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KOLMOGOROV EQUATIONS IN INFINITE DIMENSIONS:

WELL-POSEDNESS AND REGULARITY OF SOLUTIONS,

WITH APPLICATIONS TO STOCHASTIC GENERALIZED
BURGERS EQUATIONS'

BY MICHAEL ROCKNER AND ZEEV SOBOL
Universitdt Bielefeld and University of Wales Swansea

We develop a new method to uniquely solve a large class of heat equa-
tions, so-called Kolmogorov equations in infinitely many variables. The equa-
tions are analyzed in spaces of sequentially weakly continuous functions
weighted by proper (Lyapunov type) functions. This way for the first time
the solutions are constructed everywhere without exceptional sets for equa-
tions with possibly nonlocally Lipschitz drifts. Apart from general analytic
interest, the main motivation is to apply this to uniquely solve martingale
problems in the sense of Stroock—Varadhan given by stochastic partial differ-
ential equations from hydrodynamics, such as the stochastic Navier—Stokes
equations. In this paper this is done in the case of the stochastic generalized
Burgers equation. Uniqueness is shown in the sense of Markov flows.

1. Introduction. In this paper we develop a new technique to uniquely solve
generalized heat equations, so-called Kolmogorov equations, in infinitely many
variables of type

du

— =Lu

dt
for a large class of elliptic operators L. The main new idea is to study L on
weighted function spaces consisting of sequentially weakly continuous func-
tions on the underlying infinite-dimensional Banach space X (e.g., a classical
LP-space). These function spaces are chosen appropriately for the specifically
given operator L. More precisely, the function space on which L acts is weighted
by a properly chosen Lyapunov function V of L and the image space by a func-
tion ® bounding its image LV . Apart from general analytic interest, the motivaton
for this work comes from the study of concrete stochastic partial differential equa-
tions (SPDEs), such as, for example, those occuring in hydrodynamics (stochastic
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Navier—Stokes or Burgers equations, etc.). Transition probabilities of their solu-
tions satisfy such Kolmogorov equations in infinitely many variables. To be more
specific, below we shall describe a concrete case, to which we restrict in this paper,
to explain the method in detail.

Consider the following stochastic partial differential equation on

X :=L*0,1)=L?*((0, 1), dr)
(where dr denotes Lebesgue measure):

dx; = (Ax; + F(x)) dt + v Aduw,
(1.1)

xo=x € X.

Here A:X — X is a nonnegative definite symmetric operator of trace class,
(wy)r=0 a cylindrical Brownian motion on X, A denotes the Dirichlet Laplacian
(i.e., with Dirichlet boundary conditions) on (0, 1), and F': H(} — X is a measur-
able vector field of type

F(x)(r) := ;—r(\ll ox)(r) + ®(r,x(r)), X € HOI(O, 1,r€(0,1).

HO1 = HO1 (0, 1) denotes the Sobolev space of order 1 in L2(0, 1) with Dirichlet
boundary conditions and ¥ :R — R, ®:(0,1) x R — R are functions satisfy-
ing certain conditions specified below. In case W (x) = %xz, o =0, SPDE (1.1)
is just the classical stochastic Burgers equation, and if ¥ = 0 and, for example,
®(r, x) = —x3, we are in the situation of a classical stochastic reaction diffusion
equation of Ginsburg-Landau type. Therefore, we call (1.1) “stochastic general-
ized Burgers equation.”

Stochastic generalized Burgers equations have been studied in several papers. In
fact, the first who included both a “hydrodynamic part” (i.e., W above) and a “reac-
tion diffusion part” (i.e., ® above) was Gyongy in [29], where, as we do in this pa-
per, he also considered the case where the underlying domain is D = (0, 1). Later
jointly with Rovira in [31] he generalized his results to the case where W is allowed
to have polynomial growth; @ is still assumed to have linear growth and is locally
Lipschitz with at most linearly growing Lipschitz constant. A further generaliza-
tion to d-dimensional domains was done by the same two authors in [32]. Contrary
to us, these authors purely concentrated on solving SPDE of type (1.1) directly and
did not analyze the corresponding Kolmogorov equations. In fact, they can allow
nonconstant (but globally Lipschitz) /A and also explicitly time dependent co-
efficients. We refer to [29, 31, 32] for the exact conditions, but emphasize that
always the reaction diffusion part is assumed to be locally Lipschitz and of at most
linear growth. As we shall see below, for the solution of the Kolmogorov equa-
tions, our method allows the reaction diffusion part to be of polynomial growth
(so Ginsburg-Landau is in fact included) and also the locally Lipschitz condi-
tion can be replaced by a much weaker condition of dissipative type [see condi-
tions (®1)—(P3) in Section 2 below].
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SPDE of type (1.1) with either W = 0 or ® = 0 have been studied extensively.
For the case W = 0, the literature is so enormous that we cannot record it here,
but instead refer, for example, to the monographs [24] and [13] and the references
therein. For the case ® = 0, we refer, for example, to [6, 10, 12, 18, 19, 30, 38, 39,
55], and for the classical deterministic case, for example, to [11, 33, 37, 41, 44].
References concerning the Kolmogorov equations for SPDE will be given below.

The motivation of handling both the hydrodynamic and reaction diffusion part
in SPDE of type (1.1) together was already laid out in [29]. It is well known that the
mathematical analysis is then much harder, standard theory has to be modified and
new techniques must be developed. It is, however, somehow imaginable that this,
with some effort, can be done if as in [29, 31, 32] ® has at most linear growth (see,
e.g., Remark 8.2 in [35], where this is shown in a finite-dimensional situation).
The case of ® with polynomial growth treated in this paper seems, however, much
harder. In contrast to [29, 31, 32], our methods require, on the other hand, that W
grows less than |x|5/ 2 for large x [cf. condition (W) in Section 2].

Showing the range of our method by handling ® and W together has the dis-
advantage that it makes the analysis technically quite hard. Therefore, the reader
who only wants to understand the basic ideas of our new general approach is ad-
vised to read the paper under the assumption that ® does not explicitly depend
on r and has polynomial growth strictly less than 5. This simplifies the analysis
substantially [e.g., in definition (2.4) of the Lyapunov function below we can take
p =2, so the simpler weight functions in (2.3) below suffice].

But now let us turn back to the Kolmogorov equations corresponding to
SPDE (1.1).

A heuristic (i.e., not worrying about existence of solutions) application of Itd’s
formula to (1.1) implies that the corresponding generator or Kolmogorov opera-
tor L on smooth cylinder functions « : X — R, that is,

ueD:=FCl:={u=goPy|NeN,geCIEy)  (cf below),
is of the following form:

Lu(x) := Y Tr(AD*u(x)) + (Ax + F(x), Du(x))
1.2)

o0 o0
=3 Y Adfiu(x)+ Y (Ax+ F(x), m)du(x),  x € Hy.
i,j=1 k=1

Here ni(r) := ~/2sin(wkr), k € N, is the eigenbasis of A in L*(0, 1), equipped
with the usual inner product (-, -), En :=span{ng|1 <k < N}, Py is the corre-
sponding orthogonal projection, and A;; := (n;, An;), i, j € N. Finally, Du, D%u
denote the first and second Fréchet derivatives, oy := 0, , 81'2]' 1= Op, Op; With 9y :=
directional derivative in direction y € X and (Ax, nx) := (x, Ang) for x € X.
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Hence, the Kolmogorov equations corresponding to SPDE (1.1) are given by

d—”(r x) = Lv(z, x) xeX
(1.3) di
v(0,) = f,

where the function f:X — R is a given initial condition for this parabolic PDE
with variables in the infinite-dimensional space X. We emphasize that (1.3) is only
reasonable for some extension L of L (whose construction is an essential part of
the entire problem) since even for f € D, it will essentially never be true that
v(t,-) e D.

Because of the lack of techniques to solve PDE in infinite dimensions, in sit-
uations as described above the “classical” approach to solve (1.3) was to first
solve (1.1) and then show in what sense the transition probabilities of the solution
solve (1.3) (cf., e.g., [3, 13, 17, 24, 26, 27, 45, 50] and the references therein).
Since about 1998, however, a substantial part of recent work in this area (cf.,
e.g., [20, 52, 53] and one of the initiating papers, [46]) is based on the attempt
to solve Kolmogorov equations in infinitely many variables [as (1.3) above] di-
rectly and, reversing strategies, use the solution to construct weak solutions, that
is, solutions in the sense of a martingale problem as formulated by Stroock and
Varadhan (cf. [54]) of SPDE as (1.1) above, even for very singular coefficients
(naturally appearing in many applications). In the above quoted papers, as in sev-
eral other works (e.g., [1, 4, 15, 16, 22, 23, 42]), the approach to solve (1.3) directly
was, however, based on L?”(u)-techniques where w is a suitably chosen measure
depending on L, for example, u is taken to be an infinitesimally invariant measure
of L (see below). So, only solutions to (1.3) in an L?(u)-sense were obtained, in
particular, allowing p-zero sets of x € X for which (1.3) does not hold or where
(1.3) only holds for x in the topological support of w (cf. [20]).

In this paper we shall present a new method to solve (1.3) for all x € X (or an
explicitly described subset thereof) not using any reference measure. It is based on
finite-dimensional approximation, obtaining a solution which, despite the lack of
(elliptic and) parabolic regularity results on infinite-dimensional spaces, will, nev-
ertheless, have regularity properties. More precisely, setting X, := L?((0, 1), dr),
we shall construct a semigroup of Markov probability kernels p;(x, dy), x € X,
t > 0,o0n X, such that, forall u € D, we have t — p,(|Lu|)(x) is locally Lebesgue
integrable on [0, co) and

t
(1.4) p,u(x)—u(x):fO ps(Lu)(x)ds VxeX,.

Here, as usual for a measurable function f: X, — R, we set

(1.5) ptf<x):=/f<y>pt<x,dy>, x€Xpt>0,
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if this integral exists. p has to be large enough compared to the growth of @ (cf.
Theorem 2.2 below). Furthermore, p; for each ¢ > 0 maps a class of sequentially
weakly continuous (resp. a class of locally Lipschitz functions) growing at most
exponentially into itself. That p;, for r > 0, has the property to map the test func-
tion space D (consisting of finitely based, hence, sequentially weakly continuous
functions) into itself (as is the case in finite dimensions at least if the coefficients
are sufficiently regular) cannot be true in our case since F depends on all co-
ordinates of x = Y72 | (x, nx)nx and not merely finitely many. So, the regularity
property of p;, t > 0, to leave the space of exponentially bounded (and, since it is
Markov, hence, also the bounded) sequentially weakly continuous functions fixed
is the next best possible.

As a second step, we shall construct a conservative strong Markov process
with weakly continuous paths, which is unique under a mild growth condition and
which solves the martingale problem given by L, as in (1.2) and, hence, also (1.1)
weakly, for every starting point x € X,. We also construct an invariant measure
for this process.

The precise formulation of these results require more preparations and are there-
fore postponed to the next section (cf. Theorems 2.2-2.4), where we also collect
our precise assumptions. Now we would like to indicate the main ideas of the
proof and the main concepts. First of all, we emphasize that these concepts are
of a general nature and work in other situations as well (cf., e.g., the companion
paper [47] on the 2D-stochastic Navier—Stokes equations). We restrict ourselves to
the case described above, so in particular to the (one dimensional) interval (0, 1)
for the underlying state space X, = L?((0, 1), dr), in order to avoid additional
complications.

The general strategy is to construct the semigroup solving (1.4) through its cor-
responding resolvent, that is, we have to solve the equation

A—-Lu=f

for all f in a function space and XA large enough, so that all u € £ appear as
solutions. The proper function spaces turn out to be weighted spaces of sequen-
tially weakly continuous functions on X. Such spaces are useful since their dual
spaces are spaces of measures, so despite the nonlocal compactness of the state
space X, positive linear functionals on such function spaces over X are automati-
cally measures (hence, positive operators on it are automatically kernels of positive
measures). To choose exponential weights is natural to make these function spaces,
which will remain invariant under the to be constructed resolvents and semigroups,
as large as possible. More precisely, one chooses a Lyapunov function V), , of L
with weakly compact level sets so that

A =L)Vpx =2 Opi,

and so that ®, , is a “large” positive function of (weakly) compact level sets
[cf. (2.3), (2.4) below for the precise definitions]. ® ) , “measures” the coerciv-
ity of L [or of SPDE (1.1)]. Then one considers the corresponding spaces WC ),
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and W;C, . of sequentially weakly continuous functions over X, weighted by
Vp.« and O, ., respectively, with the corresponding weighted supnorms [cf. (2.2)
below]. Then for A large, we consider the operator

A=L:DCWCp,—> WiCp
and prove by an approximative maximum principle that, for some m > 0,

A = Dullw,c,, =mllullwe,,

(cf. Proposition 6.1). So we obtain dissipativity of this operator between these two
different spaces and the existence of its continuous inverse G, := (A — L)~ !. Con-
sidering a finite-dimensional approximation by operators Ly on Ex, N € N, with
nice coefficients, more precisely, considering their associated resolvents (Gi\’ )30,
we show that (A — L)(D) has dense range and that the continuous extension of G,
to all of W C), , is still one-to-one (“essential maximal dissipativity”). Further-
more, )\Giv (lifted to all of X) converges uniformly in A to G, which, hence, turns
out to be strongly continuous, but only after restricting G to WC), ., which is con-
tinuously embedded into W C), ., so has a stronger topology (cf. Theorem 6.4).
Altogether (G;)x>4,» Ao large, is a strongly continuous resolvent on WC), ., so we
can consider its inverse under the Laplace transform (Hille—Yosida theorem) to ob-
tain the desired semigroup (p;);~o of operators which are automatically given by
probability kernels as explained above. Then one checks that p;, t > 0, solves (1.4)
and is unique under a mild “growth condition” [cf. (2.17) and Proposition 6.7 be-
low]. Subsequently, we construct a strong Markov process on X, with weakly
continuous paths with transition semigroup (p;);~o. By general theory, it then
solves the Stroock—Varadhan martingale problem corresponding to (L, £), hence,
it weakly solves SPDE (1.1). We also prove its uniqueness in the set of all Markov
processes satisfying the mild “growth condition” (2.18) below (cf. Theorem 7.1).

In comparison to other constructions of semigroups on weighted function spaces
using locally convex topologies and the concept of bicontinuous semigroups
(cf. [36] and the references therein), we emphasize that our spaces are (separa-
ble) Banach spaces so, as spaces with one single norm, are easier to handle.

