerically calculated by using (1.14). In
some cases, the constant o has a natural relation with the constant of the law
of the iterated logarithm of Brownian motions on some fractals. See [2, 13] and
[45]. The Brownian motion on the Sierpinski gasket is related to the case where
f(s) =s2/(4 —3s) witha =5 and Sy = 4/3, and o is computed numerically by
using (1.14) as o =1.318---.

The author [45] proved the following lemma by using a Tauberian theorem
of [41]. It is the most difficult and critical fact in this paper. The regularly vary-
ing case was already known by Bingham and Doney [9] and de Meyer [32] in a
stronger sense. Recall the definition (1.6) of K (x).

LEMMA 2.5 (Theorem 2.3 of [45]). (1) vw(x) € D if and only if K (x) € D.
(i) If K (x) € D, then

2.17) xvw(x) < K(x) as x — oo.

REMARK 2.3. We can prove as in the proof of Lemma 4.1 of [45] by us-
ing (2.11) that, for some c; > 0, cinw(ax) < pw(x) < nw(x) for x > 0. It fol-
lows that pw(x) € O if and only if nw(x) € D and that if nw(x) € D, then
pw (x) < nw(x). Thus it follows from the above lemma that if K(x) € O, then
xpw(x) < xnw(x) < xvy(x) < K(x) as x — oo.

LEMMA 2.6. Suppose that n is a~'-decomposable on R such that n(dx) =
n' * p(dx) with n'(dx) :=n(adx) and [°(logx)p(dx) < 00.
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(i) We have, for some ¢ € (0, 1)
(2.18) pxX)(1 —n(ax)) <(x) —qlax) <2p(ex)  forx >0.

(i) p(x) € D ifand only if n(x) — n(ax) € D.
(1) If p(x) € D, then

(2.19) p(x) <n(x)—nlax) as x — o0.
PROOF. Let x > 0. It follows from (2.1) that
i) =5+ [ ilate =)o)

> p(x) +1(ax)(1 = p(x)),
that is,
(2.20) p(x)(1 = n(ax)) < 7(x) — i(ax).

On the other hand, we obtain from (2.1) that, for 0 < ¢ < 1,

i =@+ [ 5= yntady)

B x+ (1—e)x+ B
< ii(ax) + f n(ady) + / plex)n(ady)
(1—e)x+ 0—
<7((1 —&)ax) + p(ex),
namely,
2.21) 7(0) — (1 — e)ax) < f(ex).

Letting ¢ satisfy (1 — ¢)?a = 1 and adding the following to (2.21):
7((1 = e)ax) — 7((1 — &)*a*x) < p(e(1 — &)ax),

we see that

(2.22) 1(x) — (ax) < pex) + p(e(l — e)ax) <2p(ex).

Thus we have established (2.18) from (2.20) and (2.22). Assertions (ii) and (iii)
are obvious from assertion (i). [

LEMMA 2.7. (i) py(x) € D ifand only if K (x) € D.
(1) If K (x) € D, then

(2.23) py (x) < K(x) as x — oo.
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PROOF. It follows from Lemma 2.6 that py(x) € O if and only if ny(x) —
ny(ax) € O and that if py(x) € D, then py(x) < ny(x) — ny(ax). In the same
way, pw(x) € D if and only if nw(x) — nw(ax) € D. Moreover, if py(x) € D,
then pw (x) < nw(x) — nw(ax). We see from Lemma 2.2 that

ax—+
i)~y @) = [ yowy)
X+
(2.24) = x(vw(x) — vy (ax))

= x(fiw (x) — fw (ax)).

Thus we conclude from Lemma 2.6 and Remark 2.3 that each of the six conditions
py(x) € D, ny(x) —ny(ax) € D, nw(x) —nw(ax) € D, pw(x) € D, nw(x) € D
and vy (x) € D is equivalent to K (x) € D. Further, if K (x) € D, then

py (x) < iy (x) — 7y (ax) < x(ijw (x) — 1w (ax))
= xpw(x) X xnw(x) X xvw(x) < K(x).

Thus we have proved the lemma. [

LEMMA 2.8 (Theorem 5 of [9]). Let 6 > 1. Then E(W?) < oo if and only if
E(N?) < co.

LEMMA 2.9. Let 6 > 0. Then Ep((Y(0) — Y(—1)?) < o0 if and only if
E(N?TH < .

