The Annals of Probability

2006, Vol. 34, No. 6, 2288-2314

DOI: 10.1214/009117906000000476

© Institute of Mathematical Statistics, 2006

MOMENT INEQUALITIES FOR U-STATISTICS!

BY RADOSEAW ADAMCZAK
Polish Academy of Sciences

We present moment inequalities for completely degenerate Banach space
valued (generalized) U-statistics of arbitrary order. The estimates involve
suprema of empirical processes which, in the real-valued case, can be re-
placed by simpler norms of the kernel matrix (i.e., norms of some multilinear
operators associated with the kernel matrix). As a corollary, we derive tail
inequalities for U-statistics with bounded kernels and for some multiple sto-
chastic integrals.

1. Introduction. The extensive body of work concerning U-statistics which
emerged during the sixty year period following their introduction by Hoeffding
has lead to an abundance of results including limit theorems and tail inequalities
as well as statistical and combinatorial applications. Most of the results correspond
to the classical theorems for sums of independent random variables, exploring the
properties of U-statistics under assumptions which are necessary and sufficient for
such sums. Although in some cases, such as CLT, those conditions turn out to be
necessary and sufficient also for U-statistics, for other problems (like SLLN or
LIL) the case of U-statistics is much more complicated and the classical methods
of proofs (in particular the existing tail and moment inequalities) are too weak.
The properties of U-statistics depend on the so-called order of degeneracy and the
most troublesome is usually the completely degenerate or canonical case to which
other problems can be reduced by means of Hoeffding decomposition (see [10]).
It turns out that, already for canonical U-statistics of order 2, what matters is not
only the L2- and L>®-norms of the kernels, but also some more involved norms
such as norms of certain operators corresponding to the kernel matrix, as one can
see when examining the inequalities by Giné, Latata and Zinn [5]. These quantities
have also been reflected in the necessary and sufficient conditions for the LIL for
canonical U-statistics of order 2, obtained in [6], and in precise moment estimates
for Gaussian chaoses given recently by Latata [9].

In this paper, we generalize the results of [5] to canonical U-statistics of ar-
bitrary order. The organization of the paper is as follows. First, in Section 2, we
start from U-statistics with values in a Banach space, then specialize to type 2
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spaces. All estimates presented there are expressed in terms of suprema of em-
pirical processes and may be considered counterparts of similar inequalities for
Gaussian chaoses due to Borell [3] and Arcones and Giné [2] (see also [1]). The
main results are contained in Section 3, where we obtain sharp estimates for mo-
ments and tails of canonical U-statistics in the real-valued case. Those estimates
involve “deterministic” quantities only and are optimal up to constants and loga-
rithmic factors. Finally, in Section 4, we give analogous tail inequalities for multi-
ple stochastic integrals of bounded deterministic functions with respect to stochas-
tic processes with independent increments and uniformly bounded jumps, in the
spirit of inequalities obtained by Houdré and Reynaud-Bouret in [7].

2. Estimates involving suprema of empirical processes.

2.1. Basic definitions and notation. Let I, = {1, ..., n} and consider a mea-
surable space (X, ¥) (throughout the paper, we will assume it is a Polish space
with the Borel o-field) and (%;);¢;¢, a multi-indexed matrix of measurable func-

tions h;: >4 — B, for a separable Banach space (B, | - |). Consider also a matrix
(X l.(" ))ie I,,jel, of independent X-valued random variables. To simplify notation,

let h; also stand for hi(Xi(ll), e Xi(j)), where i = (i1, ..., iz7). Assume that s; are
canonical (completely degenerate), that is, £ ;4; = 0 for all j < d, where E; de-

notes integration with respect to X U) = = (X; ( )),e 1, [for I € I;, we will similarly

denote by E; integration with respect to (X ) icl,, jerl. Let us define a random
variable

1 2 d
z:=Y h(x". x>, .. X)) =3 I
ierd ierd

Our aim is to find precise estimates for the moments of Z. To this end, for J C
I C I; (not necessarily nonempty) and a fixed value of ijc, let us introduce the
following definition:

DEFINITION 1.
A [l

=Enssup{Es Y (@, i) [] £ (X)) :6 € B* 19l < 1,
iy jeJ

(D
FO=(D O, fP s R jediel,

EY A <1jed

for I # &. Let us further define || (hi)iy oo = |Ail.
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REMARK. It is worth noting that [|(%:)ill 7, = E|>_; hi|. Moreover, for J C
I =1g4, I(h)i, llz,s is a deterministic quantity (even a norm), whereas for I # I,

it is a random variable depending on (X i(f)) kelc.

REMARK. Throughout the paper, we use the letter K to denote universal con-
stants, K, for constants depending on d only and K;(B) for constants depending
on d and some characteristic of a Banach space B. In all these cases, the values of
constants may differ between occurrences.

2.2. Inequalities for Banach space valued U-statistics.

THEOREM 1. There exist constants Ky such that for p > 2, we have

2) E|Z|? < K5|: Z Z pp(#J/2+#IC) ZEF | (R, |||fj:|

I1Cl; JCI ije

The main ingredient of the proof of the above theorem is the following lemma
which is a corollary of Talagrand’s tail inequality for empirical processes [12].

LEMMA 1 ([5], Proposition 3.1, see also [4], Theorem 12). Let Xy, ..., X, be
independent random variables with values in (X, ) and T a countable class of
measurable real functions on ¥ such that forall f € T andi € I, Ef(X;)=0
and E f (X;)? < oo. Consider the random variable S := Sup reg | > i f(Xi)|. Then
forall p>1,

ESP < KP[(ES)P + p"*o” + pPEmax sup If(X,-)I”},

L feT
where

e sup ZEf(X,-)z.

fGT i
To prove Theorem 1, we will need the following simple corollary of Lemma 1.