In comparison to other constructions of infinite-dimensional Markov processes
(see, e.g., [43, 52]) where capacitory methods were employed, we would like to
point out that instead of proving the tightness of capacities, we construct Lyapunov
functions (which are excessive functions in the sense of potential theory) with
compact level sets. The advantage is that we obtain pointwise statements for all
points in X, not just outside a set of zero capacity. Quite a lot is known about
the approximating semigroups (pN);~o, that is, the ones corresponding to the
(G&N)) 2>0, N € N, mentioned above, since they solve classical finite-dimensional
Kolmogorov equations with regular coefficients. So, our construction also leads to
a way to “calculate” the solution (p;);~¢ of the infinite-dimensional Kolmogorov
equation (1.3).
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The organization of this paper is as follows: as already mentioned, in Section 2
we formulate the precise conditions (A) and (F1) on the diffusion coefficient A
and the drift F, respectively, and state our main results precisely. In Section 3
we prove the necessary estimates on RY, uniformly in N, which are needed for
the finite-dimensional approximation. In Section 4 we introduce another assump-
tion (F2) on F which is the one we exactly need in the proof, and we show that
it is weaker than (F1). In Section 5 we collect a few essential properties of our
weighted function spaces on X ,,. In particular, we identify their dual spaces which
is crucial for our analysis. This part was inspired by [34]. The semigroup of ker-
nels p;(x,dy), t >0, x € X, is constructed in Section 6, and its uniqueness is
proved. Here we also prove further regularity properties of p;, t > 0. The latter
part is not used subsequently in this paper. Section 7 is devoted to constructing
the process, respectively showing that it is the solution of the martingale problem
given by L asin (1.2), hence, a weak solution to SPDE (1.1), and that it is unique in
the mentioned class of Markov processes (see also Lemma A.1 in the Appendix).
In deterministic language the latter means that we have uniqueness of the flows
given by solutions of (1.1). The invariant measure u for (p;);~¢o is constructed in
the Appendix by solving the equation L*u = 0. As a consequence of the results
in the main part of the paper, we get that the closure (L*, Dom(L")) of (L, D)
is maximal dissipative on L5(X, u), s € [1, 00) (cf. Remark A.3), that is, strong
uniqueness holds for (L, £) on L*(X, ). In particular, the differential form (1.3)
of (1.4) holds with L* replacig L and the time derivative taken in L*(X, ).

2. Notation, conditions and main results. For a o-algebra 8 on an ar-
bitrary set E, we denote the space of all bounded (resp. positive) real-valued
B-measurable functions by Bj,, B+, respectively. If E is equipped with a topol-
ogy, then B(FE) denotes the corresponding Borel o-algebra. The spaces X =
L?(0,1) and H(} are as in the Introduction and they are equipped with their usual
norms | - |2 and | - |1,2; so we define, for x : (0, 1) — R, measurable,

1 1/p
|x|p = (/0 |x(r)|pdr) (e [0, o0)), p €1, 00),
|X|oo :=esssup |x(r)],
re(0,1)
and define X, := L?((0,1),dr), pe[l,00],s0 X =Xo.If x, y € HJ, set

Ix]12 == |x]2, (x, 1=y,
where x’ 1= a%x is the weak derivative of x. We shall use this notation from now
on and we also write x” := ;—;x = Ax.
Let H~! with norm | - |-1,2 be the dual space of Hol. We always use the contin-
uous and dense embeddings

(2.1) HlcX=XcH™,
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SO i (x,)g-1 =k, y)ifx e H(}, y € X. The terms “Borel-measurable” or “mea-

sure on X, HOI, H~! resp.” will below always refer to their respective Borel
o-algebras, if it is clear on which space we work. We note that since HO] C
X c H™! continuously, by Kuratowski’s theorem, HO1 € B(X), Xe B(H™YH
and 8(X) N Hj = B(H}), B(H™') N X = B(X). Furthermore, the Borel
o-algebras on X and H(} corresponding to the respective weak topologies coin-
cide with B(X), £(H01), respectively.

For a function V:X — (0, oo] having weakly compact level sets {V < c},
c € Ry, we define

WCy := {f:{V < 00} — R|f is continuous on each {V < R}, R € R,

(2.2) in the weak topology inherited from X,

and lim sup m:O},
R=coty=r)

equipped with the norm [| f || v := supy _ V~1| f|. Obviously, WCy is a Banach
space with this norm. We are going to consider various choices of V, distinguished
by respective subindices, namely, we define, for « € (0, c0),

VK(x):zelel%, x e X,
(23) 72 1
O (x) 1= Vie () (1 + [x7]2), x € Hy,
and for p > 2,
Vpoe () 1= B (1 4 (D), xeX,
(2.4)

Opi(x) =V, e (A 4 X'13) + Ve )I(x1P/2)13,  xeH].

Clearly, {V), < o0} =X, and {© , < 00} = HOI. Each ©, . is extended to a
function on X by defining it to be equal to +00 on X \ Hol. Abusing notation, for
p =2, we also set Vo, := V, and O3 , := ©O,. For abbreviation, for « € (0, co),
p €[2, 00), we set

(2.5) WCP,,( = WCV]),K’ chp,,( = WC(-)WC,
and we also abbreviate the norms correspondingly,

2.6) M- llpuc =11V, -l =1 lloge and |-l pc =1+ ll®,-

All these norms are, of course, well defined for any function on X with values
in [—00, oo]. And therefore we shall apply them below not just for functions in
WC,  or WiC, . For p' > p and k" > k, by restriction, WC), . is continuously
and densely embedded into WC ,» and into W1 C), , (see Corollary 5.6 below), as
well is the latter into W1 C )y ,r. V), Will serve as convenient Lyapunov functions
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for L. Furthermore, ©®, , bounds (A — L) V), , from below for large enough A, thus,
O, measures the coercivity of L (cf. Lemma 4.6 below). Note that the level sets
of ®, . are even strongly compact in X.

We recall that, for Py as in the Introduction, there exists «, € [1, c0) such that

2.7) |Pnx|p <aplx|p forallx e X,, NeN
(cf. [40], Section 2c16), of course, with oy = 1. In particular,
(2.8) Vi,po Py < al’j Vi, p-

For a function V: X — (1, oo], we also define spaces Lipl’p’,(, p=>2k >0,
consisting of functions on X which are locally Lipschitz continuous in the norm
[(=A) 12 h 1 e Z . The respective seminorms are defined as follows:

-1 1fOD) — fO)l
K = V K V K !
(Pipci= b Woa OOV Ve 02 550, = sl
(2.9

(€ [0, oo]).
Forl € Z, we define

(2.10) Lip; , == 1{f:X, = RI| flLip,,, <o}

where ”f”LiPz,p,K = fllp+ (i, pi. When X is of finite dimension, (f); p « is
a weighted norm of the generalized gradient of f (cf. Lemma 3.6 below). Also,
(Lip;, s Il - llLip,,, ) is @ Banach space (cf. Lemma 5.7 below) and Lip; , , C
Lipy s, for!’ <1, p"> p and k" > k. In this paper we shall mostly deal with the
casel € {0, 1}.

Obviously, each f € Lip; , , is uniformly |(=A)~/2 . |,-Lipschitz continuous
on every | - | ,-bounded set. In particular, any f € Lip , . is sequentially weakly
continuous on X ,, consequently weakly continuous on bounded subsets of X,.
Hence, for all p’ € [p, 00), k" € [k, 00),

(2.11) Bp(Xp) NLipy ,, CWCp
and obviously, by restriction,
(2.12) Bp(Xp) NLipy ,, « T WiCp -

Further properties of these function spaces will be studied in Section 5 below.

Besides the space D = F Cg defined in the Introduction, other test function
spaces D) on X will turn out to be convenient. They are for p € [2,00), k €
(0, 00) defined as follows:

Dy ={u=goPy|NeN,geC*RY),
(2.13) )
lullpe + MDul2ll pic + | TE(AD ) || pic < 00}
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Again we set Dy := Dy . Obviously, Dy, C WCp and Dy C Dy if
p €[p,00) and k" € [k, 00). We extend the definition (1.2) of the Kolmogorov
operator L forall u € ¥C?:={u=go Py|[NeN,ge C2(RN)}. So, L can be
considered with domain D, .

Now let us collect our precise hypotheses on the terms in SPDE (1.1), re-
spectively the Kolmogorov operator (1.2). First, we recall that in the entire paper
A = x" is the Dirichlet Laplacian on (0, 1) and (W;);>0 is a cylindrical Browninan
motion on X. Consider the following condition on the map A: X — X:

(A) A is a nonnegative symmetric linear operator from X to X of trace class such
that Ay := Py A Py is an invertible operator represented by a diagonal matrix
on Ey forall N € N.

Here Ey, Py are as defined in the Introduction. Furthermore, we set
(x, Ax)
(2.14) ap:= sup T:|A|H(}—>H"’
vem\oy X123
where | - | Hl—H-1 denotes the usual operator norm on bounded linear operators
from HO1 into its dual .
Consider the following condititons on the map F : HO1 — X:

(F1)
2.15)  F(x)= %(qf ox)(r) + ®(r.x(r)),  xeHJ0,1),r (1),

where W:R — R, ®:(0, 1) x R — R satisfy the following conditions:
(W) W e CHY(R) (i.e., W is differentiable with locally Lipschitz derivative)
and there exist C € [0, c0) and a bounded, Borel-measurable function
w:[0, 00) — [0, o0) vanishing at infinity such that

Wex|(x) < C+ V]xlw(x]) for dx-a.e. x € R.

(®1) P is Borel-measurable in the first and continuous in the second vari-
able and there exists g € L9(0, 1) with g1 € [2,00] and ¢; € [1, o0)
such that

|D(r, x)| < g(r) + |x]|%) forallr € (0,1),x e R.
(®2) There exist hg, hy € LL(O, 1), |h1]1 < 2, such that for a.e. r € (0, 1)
O (r, x)signx < ho(r) 4+ hy(r)|x] for all x e R.

(®3) There exist p € (0, 1], go € L1.(0, 1), g1 € L' (0, 1) for some p; €
[2, o¢], and a function w:[0, 00) — [0, 00) as in (V) such that with
0. (0, ) xR—->R,o(@,x):= \/rl();l—_r) fora.e.r € (0,1)
D(r,y) — ®(r, x) < [go(r) + g1(NIo (r, ) 1> P (o (r, x))] (v — )

forallx,yeR,0<y—x < po.
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Furthermore, we say that condition (F1+) holds if, in addition to (F1), we have

(P4) P is twice continuously differentiable and there exist g2, g3 € L%L(O, 1),
84,85 € LL(O, 1), and w:[0, 00) — [0, c0) as in (V) such that, for their
partial derivatives @, @y, Py, ®,, and with o as in ($3),

D, |2
| Prx| + —— _g2+83\/gw(0)
|P|+1
and

| P |
<ga+gs0”?

+ =
|Dcr | D1

w(o).

REMARK 2.1. (i) Integrating the inequality in (V) twice, one immediately
sees that (W) implies that there exist a bounded Borel-measurable function
@:Ry — Ry, &(r) - 0asr — oo, and C € (0, co) such that

W' ()] < C+xPP?o(x]), W) <C+xP?d(x])  forallx e R.

(i) We emphasize that conditions (P2), (P3) are one-sided estimates, so that
(®1)—~(P3) is satisfied if &(r,x) = P(x),r € (0,1),x € R, where P is a polyno-
mial of odd degree with strictly negative leading coefficient.

(iii)) Under the assumptions in (F1), SPDE (1.1) will not have a strong solution
in general for all x € X.

(iv) If (@1) holds, ($2) only needs to be checked for x € R such that |x| > R
for some R € (0, 00). And replacing w [in (¥) and (P3)] by o (r) := sup;-., @(s),
we may assume that w is decreasing. -

(v) (®4)implies that there exists a bounded measurable function @ : R, — R,
@(r) — 0 as r — 00, such that

|®,| <C+0?d(0) and |®|<gi+C+0"%0(0).

In particular, (®4) implies (®3) with p; =2, go(r) = g1(r) = const. Indeed, we
have, for x e R, r € (0, %),

CI>x(r,x):CI>x(O,O)+/Ord>xx( — ) ds+/ xr( >ds

As shown in the previous item, we may assume w decreasing. Then it follows
from ($4) and Holder’s inequality that

3/2
| D |(r, x)<C+—/ g2 ds—l—(l |> / g3(s )w( ) 1/4ds+/ gads
3/2
()7 (25}
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<C+ %lgzlz + (%)3/2|g3|2<f01wz(%ﬁ)ﬁﬁ)l/z

+ lgal1 + <|\/ir|_>3/2_/(-)1 gﬂs)w(%«/?) ds.

Now observe that

@(0) = (2/()1w2(«/§at)fdt)l/2—i—/olgs(s)a)(ﬁaﬁ)ds

is a bounded measurable function and @(r) — 0 as r — 00. So the first assertion
follows for r € (0, %). For the case r € (%, 1), the assertion is proved by the change
of variables ' =1 — r. The second assertion is proved similarly.

In the rest of this paper hypothesis (A) (though repeated in each statement to make
partial reading possible) will always be assumed. As it is already said in the In-
troduction, all of our results are proved for general F: HO1 — X under condition
(F2) [resp. (F2+), or parts thereof], which is introduced in Section 4 and which
is weaker than (F1) [resp. (F14)]. For the convenience of the reader, we now,
however, formulate our results for the concrete F' given in (2.15), under condition
(F1) [(F14) resp.]. For their proofs, we refer to the respective more general results,
stated and proved in one of the subsequent sections.

THEOREM 2.2 (“Pointwise solutions of the Kolmogorov equations”). Sup-
pose (A) and (F1) hold. Let ko := % (with ag as in (2.15) and hy as in (92),
O0<kiex* <kg,andlet pe[2,00)N (g2 —3+ q%, 00) [with q1, g2 as in (P1)]).

Then there exists a semigroup (p;);>0 of probability kernels on X, independent
of k*, having the following properties:

(i) (“Existence”) Let u € Dy,. Then t — p;(|Lul)(x) is locally Lebesgue inte-
grable on [0, 00) and

(2.16) piu(x) —u(x) = /(;t ps(Lu)(x)ds forallx € X,.
In particular, for all s € [0, 00),
tli_r)r(l)szrtu(x) = psu(x) forallx € X.
(i1) There exists .+ € (0, 00) such that
(2.17) /OOO e S p(@) ) (x)ds <00 forall x € X .

(iii) (“Uniqueness”) Let (q;);>0 be a semigroup of probability kernels on X
satisfying (1) with (p;)i=o replaced by (q;)i~0 and Dy, by D. If, in addition,
(2.17) holds with (g;);>0 replacing (p;)¢=o for some k € (0, ko) replacing k™, then
pi(x,dy) =q;(x,dy) forallt >0,x € X).
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(iv) (“Regularity”) Let t € (0, 00). Then p;(Wp x) C Wp . Furthermore, let
f € Lipo,z,,q NBp(X) N Wy, x(D D). Then p; f uniquely extends to a contin-
uous function on X, again denoted by p; f, which is in Lipg 5 ., N Bp(X). Let
q €[2,00), k € [k1, k*]. Then there exists Ag € (0,00), independent of t and f,
such that

Ag.xt
1Pt fllguc < €N fllge

and

(ptf)O,q,K = e)\q’Kz(f)O,q,K-

If moreover, (F1+) holds, then there exists )‘21,/( € (0, 00), independent of t, such
that, for all f € Lip; 5 ., N Bp(X),

(plf)l,q,/( =< e)tq"(l(f)l,q,l(-

PROOF. The assertions follow from Corollary 4.2, Remark 6.6, Proposi-
tions 6.7, 6.9 and 6.11(i11). O

THEOREM 2.3 [“Martingale and weak solutions to SPDE (1.1)”].  Assume that
(A) and (F1) hold, and let p, k* be as in Theorem 2.2.

(1) There exists a conservative strong Markov process M := (2, F, (F1)>0,
(x1)>0, Py)xex ,) in X, with continuous sample paths in the weak topology
whose transition semigroup is given by (p;);=o from Theorem 2.2. In particular,
for Ayx as in Theorem 2.2(ii),

0
E, [/0 e)‘K*S(ﬂp,,{*(xs)ds] < 00 forallx € X,,.

(i1) (“Existence”) Let k1 € (0, kg — k™). Then M satisfies the martingale prob-
lem for (L, Dy, ), that is, for all u € Dy, and all x € X p, the functiont — |Lu(x;)|
is locally Lebesgue integrable on [0, 00) P, -a.s. and under Py,

t
u(x;) —u(x)— /0 Lu(xg)ds, t >0,

is an (¥;);>0-martingale starting at 0 (cf. [54]).