PROOF. Let 8 > 0. We obtain from (2.16) and (2.18) that
Eo((Y(©0) —Y(=1)") < o0

o
<:>/ xe,oy(dx) <00
0—
(0,0}
@/ xe_l,éy(x)dx <0
0

o
@/0 x9N iy (x) — iy (ax)) dx < o0.
By the same way we see from Lemma 2.8, Remark 2.3 and (2.18) that

o
E(N9+1) < 00 @/ x9+1vw(dx) < 00
0—
o0
<:>/ xeﬁw(x)a’x < 00
0

o0
@/ x?fiw (x) dx < oo
0
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* 9
@f x7pw(x)dx < o0
0

& /Ooox"(ﬁw(x) — fiw(ax))dx < oo.

Thus we conclude by (2.24) that Eo((Y(0) — Y(—=1)?) < oo if and only if
ENtY <oc0. O

LEMMA 2.10. Let £ € N. Then we have

(2.25) /loo 0(Y(0)—Y(—0) > x)a;c_x < 00.

PROOF. We consider on the probability space (2 x I, F x B(I), Q). Since
Y () — Y(—¢) and Y (—¥) are independent and the distributions of Y (—¢) and
a—tY (0) are the same, the distribution of Y (0) is (f[—decomposable. Hence the
log-moment of Y (0) — Y (—¥£) is finite by (2.2). That is,

o0 d
/1 O(Y(0) — Y(—£) > x)7x = Eg(log((Y(0) = Y(—0) V1)) <c0. [

3. Limit theorems for {Y (rn)}. The author [46] studied the “liminf™ type limit
theorems for the sequence {Y (n)}. In this section, we discuss the “limsup” type
limit theorems for the sequence {Y (n)} by improving the results of [45]. Namely,
we study the exact local dimension at typical i € T of the branching measure .
Let h(x) be positive measurable function on (A, co) with A > 0. We say h(x)
is submultiplicative on (A, oo) if there is ¢ > 0 such that A(x + y) < ch(x)h(y)
for all x, y > A. Further we say h(x) is quasi-submultiplicative on (A, oo) if, for
each ¢ > 0, there are c1, ¢ > 0 such that h(x + y) < c1h((1 4+ &)x)h(coy) for all
x,y > A. Obviously every submultiplicative function is quasi-submultiplicative
but the converse is not true. For example, (1 Vv x)¢ with ¢ > 0 is submultiplicative
and exp(b;x?2) with by > 0 is submultiplicative for 0 < b, < 1 and not so but
quasi-submultiplicative for 1 < by < 0o on (0, 00), respectively.

THEOREM 3.1. Let g € § and C € [0, co]. We have

. a'Y(—n)
(3.1 limsuyp —— =
n—o00 g(n)

0-a.s.
if and only if

00, W=E05)=>1, for0<bé<C,

(3.2) Y QY (0) =Y (—¢t) > 8g(n)) {joo Vo> 1, fors > C.

n=0
Thus there is C € [0, oo] satisfying (3.1) for each g € §.

The proof of the above theorem is obvious from the following lemma.



1022 T. WATANABE

LEMMA 3.1. Letge 4 andf e N.

O/
(3.3) > 0(Y(0) — Y (=) > g(n)) = o0,
n=0
then
. aY(—n)
(3.4) limsuyp ——>1 Q-a.s.
n—o00 g(n)
(i) If
(3.5 > 0(Y(0) — Y (=) > g(n)) < oo,
n=0
then
. aY(—n) 1
(3.6) lim sup < 0-a.s.,

n—soo  gn) T 1—(ao/a)*
where ap :=limsup,,_, ., g(n +1)/g(n) <a for g € §.

PROOF. Let g € §. First we prove assertion (i). Suppose that (3.3) holds for
some ¢ > 1. Then it follows from the shift self-similarity that

3 QY (=n) = Y(—n— ) > a""g(n)) = oc.

n=0
Thus there is jy with 0 < jo < £ — 1 such that

> 0¥ (=nl+ jo) = Y(—(n+ DE+ jo) > a " Tog(nt — jo)) = 0.
n=0

Thanks to Borel-Cantelli’s lemma, we have Q-a.s.
Y(—nt+ jo) = Y(=(n+ D€+ jo) >a " Fogne — jo) i.o.
Here the abbreviation “i.0.” stands for “infinitely often.” Hence Q-a.s.
a™ =y (—nt + jo)
snl—jo)
Therefore we obtain (3.4). Next we prove assertion (ii). Suppose that (3.5) holds

for some ¢ > 1. Then there is a positive integer ng = ng(w) such that, for any
n = no,

1 1.0.

Y(—n)—Y(—n—4£)<a"g(n) 0O-a.s.
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Note from Lemma 2.1 that
lim Y(—n)=0 Q-a.s.
n—oo

Hence we see that, for any n > no,

o0

Y(=n) =) (Y(—n—j&) = Y(—n— (j + 1))

j=0

o
<Y a4+ jo
j=0

<a"g(n) 0O-a.s.