LEMMA 2. Let B be a Banach space for which there exists a countable set
D = {y;} of functionals such that for all x € B,

lxllp = sup ¥ (x)].
J

Now, let X1, ..., X,,Y be independent random variables with values in (X, F).
Let E = L%,(B), the space of all B-valued, integrable functions of the form f(Y)
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such that Y o f is measurable for all j. Consider functions h; : 25 B (=
1,...,n) such that {j o h; is measurable for all j, Exh;(X;,Y) =0 Y-a.e. and
hi(X;,Y)e E X-ae.Let S=}; hj(X;,Y) € E. Then forall p > 2,

EIISIE < KP[(EMSME)P + p"0? + pPEy max |hi (X, Y>||’,§]
<K’ [(EuSnE)P +pPo” + pPEx ) lIhi (X, Y)u’g},
i

where

o= sup Ey sup
f=(fiX)): LEfA(Xp)<1 J

ZEij(hmx,-,Y)ﬁ(xi))'

1

12
<Ey SuP(ZEXWj (hi(X;, Y))2) .

J

PROOF. First, we will construct a countable set of vectors of the form ¢ (Y) =
(1Y), p2(Y), ...) such that Zj |¢;j(Y)|=1a.e. andforall g(¥) € E,

3) lsM) e =sup ZEmj(Y)wj(g(Y))‘.
J

Note that for every random variable k(Y) = (k1 (Y), ..., k,(Y)) € L%,(Z’;O),
there exists a vector ¢ (Y) = (¢p1(Y), ..., ¢, (Y)) such that

) dYllpiM=1  ae.

j=1

and

> Eg;(Y)kj(Y)

Emax|k;(Y)| =
j<n iz

’

since for each value of Y, we can put ¢;(Y) = sgnk;(Y), if [ = min{i < n:
|ki (Y)| = max <, |k;(Y)|} and ¢;(Y) = 0, otherwise. Since all such sequences
¢ (Y), treated as functionals on L%,(Ego), have norm 1 and L;(Iigo) is separable
(here, we use the assumption that X is a Polish space), there exists a countable set
T, of vectors ¢ (Y) satisfying (4) such that

> Ej(V)k;(Y)

j=1

Emax |k;(Y)| = sup
j<n

PET
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for all k(Y) € L} (¢%,). Now, for g(Y) € E,

lsMle= sngrjng;ile(g(Y))l = sup sggg Y oY (g(Y))],
- nlj<n

s0, to obtain (3), it is enough to take a set consisting of all vectors ¢(Y) € | T,
completed with zeros to vectors of infinite length.

We thus have S = supy |32 > Ey v (hi(Xi, Y))p;(Y)| = supy | 22; 84 (Xi)]
and can estimate ||S||, using Lemma 1 (although, formally, it deals with the case
when the same function is applied to all X;’s, it is easy to see that it also covers
our situation). Indeed, we have

12
o= Sldl)P (Z ]Engp(Xi)2>
i

= sup sup

S Ey Y Exv;(hi(Xi, Y) fi(X0);(Y)
=) IE:f,'(X,‘)zfl ¢

j i

=supEy sup
f J

> Exv;(hi(Xi, Y)fi(Xi))"

PROOF OF THEOREM 1. We will proceed by induction with respect to d. For
d =1 the theorem is an obvious corollary of Lemma 1 since

ICh)illy,o =EZ,

IRl 0y = sup IS "E(¢, hi)2,
=ty

> Ellth)ill5.o = E max ||

1

Let us therefore assume that the inequality is satisfied for all integers smaller
then d. Let us denote /¢ = I¢\ {d} for I C I;. The induction assumption for
di =d — 1, applied conditionally with respect to X ¥, together with Fubini’s the-

orem, implies that
p
id i1, J

Note that since, in Definition 1, we can restrict the supremum to a countable set
of functions, Eqll|(3_;, hi)i, |||‘;7 ; can be estimated by means of Lemma 2 [applied

5) ElzZIP<Kkl, Y Z[pp(#”z”’”zlﬁzﬁm
IC{l,...d=1}JCI i

llc
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conditionally on (X l.(f)) keic if I # I;_1]. We have

(=) ],,)

= pPHP2HRIVIDD S B Gane i 1 oy

i(ugaye

» p#TJ2+#I°) Z Eje (Ed

1

Ic

Moreover, o from the lemma is bounded by |[[(%1)i,,,, l 10{ay, 7Uta) and

pP®I2HHE Z Eze pP" | (hi)iy oy 7oy ruiay

lic

— pp(#(JU{d})/2+#(1U{d})C)
X Y Eauanell iz 1oy, suiay-
i(ugape
Finally,
pP(#J/2+#I") Z pP ZEivEd|||(hi)il mf}
iic id

= pP O N B e[ (i), ||7 -

i[(‘

0

THEOREM 2. Let B be a Banach space of type 2. Then there exist constants
K4(B) depending only on d and the type 2 constant of B such that for all p > 2,

1jc

p/2
E|Z|? < KAB)"[%EF max<§E1|hi|2)

(6)

- X3 g a1 |
ICi; JCI tre

As we can see, the aim is to replace the external sums on the right-hand side of
(1) with maxima. To do so, we will use the following lemmas:

LEMMA 3 ([5], inequality (2.6)). Let &, ..., En be independent, nonnegative
random variables. Then for p > 1 and a > 0, we have

p
p*’ ZESiP <2(1+p%) max[p“pEmax &, (Z ES[) i|



2294 R. ADAMCZAK

LEMMA 4 ([5], Corollary 2.2). Consider nonnegative kernels g : PILIN Ry.
Then forall p > 1,

P
max E; max <Z El”gl) < E(Z gi)

ije ierd

p
<Kp Z p#]pElmax<ZE1cgl) .