(iii) (“Uniqueness”) M is unique among all conservative (not necessarily
strong) Markov processes M := (', F', (F)1=0, (x))1=0, (P )xex,) with weakly
continuous sample paths in X, satisfying the martingale problem for (L, D)
[as specified in (ii) with D replacing D] and having the additional property
that, for some « € (0, kg), there exists A, € (0, 00) such that

o
(2.18) E, [/O e—m((a,,,,()(x;)ds} <00  forallx € X,.

@v) If p > 2gy — 6 +4/q1, then M weakly solves SPDE (1.1).
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PROOF. Corollary 4.2, Remark 6.6, Theorem 7.1 and Remark 7.2 below. [

THEOREM 2.4 (“Invariant measure”). Assume that (A) and (F1) hold. Let
p, k* be as in Theorem 2.2.

(1) There exists a probability measure | on H(} which is “L-infinitesmally
invariant,” that is, Lu € LI(H(}, W) and

(2.19) /Lud;L:O forallu e D

(L*u = 0 for short). Furthermore,

(2.20) / O prdp < 0.

(i1) w, extended by zero to all of X, is (pi)i>o-invariant, that is, for all
f:X = R, bounded, measurable, and all t > 0,

/pzfduszdu

[with (ps)=o from Theorem 2.2]. In particular, u is a stationary measure for the
Markov process M from Theorem 2.3.

PROOF. See the Appendix. [

3. Finite-dimensional approximation: uniform estimates. In this section
we study finite-dimensional approximation of (1.2)—(1.3). The results will be used
in an essential way below.

The main result of this section is Proposition 3.4, giving estimates on the resol-
vent, including its gradients associated with the approximation Ly of our opera-
tor L on Ep [cf. (3.3) below], but these estimates are uniform with respect to N.
As a preparation, we need several results of which the second (i.e., an appropriate
version of a weak maximum principle) is completely standard. Nevertheless, we
include the proof for the convenience of the reader.

Below, the background space is the Euclidean space RN, N € N, with the
Euclidean inner product denoted by (-, -), dx denotes the Lebesgue measure on
RN and LP(RN), WP (RY), r e NU {0}, p € [1, o] the corresponding L? and
local Sobolev spaces, respectively.

PROPOSITION 3.1. Let A:RYN — RN be a symmetric strictly positive def-

inite linear operator (matrix), F ‘RN — RN be a bounded measurable vector

-1
field, Ly := sup,gn M, p € LYRN) be strictly positive and locally

Lipschitz and W € L°.(RN), W > 0. Let

loc
Lu :=p~'div(ApDu) + (F, Du) = TrAD*u + (p—'ADp + F, Du) — Wu,
ue Whl®Y).
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Then there exists a unique sub-Markovian pseudo-resolvent (R));~o0 on L®RN),
that is, a family of operators satisfying the first resolvent equation, which is
Markovian if W = 0, such that:

(a) Range(R;) C Dom :={u € (- Wlf;g’(RN)m, Lu € L®@RM)} and
A—L)R) =id forall » > 0.

(b) Forall » > Ay and f € L% (RN), one has IDR) f| € L3(RV, pdx).
(c) Forall f e L*°@RN), one has klim AR f = fin LRN, pdx).
— 00

Hence, in particular, R, f for f € L®(RN) has a continuous dx-version, as have
its first weak derivatives, and for the continuous versions of R f, A > 0, the resol-
vent equation holds pointwise on all of RN . If both f and F above are in addition

locally Lipschitz, then R, f € (p<o0 Wli’cp (RN) for every A > 0, hence, its con-
tinuous dx-version is in CZ(RN).

PROOF. Consider the following bi-linear form (&, D(€)) in L*(RN, pdx):

Eu,v) = AN[(DM, ADv) — (F, Du)v + Wuv]pdx,

D(8) := {u c W]Lf(RN)‘/ [u? + |Dul* + Wul]pdx < oo}.
RN

Since, for all u, v € D(€),
(3.1) lu(F, Dv)| < |(Dv, ADV)| + Aylul?,

it follows that & > —A,. Then it is easy to show that (& + A.(-,-), D(E)) is
a Dirichlet form (cf. [43], Section 1.4., i.e., a closed sectorial Markovian from)
on L>(RV, pdx). Hence, there exists an associated sub-Markovian strongly con-
tinuous resolvent (R;);~x, and semigroup (Pr);>0 on L*(RV, pdx) (cf. ibid.).
Note that 1 € D(€) and &§(1,v) = 0 for all v € D(§), provided W = 0, so
(R))a>x, and (Pr);>0 are even Markovian in this case. In particular, assertion (b)
holds. Note that, for a bounded f € L2(RN, pdx), we can define

o0
R f ::f e MP, fdt
0

even for all A > O instead of A > A,. Here, the LZ(RN , pdx)-valued intregral is

taken in the sense of Bochner. Then AR, f = AR, f =3 f in L2(RY, pdx) and
(R3)r=0 is a sub-Markovian pseudo-resolvent on L®@®RN). In particular, the first
resolvent equation and assertion (c) hold.

To show (a), we first note that, for A > A, and f € L>®(RY), the bounded func-
tion u := R, f is a weak solution to the equation

A —Lu=A\u —,O_ldiV(A,ODM)— (F,Duy+ Wu=f in RV
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Hence, it follows from [28], Theorem 8.8, that u € W2Z(RV). Then [28],
Lemma 9.16, yields that # € Dom. Thus, Range(R;) € Dom, provided A > A,.
Now let A € (0, A,]. Thenforall A > Ay, Ry f = Ry f + (A — L) Ry R, f. Hence,
R, febDomand (M —L)YR, f=f+ O —MDRrf.So, A —L)R, f = f. The
last part follows by Sobolev embedding. [J

LEMMA 3.2. Let A:RN — RY be a symmetric strictly positive definite linear
operator (matrix), F ‘RN — RY be a bounded measurable vector field, \y =

SUP, RN W&, 0 > 0 be locally Lipschitz and W € LS (RN), W > 0.

loc
For A > Ay, letu € Wlt’cz(RN) N LARY, pdx) be a weak super-solution to the
equation

au—p tdiv(ApDu) — (F, Du) + Wu=0  onRY
[i.e., a weak solution to the inequality lu — p~Vdiv(ApDu) — (F, Du)+ Wu > 0].
Then u > 0.

PROOF. For 0 € Cg (RVN), choose u~62p as a test function. Then, using the
fact that u™ A u~ = 0, we obtain that, for all £ > 0,

0<—[[A+W)w= 0>+ (D 6%, ADu~) —u6*(F, Du")|pdx
Ji ( ) ]
=-— /[(x + W) 0)> + (D(u=6), ADw=60)) —u 6(F, D(u"6))] pdx

+ f(u_)z[(DQ, ADO) — 6(F, DO)]p dx

1
— 2 —\2
5—f(x—(1+s)x*)(u 0) pdx+/(u ) <1+;)(D9,AD9),odx,

where we used the fact that W > 0, & > —A, and we applied (3.1) with &6, %9
replacing u, v, respectively. Hence, for all ¢ > 0,

_ —2 1 —\2
(r (1+8)k*)/(u 0)2pdx < <1+8)/(u )Y2(DO, ADO)p dx.

Now we choose ¢ > 0 such that A > (1 + ¢)A, and let & 1 and D6 — 0 such
that (D8, ADO) < C4. Then the dominated convergence theorem yields u™ = 0.
O

COROLLARY 3.3. Let A:RN — RY be a symmetric strictly positive definite
linear operator (matrix), F:RN — RN be a bounded measurable vector field,

As 1= SUP, cRN w, o > 0 be locally Lipschitz and W € Llo(f’c(RN).
LetV € C2(RN), V > 1 be such that, for some Ay € R,

(3.2) AV —p tdiv(ApDV) — (F, DV) + WV > 0.
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Let f € L2RY, pdx), V' f € L°RN), A > hs + Ay and u € WLERN) N
L?>RN, pdx) be a weak sub-solution to the equation
AU — ,0_1 div(ApDu) — (F, Du)+ Wu = f on RN

[i.e., a weak solution to the inequality Au — /0_1 div(ApDu)— (F, Du)+Wu < f].
Then

1V oo < 1V flloo

T A—Ay

PROOF. Let W :=V Ay V — p~ldiv(ApDV) — (F,DV)+WV]and v:=
Vlu Tt is easy to see that v € WIL’CZ(RN) N L>[RN, Vz,o dx) and it is a weak
sub-solution to the equation

1 5
(A —Ay)v — VTdiV(AVz,oDv) —(F,Dv)+Wv=V~'f  onRV.
ol

Note that V! f € L*(RN, V2,0 dx). Since w > 0, the result now follows from
Lemma 3.2 and the fact that the resolvent associated on LZ(RY, V2 o dx) with the
bi-linear form

E(g,h) = / _[(Dg, AD) — (F. Dg)h + Wgh]V?p x.
R

D(©)i= [ e WZ@Y)| [ 162+ 1DgP + We1v2pdx <o),
is sub-Markovian. [

PROPOSITION 3.4. Let A, H:RY — R be symmetric strictly positive def-
inite linear operators (matrices) such that AH = HA. Let F ‘RN = RN pe a
bounded locally Lipschitz vector field. Let

Lu(x) := Tr (AD?u)(x) 4+ (—Hx + F(x), Du(x)),
(3.3)
ue Wil ®RV), x eRV.

Let T:RYN — RN be a symmetric nondegenerate linear operator (matrix) such
that 'H = HT'. Assume the following:

(i) there exists Vo € CZ(RN), Vo > 1 and Ay, € R such that
(3.4) (Ayy — L)Vo > 0;
(i1) there exists V1 € C 2(RN ), Vi > 1 and Ay, € R such that
Ay, —L—=W)V; >0
(3.5)

with W (x) := sup [(DF (x)T'y, T~1y) — |[H'/2y|?], x e RV,
lyI=1
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Then:

(i) there exists a unique Markovian pseudo-resolvent (R;)y=0 on L®(RY)
such that

Range(R;) C {u e WP RN u, Lu e L2 ®RM) Y,
p<<oo

(A — L)R;, =id forall » > 0, and ARy f — f as » — oo pointwise on RN for
bounded locally Lipschitz f;
(i1) for a bounded locally Lipschitz f, we have

1V ' flloo

3.6 vlR <
(3.6) Vo' R floo = 5

forall & > Ay,; and

(3.7) sup V' IT DRy f(x) < - essup V, ' ITDf|(x)
X X

Vi

for all A > Ly, provided Vl_llDf| e L°@®RN) and |Df| € L*(RN, pdx). Here
DR, f and R, f denote the (unique) continuous dx-versions of DR, f, R, f, re-
spectively, which exist by assertion (i) and p(x) := exp{ —%(x, A 'Hx)}, x e RV,

To prove Proposition 3.4, we need another lemma.

LEMMA 3.5. Let A, H:RN — RN be symmetric strictly positive definite lin-
ear operators (matrices) such that AH = HA. Let F ‘RN — RN be a bounded
locally Lipschitz vector field. Let L be defined as in (3.3).

Let T:RYN — RN be a symmetric nondegenerate linear operator (matrix) such
thatH = HT.

Let L € R, f be locally Lipschitz and u € Wllo’c2 (RN) be a weak solution to the
equation (A — L)u = f on RV,

Thenu € ())<o0 Wl%)?cp (RN) and v := |T" Du| is a weak sub-solution to the equa-
tion

(. — L — W)v = [T Df|

with W(x) := sup [(DF (x)T'y, [ !y) —
ly|=1

H'2y1?],x e RV,

PROOF. Throughout the proof let (f,g) stand for [pv f(x)g(x)dx or
Jenv (f(x), g(x))dx whenever fg € L'(RY,dx) or (f,g) € L'RY,dx), for
f,g:]RN — R or f,g:]RN — RY measurable, Nm, m =1,..., N be the (com-
mon) orthonormal eigenbasis for H and I', I'ny, = ynm, m=1,..., N.
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By [28], Theorem 8.8 and Lemma 9.16, u € ﬂp<oo le’p(]RN). For m =

ocC
1,..., N, let uy,, := d,,u. Then, for a bounded ¢ € WCI*Z(RN ), integration by parts
yields

(Duy,, AD@) = —(Atyy — O f — (—H + F, Duyy,) — (—Hny + 0 F, Du), ).

Set [Du] := |I'Du| and, for ¢ > 0, [Du]s := /|’ Du|?> +¢. For § € CSO(RN) and

m=1,...,dimE, choose ¢,, := %6. Then ¢, is bounded and
Dg,, |V |2t o |Vm|2DMm0 B I)/mlzumDZZFzDu
[Du]. [Du]. [Du]?

with [Dg| € [ LP(RY, dx).

p<o0
Hence, a.e. on RV,

Y (D, AD$y,)
= ([Dule, ADO)

5 2 _ I'Du 5 2 I'Du (7]
+ | Te{I' D“uAD*url’} ,D“uAD“ul’ .
[Du]l, [Dule / 1[Du].

Since D([Du],) = %, it follows that v, := [Du], is a weak solution of the

equation (A — L — W,)v = G,, where

(=|HY2T Du|3 + (T Du, T'(DF)' Du))

&

~ [Dul?

and

G,=i— 4+ (IP" rp
* " Dul, ([Du]s’ f)

5 5 _ I'Du 2 5 I'Du
Tr{I' D“uAD"ul'} ,I’'D“uAD*“ull .

~ [Dul; [Dul, [Dul,

We have W, < W a.e. so v, is a weak sub-solution to the equation (A — L — W)v =
G . Passing to the limit as ¢ — 0, we see that v, = [Du], converges to v = [Du]

in Wli)’f (RN) and, thus, the assertion follows. [J
PROOF OF PROPOSITION 3.4. Note that, provided AH = H A, we have

Lu = p~'div(ApDu) + (F, Du),

where p(x) = exp{—%(x, A~VHx)}. Hence, Proposition 3.1(a) implies asser-
tion (i) except for the fact that AR, f — f pointwise as A — oo, which we shall
prove at the end.
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Let f:RY — R be bounded and locally Lipschitz and such that
V'ITDf e L°RY) and u:=R; f.

By assertion (i), u is a weak solution of the equation (A — L)u = f on RN
and, by Lemma 3.5, v := |['Du| is a weak sub-solution to the equation (A —
L — W)v = [TDf| on RY with W as in Lemma 3.5. Let first A > XA, +
Avy, V Ay,. Note that u € Lz(RN,,odx) and v € LZ(RN,,odx) by Proposi-
tion 3.1(b). Then (3.6)—(3.7) follow from assumptions (i) and (ii) and Corol-
lary 3.3, since f, [T Df| € L*(RN, pdx).

By density, for A > Ay + Ay, V Ay,, the operator R, can be continuously
extended to the completion of the bounded locally Lipschitz functions on RY
with respect to ||V0_l - |loo, preserving the resolvent identity and estimate (3.6).
Moreover, for a locally Lipschitz f such that VO_1 £, Vl_1 I’Df| € L*@RY) and
|IDf| € L2 (RY, pdx), estimate (3.7) holds. This is easy to see by replacing f by
(f VvV (=v)) An and letting n — oo. Now, for A € (Ay,, A« + Ay, V Ay, ], one can
define

o0
(3.8) Ri=Y (ho—VIRE
k=1

with some A9 > A4 + Ay, V Ay, . The series converges in operator norm due to (3.6)
and (3.6) is preserved:

—1 - k=1 —1 gk o (o =W
Ve R flloo < D (o — Vg ' RE fllo <D0

Ve flls
k=1 k=1 (Ao — )‘Vo)k

On L®@RM), obviously &R, defined in (3.8) coincides with &R, defined in Propo-
sition 3.1 with W = 0. So, AR, remains Markovian for A € (Ay,, A« + Ay, V Ay, 1.
By similar arguments, using the closability of I' D, we prove that (3.7) is preserved
for A € ()‘Vl , A+ )‘VO V )\.V]].