1 —((ag +&)/a)*

where the positive number & can be arbitrarily small when we take ng sufficiently
large. Thus we have (3.6). [

THEOREM 3.2. Let g € §. Suppose that K (x) € D. If

Z K(g(n)) =00 (resp. < o0),

n=0
then

. aY(—n)
limsuyp —— =

00 (resp. 0) Q-a.s.
n—o00 g(n)

PROOF. Suppose that K (x) € O. Then we see from Lemma 2.5 that

Z Q(Y(0)—Y(—1) > 3g(n)) = o0 (resp. < oo) for any § > 0,
n=0

if and only if Y2, K(g(n)) = oo (resp. < 00). Thus we obtain the theorem from
Lemma 3.1. [

THEOREM 3.3. There exist g € $ and C € (0, 00) satisfying (3.1); equiva-
lently, there exists g € G such that

a"Y(—n)

3.7 lim sup =1 Q-a.s.

n—o00 g(n)

ifand only if K (x) ¢ D.

PROOF. We see from Theorem 3.2 that if K (x) € D, then there does not exist
g € G satisfying (3.1) with C € (0, 0o). Next, suppose that K(x) ¢ . Then by
Lemma 2.7, py (x) ¢ . Since the support of vy is unbounded, we see from (2.18)
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and (2.24) that the support of py is also unbounded. Thus there is a sequence
yp 1 00 as n — oo satisfying y,4+1 > 2y, and

Z_nﬁY(yn) > py (2yn) > 0.

Let ap € (1,a). We can take a strictly increasing sequence {x,},_ in such a
way that xo =0, x, 00 as n — 00, g(x) = y, on [x2;, Xo,+1) With 1 <
0y () (X2n41 — X2 — 2) < 2; further set g(x) = bnaé‘ on [x2,41, X2n,+2) satisfying
bn >0, g(x20+1) = yn and g(x2n42) = yn+1. Then we have

YOO —Y(=1)>gn) =Y py () (X2nt1 — X20 — 2) = 00.

n=0 n=0

Define J,, :={k € Z4 : x254+1 < k < x2,42}. Since we find from Lemma 2.10 that
for some c; > 0

IPIICIHELD N |
n=0

n=0keJ,

Yntl _ dy oo dy
py(y)—=61/ py (y)— < 00,
y Y0 y

n

we see that

> 0(Y ) — Y(—1) > 2g(n))

n=0
00
=< Z(z_nﬁY(yn)(XZn—H —xo+ 1)+ Z [3Y(bnal(§)) < 0.
n=0 kel

Thus we obtain (3.1) with C € (0, oo) from Lemma 3.1 and Theorem 3.1. By
replacing g with Cg, we have (3.7). [

REMARK 3.1. Suppose that K (x) ¢ D. Define ¢ (¢) :=t*g(|log?|) by using
g in the proof of the above theorem. Then obviously ¢ € ® with increasing g.

PROPOSITION 3.1. Let C € [0,00) and g € $. Suppose that g(x) is in-
creasing on Ry and the inverse function g~'(x) is quasi-submultiplicative on

(g(0), 00). If

. < 00, for0<6 <C7!,
(3.8) EWg (W) { —o0, for6>C",
then (3.1) holds.

PROOF. Note that, for § := o1 > 0,

fo O(Y(0) > 8g(x))dx = Eg(g~ ' (0Y (0))) = E(Wg ' (OW)).
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Suppose that (3.8) holds for 0 < C < co. Then we obtain that
> 0(Y(0) >8g(n)) <oo  ford>C,
n=0
and hence, for every £ > 1,
(3.9) Z Q(Y(0) —Y(—0) > ég(n)) < oo for§ > C.
n=0
We see from the quasi-submultiplicativity of g~!(x) that, for any & > 0,
Eo(g~ (8Y(0)
<c1Eg(g (1 +8)0(Y(0) — Y(—0))g ™" (c260Y (—0)))
=c1Eg(g (1 +8)0(Y(0) — Y(=0)))Eg(g " (c260Y (—0)))
=c1Eg(g7 (1 +e)8(Y(0) — Y (=0))) Eg(g™ " (c2a "0 (Y (0)))).

Since, for sufficiently large ¢, Eg(g~'(c2a=%0Y(0))) = E(W (g~ '(caa™" x
6W))) < oo, we have

Eo(g (1 +6)0(Y(0) —Y(=0)) =00  forf>C'andanye >0,
that is,

(3.10) Y 0(Y() —Y(—0) >8g(m) =00 for0<8<C.
n=0

Thus we obtain (3.1) from (3.9) and (3.10) thanks to Theorem 3.1. [

PROPOSITION 3.2. Under the same assumption as Theorem 1.3, we have

- a'¥(—n) _ _a-yyy
(311) llrgsolépW =T Q-Cl.S.,

where T is a positive constant determined by (1.12).