ICId 1j¢

LEMMA 5. For a > 0, arbitrary nonnegative kernels g;: ¢ — R, and
p > 1, we have

P
“pZEg <Kpp°‘d|: o‘pEmaxgl + Z p#[pElmax<ZElcgl) :|

ield IC{1,....d} ije

PROOF. We use induction with respect to d. For d = 1, the inequality is im-
plied by Lemma 3. Assume that the lemma is true for all integers smaller than d.
Applying the induction assumption to E;, . 4—1) and using the same notation as
in the proof of Theorem 1, we get

d_
PPy Eel <Kj  p*“ VEy Z[P“p Eaye Ig{l;}l}gip

i

p
#1p .
+ > p Ezn}?X(ZE,&) ]

IC{L,...,d—1} iz
Lemma 3, together with Lemma 4, gives

K5 lp“(d I)Ede I’IE,{dcmaxg1

i laye

= K;_lpo‘(d_l)E Eq Zp“” max g’

ld l(d)c

P
<K} p*p*’E max g + Ky P Eqaye (Z Edgi)
1

< Kﬁp“dp“”Emiax gip

p
+Kp ad Z w”E;max(ZEILgl) .

IC{l,...,d—1} ljc
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Moreover, for every I C {1,...,d — 1}, by Lemma 3 (applied with “o = #I"),
Lemma 4 and the fact that p#l < pd <K 5 , we get

p
Ké’_] G I)ZEdp# pIEImax(ZElcgl)

ig ije

p
=Ky p*VEpMP Y By maX(ZElc&)

id 1jc

5K5pa(d_1)p#lp#lpE1U{d}maX( Z E([U )¢g1>

oty \4 ;5

P
+ K p*d=DpHE, (Z EF&)

i

p
< K7 p? p* PR 14y _max( Z E(Iu{d})cgi)

AN e

p
+ Kf,’p“d Z pHPE, max(Zch&) )

JcI O

1jc

LEMMA 6. Let B be a Banach space of type 2. Then there exist constants
K4(B) depending only on d and the type 2 constant of B such that for all
J C I C 1; and any fixed value of ijc, one has

i I, < Ka(B) [y Eflhil.
i

PROOF. The Cauchy—Schwarz inequality gives

2
Il |17 < Eny , sup Ky Z<¢ Zhi>
€

B*,|p|<1 i iny

<ZE1 Zh

ing

<Kq(B) Y Elhi|*.
i ]

PROOF OF THEOREM 2. One starts from Theorem 1, then applies Lemma 5
for I # 14 to 3, Epell(hi)i, |||f’] with “p = p/2” and @« =2#I° + #J /2) + #I°
[taking advantage of the fact that (p/2)*¢ < K 5 ] and finally applies Lemma 6.

O
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REMARK. From Lemma 4, one can conclude that in cotype 2 spaces (so, in
particular, in Hilbert spaces), the quantity max;c, E;c max;,. (3, E;|hi|»)P/? is
indispensable (at least up to constants) since one has

r/2 1 p/2
> Eje E;|hil?
> (B)p (ZI il ) Z xo By ek n}fX(jXI: 11kl )

with K;(B) depending only on d and the cotype 2 constant of B.

Let us also consider a corollary of Theorem 2 which is perhaps more “user-
friendly.” It can easily be obtained by replacing || (4;)i, 7,7, for I # I; and E|Z| =
Il(hi)ll 7,2, with the estimates given in Lemma 6.

E|Z|? >

COROLLARY 1. If B is of type 2, then there exist constants K ;(B) depending
only on d and the type 2 constant of B such that for p > 2,

r/2
E|Z|P5Kd<B)P[<ZE|hi|2) + > ™Ry,
i

JCly,J 4D

p/2
+ Y pPatHORE,, max<ZE,|h | ) }

1Cly

3. The real-valued case. The purpose of this section is to simplify the esti-
mates of Theorem 2 in the case of real-valued U-statistics. To be more precise, we
would like to replace the troublesome suprema of empirical processes |[(hi)i, || 7,7
by expressions in which the supremum over a class of functions appears outside
the expectation. To do so, let us introduce the following definitions:

DEFINITION 2. For a nonempty, finite set I, let ; be the family consisting
of all partitions § = {J1, ..., Jx} of I into nonempty, pairwise disjoint subsets.
Let us also define for ¢ (as above), deg(¢) = k. Additionally, let Pz = {&} with
deg(@) =

DEFINITION 3. For a nonempty set I C I, consider § ={J1,...,Ji} € P;
For an array (hi);cj¢ of real-valued kernels and any fixed value of i;¢, define

1 d I
”(hi)i[Hg:SuP! ZElhi(Xfl)’---’Xi() H fl(J) () 161,) :
17 !

EZ|JCI(]) z(ll) lé]j)}zflforj=15---sdeg(g)}'

Moreover, let ||(hi)iy |z = Ihi|-
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REMARK. If I = Iy, then the quantity [|(h;)i,[lg is a deterministic norm,

whereas for I # I it is a random variable depending on (Xff )) jerc (one can see
that it is just an analogous norm, computed conditionally for a sub-array of smaller
dimension).

3.1. Real U-statistics of order d = 3. First, we will consider the case d = 3.
Let us adapt the notation to the simplified situation and write

n
Z:= Y hij(Xi,Y;, Zp),
ijk=1

where in all previous definitions, Y, Z; correspond to X ;22), X l-(j), respectively.

REMARK. On closer inspection of Definitions 1 and 3, one can see that

dohi|< D Eilhil? = (i) ]y
if i

and for s € I, [[(h)i; 15y < II(hDi; lzy- Moreover, |[(hi)i, 7,1 = I1(hd)i; 1l .
where g is the partition of / into singletons.

i ;. 5 =Ex

Thus, it follows that to replace all the quantities on the right-hand side of (6) by
quantities introduced in Definition 3, one must estimate expressions of the form

W Chiji)ijellin,2,3),01,2)

=Ezsup{ > Y Ex.yhij(Xi, Y;, Zo) f;(X)g; (¥)):
k i,j

D Efi(X)? ) Egj(¥))’ < 1}.
i J

Note that one can choose e, = (e,ln(Xl),...,e%(Xn)), f, = (ffn(Yi))iEn—
orthonormal bases in L%(X;) x --- x L*(X,) and L%(Y}) x --- x L3(Yy),
respectively—and denoting a;jx(Zk) := Y1 Exyhimk (X1, Yo, Zi)e€} (XDF} (Ym),
write

I1Chijr)ijrlln,2,3y,1,2) =ESUP{ZZaijk(Zk)xiJ’j xllzs Iyllz < 1}
k ij

:E’

Z(aijk(zk))ij
k

12—>12
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It turns out that the problem is to estimate the expected operator norm of a
sum of independent random matrices (hereafter, we will denote it simply by || - ||,
suppressing the index I, — 7).