We are left to prove that AR, f — f pointwise on RV as A — oo, for any
bounded locally Lipschitz f. The proof is by contradiction. Let xo € RY such that
for some subsequence A, — oo and some ¢ € (0, 1],

3.9 |An R, f (x0) — f(x0)| > ¢ VneN.

Selecting another subsequence if necessary, by Proposition 3.1(c), we may assume
that the complement of the set

M= {x eRN‘nli{gO)»nﬂ?Anf(x):f(x)}
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in RV has Lebesgue measure zero, so M is dense in RY. By (3.7), the sequence
(An 5., [ IneN is equicontinuous and converges on the dense set M to the contin-
uous function f, hence, it must converge everywhere on RY to f. This contra-
dicts (3.9). O

LEMMA 3.6. Let V:RN — [1,00) be convex (hence, continuous) and let
I':RN — RN be a symmetric invertible linear operator (matrix) and f :RN — R
be locally Lipschitz. Then

. L Ifo0 =)
3.10 VU DS ||leo = .
G100 VLD Moo= S0 GV V) 1101 — )

PROOF. We may assume that f € C'(RV). The general case follows by ap-
proximation. Let x € RY. Then we have

—Lﬂﬂﬁwﬂ=yh 1 IfoD = FO)

im .
V(x) Ly2=x V(y) v V() IT7Hy1 — )l
y1,y2€RN

On the other hand, for y;, y; € RV,
1 Lf (1) — f ()l
Vi vV D=y —y)l
B 1
VoDV V(n)

1
‘A(FDfﬁW1+(1—Tbalrfwyz—YDﬂvaz—yDY%)dT

X

IV D oo,

where we used that V(ry; + (1 — 7)y) < V(y1) V V(), since V is convex.
Hence, the assertion follows. [

A

REMARK 3.7. We note that if the right-hand side of (3.10) is finite, then f is
Lipschitz on the level sets of V.

4. Approximation and condition (F2). In this section we construct a se-
quence Fy:Ey — Eyn, N € N, of bounded locally Lipschitz continuous vec-
tor fields approximating the nonlinear drift F'. The corresponding operators Ly,
N € N, are of the form
@ Lyu(x):= %Tr(ANDzu)(x) + (x" + Fy(x), Du(x)),

' ue Wal(Ey),x e Ey, N eN,

whose resolvents (GgN)) 2>0, lifted to X, will be shown in Section 6 to converge
weakly to the resolvent of L.
We introduce the following condition for a map F : HO1 — X:
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(F2) For every k € N, the map F® .= (F, Nk): HO1 — R is | - |>-continuous on
| - |1,2-balls and there exists a sequence Fy : Ey — Ey, N € N, of bounded
locally Lipschitz continuous vector fields satisfying the following condi-
tions:

(F2a) There exist «g € (0, %0] and a set Qreg C [2, 00) such that 2 € Qreg
and for all x € (0,«p), g € Qreg, there exist my, >0 and A, , € R
such that for all N e N,
(4.2) LNVq,K = LN(Vq,/c fEN) f)\q,KVq,K —mq,,(®q,,( on EN.

(F2b) For all ¢ € (0, 1), there exists C, € (0, o0) such that for all N € N and
dx-a.e. x € Ey (where dx denotes Lebesgue measure on Ey)
(DFN@)y,y) <IYB+ (el B+ Colyls  VyeEw.

(F2¢) limy— o0 |PyF — Fy o Pyl2(x) =0V x € HY.
(F2d) For ko and Qe as in (F2a), there exist k € (0, k0), p € Oreg such that,
for some C), , > 0 and some w: [0, 0c0) — [0, 1] vanishing at infinity,

[Fn o Pyl2(x) < Cp i Op i (x)0(Op (X)) Vxe H(}, N eN.
Furthermore, we say that condition (F2+) holds if, in addition, to (F2) we have:

(F2e) For all € € (0, 1), there exists C, € (0, 00) such that, for all N € N and
dx-a.e. x € Ey,

(DFN(x)(=A) 2y, (=A)T12y) < |y/)5 + (elx/ 15 + Co)lyl3
VyeEpN.

The main result of this section is the following:

PROPOSITION 4.1. Let F be as in (2.15) and let assumptions (V), ($1)—(P3)

be satisfied. Then (F2) holds. More precisely, (F2a) holds with kg := %,

Oreg := [2,00), (F2¢) holds uniformly on Hol-balls, and (F2d) holds with
pel2,c0)N(g—3+ q%, o0) and any k € (0, ko). If, in addition, (®4) is sat-
isfied, then (F2+) holds.

To prove our main results formulated in Section 2, we shall only use conditions
(F2), (F2+), respectively. Before we prove Proposition 4.1, as a motivation, we
shall prove that (F2) [in fact, even only (F2a)-(F2c)] and (F2e) will imply reg-
ularity and convergence (see also Theorem 6.4 below) of the above mentioned
resolvents (Giv )A>0-

COROLLARY 4.2. Let (A) and (F2a)—(F2c) hold and let Ly be as in (4.1)

with Fy as in (F2). Let (RiN))A>0 be the corresponding Markovian pseudo-
resolvent on L°°(Ey) from Proposition 3.1. For a bounded Borel measurable
f:X = R, we define

GV f = (RN (f18y)) 0 Py
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Then )»G&N) is Markovian and kG&N)f — [ o Py pointwise as A — oo for all
bounded f which are locally Lipschitz on Ey.

Let ko, QOreg be as in (F2a) and let k € (0, k0), g € Qreg With Ay as in (F2a).
Set A;M =g+ Cmy s with mg . as in (F2a) and function ¢ — Cg as in (F2b).
Let N € Nand f €Lipy, ., f bounded. Then

@3) |6V f| <

Vi (PN fllgue. X €Xgoh>Ag,
— g

and for yi, y2 € Xgq,
GV F1) = GV F ()] < GV Fon = G F o)

Iy1 — y2l2 - [PN(y1— y2)]2
Vg (PnY1) V Vg i (PN Y2)
(4.4) VST (£)0.q.6>
q,k
A>

In particular, if . > k « V Agi, then G(N)f € Ne=0 Dy k+e and, provided
fed, GiN)f € MNe=0 éDe. Furthermore,for allx € HY , x> )/

g
|(x = L)GY f(x) = (f o Py) ()|
(4.5)
=< W|PNF —Fyo PN|2(x)aqu,lc(x)(f)0,q,lc-
In particular, for all A, > )»; o
(4.6) lim_ pra LG™f—flx)=0 VxeH,].
)\

If, moreover, (F2e) holds, let )L” = Agx + Cmy ., With mg . as in (F2a) and
function ¢ — C, as in (F2e). Then for N eN and f €Lipy 4, [ bounded, we
have, for y1, y2 € X4,

M fon -GNV V(P V(P
|G, f () xSl - g (PNY1) V Vg o (Pny2)

(=AY =yl T A=Ay

PROOF. To prove (4.3), (4.4) and (4.7), fix x € X,. By (F2a), we can apply
Proposition 3.4 with Vg :=V, , | £y to conclude that, for A > 44 .,

GV f )| = | RNV (f15y) (Pax))|

“.7

(f)l,q,lc-

1 _
< —— Vi (Pyx) sup Vi(MIf ()]
A=Xgx YEEN

1 _
< ———— Vg (Pyx) sup Vot f O,
)\. - )\.q,/( yEXq
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which proves (4.3). By (F2a), (F2b), respectively, (F2a), (F2e), we can apply
Proposition 3.4 with V| := V, . [ g, to conclude that, for A > A := AZM or )L’q/’,( if
[ :=0, respectively, [ := 1 and all y;, y; € X,

G o =6V o)l
(=) (y1 = y2)la
IR S e Puy) = RV (F 1) (Puya)l
B |(=A)~!2(Pyy1 — Pyy2)l2

= Vaw(Puy) V Ve (Piy2) sup Vo i)=Y (DR (f1E,) )],
YELN

< Vq,K(PNyl) \% Vq,K(PNyZ)
- A— Ao
where we used both Proposition 3.4 and Lemma 3.6 in the last two steps. We
note that, by our assumption on «¢ in (F2a), we really have that |Df [g, | €
L?*(Ey, pdx), so the conditions to have (3.7) are indeed fulfilled.

By the last part of Proposition 3.1, we have that u := R;N)f ey € C%(Ey) and
that

(4.8) Au(x) — Lyu(x) = f(x) VxeEpn.

(f)l,q,l(a

Hence, it follows from (4.3), (4.4), Lemma 3.6 and (2.8) that G\ f € 0Dy e
and, provided f € D, that GgN) f € Ne=0 De. Furthermore, (4.8) implies that,
on H!

0 )

| = L)(RM flgy) 0 Pv) — f o Pyl
= |(PyF — Fy o Py, D(R f1g,) 0 Py)|
1

)\—M]’K

where we used (4.4) and Lemma 3.6. Now (4.5) follows by (2.8) and (4.6) follows
by (F2¢). O

=

|[PNF — Fn o Pnl2(f)0,g.6 Vg © Pn,

Now we turn to the proof of Proposition 4.1, which will be the consequence of
a number of lemmas which we state and prove first.

In the rest of this section, ¢ : (0, 1) x R — R will be a function square integrable
in the first variable locally uniformly in the second and continuous in the second
variable, and ¥ € C L(R). For such functions, we define

(4.9) Fp(x) :=¢(-, x()), Gy(x):=x"y ox, x,y € H].
Note that F¢,:H01 — X and GwzHol — X.
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LEMMA 4.3. Let y satisfy (V), and 6 € CX(—1,1), 0 <0 <1,
0 li—1/2.1/21= 1. For N € N, let V) (x) := ¥ (x)0(3), x € R.

Then for N e N, y ™ ¢ CCI’I(R) satisfying (V) uniformly in N, that is, with
some C > 0and &: Ry — Ry, &) — 0asr — 00, independent of N. Moreover,
|Gy — Gylo— 0as N — oo uniformly on balls in H(}.

PROOF. Let, for x € R, 6;(x) := x0'(x) and 6,(x) := x20”(x). Then
)Ey)(x) = Y ()0 (5) + 2@91(%) + %92(%). Hence, the first assertion
follows from Remark 2.1(i).

Note that ¥ ™) (x) = ¥ (x) whenever |x| < % Hence, the second assertion fol-

lows. [

LEMMA 4.4. Let0 € C®°(R), 0dd,0<60" <1,60(x)=x for x € [—1,1] and
0(x) = % sign(x) for x e R\ [-2, 2].

For N €N, let Oy(x) := NO(N~'x), x e Rand ¢pn :=0n o ¢.

Then for all N € N, ¢ is a bounded function.

If ¢ satisfies (P1)—(P3), then so does ¢y, N € N, with the same gy > 1 and
functions g, ho, h1, go, g1 and w. Moreover, |Fy — Fp, > — 0 as N — 00 uni-
formly on balls in H(}.

If, in addition, ¢ satisfies (4), then ¢y is twice continuously differentiable and

1/2

5 x |x| )

10PN (1, X)| < coga(r) + cogs(r) 7«/@‘ w(m ’
re0,1),xekR,

and

192, (r, )| < coga(r) + cogs(r) ¥ 2(,)(L)
T Jra—n)

re0,1),xekR,

r(l—r)

with cg := 1V sup; £26” ()]

PROOF. The first assertion is obvious. Then, given that ¢ satisfies (®1), ($2),
so does ¢y since Oy is an odd contraction. Note that O () — Oy () < 0 whenever
n<&and 0 <Oy(n) —On(E) <n—E& forn=>E&. So, (P3) holds also for ¢y if it
holds for ¢. To prove the next assertion, we note that, since Oy (x) = x if |[x| < N,
for x € H(}, condition (®1) implies that {g(1 + |x Ly < N} Cc{p(,x() =
¢n (-, x(-))}. Hence, again by (1),

By = Fou 300 = [160:300) = g x() P

=4+ |x/|gz)2/]1{gzN/<1+|x|i.’%)}g2(r)dr’
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which converges to zero as N — oo uniformly for x in any ball in H(}.
Finally, the last assertion follows from the following identities: with 62y (§) :=

£0"(8),

EN
02N = (O 0 )5 ¢ + 11{|¢|zN}<9(2> 0 %) ©:0)

’

¢
dxh 3,6
o u

¢
Oron = (O 0 $)32,¢ + Ly =N <9<2) ° ﬁ)

LEMMA 4.5. Let 8§ € C°((—1, 1)), nonnegative, even, and [ §(x)dx = 1. For
Be0,1),xeR,re(0,1),let

1 X
Op(rx) = g = r)8<,3«/r(1 = r)>

and
¢ r,x) .= ¢’ X — Sg(r dy.

Then ¢g(r,-) € C*(R) forall r € (0, 1).
If ¢ is bounded, then, for B € (0,1),n=0,1,2,..., xeRandr € (0, 1),

Je 18™(y)dy
(BSr(T=r)"

If ¢ satisfies (P1)—(P3), then ¢g, B € (0, 1), does so, with the same q; € [2, 0]
and q> € [1, 00) and functions hy and gy and g’ =29 g hfy = hy +ho+2922g,
8o =80 +9(sup, w(r))g1, and ' (r) := %sup{a)(s)|s > 5}, r>0.

Moreover, |Fy — Fygla(x) — 0 as B — 0 uniformly on balls in HOI.

(r,x) < |oloo

‘ n

dax"

ép

PROOF. The first two assertions are well-known properties of the convolution.
By (®1),forall B (0,1),x e Rand r € (0, 1),

s ()] < g(r) /R (14 |x — y1©)85(r, y) dy

< 2‘12g<r>(1 el (/T =) [ |y|‘125<y>dy).

So, all ¢g, B € (0, 1), satisfy (P1) with g’ =292F1g.

By Remark 2.1(iv), since ¢g satisfy (®1) uniformly in B € (0, 1), it suf-
fices to verify (®2) for all x € R, |x| > 1. Then sign(x — y) = sign(x) for all
y € Uﬁ,re(O,l) suppdg(r,-) C (—1,1), B € (0, 1). Since ¢ satisfies ($2), for a.e.
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re,1),allx eR, |x| >1, g €(0,1), we obtain

$5(r, x) sign(x) = fR sign(x — ), x — »)3a(r, y) dy
h h —vy|é d
< ho(r) + 1<r>/];§|x VI85(r, ) dy

sho(r>+h1<r>(|x|+wr<1—r)/wa(y)dy).

Hence, ¢g, B € (0,1), satisfy (P2) with the same h; as ¢ does and with
hy=hi + ho+29212g.
Set £(r,x) := ———, x € R, r € (0, 1). By (®3), for all p € (0, pg), x € R,

Jr(l—r)

NeN,Be@,1),re 1),

1
;(45;3(’”, x+p) — pp(r,x))
1
- ;/R(qb(r,x F o=y —d(rx — )35 y)dy

< go(r) +g1(r) /R E(r,x — )PP o(1E(r, x — )))8p(r, ) dy

=g0(r) + g1 (r) /R &(r, x) — B[P~ P o(|E(r, x) — Byl)8(y) dy.