PROOF. Let g(x) := (log(e vV x))”~D/7 Then g~ !(x) = exp(x?/—1) for
x > 1. Thus we see from Lemma 2.3 that (3.8) holds for C = t1=?)/7 and thereby
Proposition 3.1 can be applied. [

PROPOSITION 3.3. Under the same assumption as Theorem 1.4, we have

. a'Y(—n)
(3.12) limsuyp —— =0
n— 00 logn

0-a.s.,

where o is a positive constant given by (1.14).
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PROOF. Let g(x) :=1log(e Vv x). Then g_1 (x) =expx for x > 1. Thus we see
from Lemma 2.4 that (3.8) holds for C = o ! and thereby Proposition 3.1 can be
applied. [

PROPOSITION 3.4. Under the same assumption as Theorem 1.5, we have,

Q-a.s.
. a'Y(—n) oo, for b < by,
(3.13) limsup ——— = {0’ forb > by,

n—o00 l’lb

Moreover, ifE(Ngo) < 00 (resp. = 00), then

. aY(—n)
lim sup — =
n—o00 n

0 (resp. = o0) Q-a.s.

PROOF. Let £ =1 and g(x) := 8x” with § > 0 and b > 0. Then g~ !(x) =
(x/8)!/% for x > 0. Note that (3.3) holds if and only if Eo((Y (0) — Y (—1))!/%) =
00. Thus we see from Lemma 2.9 that, for any § > 0, (3.3) holds for b < by
and (3.5) does for b > bg. Therefore we obtain (3.13) from Lemma 3.1 for b > 0
and thereby also for b < 0. The second assertion can be proved in the same manner.

O

PROPOSITION 3.5. Under the same assumption as Theorem 1.6, we have

n
Y —
(3.14) lim sup ")

- O = —1 -
S T(logn) R Q-as.

where £g is a positive constant given by (1.18) and (1.18) is clearly equivalent to

< 00, for0<§ < &g,
(3.15) E(Wexp(R(EW))) { — o, for s > Ex.

PROOF. Let g(x) := R™'(log(e V x)). Then g~!(x) = exp(R(x)) almost
everywhere for x > R~!(1). It is obvious that g~!(x) satisfies quasi-subexponen-
tiality. Thus we see from (3.15) that (3.8) holds for C =&, land thereby Proposi-
tion 3.1 can be applied. [J

REMARK 3.2. Propositions 3.2 and 3.3 were proved by Liu [23]. However,
each one-half of their proofs contained a serious gap because they depend on The-
orems 1.3 and 1.4, respectively. See Remark 1.4. The first assertion of Propo-
sition 3.4 was conjectured by Liu [21]. On the other hand, Proposition 3.5 was
conjectured by Hawkes [17]. Many other limit theorems for the sequence {Y (—n)}
are found in [15, 23, 24, 33, 34, 38] and [46]. Further, limit theorems for another
increasing shift self-similar additive random sequence associated with a Galton—
Watson branching process are discussed in [45]. The study of normalizability type
theorems such as Corollary 2.2 of [46] and Theorem 3.3 was motivated by a cele-
brated paper [35] for an increasing random walk.
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4. Proof of the main theorems. In this section, we prove the main and ad-
ditional theorems stated in Section 1 by using the results in Section 3. Lemmas
4.1 and 4.2 are crucial density theorems for the measure ¢-H . The first one is sug-
gested by Proposition 3.2 of [21]. As was pointed out in general by Taylor [40],
the second one is difficult to express without the exceptional set A.

LEMMA 4.1. Let C €[0,00) and ¢(t) :=t*g(|logt|) € ®. Let A’ be an ar-
bitrary Borel set in 3T with u(A') =0 a.s. If

aY(—n) -

“4.1) lim sup <C 0-a.s.,
n—00 g(n)
then
“4.2) ¢-HOT\ A > c'w a.s.on {0T # T},

with the understanding that 0/0 = 0.

PROOF. Suppose that (4.1) holds with 0 < C < oo. For any ¢ > 0, there are
compact set K = K (w) C T \ A’ and a positive integer ng = no(w) almost surely
such that u(K) > W — ¢ and

w(Bipn) < (C +&)o(|Bijnl) for every i € K and every n > ny.
Thus we see that almost surely
4.3) puBy, NK) <(C+2e)o(|Binl) for every i € I and every n > ny.