Before continuing, let us make a few comments concerning the notation. First,
to simplify it, we are going to suppress the outer brackets when writing the
norms of Definition 3. For example, we will write ||(h;jr)ll{1}(2,3) instead of
Il (hiji) ||{{1}{2,3}}. Second note that any array (a;x(Zx))ijk corresponds to an array
of kernels (h(g{", 8\, Zo)ijk = (aiji(Z)g{" 8\ )ijk. where (g, g1)ij is an
array of independent standard Gaussian random variables. Thus, for any partition
g (as in Definition 3), we can write || (a;jx(Z1))i, Il = I (hijx)i, Il (where g, g@)
correspond resp. to X1, X® of Definition 3). The following proposition explains
the connection between these quantities and the corresponding norms of (h;jx);j:

PROPOSITION 1. For any J, we have ||(hiji)|lg = [(aijx(Zk)) |l g. Moreover,

||(hijk)||{1,2,3}=\/Ezh,-2jk=\/EZaijk(Zk)2,

ijk ijk

2
I (hiji) lyye) = sup ZE<Z aijk(Zk)Xiyj) ,

leladiyla<t 7\

Z

2
IChiji) 1,332y = | sup ZE<Zaljk(Zk)xj) ,

\ xllz<L ;z

2
I Chij) 32,3 = | sup ZE<Zaijk(Zk)xi) :
k

xl2<t i

Z

PROOF. This is a simple fact from theory of L, spaces, so we will only show
the case § = {1, 2, 3}, just to give the flavor of the proof. We have

1)1 23 = Y Bhije(Xi, ¥j, Zi)*
ijk
2

=Ez)_ sup > Ex.yhijx(Xi, Yj, Zrij(Xi, Y})
k i Brij(Xi, Y)2<1| jj

but each (r;; )” g WithE) 7 (X;, Y; )2 <1 can be expressed as

rij(Xi, Y) = > Bimel (X) f3(Y))
Im



MOMENT INEQUALITIES FOR U-STATISTICS 2299

with ), ﬂlzm < 1 [the sum over [, m is, in general, infinite and the equality is
satisfied in X; ;L2(X;, Y;)]. Thus,

> Ex.yhijx(Xi, Yj, Zrij(Xi, Y})
ij

sup
i Erij(Xi,Y))%<1

= sup (D> BmBExyhi(Xi. Y}, Zej (X)) f;1(Y)
Yim Bl <t im ij

= sup | amk(ZO)Bim| =Y aij(Zi)?
szﬂlszl Im ij

which already implies that

Ihiji) 23 = [EY aiji(Zi)?.
T

Thus, it only remains to be shown that [|(a;jx(Zx))l{1,2,3) also equals the right-
hand side of this equality. However, we have

1€aijk (Z)F 2.3

D @2 1 2
- sup ZEaijk(Zk)gi( )g§- )rijk (gl( ), gﬁ- ), Zk)‘
ik ErgM g ze2<t | ijk
=K aijx(Zp)*.
ijk 0

We will also need to introduce an analogue of Definition 3 for deterministic
matrices. Note that we can define the norms ||(a;jx)lg for any deterministic array
(aijk)ijk by passing through (a; jkgl-l g%glz’)i jk similarly to the way we did in the
case of (a;jx(Zx))ijk- We will, however, follow [9] and give an alternate definition
which is equivalent, but more straightforward. Although this section is devoted to
U-statistics of order 3, we will consider a more general setting which will also be
useful for U-statistics of higher orders.

DEFINITION 4. Let (aj);c 1d be a d-indexed array of real numbers. For § =
{J1,..., Ji} € P1,, we define

1 k 1)\2 k)\2
I (apillg = sup{Zaixi(Jl) . -xi(Jk) : (xi(jl)) <1,..., Z(xi(Jk)) <1;i.
1

i iy

We then have the following:
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LEMMA 7 ([9], Theorem 2). Consider a 3-indexed matrix A = (a;ji). Then
forany p > 2,

‘(Z aijkgk>
k ij

E

k ij

< K(llAll{l}{2,3} + 1A ll2),(1,3)

{132}

Ih—1y

1
+—IAllg23 + «/1_?||A||{1}{2}{3}>-
Nz

REMARK. Although using the same notation for || - || g-norms of deterministic
arrays and arrays of kernels seems justified by the aforementioned possibility of
defining the former via Gaussian chaoses (and also if we interpret them as norms of
multilinear operators on proper tensor products of Hilbert spaces), in what follows,
we will use Lemma 7 conditionally on the variables Z. To avoid ambiguity, we
will write ||(a;jx(Zk))|lg,p to stress that we mean a norm of a deterministic array
obtained by fixing the random variables Z.

To proceed, we will need another lemma.

LEMMA 8 ([4], Lemma 7). Let X1, ..., X, be independent random variables
with values in (X, ) and let T be a class of functions f:% — R such that for
alli, one has E f(X;) =0. Then

+ 8EM?,

Y f(Xi)

i

Esup Y f2(X;) < sup Y Ef (X)) +32VEM2E sup
fGT i

fer feT

where M := max; sup y.q | f (Xi)|.