By Remark 2.1(iv), we may assume w nonincreasing, by replacing w with @ (r) :=
supy.., @ (s). Then, for [§(r, x)| <2,

fR E(r, x) — ByIP VP o(|E(r, x) — By|)8(y) dy < 9w(0),

and, for [£(r,x)| > 2, J|&(r, x)| < [E(r,x) — By| < 3|&(r, x)|, provided |y| <1,
hence,

/R £ x) — By VP (I8 x) — By DS dy < ClE 1)) P (LI 2)1).

Thus, ¢g, B € (0, 1), satisfy (P3) with the same g; as ¢ does, and with g; =
g0+ 90 (0)g1 and o' (r) := 2&(%), r € Ry
Finally, to prove the last assertion, we first note that, for all x € HO1 and

p (1),
2 ! 2
1Fy = Fyy 500 = [ 1000 x0)) = 95 (2 ar

1
< /0 sup B, y) — dp(r, y)*dr.

[yI=Ix"l2
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But ¢g(r, y) — ¢(r, y) as B — 0 locally uniformly in y for all r € (0, 1) and, since
we have seen that each ¢g satisfies (®1) with 292%1¢ and ¢, we also have that the
integrand is bounded by

224 (1 (1+ (Il + D®)%.

Therefore, the last assertion follows by Lebesgue’s dominated convergence theo-
rem. [

LEMMA 4.6. Define, for N € N, u € Wl (Ey),
Ly yu(x) := A Tr(AyD*u)(x) + (x" + Fy(x) + Gy (x), Du(x)),  x € Ey.

Assume that (92) holds. Let ko = %. For k € (0, kq), let A :=2kTrA +

%. Then

(4.10) Ly Vi =Ly yVilgy) < he Vi on Ey,

and, for all ). > 2\,

4.11) Ly yVi <AV —my ;0 on Ey,

with

(4.12)  mgp = mm@, 26 — [y lik — L 4a0/<2> (> 0).
' 2 A—4kTrA

Moreover, for all q € [2,00) and « € (0,kq), there exist Ay, > 2\, and
mg . <min{q(q — 1), m ;} depending only on q, «, lhol1, |h1l1, |Alx—x and
Tr A such that

(4.13) Ly Vou =Ly (Vaulgy) <rguc Vs —Mgi®qic  on Ey.
PROOF. First observe that, due to (®2), for all g € [2, 00) and x € Hl,

1
@M>wawm*%;éMWW+mm%5w§mmu&+mmmg‘
and

1
(Gw(x),x|x|‘1_2) =—(q — 1)/ x/|x|q_2w oxdr
(4.15) 0
x(1)
=—(q—1)f v (0)|t|9 % dt =0,
x(0)

since x(1) = x(0) =0.
To prove the first assertion, note that, forx € Ey,i,j=1,..., N,

(4.16) 3ilxl5=2(x,n;) and 37lx[3=2(ni.n;) =25i;.
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So, we have, for x € Ey by (4.15) with g =2,
(4.17) Ly yVi(x)= ek 3 (TrAn + (Fp(x), x) + 2k (x, Ax) — |x'|%).

Now (4.14) for g = 2, together with the estimates |x|x < \/LEWD and the in-
equality ab < 2e¢a? + g, a,b,e >0, imply that, forall ¢ > 0 and x € HOI,

|lhol?
(Fp (), x) < (31 +e)lx' 3+ =

hence,
Tr Ay 4 (Fp(x), x) + 26 (x, Ax) — [x']3
hol? 1
<TrA+ % _ (1 — gl —e —2mo)|x’|§.

So, (4.10) follows by choosing ¢ > 0 so that the last term in brackets is equal to
zero. Equation (4.11) follows by choosing ¢ > 0 so that

2K(TrA 4 |h°|%) _2
8¢ ) 2’

To prove the second assertion, observe that, forx € Ey,i,j=1,..., N,

0ilx|9 = g (x|x|972, my),
O lxld = q(g — D(UxI1T*mi, m)),
9; (x]x|97%, n;) = (g — D(Ix|772, niny).
(x|x|972,x") = —(g — D] |x|4/>7 13,
So by (4.15), we have, for x € Ey,
Ly Vaux) = (14 |x|2) Ly, y Vie (x)

(4.19) + qe B[ (F(x). 1197 2x) + 4k (Ax, [x]9720)]

N
2 _ —_
+q(q - 1>e"'x'2[<|x|q g ZAI-,-n?) — [x'|x]72 lli}-
i=1
It follows from (4.11) that, for all A > 21, x € Ey,
(4.20) (L4 XD Ly Vie(x) < Vg e ) (2 — mye. (13’13 + 1)).

(4.18)

Below we shall use the following consequence of the inequality |z|2, < 2|7'|2]z]2,
ZE Holz For x € HO1 and g > 2,

wany Vel eIl <Al e,
= gl |x |41 el
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It follows by (4.14) and (4.21), together with Young’s inequality, that there ex-
ists ¢1(q) > 0 depending only on ¢, such that, for all &£ > 0,

(Fp(x), |x]97%x)
< |hyl1|x1, + |holy |x 19!
< qlhih|x|x|7>7 1], x ]9/
4.22) (@—D)/
—|—q(q_1)/q|h0|1}x'|x|Q/2_l|2q ‘1|x|;q—1)/2

<e|x/|x|72713

— 2 1) —(g—
+er(@)(Ih[Fe™ + [holt?/ TV e @ D/@HDY (1 4 x)9),

It follows from the estimate |z|, < |z]|oo, (4.21) and Young’s inequality that, for
every ¢ > 0,

) -1
|(Ax, [x77220)| < [Alx— x|x|2lx 13,5 < 1Alx—x|x1E,

(4.23) < qlAlxo x| x| x4/
2-1,2 q* 2
<elx|x|771) + glAlx%xMZ-

Next, observe that Z,N: | A,-miz(r) > 0 for all r € (0,1). Hence, it follows
by (4.21) and Young’s inequality that there exists c¢(g) > 0 depending only on g,
such that, for every ¢ > 0,

N N
-2 2 -2
(|X|q ’ZAiin,) < |xl92) " Aii
i=1 i=1

(4.24) < q(q_z)/q]x’|x|9/2_1]g’_z)/qlxlg‘]_Z)/ZTrA
< 8|x’|x|q/2_1|§
+ cz(q)(TrA)Zq/(q+2)e_(q_2)/(q+2)(1 + |X|Z)

Collecting (4.22), (4.23) and (4.24), we conclude that there exists ¢; > 0 de-
pending only on ¢, such that, for every € € (0, 1),

g B[(Fy(x), 1x]972x) + 4k (Ax, |x]9720)]
2 N 2
+q(q — 1)€K|x|2[<|xlq_2, ZAiiniz) - |x/|xIQ/2_1|2}
i=1

_ 2 1
<coe (1} +1hol3 9D 4 k| AR ¢ + (Tr A)2/@D)y, | (x)

—q(q — 1 — (4 + &) Vie o) | |x 72713
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This together with (4.20) and (4.19) implies (4.13). [

LEMMA 4.7. Let ¢ be continuously differentiable in the second variable such
that supjz < ¢x (-, §) € L'(0,1) for all R > 0 and let ¢ satisfy (3).

Then there exists a nonnegative function € — C(&) depending only on w, pi,
lgol1 and |g1|p, such that, foralle >0and x,y € Hol,

dy(Fg, y)(x) < 3113 + (elx'13 + C (@) 1y3.

If, moreover, ¢ is twice continuously differentiable and there exist g, g3 €
L%_(O, 1), ga,85 € L}i_(O, 1) and a bounded Borel-measurable function
w:Ry — Ry, w(r) = 0asr — oo, such that

X 1/2 |)C|
(425) |¢xx(r,x)|§g2(r)+g3(r) m w(m)’
' re0,1),xekR,
and

2 x|
(ur (. )] < ga(r) + g5(r) w(7> re©.1).x R

r(l—r) Jr(l—=r)

[which is the case, if ¢ satisfies (D4)] then there exists a nonnegative function
& = C(¢) depending only on w, p1, |gol1, 1811p, 18212, 18312, 1841 and [gs|1 such
that, foralle >0 and x,y € Hol,

d_nyy(Fpo (=) 129)(x) < L1y + (el 3 + Co)ly 3.

x|

PROOF. As before, we set o (r, x) := a5
entiable in the second variable, ($3) implies that, for all x € R and r € (0, 1),
(4.26) ¢ (r, X) < go(r) + g1(N|o (r, )*" /P oo(o (1, x)).

Fix x € Hol. Note that, for &, n € HJ, since SUpjg|<g @x (-, §) € L0, 1) for all
R > 0, we have

. Since ¢ is continuously differ-

1
9z (Fg, 1) (x) 2/0 Ern(r) g (r, x(r)) dr.

Hence, (4.26) implies that, for y € H, 1
1
0, (Fou @) = [ 0D (30 dr

<1ylZlgoli + Y5y, /o1 l&1Ip 107 P 0 0 000 (x),
where, for a, 8 > 0, we set

090 00 loo(x) 1= sup [o%(r, x()wf (o (r,x(r))|.
re(0,1)
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Note that, for y € HJ, |y|2, < 2|y’|»|y|» and, hence,

2 1 1 2 1
Yty = VIR YR <2y Py

Hence, by Young’s inequality, there exists ¢, > 0 such that

3y (Fp. y)(x) < 31134 Epy I¥I3[1g017 + 181 22V P17V 0?0?11 =D o 5| ()],
Observe now that, for all £ > 0,

Cp 1117/ CP D022/ CP=D o 0| (x) < glo|Z,(x) + C(e),

with  C(e) = sup{é, |gi[3/"/ " Vs2021/@P1=D(s)ls > 0 such that
2p1/@2p1—1) 2p1/(2p]
Cpllg |

inequality |0 |0 (x) = sup,

~D(s) > ¢}. Now the first assertion follows from the
_lxl(r)
Jr(l—=r) —
the fundamental theorem of calculus (or of Sobolev embedding).
To prove the second assertion, let z := (—A)™1/2y, y € Hol. Then (—A)!/2y =
7,17 |2 =y|2 and |z”|» = |y|2. Moreover,

<2 2|x|2, x € HO, which is a consequence of

1
3(_A)1/zy(F¢, (—A)fl/zy)(x) = —/0 (N z(r) gy (r, x(r)) dr

1
= [ POl x) dr
4.27) ’

1
+ fo 2 (2()x () ax (. X () dr

1
+ /O 2 (r)z(r)gxr (r, x(r)) dr

We can estimate the first term in the right-hand side of (4.27) in the same way
as above. Indeed, note that (4.25) was shown in the proof of Remark 2.1(v) to
imply (4.26). So, as above, we obtain that there exists a nonnegative function
¢ > Ci(¢) depending only on w, p1, |gol1 and |g1]p, such that, for all £ > 0,

1
/ 1P (r x (1)) dr < L2 + (elx13 + C1 () 1212
(4'28) 1,..712 712 2
< zI¥'13 + (elx'l3 4+ C1(e)) |yl3.

To estimate the second and the last terms in the right-hand side of (4.27), we note
that

7 loo < QIR IDV2 = QY Iy 2l <27V 2 =271y,
By (4.25) and the estimate |0 oo (x) < +/2|x'|2, we conclude that, for all & > 0,

x5 X) ]2 < lg2l2 + |g3l2|o 2w o |0 ()

< camatlo 00 + Cate) < e|x ', + Cae)
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and

3/2

[hxr (-, )1 < Igal1 + 18511107 w0 0|0 (x)

1 1 3/2
< el P + Cae) = el + Cate),

with
1
Cale) 1= g2z + sup lgalas (5l = 0 such that [g5120(s) > < ze1.

1
3/2
w(s)|s > 0 such that |g5|{w(s) > PRE! 23/48}.
Thus, it follows from Young’s inequality that there exists a nonnegative function
e > C(e) dependent on w, |g2|2, |g3]2, |g4]1 and |gs|; only such that, for all

e€(0,1),

C3(e) = lgal + sup{|85|1S

1 1
/0 22X () ax (. X () dr + /0 2 ()2 ar (r, x () dr

/|1/2 3/2

3/2 3/2
2 Relxly /

<ly S 15 12Ca(e) + Eelx Y7 + Ca(e)]

<iVBE+EWB+C@)y.
Now the second assertion follows from (4.28). [
LEMMA 4.8. Let Y satisfy (V).

Then there exists a nonnegative function € — C (&) depending on w and C such
that, for all ¢ > 0 and x, y € HJ,

w29) 3y(Gy, )(x) < Y13 + (elx'13 + Co)lyl3,
a2y (Gy. (=A) 1 2y)(x) < 31V 15+ (elx'[5 + Co)lyl3
PROOF. Fix x € Hol. Note that, for &, n € H!, we have
1
3s(G¢f,77)(X)=—/O £/ o xdr.
Hence, for all y € HOI,
1
8y(Gy.y)(x) = —1 fo O Yy o x dr
1 ! 2.7 1 217
- §f0 VA Y o xdr < My PRI Ll ex © Xloo.

Set z:= (—A)"1/2y so that (—A)!/2y = —z”. Then

1
a2y (Gy. (—A) 1 2y)(x) = /0 27" oxdr < L2 31X bl ¥ex 0 Xloo.
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1/2

Note that |y|4 < |V]eolyl2 < \/_|y ly |y|g/2. Hence, by Young’s inequality, there

exists ¢ > 0 such that
a (G < 4/3 4/3
v Y)(X) < 2|y 3+ ¢lyl3lx’ [ " [Wxx 0 X[ 55
4/3
8 a2y (G (=0)72y) () < L1y B+ ey B3I 1Wax 0 x[23.

(V) implies that, for all & > 0, [P |*3(x) < &|x|?? + C(e) with C(e) :=
sup{(C + rl/zw(r))4/3|r >0 such that Cr =12 + w(r) > 83/4}. Now the assertion
follows from the estimate |x|oo < \/Li|x/|2. U

LEMMA 4.9. Assume that sup|y|<g ¢, x)| € L2(0, 1) forall R > 0.

Then Fy: H(} — L2(0, 1) is | - |2-continuous on | - IH(} -balls.

If, in addition, sup, |¢(-,x)|1 < oo and ¢ is differentiable in the second
variable with supg <g [¢x(-,§)| € L'(0, 1) for all R > 0, then, for all N € N,
PyFyo Py:Eny — Ey is bounded and locally Lipschitz continuous.

If ¢ satisfies (®1), then, for all p € [2, 00), there exists cp 4,4, > 0 such that

|Fpl2(xX) < Cp.gr.q|8lg OB T2/ P2 () forall x € Hy, k> 0.

PROOF. Let (x,),en be a bounded sequence in HO1 and lim,, oo X, =X € HO1
in the |- |2-topology. Since a | - |1 2-bounded set is compact in Cy(0, 1), we conclude
that x,, — x uniformly on (0, 1) and, hence, ¢ (r, x,,(r)) — ¢ (r, x(r)) as n — oo
for all » € (0, 1) and sup,, |¢|(r, x,(r)) < SUP|g| < (x| t+1 191 (7, & e L2(0, 1). Thus,
the first assertion follows by the dominated convergence theorem.

Let now the second assumption hold. Then, foralln e N, x, y € H, I

[(Fp(x), )| < sgp|¢<-, E111nloo

[(Fp(x) = Fp (), )| < sup  |¢x (-, ) 1|77n|oo|x — ¥loo-

[E1=Ix]o0 VIYloo

Hence, the second assertion follows.
To prove the last assertion, we first note that by (®1), for all x € Hol,

|F¢|2(x) = |g|q1 ’1 + |x|q ‘qu/(m )= |g|q1 (I+ |x|q2)
with s : 2q1q2 , and for p € [2, 00),

2 2
(4.30) |2 < P2 ; el ar < 222
0

Since |x|$ < |x| x5 —2. it follows that

2 (92—2q2/5)/(p+2)
2 _ 2 p+2
|x|§?2 < |x|ZQ2/s|x|gé(l 2/s) < |x|ZCI2/s|:<T) |X/|%|x|§i| .