Let {S j}?io be an arbitrary cover of the set K with §; being balls satisfying

|Sj| < e 0. Then, since we see from (4.3) that almost surely u(S; N K) <
(C+e)oS;D,

W—SSM(K)§M<U(SjﬂK)>

J=0

< ZM(SJ' NK)=<(C+e) Z¢(|Sj|)-
j=0

j=0

Thereby we obtain from the definition of Hausdorff measure that almost surely

/ W —
$-HOT\ A) = ¢-H(K) = Crs

Letting ¢ | 0, we have (4.2). U
LEMMA 4.2. Let C € (0,00] and ¢(t) :=1t“g(|logt]) € . If

. a'Y(—n)
4.4) limsup >

n—00 g(n) -

C 0-a.s.,
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then we have

4.5) p-HOT\A)<C~'w with t(A) =0 a.s.
Thus, if ¢-H is absolutely continuous with respect to [, then
(4.6) p-H@OT) <C~'w as.

PROOF. Suppose that (4.4) holds for 0 < C < oco. Define the set A(§) in T
for § > 0 as

W.
A(S) = {i € BT:Iimsupﬁ < 8}.

n—oo g(n)
Note that A = A(0). We prove that
4.7 ¢-H(A(C—)\A)=0 a.s.,
with the understanding that A(co—) = limgsyoo A(S). We see from (4.4) that
4.8) w(A) =pu(A(C—-))=0 a.s.

Let 0 <§ < C and k € N. Then define m =m(i) > k forie (A(5))° N AT and ',
as

m:=inf{n > k: W), > 8g(n)} and Ty :={ilm(@):ie (A(5)°NIT}.
Define I';, and Ty as
T} :={ilk:ie A@)} and T} :=T;UT}.
Then l:k is a cutset for d'T. Define I'x(j) and Fk(j) for j € U with |j| =k as
Te(G):={i:j<ieTy) and Ty():={i:j<iely).
Then fk(j) is a cutset for 3T N Bj. Thus we have by (2.5)

¢-H((AG) N By < > a Mg(il)

ielk(j)
<" Y alwi=s"ta T Wy=5""u(B)  as.
iel ()
Hence we have for a Borel set A C 0T
(4.9) d-H((A(B) NA) < 8§~ (A) a.s.

Setting A = A(C—) and then letting § | 0 in (4.9), we obtain (4.7) from (4.8).
Letting 6 1 C and setting A = 0T in (4.9), we have

o-H(A(C))NaT)<C'lu@T)=Cc"'w  as.
Thus we conclude (4.5) from (4.7) and (4.8), and thereby also see (4.6). U
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PROPOSITION 4.1. Let ¢(t) :=t%g(|logt|) € ® and let A’ be an arbitrary
Borel set in T with u(A") = 0 a.s. Suppose that (3.1) holds with C € [0, o<].

() If0 < C < o0, then 0 < ¢p-H@OT \ A) = C~'W < oo with u(A) =0 a.s.
on {0T #£ T}. Moreover, for A € B() satisfying A CIT\ A, p-H(A) = Clu(A)
a.s.

(ii) IfC =0, then ¢p-H(OT) = ¢-H (0T \ A') = 00 a.s. on {0T # &}.

(iii) If C = oo, then ¢p-H(OT \ A) =0 with u(A) =0 a.s.

PROOF. Suppose that (3.1) holds with C € [0, oo]. First we prove assertion (i).
If 0 < C < o0, then we see from Lemmas 4.1 and 4.2 that
0<¢p-HOT\A)=C"'W <0 with £(A) =0 a.s. on {0T # &}.

The second assertion follows from the fact that we can find in the same way as the
proof of (4.9) that, forallie U,

¢-HOTN B\ A) = C ™ u(By).

The proofs of assertions (ii) and (iii) are as follows. If C = 0, then we find from
Lemma 4.1 that

¢-H@OT) =¢-HOT\ A') =00 a.s.on {0T #£ o}
If C = oo, then we obtain from Lemma 4.2 that
¢-HOT\ A)=0 with £ (A) =0 a.s. O

LEMMA 4.3. Let ¢(t) :=1t%g(|logt|) € ®. If the condition (G p) for g is sat-
isfied, then ¢-H(A) =0 a.s.