Now, consider a sequence of independent Rademacher variables ¢y, ..., &,, in-
dependent of X, Y, Z. Using standard symmetrization inequalities, the fact that
Rademacher averages are dominated by Gaussian averages and Lemma 7 condi-
tionally on Z, we then obtain

EH (Z aijk(Zk)>
3

ij

< 2E” (Z ai‘jk(zk)8k>
X

< 2\/§E” (; aijk(Zk)gk>

< K(Ell(aijk(zk))||{1}{2,3},D + Ell(aijx (Zi)l2),11,3),0

ij ij

1
+ ﬁEn(az‘jk(Zk))||{1,2,3},D + ﬁEll(aijk(Zk))|I{1}{2}{3},D>-
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Obviously,
1 1
(®) —Ell(@ijt(Zi) 230 < — [ED aije(Zp)?,
VP ijk
so we are left with the remaining terms.
Let us start with E||(a;x (Zr)) l(1}{2)(3),p- By Lemma 8, we have

Ell(aijx(Zk)) ||{21}{2}{3},D

2
=E sup Z(Zaijk(zk)xi)’j)

Il Iyll2=<1 g\

2
< sup EZ(Zaijk(Zk)xi)’j>
k

llxll2, lyll2=<1 ij

+ 8EM?,

+ 32\/EM2EH (Z aijk(zk)>
k

tj

where M? = maxg SUP|ixia, lyll2<1 | Zij aijk(Zk)xi}’j|2 = maxy ||(aijx(Zk))ij ||2
We thus obtain

Ell(a;ijk (Zi) {12331, 0

< \/EH (aijr(Zk)) ||%1}{2}{3},D

2
< sup ZE<Zaijk(Zk)xi)’j)

llxl2, Iyl <1 ij

1

12
+4ﬁl <Emlflx ||(aijk(Zk))ij||2> EH (Z aijk(Zk)>
k

+ 2«/5\/IE max Il (aijk (Zi))ij >

Now using the inequality ~/'ab < ./pa/e + be/./p, we finally obtain, for
O<e<l,

Ell(aijx(Zi) (131233}, D

2
9) < K( sup ZE<Zaijk(Zk)xin>

lxl2, Iyl <1 ij

&
+ —E|( > aix(z
VP ”(k aukl k)>-

ij

n @ \/Em]?x ||(aijk(zk>>i,~||2).
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We will now proceed with the term E||(a;jx (Zx)) |l12)(1,3),0-

Ell(aijx(Z) Ify1.3).0

2
=E sup Z(Zaijk(zk)yj)

Iyll2=1 & j

1

2,2
=E sup Z(ek Z(Zaijk(zk)yj>>
Iyla=1 g J
(10)

2
< sup EZ(Zaijk(Zk))’j>

Iyle<t & \

2
Z &k Z( aijk(zk))’j>
J

+ 32\/Emlflx I (aijk(Zi))ij I*E sup
k i

Iyl2=<1

+8E max Il (@ijx(Zi))ij I,

where we have again applied Lemma 8, this time to variables X = (Zx, &, k) and

functions fy(Zx, &k, k) = Sk\/Zi (X aij(Zi)yj)>.
The problem that remains is to estimate the second factor in the product on

the right-hand side of the last inequality. Let g1, ..., g, be independent standard
Gaussian random variables, independent of the Z;’s. We have

E sup
Iyl2=1

2
D& Z(Z aijk(Zk)yj>
J

T

5\/i1E sup
2 i<t | -

:\/iE sup |Xy|§2\/iE sup X,
2 <t 2 <t

where X, =) gk\/Zi (2 aijk(Zk)yj)2 is a (conditionally) Gaussian process in-

2
Zsk Z(Zaijk(zk))’j>
k J

dexed by the /5 unit ball. The covariance structure of X induces a metric on the
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indexing set, given by

dx(y,)* =E|X, — X;/*

sl [l

i i
2
2)

— Xk:(” <;aijk(zk))’j>i - ” <;aijk(2k)yj)

2

i

<> (Zaijk(zk)()’j - 57]'))
k J

in2

2
:Z(Zaijk(zk)(yj—fj)> =dz(y.5)".
ik \j

where X y =D ik &k jai jk(Zi)yj is another (conditionally) Gaussian process
(gir being i.i.d. standard Gaussian random variables, independent of the Z;’s).
Thus, by Slepian’s lemma, we get

E sup X, <E sup f(y

llyll2<1 llyll2<1

2
<E ) (Z aijk(Zk)gik>

i \ik

< > Eaijx(Zp)>.
\ i

Inserting this inequality into (10) and using the inequality ~/ab < ,/pa+b/./p,
we eventually obtain

2
Ell(aijk(Zi)li2y1,3;,0 < | sup Z (Zaljk(zk)y])

Iylla<1;

(11) IZEat]k(Zk)z
ijk

+ Kﬁ\/Em]gx @i (Zi)i 1.
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By symmetry,

Iyll2<l;

(12) /ZEauuzk)
ijk

+K/p [Emax | aiji(Zi)ij I>.

2
Ell(aijx(Zi)ly2,3),0 < | sup Z <Za11k(zk)yl)

Inequalities (7)—(9) (with sufficiently small ¢) and (11), (12), together with
Proposition 1, yield the following:

THEOREM 3. Forany p > 2,

§ [

ijllly—1
1
< K[ﬁ”(aijk(zk))”{llj} + 1 Caijx (Zi) l132,3)

+ (@i jx (Zi)l2y1,3) + /PG ik (ZO) | (13423)3)

+ p\/Em]?x ||(aijk(Zk))ij||2]-
In particular,
1
IRl 2.3y0.2) < K[ﬁn(h,-jk)n{l,z,a} i lmes)
+ 1 (hiji) 231,30 + /Pl RijiO 112363

2
+ p\/EZ max ||(hijk)ij“{1}{2}]‘

Now combining Theorem 2 with Lemma 3 and the remark at the beginning of
the present section, we obtain the following theorem:

THEOREM 4. Forany p > 2, we have
p

E| > hije(Xi, Y}, Z)
ijk

<K [Z S prlee(@)/he )Ezrmaxll(hl,k)l,llg}

{1,2,3} e,
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3.2. Real U-statistics of higher order. 'To prove a counterpart of Theorem 4,
we will need estimates for [|(hi)illz,,1,_, = Ed”(Zid hi)i[d—l l(ky: ke1,_,)- Note
that, again, as for d = 3, by choosing orthonormal bases, we can translate the
problem into one of estimating expectation of the norm of a sum of independent
random (d — 1)-linear operators by the | - || g-norms which satisfy a proper version
of Proposition 1. The problem thus reduces to estimating E||(3_; , ai(Z;,))i It | =