/ p/2
ol |72,
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Substituting s, we find

D 2 Ca2-24+4/a0)/ (p+2) 1_2
) (1 4 x|

Fyh(x) < 2gla, (T

x [(1+ |x/|%)(1 + |x|§)](Q2—1+2/Q1)/(P+2)’

which implies the assertion. [J

LEMMA 4.10. Gy : Hy — L?(0, 1) is continuous.

If, in addition,  is bounded, then, for all N € N, PyGy o Py:Ey — Ey is
bounded and locally Lipschitz continuous.

If [Y'|(x) < C(1 + |x|), then, for all x € H!, k € (0, 00), p €1[2,00),

42\ 290/ (p+2)
p ) O/ (42 ()

1Gyla(x) < 20(T

In particular, if  satisfies (V), then

2\ 3/(p+2)
|Gy l2(x) < ZC(%) @E,l’{f)(lﬁ/(p“))(x) forall x € H(}.

PROOF. Let (x,),en be a|-|1,2-bounded sequence such that lim, o X, = x €
H(} in the | - |-topology. Since an | - |1 2-bounded set is compact in Cy(0, 1), we
conclude that x,, — x uniformly on (0, 1) and, hence, ¥’ o x, — ¥’ o x uniformly
on (0, 1). Thus, the first assertion follows by the definition of G ;.

Let now ¥ be bounded. Then, foralln € N, x, y € HJ,

(Gy (x), )| < W loolihln
(Gy(x) =Gy (y),m)| < esssup W/ ()|l l2lx — yla.

Is1<xlooVIYloo

Hence, the second assertion follows.
The third assertion follows from the estimate |Gy |2(x) < C(1 + 1x[22)|x |2

and (4.30). The last assertion is then clear, because we can take gy = 3 by Re-
mark 2.1(1). O

Now we are prepared for the following:

PROOF OF PROPOSITION 4.1. Let N € N and let By denote the closed ball
in H(} of radius N. By Lemmas 4.4 and 4.5, there exist S8y € (0, 1) such that

1
sup |Fo, — Fo () < —
xeBN| N ( N)ﬂ|2 N

for all 8 < By and By+1 < Bn. Define
4.31) Fy = F(<1>N)ﬁN + Guyy, N eN.
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Then limy_ o |F — Fn|2 = 0 uniformly on balls in H!, where F is as in (2.15),
by Lemmas 4.3 and 4.4. Since by Lemmas 4.9 and 4.10, F is | - |>-continuous on
| - |1,2-balls, and since Pyx — x in HO1 as N > oo forall x € Hol, it follows that
(F2¢) holds.

By Lemmas 4.4 and 4.5, it follows that Lemma 4.6 applies to (®y)g, and Wy
for all g € [2, 00) with kg, A4, and m , independent of N. So, (F2a) holds.

By Lemmas 4.3 and 4.5, we see that Lemmas 4.7 and 4.8 apply to (®n)gy
and Wy with the functions ¢ — C, independent of N. So, (F2b) holds.

Since in Lemma 4.9 we have (g2 — 1 + q%)/(p 4+ 2) <1 if and only if

P> q2—3+ 2, (F2d) follows by Lemmas 4.9 and 4.10.

The boundedness and local Lipschitz continuity of F follow by Lemmas 4.5,
4.9 and 4.10. So, (F2) is proved.

If, in addition, (®4) holds, then (F2e) follows from Lemmas 4.7 and 4.8 in the
same way as we have derived (F2b). [

5. Some properties of the function spaces WCp ., W1Cp,, and Lip; , ,.
Below for a topological vector space 'V over R let 'V’ denote its dual space.

The following we formulate for general completely regular topological spaces
and recall that our X = L?(0, 1) equipped with the weak topology is such a space.

Let X be a completely regular topological space, V : X — [1, o] a function,
and Xy := {V < oo} equipped with the topology induced by X. Analogously
to (2.2), we define

Cy = {f : Xy — R|f [{v<r) is continuous VR € R and
(5.1)

lim sup V_1|f| =0},
R—)OO{VzR}

equipped with the norm || f ||y := sup V~!| £|. Obviously, Cy is a Banach space.

THEOREM 5.1. Let X be a completely regular topological space. Let V : X —
[1, o0] be of metrizable compact level sets {V < R}, R > 0, and let Cy be as above.
Then o (Cy) = B(Xvy) and

(5.2) Cy = {v|v is a signed Borel measure on XV,/Vd|v| < oo},

||v||C{/ = [V d|v|. In particular, f,, — f weakly in Cy as n — oo if and only if
(fn) is bounded in Cy, f € Cy, and f, — f pointwise on Xy as n — o0.

PROOF. Let v be a signed Borel measure on Xy such that [ Vd|v| < co. Then
f = v(f):= /[ fdv is alinear functional on Cy and, since

[rav|= vawr=isw [va,
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we conclude that v € C{, and ||v||C{/ < [Vdv|.

Now let [ € C {, Note that, for every f € Cy, there exists x € Xy such that
Ifllv=1flx) vV ~1(x). Hence, we can apply [14], Corollary 36.5, to conclude that
there exist positive /1, [, € C{, such that l =1y — /> and ||l||C(/ = ||11||C(/ + ||12||C(/.
So, we may assume that [ > 0. Let f;, € Cy, n € N, such that f, | 0 as n — oc.
Then by Dini’s theorem, f,, — 0 as n — oo uniformly on all sets {V < R}, R > 1.
Hence, || fullv — 0 as n — oo so I(f;;) — 0. Cy is a Stone-lattice generating the
Borel o-algebra on Xy. Indeed, we first note that Xy € 8(X) as a o-compact
set, and if B € B(Xy), then B =J;2, B, with B, € B(K,), K, :={V <n}.But
since K, is a metric space, B(K,) = o (C(K,)). But C(K,) = Cern by Tietze’s
extension theorem (which holds for compact sets in completely regular spaces).
Hence, B(K,) = U(CVFKn) =0 (Cy)NKy. So, B eog(Cy). We conclude by the
Daniell-Stone theorem (cf., e.g., [5], 39.4) that there exists a positive Borel mea-
sure v on Xy such that

/fdv:l(f) VfeCy.

Since 1 € Cy, v is a finite measure. To calculate ||/ ||C(/, let f, 1 V be a sequence
of bounded positive continuous functions on Xy increasing to V. Such a sequence
exists by [51], Lemma II.1.10, since Xy as a union of metrizable compacts is
strongly Lindelof. Then f;,, € Cy and || f,|lv <1 forall n € N and

ey = [ fodv— [Vav  asn— oo

Hence, ||/|| c, = J V dv. The rest of the assertion follows from the dominated con-
vergence theorem. [

COROLLARY 5.2. Let X,Y be completely regular topological spaces. Let
®:Y — [1, 00] have metrizable compact level sets, and let X :V — [1, 00] be
a function. Let Xy and Yg, Cy and Cg be as above. Let M :Co — Cy be a
positive bounded linear operator. Then there exists a kernel m(x, dy) from Xy to
Yo such that, for all f € Co, Mf(x) = [ f(y)m(x,dy) and [©O(y)m(x,dy) <
”M”C(.-)—)CVV(X)'

COROLLARY 5.3. An algebra of bounded continuous functions on Xy gener-
ating B(Xvy) is dense in Cy .

PROOF. By a simple monotone class argument, it follows that the algebra
forms a measure determining class on Xy. So by Theorem 5.1, it follows that
the algebra is dense in Cy with respect to the weak topology, hence, also with
respect to the strong topology since it is a linear space. [
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REMARK 5.4. In fact, on Xy there is a generalization of the full Stone—
Weierstrass theorem and it can be deduced from the Daniell-Stone theorem, even
in more general cases than considered here. In particular, the algebra in Theo-
rem 5.3 generates B(Xy) if it separates points. We refer to [47].

LEMMA 5.5. Let X be a completely regular space, let V,®:X — [1, o]
have metrizable compact level sets, V < c® for some c € (0, 00), and such that,
for all R > 0, there exists R > R such {V < R} is contained in the closure of the
set {V<R'}NXe.

Then Cy C Cg continuously and densely.

PROOF. Note that Xg C Xy.If f € Cy, then, for R € (0, 00),

|f|s( sup m)v+«/ﬁ||f||v,

w=vr)
hence,
| f1 [f] 1
sup — <c¢ sup — +—=|fllv.
=Ry © T wovm VO VR

Letting R — oo, we conclude that [y, € Ce. Moreover, the last assumption
implies that, if f € Cy vanishes on Xg, then it vanishes on {V < R} for every
R > 0, since f is continuous on {V < R’}. Hence, the restriction to Xg is an
injection Cy — Cg. Since V < 0O, the injection is continuous. The density follows
from Corollary 5.3. Indeed, we have seen in its proof that o (Cy) = B(Xy). But
then G(Cva@) =0(Cy)NXe D BXy)NXg=B(Xg),since Xg € B(X). U

Now we come to our concrete situation.

COROLLARY 5.6. For p €[2,00), p' > p, and x € (0,00), k' > k, we have
WCp CWCpy o and WCp o C W1Cp . C WiC)p o+ densely and continuously.

PROOF. Note that, forx € LP(0,1), p > 1, Pyx € Hol, N eN,and P,x — x
in L?(0, 1) as m — oo (see, e.g., [40], Section 2¢16). Also by (2.8), V), , o Py <
oc,l,’Vp,K and, hence, {Pyx|V, (x) < R,N e N} C{V,, < aﬁR} N HOI. Further-
more, since

2)? p/2y|2 N 1p/2—1/2
(;) [(x 17755 = 11772705
= ’lxllﬂ{\x|<1}|x|p/2_l\§ + \IX’|1{|X|21}|X|P/2—1‘§

2 '12—112
< |xX'13 + |x/|x|P /27,
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it follows that there exists ¢, € (0, 00) such that
(5.3) Opi <CpOp .

Now the assertion follows from Lemma 5.5. O

LEMMA 5.7.  Letl € Zy, p €[2,00), k € (0,00), (fu)nen C Lip; ,, ., be such
that f(x) :=lim, . fu(x) exists for all x € X,,. Then

||f||P,K = lliin_l)io%f”fn”p,lc and (f)l,p,/c =< liln_l)icgf(fn)l,p,l(-

In particular, (Lip; ,, . || - ILip, pK) is complete.

PROOF. The assertion follows from the fact that, for a set 2 and v, : 2 —> R,
n € N, we have sup, . liminf,,_, oo ¥, (@) < liminf,,_, oo SUp,cq ¥n(w). U

PROPOSITION 5.8. Letl € Z4, p €[2,00), and k € (0, 00). Let (f)neN be a
bounded sequence in Lip; , .. Then there exists a subsequence ( fn,)keN converg-
ing pointwise to some f € Lip; , ..

If1 > 0, then f is sequentially weakly continuous on X .

PROOF. LetY C X, be countable such that Y N {V), , <n}is |- |,-dense in
{Vp« <n}forall n € N, and let (fy,, )ren be a subsequence converging pointwise
on Y. Since fy, k €N, are bounded in Lip; , .., they are | - | ,-equicontinuous on
the | - | ,-open sets {V), , < n} for all n € N. Hence, there exists a | - | ,-continuous
function f:X, — R such that f, (x) — f(x) as k — oo for all x € X,. By
Lemma 5.7, we have f € Lip; , .

Since fy,, k € N, are |(—A)*l/2 - |2-equicontinuous, f is |(=A)~!/2 . |5-conti-
nuous, in particular, sequentially weakly continuous on X ,. [

6. Construction of resolvents and semigroups. In this section we construct
the resolvent and semigroup in the spaces WC, . associated with the differential
operator L defined in (1.2) with F satisfying (F2).

PROPOSITION 6.1. Let F: HO1 — X satisfying (F2a) and (F2c), and let ko,
Oreg and Ay i, My i for q € Qreg be as in (F2a). Assume that V,(IF(k) € WiCy
forall k € N for some q € Qreg and k € (0, ko), k1 € [0, k). Then we have

(6.1) ||M||q,/c = lAu — Lu”l,q,x Yue °(D/c1» A= )\q,fc-

q.k

For the the proof of this proposition, we need the following two results.

LEMMA 6.2. Letqg €[2,00), k € (0, 00).
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(1) Vg« is Gateaux differentiable on L9(0, 1) with derivative given by

(62) DV, (x)= vq,K(x)<2xx + x|x|‘1_2) (e L4~V (0, 1)).

1+ |x]d
(i1) On HO1 the function V. is twice Gateaux differentiable. Moreover,
DV, :H) — Hj [C H™!, see 2.1)], D*V, «: Hj — L(L*(0, 1)) [:= bounded
linear operators on L*(0, 1)]. Furthermore, both maps are continuous and, for
1
-xa ga 77 € H() s

(&, x|x|972)
(s,l)zvgw(x>n)==vgx<x)[<2x<s,x>+—q——fj;1;ﬁf—)
(n, x|x]972)
X <2K(77,X)+QW)
© (&, nlx]972)
, X
+2k(&,n) +q(q — DW
. gaﬂﬂ%%mﬁuwﬂq
(14 |x1H? '

PROOF. Identities (6.2) and (6.3) follow from the formulas

ad _ d _ _
—Ixl§ =g, xIxI77%),  —&xI7%n) =(@—D(x|?"* &) and
on 0&

2
0§ dn

The continuity of DV, , and D? V4.« in the mentioned topologies follows from the
fact that, given x, — x in HO1 as n — oo, then x;, — x’ in L2(0,1) and x, — x
in Cy[0,1]asn — oco. [

xld =q(q — DE x>, x.6.n€ H.

LEMMA 6.3. Let q € [2,00) and k € (0,00). Let u € WCy  be such that
u =u o Py for some N € N. Then there exists xg € (Co N Cg)(O, 1) such that

— lul
el = L (xo).

PROOF. We may assume u # 0. Since Vq_,l |u| is weakly upper semi-
continuous on X and V, , has weakly compact level sets, there exists xo € X
such that |ully, = |Lt|()€())V(;,(1 (x0). Set x1 := Pyxg and x; := x¢9 — x1. Since
u(xo) = u(Pnxg), we conclude that

Vi (xo) =min{V, . (x)|x € X, Pyx = Pyxo}.
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Hence, by Lemma 6.2(i), we have that (DV, ,(xo),n) =0 for all n € L9(0, 1) N
Eﬁ Since {ni|k € N} is a Schauder basis of L*(0, 1) for all s € (1, c0) (cf. [40],
Section 2¢16), it follows that DV, , (xo) € Exy C (CoN C,l)(O, 1).