PROOF. Thanks to (G ), we can define a positive integer n(k) > k such that,
for some &¢ > 0,

(4.10) limsup(n(ki:_1 Q(Y(0) —Y(—1) > pg(n)) — logg(n(k))) = 00.
k=00 \ p—g
Define the sets Ay and A;C fork > 1 as
A =i €dT: Wi, —a™ ' Wijua1) < S0g(n) for all n > k}
and
Al =i € dT: Wi, —a™"Wiuy1) < S0g(n) for k <n <n(k) — 1}.
Then we define I'y and T} as

[y :={iln(k):ie Ay} and Ty :={iln(k):ie A}
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Then I';. is a cutset for A;. We observe that
(4.11) E(Z Wi>=E<Zl).
iel’, iel’,
Let m := (mg, my, ..., muy@)—1) € N"®) and define events Ej := Ex(i,m) and
H; := H;(i,m) fori e Z'jr(k) and m € N"®) a5
Er :={we Q:Njj, =m, forn=0,1,...,n(k) — 1}

and

*(mpy—1)
H; = :a)eQ: > @ Wiy < 80g(n) fork <n <n(k) —1¢,
i=0

where the symbol Z;ﬁg”—l) denotes the sum over i from 0 to m,, — 1 except for i

satisfying Wiijn)«i = Wjju+1). Define G :={i € Zi(k) 0<ip41 <m,—1for0<
n <n(k) — 1}. By using (2.4) in the second equality, we have

E(Z Wi>= Y Y E(lg (o)l ()W)

i / k) . k)
iel’ meN( 1621(

= Y > Elpne(@W).
meN2 k) ieGy

Since Hi, Ex and Wj for i € G are independent, we see from E(W;) =1 for
i € G that

E(Z Wi>= Y B nen @)EW)

iel} meN(®) ieGy

= > Y E(lg(@1in®)

n(k) . _n(k)
meN IEZ+

=E<i§1).

Thus we have proved (4.11). By using (4.11), the expectation of ¢-H (Ag) is esti-
mated as

E(¢-H(Ap))

< E(Z ¢<|Bi|)> = E(Z a"“”g(n(k)))

iel iel
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< E(Z a‘"“‘)g(n(k))) = g(n(k))E(Z a—"® Wi)

iel’; iel’;
= g1 QY (=n) — Y (—n — 1) < a"8g(n) for k <n < n(k) — 1)
n(k)—1

=gnk) [] Q¥ (—=n)—Y(—n—1) <a "8g(n))

n=k

n(k)—1

< eXP(— Y. 0(X O —Y(=1) > dogn) + 10gg(n(k))>,
n=k

where we used the additivity and shift self-similarity of the sequence {Y (n)} in the

last equality and inequality, respectively. Note that A C limy_, 0 Ax = g Ak-

Thus we see from (4.10) that

E(¢-H(A)) < 1}(minfE(¢—H(Ak)) —0.
— 00
Therefore we have ¢p-H(A) =0a.s. [

LEMMA 4.4. Let C € (0,00) and ¢(t) :=t*g(|logt|) € © with increasing
g € G. Suppose that (3.1) holds. Then there exists ¢*(t) :=t*g*(|logt|) € ® such
that g*(x) < g(x) for x > 0, g* satisfies the condition (G p) and

n
Y —
(4.12) limsup L) _
n— 00 g*(n)

0-a.s.

PROOF. Without harming (3.1), we can and do assume from Theorem 3.1
that g € § is left-continuous adding to be increasing. However, g*(x) € § defined
below is not always increasing and left-continuous. Let {x,}°°, be an increas-
ing sequence satisfying xo = 0, lim, . X, = 00, and x2,4+1 € Z4 for n € Z,.
Let I, :={k € Z4 :x3q <k < xop41} and Jp, :={k € Z : xopn4+1 < k < x242} for
n € Z4. Define G (n) for n € Z4 as

G(n) =) 0(Y(0) = Y(=1) > Sog(k))

kel,

with sufficiently small 8y > 0 satisfying > oo, Q(Y(0) — Y(—1) > Spg(n)) = o0
owing to (ii) of Lemma 3.1. Let ag := limsup,,_, ., g(n + 1)/g(n) and put a; as
ay € (ao, a). We choose the sequence {xn};’f’: o in such a way that xz, < x2,41 <
Xon+2 and G > g(x2,) for n € Z4. Up to this step, there is freedom of the
choice of x2,47 except for x2,4+1 < x2,42 for n € Z,. Next set g* € § as follows.
For n € Zy, g°(x) := g(x) on x24 < X < X2u41, & (x2n11) := €™ A g(x2041),
and g*(x) := bpay on xp,41 < x < x2,42 With some b, > 0. Further, the equality
g% (xon42) = g(x2,42) and the inequality g*(x) < g(x) on X241 < x < X542
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are possible by defining x2,42 := sup{x > x2,41:bsaj < g(x)} since g is left-
continuous and the set {x > x2,41:b,a] < g(x)} is nonempty and bounded by
virtue of a; > ag > 1. Note that g*(x2,) < g*(x2441) for n € Z, and that the
equality x2,41 = x2,,42 can hold in case G > g(x2,41). Then we see that