ElICi, ai(Zig)i;,_ ... (d—1y-

LEMMA 9 ([9], Theorem 2). There exist constants Ky such that for all p > 2
and any matrix A = (ai)ie d,

#l )

THEOREM 5. Let Zy, ..., Z, be independent random variables with values
in(X,¥). Forie NI=1 x I, let a;: X — R be measurable functions such that
Ezai(Zi;) = 0. There exist constants K such that for all p > 2, we have

7| ()

<Kq Y. pUrieD=D2)(a(z;,))] 4

<Kg Y pUteei=DR2) @]y,
{1},....{d-1} A

iy

iy

Fer,
1+(1+deg(g)—d)/2 7. 2
YKL Y p JEma | ai(Z0),, |15
JeJ 111
where || - | denotes the norm of a (d — 1)-indexed matrix, regarded as a
(d — 1)-linear operator on (1)1 (thus the Il - ll¢1y,... {a—1)-norm in our notation).
In particular,
i /g, 1) fd-1)
<Kg Y pUteE@=D2) ;|4
FeP,
bRy 3 pHODOR maGh, 5
J€<7)1d7] td

PROOF. As in the proof of Theorem 3, we randomize by an independent
Rademacher sequence and apply deterministic estimates conditionally on Z
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(Lemma 9) to obtain
(13) E” (Z ai(Zid)>
id

Let us consider a general term on the right-hand side of (13), corresponding to
I =1{J1,..., Ji} for deg($) > 1. Without loss of generality, we can assume that
d € J1. We have (again, by Lemma 8, using arguments similar to those used in the
proof of Theorem 3), for 0 < e <1,

P OPE (@(Ziy))il 4.

<Kaq Y p"tEI=DPE| (ai(Z:))] 4 p-
ge?ld

gy

k 2
Sp(1+k_d)/2 E sup Z Z (Z ai(Zid) 1—[ 1(JJ))

II(xfj;)Ilzsltj=2 ~~~~~ ki i) Mg\ j=2

1+k—d)/2
_ pHk=d)/

o 2z ()T

1067 =1: j=2,.k i vy N, j=2
J

< Kp(l-i-k—d)/2

9 (u @z,

&
+—EK sup
VP 107 )= j=2,0. 0k
J

o | T (T a1 <f>)2

L@y Mg\, Jj=2

where for J; = {d}, we slightly abuse the notation and identify the partition
{2, Jo, ..., Ji} of I;_1 with the partition {J>, ..., Ji}.
Now, by Slepian’s lemma, we obtain (as in the case d = 3)

Yo | T (X ata 1)

a N e Mg\ j=2

E sup
I <1 j=2,...0k
J

<2E sup Zgijl Z ai(Zld l_[ (])

N 2=t j=2,k Uiy gy
J
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<Ky > pUHIRFO=ORE | (ai(Z3)); ] i -
K ey, deg(K)<k

where, in the last inequality, we again used Lemma 9.

Note that if J; = {d}, then Slepian’s lemma does not change anything (as was
the case when d = 3), but in order to shorten the (already quite involved) proof,
we do not distinguish this case.

Thus, we obtain

p(1+deg(3)—d)/2]EH (ai(zid))i ” 9,D
- de(1+deg(#)—d)/2 [ (ai(Zid))i”g

+ Ka¢ Z P(Hdeg(']{)_d)/zE” (ai(zid))i”x,D
Ke?Id,deg(JC)Sk

+ Kd871p1+(1+deg(J1\{d},Jz ..... J)—d)/2

< [Emax | (ai()

The last inequality remains true for deg($) = 1 (i.e. for § = {I}) since

Ell@i(Zi)illiy,0 = 1@i(Zig))illiz)-
Summing over all § € &#;,, we get

Y pUHED-DLE (4y(Z;,) ] 4.

i, WIi\{d}, /...,

ge‘?ld
<Ka ) p"HeED= D2 (a(z;,));],
ge'?ld
+Kae ) pUTEDDPE|(4(24,));] 4.0
gejjld
K
+_d Z pl-l—(l—i-deg(%)—d)/Z\/EmaX ”(Cli(zid))i[ H;
gePr, i !

Taking ¢ sufficiently small, we obtain a bound for the right-hand side of (13)
which allows us to finish the proof. [l

DEFINITION 5. We define a partial order < on P as
I1<g

if and only if for all I € {, there exists J € § such that I C J.

Using the basic theory of L2-spaces and Theorem 5, one obtains the following:
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COROLLARY 2. LetJ € P, ,. Then

(),

U1

=D DI A e (O
Fe&r, - LU{{d}} <4

N Z p1+(deg(g)—deg(1))/2 Ed maX “(hl)lné
iq
FePr,_ 4=

We would now like to prove Theorem 4 for higher order U-statistics. It turns out
that instead of using Theorem 2, it is more convenient to follow its proof and start
the induction argument from the very beginning.

1

LEMMA 10. There exist constants Ky such that for any p > 2,

(14) <Ky Z Z X:pzv(%*|‘1”+deg(#)/2)]EIC | hi)s, ”

ICIy §ePr ifc

PROOF. We employ an easy induction argument in the spirit of the proof
of Theorem 1. For d = 1, (14) is an immediate consequence of Lemma 1 since

E|> hi| < ,/EZhiZ = ||(hi)ill{1y. As for the induction step, one applies the in-

duction assumption (conditionally on X@) to ¥ , hi, then uses Lemma 1 and
estimates Eq||(3_;, hii, llg (for I € Iz—1, § € 1) by means of Corollary 2 [using

the fact that \/Ed max;, || (h)i;, ||§ < Ba Xy, Ih,,_, ||g)1/17]. n

THEOREM 6. There exist constants K4 such that for p > 2,

<Ky Z Z pp(#16+deg(5l>/2)Elc max (i), Hg
I1C1; §ePr

PROOF. To replace the sums in ijc on the right-hand side of (14) with the
maximum Over ise, it is enough to use Lemma 5 for kernels g;,. = |[(hi);, ||§ with
p/2 instead of p and « sufficiently large and to notice that for / C /€ and § € P
we have Eze\y 35 ., , 1 (hi)i, II§ < RielIFyey O