Consider 7 € CY(R), h(s) := 2ks + HfIWSMH’ s € R. By (6.2),
q
DVy . (x0) = Vg, (x0)h o xo. Hence, h o xg € (Cp N Cg)(O, 1). Since, for s € R,
h(s) =2k + % |s]972 > 2k > 0, the assertion follows, by the inverse function
q
theorem. [J

PROOF OF PROPOSITION 6.1. For N € N, we introduce a differential opera-
tor L™) on the space of all continuous functions v : HOl — R having continuous
partial derivatives up to second order in all directions 7, k € N, defined by

N N
LMy) =1 45000 + D () + (F), k) dkv(x),  x € Hy.
i=1 k=1

Let A > Mg, u € Dy, u =u o Py for some N € N. Then, for m > N and
X € H&,
(A= Lyu=—L")u=—=Vy L™ @V, ) = 2(AnDVy.c. DV, D)
+uV (A= L)V
Since u € D, C WCy ., Lemma 6.3 implies that there exists xo € (Co N
Cg)(O, 1) such that [[ullg,« = %(xo). We may assume, without loss of gener-

ality, that u(xg) > 0. Then x¢ is a point, where the function quf,} achieves its
maximum. Hence,

DV, )(x0)=0 and L™V, ) (xp) <0.
Therefore,
(h = Lyu(x0) = llullg e iminf(x — L)V i (x0).
For m € N, let now L,, be as in (4.1). Note that
|Ln(VguelTg,) 0 Py — L™V, |(x) >0 asm— oo, x € Hy.

This is so since A is of trace class, (F2c) holds and, for x € H&, P,x — x in H&
as m — oo and hence, by Lemma 6.2(i1), DV, , (Pyx) — DV (x) in HO1 and
D*V, (Ppx) — D*V, ,(x) in L(L*(0, 1)) as m — oc. Hence, by (F2a),

(h = Lyu(x0) = llullg,« iminf(. — L) (V. | ,,) (PmX0)

=My [|u ||q,x lggiglof@q,x (Pmxo) = Mg i« l|u ”q,x®q,/{ (x0).

Since, by assumption, Vi, F® e w, Cy.c» k € N, it follows that Lu € W1 Cy .. So,
the assertion follows. [
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Now we can prove our main existence result on resolvents and semigroups (see
also Proposition 6.7 below).

THEOREM 6.4. Let (A), (F2) hold, and let ko, Qreg be as in (F2a), k € (0, ko)
and p € Qg be as in (F2d). Let «* € (k,ko), k1 € (0,™ — k], and let
Apcx and )JZM be as in Corollary 4.2, with k* and k1, respectively, replacing « .

Then for & > Ap+ V )‘/Z,Iq’ (A = L), Dy,) is one-to-one and has a dense

range in W1Cp i+ Its inverse (A — L) has a unique bounded linear extension
G).: W1Cpx — WCp %, defined by the following limit:

2Guf = lim AG" f,  feLipyy,,, f bounded,h>hpr V2,

weakly in WC, .+ (hence, pointwise on X ), uniformly in A € [Ay, 00) for all A, >
Apwr NV Ay . Furthermore,

: _ (m) o _
mh_)moo)»()» LYG," f=Af

weakly in W1 C), o+ uniformly in X € [A*,00). Gj, A > kp o+ V )\',Z,Kl , is a Markov-
ian pseudo-resolvent on W1C), .+ and a strongly continuous quasi-contractive re-
solvent on WC), .+ with ”G*”WC[:,K*—’WC;:,K* <- kp,,(*)_l. G, is associated
with a Markovian quasi-contractive Co-semigroup Py on W C), o+ satisfying

A

||Pt||WCp.K*_)WCp,K* Se p,x*f’ t >0

For the proof of the theorem, we need the following lemma.

LEMMA 6.5. Let G;, A > Ay, be a pseudo-resolvent on a Banach space F,
such that |AG) ||lF—=F < M for all A > Ag. Then the set Fg of strong continuity
of G,

Fg:={f €eFIAG,f — f as . — o0},

is the (weak) closure of G, [F.

PROOF. First observe that Fg is a closed linear subspace of F. Indeed, let
feFl, f, eFg,n €N, such that f,, »> f asn — 0o. Then

AGf = f=QGufu = fu) + ARGy =id)(f = fo).

The first term in the right-hand side vanishes as A — oo for all n € N and the
second term vanishes as n — oo uniformly in A > Xg, since ||AG; — id ||[F—F <
M + 1. So, we conclude that LG, f — f as A — o0.

By the resolvent identity, for f € F and A, u > X, we have

A 1
)‘-GKG;Lf = mGlL‘f - m)"ka - G}Lf
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as A — oo since ||AGfllr < M| fllr. Thus, G,F C Fg. On the other hand,
Fg C G, F by definition. Finally, since G, F is linear, its weak and strong closures
coincide, by the Mazur theorem. [J

PROOF OF THEOREM 6.4. We have that (F2d) holds with «* replacing «,
and for all k € N, that F® € W, C), , by (F2c) and (F2d), so Vi, F& € W C), +.
Therefore, Proposition 6.1 implies that (A — L) : Dy, — WC) i+ is one-to-one
with bounded left inverse from WiC) x D (A — L)(Dy,) to WC,  for all
A > )‘p,K*-

Now we prove that (A — L)(Dy,) is dense in W C), ,+ for A > )\’27,(1. Letm e N,

f €Lipg g, (C WiCp,+), f bounded, and A > 1 . By Corollary 4.2, G{" f €
Me=0 D, ¢ and, by (4.6), (h — L)G\™ f(x) — f(x) as m — oo for all x € H],

and by (4.5) and (F2d),

(L= L)G™ f(x) = (f o Pp)(x)| < © i () Vo, ) (02,41

A— )»’Z’Kl

= 7(917,/(* (x)(f)O,Z,K .
A=A, :

Hence, |[A (A — L)Gim)f — Af|— 0as m — oo weakly in W|C .+, uniformly in
A € [Ay, 00) for all Ay > )\'/27’61 , by Theorem 5.1. By Corollary 5.3, D(C Lip 5 )

is dense in W C), ,+. So, taking f € D and recalling that G(km)f € Dy, by Corol-
lary 4.2, we conclude that (A — L)(&D,, ) is of (weakly) dense range. Therefore, for
A > )‘/2, Y Ap.ic, the left inverse (A — L)~! can be extended to a bounded linear

operator G : WiCp o+ — WC, +. Then one has AGE\m)f — AG,f asm — o0
weakly in WC, .+ (in particular, pointwise on X ) for all A > )\/2’ x ¥ Ap i and all
S €Lipg 2, NBp(X). So, G, is Markovian and A — G, f is decreasing if f >0

/

for such A, since Gim) f has the same properties. In addition, for v € WC,

v >0 (cf. Theorem 5.1), and A > A* > )‘/Z,Iq V Ap ks
/}AG&””f —AG,.f|dv < / G| AL — L)G™ f — A f|dv.

Therefore, the weak convergence of ()»Gim) Fmen 0 LG, f in WCp i+ is, in
fact, uniformly in A € [A*, 00). Furthermore, by (4.3), (A — A, )G fllpiex <
Il f 1l p,icx» since Py — ipr strongly as N — oo by [40], Section 2c16. Because
D is dense in WC), ,+, it follows that

-1
1Grllwe, s—we, o < = Ap )

by continuity. Note that, for u € Dy, A, u > )‘,2 i V Apcx, one has u — G, (A —
5K ’
L)Yu = (u — A)G,u since G, is the left inverse to (u — L). Hence, for f €
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(A—L)(Dy,), we have, by substitutingu := G, f,Gr f —Guf =(—1)G,Gyf,
which is the resolvent identity. Since (A — L)(Dy,) is dense in W;C), , for
A > )‘/2,/(1 , we conclude that G, A > )\/2’,(1 V Ap+ 1s a pseudo-resolvent on
Wi Cp, i+, quasi-contractive in WC, .

Now we are left to prove that G, is strongly continuous on WC, ;. Then the
last assertion will follow by the Hille—Yoshida theorem. Let f € D and let N ¢ N

be such that f = f o Py. Then, forallx € X,,m > N, A > X, > )‘,2,;«1 VA p et

MGy f(x) = FO < [AGof = 2GY fl(0) + [AG™ f(Pyx) — f(Pyx)].

As we have seen above, the first term in the right-hand side vanishes as
m — oo uniformly in A € [A4, 00). The second term in the right-hand side van-
ishes as A — oo for each m > N, by Corollary 4.2. Since (A — A ,+) G}, is quasi-
contractive on WC), .+, it follows that AG, f — f weakly in WC), .« as A — o0,
by Theorem 5.1. Hence, by Lemma 6.5, G, is strongly continuous on the clo-
sure of D in WC, +. However, by Corollary 5.3, this closure is the whole
space WCp i +. [

REMARK 6.6. Since by (5.3) condition (F2d) holds with p’ € [p, co) N Oreg>
k" >k, if it holds with p € [2, 00), k € (0, 00), the above theorem (and, corre-
spondingly, any of the results below) holds for any «* € (k, kg) and with p replaced
by any p’ € [p, 00) N Qreg. We note that the corresponding resolvents, hence, also
the semigroups, are consistent when applied to functions in £. In particular, the
resolvents and semigroups of kernels constructed in the following proposition co-
incide for any k* € («, ko) and p’ € [p, 00) N Oreg.

Next we shall prove that both G, and P; in Theorem 6.4 above are given by
kernels on X, uniquely determined by L under a mild “growth condition.”

PROPOSITION 6.7 (Existence of kernels). Consider the situation of Theo-
rem 6.4, let L > Ap o+ V )‘/2,/(1 and t > 0, and let G, and P; be as constructed
there. Then:

(i) There exists a kernel g, (x, dy) from X, to HO1 such that
8.f (0= [ FDerx.d) =Guf () forall f € WiCpur,x € X,

which is extended by zero to a kernel from X, to X ,. Furthermore, Ag;1 =1, gy,
A > dpier VA, is a resolvent of kernels and

81Op x(x) < Vpis(x)  forall x € Xp,

D.Kk*

with mp o+ as in (F2a).
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(i1) There exists a kernel p;(x,dy) from X, to X, such that

pifx) = / FOIpiGedy) = Pif(x)  forall f € WCp o, x € X,.

Furthermore, p;1 =1 [i.e., p;(x,dy) is Markovian], p,, T > 0, is a measurable
semigroup and
Pt Vpuer(x) < ettt Vi icx (X) forallx € X,.

(iii)) We have
gf0= [ e pfdr
0
forall f € Bp(Xp)UBT(Xp),xeX,.

[We extend g, for all ) € (0, 0o) using (6.4) as a definition.]
(iv) Let x € X . Then

(6.4)

t
f pe(x, X, \ H})dt =0.
0
(v) Forx e Xy,

t
/ Pr®p e (x)dT < 00,
0

50
f
/ plfl(x)dt < o0 forall f € WiCp +.
0

In particular, if u € Dy, , then T+ pr(|Lul)(x) is in Ll(O, t). Furthermore,

(6.5) pru(x) —ulx) = /Ot p-(Lu)(x)drt forallu € Dy, x € X,.

PROOF. (i) and (ii) are immediate consequences of Theorem 6.4, Corollary 5.2
and standard monotone class arguments. Equation (6.4) in (iii) holds by Theo-
rem 6.4 for f € WC), .. Hence, (iii) follows by a monotone class argument. Now
let us prove (iv). For all f € 87 (X ), by (iii), we have

©6) [ perar=dt [Tt pp@dr =g @, xeX,
0 0

Hence, (iv) follows with f := ]lXp\HOl since g;.(x, X \ HOI) =0forall x € X,,. To

prove (v), we just apply (6.6) to f := © .+ and the first two parts of the assertion
follow by (i) and (iv). Now let u € D, (C WC) ,+). Recall that, by Theorem 6.4,
Au—Lu e W Cp «+, hence, Lu € W1C) i+, SO

t
./0 p:(|Lul)(x)dt < o0 forall x € X .
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Finally, to prove (6.5), first note that, for u € Dy, (C WC) +), we have
Gyu e D(Z), where L is the generator of P, on WC), ,+, and

(6.7) L(Gyu) = —u + AGu = G, (Lu),
since G, is the left inverse of (A — L) : Dy, — WC) ,+. Therefore,
t t t -
/ pr(gn(Lu))drt :/ P.G;,(Lu)dt :/ P.L(Gyu)dr
0 0

(6.8)
= PiGyu — Gru = p(ghu) — gru.

But integrating by parts with respect to dt, we obtain, for all x € X,

/ ' pe(Lu(x) dr
0
=t [[eF ptimdr =2 [ & [[ e puriwdear
=M [gA(Lu)(x) — /OO e pr(Lu)(x) d‘f}
t

—A/Ot e)‘r|:g,\(Lu)(x) —frooe_)"p,(Lu)(x)dt] dr
=M g3 (Lu)(x) — py(ga(Lu))(x)
t
— (@ — Dgi(Lu)(x) + A /0 pr(g3.(Lu))(x) dr
= pou(x) — Ap;(gau)(x) — u(x) 4 Agru(x)
+ Aps () (x) — Agou(x)

= pru(x) — u(x),

where in the second to last step we used (6.8) and that, by the second equality
in (6.7),

g (Lu) = —u + Ag)u. O
Before we prove our uniqueness result, we need the following:

LEMMA 6.8. Consider the situation of Theorem 6.4 and let ). > )‘/2,;(1 V Ap k.
Then (A — L)(D) is dense in W1 Cp .

PROOF. Letu € D, and N € N be such that u = u o Py. Choose ¢ € C*(R)
such that ¢’ <0,0<¢ <1,¢9=10n[0,1] and ¢ =0 on (2, c0). For n € N, let

2
on(x) 1= (p(lPleZ), x € X, uy, := @,u. Then u, € O and

n2

Luy, =¢,Lu+uLg, +2(Du, AyDgy).
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Note that, for i, j =1, ..., N, there are ¢}, ¢;; € (0, 00) such that
Cj 2 Cij
10j¢n| < ;]]-{lPNx|2<2n}s 1075 9n| < ﬁﬂ-{lPNx|2<2n}~

Then 0 < ¢, 1 1 as n — oo, [ANDgy,| < , and |Lgy(x)] < o (Ix'2 +
| Py Fl2) < @®p,,<* (x) forallx € HO1 and some ¢ € (0, co) independent of x and n

by (F2c) and (F2d). So u,, — u and Lu, — Lu pointwise on HO1 and bounded
in Wi C) . Hence, by Theorems 5.1 and 6.4, it follows that (A — L) (D) is weakly,
hence, strongly, dense in Wi C), ,x. [

maxc;
n

PROPOSITION 6.9. Consider the situation of Theorem 6.4 and let (p;);=q be
as in Proposition 6.7. Let (q;);>0 be a semigroup of kernels from X, to X, such
that

o0
(6.9) / e_krc]f@p,,(* (x)dt <0 for some A € (0,00) and all x € X,
0
and
t
(6.10)  qru(x) —u(x)= / q-(Lu)(x)drt forallx € X,,u € D.
0

[Note that the same arguments as in the proof of Proposition 6.7(iv) show that
Joq-(x, X, \ H)dt =0, x € X, hence, the right-hand side of (6.10) is well-
defined.] Then q;(x,dy) = p;(x,dy) forall x € X, t > 0.

PROOF. Letu € D,x € X,,t>0,and A as in (6.9). Integrating by parts with
respect to dt and then using (6.10), we obtain

/ t e g (Lu)(x)dt
0
= ft re S fs q:(Lu)(x)dtds +e M /[qt(Lu)(x) dt
0 0 0

= ‘/Ot )Me*)‘sqs w)(x)ds — /Ot )Le*“u(x) ds+e M (q;(u)(x) — u(x)),

SO,
0

Since (6.9) holds also with A" > X instead of A, we can let A ' 00 to obtain that the
resolvent gz = fooo e *qgds, » > 0, of (q;);>0 is the left inverse of (A — L) p.
Hence, g, and gg coincide on (A — L)& which is dense in W1 C), . But by (6.9)
and Theorem 5.1, g;’(x,dy) € (Wle,,(*)/ [and so is gy (x,dy)] for all x € X,.