X2n+1)—1
limsup( > Q(Y«))—Y(—l)>8og*<k>)—1ogg*(x2n+1>>

n—oo k:O
o0
> 0(Y(0) = Y(—1) > 8pg(n)) = 0.
n=0
Thus (G a) holds for g* € §. Moreover, we find that, for § > C,

> 0(Y ) — Y (=) > 8g*(k))

n=0kel,

=" > 0(Y(0) —Y(—0) > 8g(k)) < o0

n=0kel,

and from Lemma 2.10 that with some ¢; > 0

D3 0¥ ) —Y(—0) > 8g*(k))

n=0keJ,

=3 > 0(Y(0) — Y(—¢) > 8byay)

n=0keJ,
0 dy
§c1/ Q(Y(0)—Y(—0) > y)— <oo.
3g(0) y
Thus we obtain that, for any § > C and any £ > 1,

> 0(Y () — Y(—0) > 8g*(n))

n=0

< Z(Z + Z)Q(Y(O) — Y(—£) > 8g*(k)) < o0.

n=0 \kel, kelJ,

On the other hand, for any § € (0, C) and some ¢ > 1,

> 0(Y(0) = Y(—0) > 8g*(n))
n=0
> 0(Y(0) —Y(—0) > 8g(n)) = oc.

n=0
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Therefore we have established (4.12) by Theorem 3.1. [

PROOF OF THEOREM 1.1. Suppose that K (x) ¢ OD. Then we see from Theo-
rem 3.3, Remark 3.1 and Lemma 4.4 that there is ¢™ € ® satisfying the conditions
(Ga), (3.1) and (3.2) with g = g* and C € (0, 00). Replacing ¢ by ¢*, we ob-
tain (1.8) from Proposition 4.1 and Lemma 4.3 with Cy = C~! € (0, 0c0). The
second assertion follows from Proposition 4.1. [

PROOF OF THEOREM 1.2. Suppose that K(x) € D and let ¢ € ®. We
first prove assertion (i). If Y72, K(g(n)) < oo, then we see from Theorem 3.2
that (3.1) holds with C = 0. Thus we obtain assertion (i) from (ii) of Proposi-
tion 4.1. Next we prove assertion (ii). If >"°° ; K (g(n)) = oo, then we find from
Theorem 3.2 that (3.1) holds with C = oco. Thus we obtain assertion (ii) from (iii)
of Proposition 4.1. Lastly we prove assertion (iii). Suppose that >_>> ; K (g(n)) =
oo and limsupg_, o limsup,, ., Y i—o K (8g(k))/log(e v g(n)) = oo. Then we
observe that (G A) holds. Note from Lemma 2.7 that

O(Y(0)—Y(—1)>x) < K(x) as x — 00.

Let 89 > 0. In the case where My := liminf,_ . g(n) < oo, we find from
Y20 K(g(n)) = oo that

n—1
limsup(Z O(Y(0) — Y (=1) > Sog(k)) — 10gg(n)>
n— 00 k=0
=Y 0(Y(0) — Y(—1) > 8pg(n)) — log Mo = o0.
n=0

In the case where lim;,_, o, g(n) = 00, we see that

I . Y2 QY (0) — Y (=1) > 8og(k))
im sup lim sup
PR s~ log g(n)
o Yo K (Sog (k)
= lim sup lim sup =00
Sop—>0+ n—>o© log g(n)

Thus (G A) holds. It follows from Lemma 4.3 that ¢-H (A) = 0 a.s. and thereby
combining with assertion (ii), we conclude that

¢-HOT)=¢p-HOT\A)=0  as. O

PROOF OF COROLLARY 1.1. The corollary is clear from Theorems 1.1

and 1.2 and Proposition 4.1. In particular, the last assertion of (ii) is obvious from
Lemma4.3. O

The following lemma is a special case of Lemma 3.2 of [21].
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LEMMA 4.5. Suppose that h(x) is a nonnegative decreasing function on R
with floo h(x)dx = oo. Then we have, for all § > 0 and for all &1 € (0, §),

nl/(1+6)
(4.13) lim sup(/
n—o00 1

The proofs of Theorems 1.3, 1.4 and 1.6 are due to the following proposition.

h(x)x?dx — nel/(”‘s)) = 00.

PROPOSITION 4.2. Let C € (0,00) and ¢(t) := t*g(|logt]) € ®. Sup-
pose that g(x) is increasing on Ry and the inverse function g~'(x) is quasi-
submultiplicative on (g(0), 0o) and that there is b € (a1, 1) such that

logg~'(b
X—00 1og g (x)
If (3.8) is satisfied, then (1.8) and (1.10) hold with Cy = cl.
PROOF. Thanks to Propositions 3.1 and 4.1 and Lemma 4.3, it is enough to

prove that (G a) holds for g. Choosing c¢; > 0 satisfying a‘lcl_1 <Cl< bcl_l,
we have by (3.8)

(4.15) /OOO fy(acig(x)dx = E(Wg~ @ 'e7'W)) < 00
and
(4.16) [ i@ g dr = EGvg ! ke W) = co.