3.3. Tail estimates for bounded kernels. Chebyshev’s inequality gives the fol-
lowing corollary of Theorem 6:



MOMENT INEQUALITIES FOR U-STATISTICS 2309

THEOREM 7. Assume that all the kernels hi are bounded. Then there exist
constants K g such that for all p > 2,

( Zhl > Ky Z Z p#1c+deg(%)/2 max I ki, ||g” ) <e P

I1Cl; §ePr
or, equivalently, for all t > 0,
( Zhl

REMARK. The above theorem is, in a sense, optimal. The recent inequalities

for Gaussian chaoses by Latata state that for h; = g; g(l) gl(j) we have

(Zhl
> Ky Z pdeg(ﬂ)/zn(h) ”g> <e P,

( ge‘/ld

which shows (together with the CLT for U-statistics) that apart from constants,
the components p®/ “tdeg(3)/ 2)||(hi)i,||g for I = I; are correct and cannot be
avoided. To discuss the appearance of other components, let us consider a prod-
uct V = G[[;c; Xi, where the X;’s and G are independent, the X;’s are cen-
(J)

1 t 2/ (deg(3)+2#10)]
Kq I<la. 5<e=/1<||||(h )l,llglloo> '

> t) <Ky exp[

>kg Y. pPEP2) () ||g>>kd/\€ P,

3’6/ 1g

tered Poisson random variables with parameter 1 and G = };  xi,c [1jec 8

()

is a Gaussian chaos (g;”" are i.i.d. standard Gaussian). Then V is the limit law

of U-statistics V, with kernels [];¢; X,/ l) anize [jgr g(’) (i € I%), where X(j)
are centered Bernoulli random variables w1th parameter p = 1/n and where the
coefficients aj,. are properly chosen (from the infinite-divisibility of Gaussian
variables or by interpreting G in terms of multiple stochastic integrals). Then
P(V > kattp Lgepye PP (xi,0)l9) = ka A =P, where a/* loge, ~ p,
which shows that the other summands are also correct, at least up to a factor of
order (log p)#l .

Further, note that if X l-(j ) are 1.i.d. random variables and #; = h for some
function #, then the quantities appearing in the above theorem simplify, namely
I (A, 19 lloo = n*/2||12]| 4|l oo- Thus, we obtain the following:

COROLLARY 3. Ifhi=h and Xi(j) are i.i.d. random variables, then for any
t >0, we have

(-

1

¢ 2/(deg()+2#1°)
Kg Iy, gen(n#’/zllllhllglloo) }

> t) <Ky exp[
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REMARK. In particular, we can see that the tail of the U-statistic generated
by a fixed bounded canonical kernel is of order n?/? which agrees with the CLT
for such U-statistics. It is also worth pointing out that each of the above theorems
has its “undecoupled” version which can be immediately obtained by applying the
decoupling results by de la Pefia and Montgomery-Smith [11].

4. Multiple stochastic integrals with respect to stochastic processes with
independent increments. Theorem 6 also yields tail estimates, in the spirit of
Theorem 7, for some multiple stochastic integrals (see, e.g., [8] for the neces-
sary definitions). Namely, let (N,(’)) ref0,7] (i € 1) be independent cadlag stochas-
tic processes with independent increments, Né’) =0. Let Vi(t) = Var Nt(l) < 0.
Moreover, let Al (1) = EN,(i) be the compensator of N @) and define N @) =
N(t) — A(¢). Finally, assume that all the jumps of N are uniformly bounded,
say by 1, since this is just a matter of normalization and the typical example we
have in mind here is the (not necessarily homogeneous) Poisson process.

DEFINITION 6. For a nonempty subset I C I; and § = {Ji}f.‘:1 € P, we de-
fine the quantities

deg()
Ihllg = sup{/[o - hty,..ota) [T f9ies,) []avVi@):
' j=1 iel

/[-0 1 |fj((ti)ier)|2 H dVi(ti) <1},

lEJj

We further define ||k g = |A]|.
Notice that as in the case of U-statistics, ||| is a norm when I = ;. Moreover,
for I # I, it is a function of (¢;);cje.

We then have the following:

THEOREM 8. Let h:[0,T]¢ — R be a bounded Borel measurable function.
Consider the stochastic integral

‘= h(tt, ... 1) dNSD - a N,
[0,T]x-x[0,T1]

Then there exist constants K g such that for all p > 2,

P<|Z| > Ky Z Z p#lc—l—deg(g)/Zn}ax””h”gnoo) <e P,
I¢

ICl; $ePr
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We would like to approximate / by step functions and the stochastic integral by
proper U-statistics (or even homogeneous chaoses). However, the best approxima-
tion we may hope for is in L? and almost sure, whereas in Theorems 7 and 8, we
have some L°°-norms. Thus, we must be careful and approximate by step func-
tions A, for which those norms are bounded by the corresponding norms of . We
will use the following:

LEMMA 11. Consider probability spaces (2;, i), i < d, and Q =
Xi=1,...dS2%, b = Q1,4 Mi- Then there exist constants K4 such that for every
& > 0 and every measurable subset A C Q with u(A) > 1 — ¢, there exists a subset
B C A such that u(B) > 1 — del/zdfl and forall I C 1g and x; € Xc12i, we
have either B){I = or ,uIc(B;]) >1-— del/zd_l, where e = Q;cqe i and
B;{, ={yrc € XiercQi:y € B, yy =xy1}.

PROOF. Let us first make a comment concerning notation. We will be using
induction and, in the process, will be dealing with various subsets C C X;¢;Q;
for I C 1. In such a situation, for J C I and xj € X ;c52;, we will denote the set
{yns € Xienns2i:yr €C,y; =x,} by C){j, which may be slightly inconsistent
with the notation in the statement of the lemma. Moreover, when writing Cartesian
products of several sets, we will pay no attention to the order (regarding the Carte-
sian product as the set of functions defined on the indexing set and thus making it
“commutative”).