Note from (4.14) that there are 61 € (0, 1), M1 > 0 and positive constants ¢, and c3
such that
g (bx) < (g7 ()" and
4.17)
g(x) < ca(logx)® for x > M.

Thus we obtain from (2.18), (4.15) and (4.17) with §¢ := ecy and § := 5;1 — 1 that,
for sufficiently large n,

n—1
> 0(Y(0) — Y (—1) > 8og (k)

k=0

> /1 " pr(ecig()) dx
> 2—1( | "y (c1g(x)) dx — | ' ﬁy(amg(X))dX)

> 04/1% Q(g_l(cl_lY(O)) > x)dx
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> ¢y /1” 0(g 7 bey 'Y (0) > x¥1) dx
8

:81_1&1/] 0(g ' (bey 'Y (0) > y)y° dy

with some positive constant c4. Set h(x) := Q(g_1 (bcl_1 Y (0)) > x). Then we see
from (4.16) that [ h(x)dx = oco. It follows from (4.17) and Lemma 4.5 that

n—oo

n—1
hmsup(Z Q Y0)—-Y(-1)> Sog(k)) — 10gg(n)>

>11msup(81 C4f h(x)x dx—logg(n))

n—oo

£161

> 00 + hm 1nf(8 c4n®! —log(ca(logn))) = oo

Thus we have established (G o) holds for g. [

PROOF OF THEOREM 1.3. Let g(x) := (log(e v x))”~D/7 Then g~ 1(x) =
exp(x?/=D) for x > 1. Thus Proposition 4.2 can be applied with C = t(1=7)/7
O
PROOF OF THEOREM 1.4. Let g(x) :=1og(e Vv x). Then g‘l(x) =expx for

x > 1. Thus Proposition 4.2 can be applied with C =o~!. O

PROOF OF THEOREM 1.5. Let g(x) := x? on Ry. If b > by, then
Yp-H (0T) = oo by Propositions 3.4 and 4.1. If b < by, then choose §; € (0, 1)
satisfying b8! < by and set § := 87" — 1 and h(x) := Q(Y(0) — Y (—1) > xb%1 ).
Note from Lemma 2.9 that | 100 h(x)dx = 0o. Thus we obtain from Lemma 4.5
that, for b < bgand 0 < & < 4,

n—oo

n—1
hmsup(z Q Y0)—-Y(-1) > g(k)) — logg(n)>

> limsup</1n QY () —Y(=1)> y")dy — lognb)

n— oo
n’1
=lim sup(él_1 / h(x)x‘3 dx — blogn)
n—oo 1
> 00 + liminf(8; 'n*1® — blogn) = oo
n—o0
Hence (G ) holds and thereby v,-H (0T) = ¥,-H (T \ A) =0 a.s. by Proposi-

tions 3.4 and 4.1 and Lemma 4.3. The second assertion is obvious from Proposi-
tions 3.4 and 4.1. O
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PROOF OF THEOREM 1.6. Let g(x) := R~ '(log(e Vv x)). Then g~ '(x) =
exp(R(x)) almost everywhere for x > R~I(1). It is obvious that g_l(x) satis-
fies the assumptions of Proposition 4.2. Thus Proposition 4.2 can be applied with
C=t;". O

CONCLUDING REMARKS. Hawkes [17] proposed an outline for the resolution
of the problem of determining the exact Hausdorff measure on the boundary of a
Galton—Watson tree. The first step is to study “limsup” type limit theorems for the
sequence {Y (n)}. The second step is to apply those limit theorems to determine the
exact Hausdorff measure. This paper resolved the first step of his outline, but did
not completely resolve the second step. Thus it is still unanswered whether there
exists an exact Hausdorff measure which is not absolutely continuous with respect
to the branching measure. The point is whether ¢-H (A) = 0 a.s. for any exact
Hausdorff measure ¢- H. However, the exceptional set A is so difficult to manage
that the final goal might be beyond our way of approach. We end this article by
posing the following problem which is an extension of Theorem 1.6 (Hawkes’s
conjecture).

PROBLEM. How is the exact Hausdorff measure explicitly given in the case
where the distribution of W is subexponential or O-subexponential?

This problem is deeply connected with the open problems in the Appendix
of [45]. For the definitions of subexponentiality and O-subexponentiality, see [39].

Acknowledgment. The author is grateful to K. Sato for helpful advice and
comments.
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