Let us now proceed with the proof. For d = 1, the statement is obvious. Let us
thus assume that it is true for all numbers smaller than d > 1. For @ # I C I,
let A = {x; € X;c1% :p,lc(A)’”) > 1 — /e }. Then by Fubini’s theorem, we have
wr(Ap) > 1 — /¢ and by the induction assumption, there exist sets B; C A; with
wr(Br) >1— Ky 16"/ 2" and such that all their sections are either empty or of

d—1
measure greater than 1 — Kg_1'2" . Now, let

B= (1 U fatxal =N (B,x(X Szi))ﬂA.
@#I1CIg z1€B; @£ICI, iel”

We have w(B) > 1 — 1(0181/20171 . Let us consider J C I; and arbitrary x;. Then
B! ={yje:yeB.y;=xy)

=N {yme U{z,}xAg,,nyj}.

S#ICIy z1€B;

15)

. . . d—1
We will show that BXJ_ , 18 either empty or of measure greater than 1 — Kqael/2.

Assume that there exists x jc € ij S Let x be the element of X,;¢;,$2; given by the
“concatenation” of x; and x jc. Then x € B and thus x; € By for all I C 1. Thus,
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for I N J¢ # @, we have xjnyc € (BN 5o this set is nonempty and, as such,

XinJg’
.. . d—1
by the definition of By, is of measure greater than 1 — Ky_1e'/2

define

. Let us now

U=4]n X Qix(Bl)mJ)

, ) XinJ
I1CI;, INJ 4D (leJ‘\I

Clearly, ujc(U) > 1 — Kgel/ 247! since all the intersected sets are of measure
greater than 1 — Ky_18V/ 2 (including A . since x; € By € Ay). Now, for
xje € U, we have x € A (where x is again the “concatenation” of x; and xjc).
Moreover, for I N J€ £ &, xjnye € (BI))ICTQJJ and thus x; € B;. From the dis-
cussion following the assumption that B} , 1s nonempty, this is also the case for
& # 1 C J. Hence, for any @ # I C I;, we have x € {x;} x A)I” with x; € By
and so from (15), we have xjc € Bx] ;e We have thus proved that U C Bx] S which

implies that (1 sc(B]) > 1 — K27 O
LEMMA 12. There exist step functions, that is, functions of the form

_ OF
hn=)_ a 110 e 080, 1

. o i1+1 1d+
161,?
n

such that h,, — h a.e. and in L2_ with respect to the product measure on [0, T4
with marginals determined by V' and ||||hy |l gllcc < 3MIAllglloc for all I C I and

JeP

PROOF. First, note that if we replace N0 with ¢; N, then ||h| g multi-
plies by [1;; ci,» so without loss of generality, we can assume that VO (T) = 1
which will allow us to use Lemma 11. Consider any sequence /1, of step func-
tions converging a.e. to i with lAnlloo < Il7]loo. For any I C Iy and § € P
we have ||i~zn||g — |lkllg a.e., thus we can pass to a subsequence and assume
that for a large subset AE'Z) [say (A(]'Z))C with measure smaller than ¢ /2”2d—1,
€ to be chosen later], we have ||l~zn||g < 2||lnllgllcc- Then let B™ be the subset
of N ,(Agrﬁ) x [0, T1") given by Lemma 11 applied to the o-field generated by
sets of the form (t(”) 1(1"4)_1] X cee X (t("), l(:}r 1, where the t( ") correspond to the
step function A, as in the formulatlon of the lemma. Deﬁne for t = (t1,...,1q),
hy (1) = hy ()1 g (¢). Then hy, is a step function and by the Borel-Cantelli lemma,
we still have h, — h a.e. and in L? (by the Lebesgue dominated convergence the-
orem). Moreover, for all I and #;c, the function g, (t7) = h,(¢) either equals O or
differs from /2, on the set of measure not greater then Ke!/ 247! /2" If g, does not

equal 0, we have #7c € A% and thus ||/, ]| 4 < 2[|[1h]l4]loo at t7c. Thus, |[h,]lg =0
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~ ~ ~ d
o lhnllg < I —hallg +hnllg < Ka(lklloo+1nlloc)e > /272 42|l A1l glloo <
3|llIllgll oo for & sufficiently small. (]

PROOF OF THEOREM 8. We will prove moment inequalities for stochas-
tic integrals of bounded kernels. These will imply the theorem by the Cheby-
shev inequality. Consider functions 4, given by Lemma 12. We can assume that
il ti(")| —, 0. Let Z,, be the d-fold stochastic integral of 4,. Since
h, — hin L2, we have Z, — Z in L? and we can assume that Z,, — Z a.e. Let us
now (with a slight abuse of notation) denote by || Z,||g the || - ||g-norms of the ma-
trix of kernels which define the homogeneous chaos Z,, viewed as a U-statistic (to
distinguish them from ||, ]| ¢ given in Definition 6). One can see that for § € 7y,
we have || Z,]lg < [|hnllg and for I C Iy, § € Py, any fixed value of i;c and each

I € Xkel‘(ti( " z(kn-i)-l

max; <k, |t

1, we have
k k
1Zallg < Ihallg [T |N ) !
kere it

where ||,]lg on the right-hand side is taken at the point ¢;c. Thus, by Fatou’s
lemma, Theorem 6 and the definition of 4,,, we get

E|Z|? = Eliminf|Z,|? < liminfE|Z,|”

P pdeg()/2)), 1P
fhn}lmed( Yoo 17115

P
gGJ 1y

+ 3 Y prtcded))

1C1y ePi

(k) k) |P
x Eemax 1Al 21% TT [N —NG)
ije kere | it i

< KPS ST pr@E @D ) 4012,

ICly $ePr

~ (k) |P
x Ejeclim  Sup max I1 ‘N & —N t((kn)>
ik

1yc kel¢ lk+1

< KPS ST pHee@2)p 412,

I1Cl; §ePy

where, in the two last inequalities, we have used the assumption that the jumps
of N® are bounded by 1 (since the limsup is then also bounded by a constant
and, moreover, the processes N ®) have all moments, which together with Doob’s
inequality allows us to use Fatou’s lemma for limsup). U
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