Hence, gi] = gu. Since t > q;u(x) by (6.10) is continuous for all u € D, x € X,



710 M. ROCKNER AND Z. SOBOL

the assertion follows by the uniqueness of the Laplace transform and a monotone
class argument. [

Another consequence of Lemma 6.8 is the following characterization of the
generator domain of the Cy-semigroup P; on WC), .. The second part of the fol-
lowing corollary will be crucial to prove the weak sample path continuity of the
corresponding Markov process in the next section.

COROLLARY 6.10. Consider the situation of Theorem 6.4. Let L denote the
generator of P; as a Co-semigroup on WC) +.

(i) Thenv e WC), -+ belongs to Dom(L) if and only if there exist f € WC), i+
and (u,) C D such that u, — v and Lu, — [ strongly, equivalently, weakly,
in WiCp » as n — oo, that is, u, — v and Lu, — f pointwise on H! and
sup, (lunll1, p,ex + IILugll, p,ex) < 00. In this case, Lv = f and u, — v weakly
in WCp e+ as n — 00. B

(i1) If v € Dom(L) and v, Lv are bounded, then the sequence (u,) C D
from (1) can be chosen uniformly bounded.

(iii) Let A > Ap x V )»/ i and v € D(L) such that v, Lv are bounded, and let
x € Xp. Then there exzsts a Borel-measurable map D~ 412V X, — X such that,
for any sequence (u,) C Dy, such that u, — v, Lu, — Lv weakly in Wi C), ,+ as
n — 0o with sup, |lu,|lco < 00, we have

Jlim_ g, (1D%p0 — A2 Duylo) (1) =0
Furthermore, for all x € CX(R) andt >0,

pr(x ov)(x) — (x ov)(x)
t _ t _ -
:/0 pr(x' ovLv)(x)dt +/(; p,(x”ov(Dva, Dil/zv))(x)dr.

If, in particular, v = g, f for some f € D, then, in addition, for all k' € (0, k1],

1D%1201(0) < ———(No2w V() for galx,dy)-ae.y € Xp.

T A )JZK

PROOF. (i) Note that v € Dom(L) if and only if v = G, g forsome g € WC), ,»,
A>Apex V Az ‘il . Given such v, by Lemma 6.8, there exist u,, € D, n € N, such
that (A — L)u, — g in Wi Cp, .+ asn — 00. Then u,, = G (A — L)u, — Grg=v
in WC), .« by Theorem 6.4, consequently,

Lu}’l —> AV — g = f € WCP’K*’

asn — oo in WC) .+, hence, by Corollary 5.6 in W1 C), .. On the other hand, let
v, f € WCp ,+ be such that, for some (u,) C D, u, — v and Lu, — f weakly



KOLMOGOROV EQUATIONS IN INFINITE DIMENSIONS 711
in WiC) ic+. Then, for A > )\’27,(1 V Ap ks

v=limu, =lim G, (A — L)u, = G, (v — f),

weakly in WC), .+, since, by Theorem 6.4, the latter equality holds as a weak limit
in WCp, i+ (hence, as a weak limit in W, C), . by Corollary 5.6).

(i) By assumption, g := Av — Lv is bounded. By Corollary 5.3, there exist
gn € D, n € N, which we can choose such that sup, |g,| < [|g|lcc, converging
togin WCp ,+. Let A > &) o+ V )‘/2,:«1 and consider v, ;, 1= Gim)gn, m € N. Then
Vn,m € Dy, by Corollary 4.2, and by Theorem 6.4,

(6.11) mlgmm Un.m = Gagn weakly in WC), .+, hence, weakly in W C) c+,

and

(6.12) lim (A — L)vym = gn weakly in Wi C) jcx.
m— 00

Therefore,

(6.13) Jim Lvp=—gn+2G1rgn — —g+AGug=1Lv

weakly in Wi C), .+, as n — o0. Since )\Ggm)_ is Markov, v, m, n,m € N, is uni-
formly bounded. Consequently, the pair (v, Lv) lies in the weak closure of the
convex set

(6.14) {, Lu)lu € Dy, lulloo < lIglloo}

in W1 Cp x x W1Cp ,+, hence, also in its strong closure. Repeating the same argu-
ments as in Lemma 6.8, it follows that, in (6.14), &O,, can be replaced by D and
assertion (ii) follows.

(iii) If (u,) C D is a sequence as in the assertion, then, since (i, — um)? e D,

(A= LY(n — um)* + 21 A2 Dy — ) > = 2(un — ) — L)ty — tm).
Hence, applying g, (x, dy), we obtain
(n — um)*(x) + 2. (|A* Dy — um)*) (x)
=28 ((ttn — um)(h = L)ty — tm)) (x).

Hence, the first assertion follows by Theorem 6.4 and Proposition 6.7(i) by
Lebesgue’s dominated convergence theorem. Furthermore,

t
/0 pe(x,dy)dr < e'*g; (x,dy),
X (un) € D, and by (6.5),

Pr(x oun)(x) — (x o un)(x)

t t
=/0 pf(x/ounLun>(x>dr+/O pe(x” o unl A2 Dun 2 (x) dr.
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Hence, the second assertion again follows by dominated convergence, since
u, — u weakly in WC, .« as n — oo by the last assertion of (i). To prove the
final part of (iii), define

Uy ‘= G(n)f, neN.

Then by Theorem 6.4, (u,) has all properties above so that (A!/?Du ) ap-
proximates D"1 »V in the above sense. But by (4.4), with ¢ := p, x :=«’, and
Lemma 3.6,

|Dup|(y) < ——— (o2 V(y)  forallye X (O X)).

T A=y O

Next we want further regularity properties. We emphasize that these results will
not be used in the next section. We extend both g, (x, dy), p:(x,dy) by zero to
kernels from X, to X.

PROPOSITION 6.11. Consider the situation of Theorem 6.4 and let g,, p;
be as in Proposition 6.7. Let q € Qreg N [2, p] and k € [k1, k*] with Ly ., )Jq’,(
and by . as in Corollary 4.2. Let A > hg i NV hp i V Ay -

(i) Let f € WCy . Then g, f uniquely extends to a continuous function on X,
again denoted by g, f such that

(6.15) lgxfllgu = 5— " IIfIIq -

If f € Lipgy,, NBu(X), then g, f extends uniquely to a continuous function
on X, again denoted by g, [ such that g, f € Lipg 5 ., N By (X) and for 1 > )L;’K
satisfying (6.15) and

1
(6.16) (gkf)O,q,K =< W(f)o,q,/(-

If, in addition, (F2e) holds, then, for ) > Nq/,,( and f € LiPl,z,;q NBp(X),

1
(6.17) (8 .qgxc = W(f)l,q,'f'
q.,Kk

(i1) Let t > 0 and f € Lipy, ., N Bp(X) N Wp x(D D). Then p; f uniquely
extends to a continuous function on X, again denoted by p;f, which is in
Lipg 5, N Bu(X), such that

(6.18) 1P fllgu < €N fllge

(6.19) (P F)0.ge < €05 (f)o,q.x-
If, in addition, (F2e) holds, then, for f € Lip; 5 ., N By (X),

(6.20) (P P1gue <€ (F)1g.e.
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REMARK 6.12. (i) Because of Remark 6.6, the restriction ¢ < p and
Kk € [k1,k*] in the above proposition are irrelevant since, for given g € Qe and
k € (0, kp), we can always choose p, k1, k* suitably.

(i1) If (F2e) holds, by similar techniques, as in the following proof of Propo-
sition 6.11 and by the last part of Proposition 5.8, one can prove that p; from
Proposition 6.7 can be extended to a semigroup of kernels from X to X such that

lim p;u(x) =u(x) forallu € D, x € X.
t—0

Then the proof of the first part of Theorem 7.1 in the next section implies the
existence of a corresponding cadlag Markov process on X. However, we do not
know whether this process solves our desired martingale problem, since it is not
clear whether identity (6.5) holds for the above extended semigroup for all x € X.
As is well known and will become clear in the proof of Theorem 7.1 below, (6.5) is
crucial for the martingale problem.

(iii)) We emphasize that, in Proposition 6.11, it is not claimed that the exten-
sions of g, and p; satisfy the resolvent equation, have the semigroup property
respectively on the larger spaces X, or X. It is also far from being clear whether
lim;—¢ p;u(x) = u(x) for u € O and all x € X. Furthermore, it is also not clear
whether g, f € WCy . if f € WCy .

PROOF OF PROPOSITION 6.11. (i) Let f € Lip0727K1 N Bp(X). Hence, by
(4.3) and (4.4) [together with (2.8)] applied with ¢ = 2, k¥ = k1, it follows
by Proposition 5.8 that (Gg\m) f)Imen has subsequences converging to functions
in Lip()’z’,q. Since we know by Theorem 6.4 that (Gim) f)menN converges to the
continuous function G, f [= g, f by Proposition 6.7(i)] on X, and since X is
dense in X, we conclude that all these limits must coincide. Hence, g f has a
continuous extension in Lip , ., which we denote by the same symbol. Since
Py — idx, strongly on X, as N — oo, by (4.3), (4.4) and Lemma 5.7, we ob-
tain (6.15) and, provided A > A4, V A;’K, (6.16) for such f, since Lipw’,{1 C
Lip, ax If, in addition, (F2e) holds, (4.7) and Lemma 5.7 imply (6.17), provided
f eLip;,,, NBp(X) and A > A7 . Considering (6.15) for f € D, since D is
dense in WCy ., (6.15) extends to all of WC, , by continuity. For f € WC, ,, the
resulting function, lets call it g; f on Xy, 1s equal to g, f on X, since by The-
orem 5.1, for u, € D, n € N, with u, — f asn — oo in WCy , it follows that
grtn(x) = g f(x) asn — oo forall x € X,,. So, g, f coincides with g f on X,
and g, f is the desired extension. Since X, is dense in X, C X continuously, it
follows that, for f € WCy  NLipg 5 ,, NBr(X), the two constructed extensions
of g, f coincide on X, by continuity. So, (i) is completely proved.

(ii) First, we recall that, by Theorem 6.4 and Proposition 6.7(ii), since
feWCyx, prf € Wy o+ and

. (n " .
6.21) pos = im (Beue) 1 WGy

n—oo
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in particular, pointwise on X ,. But by (i), for (large enough) n € N, (g,/,)" f have
continuous extensions which belong to Lip ,. o N Bp(X) and satisfy (6.15), (6.16)
and, provided (F2e) holds, also (6.17) with A replaced by %. So, by Proposition 5.8,
Lemma 5.7 and the same arguments as in the proof of (i), the assertion follows,
since by Euler’s formula, for Ag > 0,

hm( n/t >n:ezko.
n—o00 n/t—)»() O

7. Solution of the martingale problem and of SPDE (1.1). This section is
devoted to the proof of the following theorem which is more general than Theo-
rem 2.3.

THEOREM 7.1. Assume that (A), (F2) hold and let ko be as in (F2a),
k €(0,k0) and p € Qreg as in (F2d). Let k* € (k, ko), k1 € (0,«* — k] and let
Apx be as in Corollary 4.2 (with k* replacing k there). Let (p;);~0 be as in
Proposition 6.7(ii).

(1) There exists a conservative strong Markov process M := (2, F, (F1)>0,
(x>0, (Px)xeXp) on X, with continuous sample paths in the weak topology
whose transition semigroup is given by (p;)i>o, that is, E, f(x;) = p: f(x),
xeXp, t>0,forall feBy(Xp), where E, denotes expectation with respect
to Py. In particular,

o
E, |:/ e_)‘w”@p,,c*(xs)ds] <0 forall x € X,.
0

(ii) (“Existence”) The assertion of Theorem 2.3(ii) holds for M.

(iii) (“Uniqueness™) The assertion of Theorem 2.3(iii) holds with k, A, replaced
by k*, Ap i+ respectively.

(iv) If there exist p’ € [p, 00), k' € [k*, ko) such that

~1 2
(7.1) yiugl @p,’K,(y)|(F(y), nm)|” <oo  forallmeN,
0

then M from assertion (i) weakly solves SPDE (1.1) for x € X as initial condi-

tion.

REMARK 7.2. (i) Due to Theorem 7.1(iv), it suffices to show that (F1) im-
plies (7.1) to prove Theorem 2.3(iv). It follows from (F1) that, for all m € N and
Y € H,

(FODs )| < 1)L+ (T )y 1) | 4+ [( D), 1m) |
<27 m?* (Iyh + )1+ 12 (0)]1).
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Proceeding exactly as in the proof of Lemma 4.9, we find that, for all p’ € [2, 00),
k" € (0, 00) up to a constant (which is independent of y) which is dominated by
(@2=242/q91)/(p'+2) 1/Q2(p"+2))
CHT M +0O, .70

Here we also used Remark 2.1(i). Note that (2(p’ + )~ < % and (g0 — 2 +

q%)/(p/ +2) < % if and only if p’ > 2¢g, — 6 + ;—1. Hence, in the latter case,

(7.1) holds and, therefore, Ml weakly solves (1.1), by Theorem 7.1(iv).

(ii) Since by Remark 6.6 we can always increase p as long as itis in Qreg, which
is equal to [2, co) if (F1) holds, Theorem 7.1, in particular, implies that, for p > p,
P € Qreg, X5 is an invariant subset for the process M and the sample paths are
even weakly continuous in X 5.

PROOF OF THEOREM 7.1. (i) and (ii): We mostly follow the lines of the proof
of [7], Theorem 1.9.4.

Let Q0:=X E,O’OO) equipped with the product Borel o -algebra M, x;(w) := w(t)
fort > 0, w € Q and, for t > 0, let M? be the o-algebra generated by the func-
tions x_?, 0 <s <. By Kolmogorov’s theorem, for each x € X, there exists a
probability measure P, on (€2, MO) such that My := (29, M, (M?),Zo, (xto),zo,
(Px)xeX,,) is a conservative time homogeneous Markov process with P, {x8 =
x} =1 and p; as (probability) transition semigroup.

Now we show that, for all x € X, the trajectory x? is locally bounded P,-a.s.,
that is,

(7.2) IP’x{ sup |x?|p<ooVT>O}=l VxeX,.
te[0,T1NQ

Let g := V), . Then by Proposition 6.7(iii),
(7.3) e_AP’K*tp;g(x) <g) forall x € X, 1> 0.

Hence, for all x € X, the family e Mt g(xto) is a super-martingale over
(S0, MO, M?, P,) since, given 0 <s <t and Q € M?, by the Markov property,

Efe vt g(x)), QF = e reSEyfe (9 p 0 (x)), 0}
<Edereg(x)), ).
Then, by [7], Theorem 0.1.5(b)
. 0 . 0
Px{fl Qgﬂr%llxslp and QI;Iit|xs|p VtzO}:l VxeXp.

In particular, (7.2) holds.

Now we show that x,o can be modified to become weakly cadlag on X, that is,
that
(7.4) Px{aw- lim x! and w- lim x?wzo}=1 VxeX,.

Qas1t Qsst
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For a positive f € O and A > 0, we have e M p,g; f < g»f forall x € X, and
t > 0. Hence, by the preceding argument, the family e *g; f (x,o) is a super-
martingale over (2o, MO, ,M?, Py) forall x € X, and

. 0 . 0
Px{El legtg;hf(xs)and Qg?ltgxf(xs)‘v’tEO}zl VxeXp.

By Proposition 6.7(i) and Theorem 6.4, we know that Ag, f — f as A — oo uni-
formly on balls in X . Since (x?)teQ is locally bounded in X, Py-a.s. for all
x € X, we conclude that

IP’X{EI(Qlirsr%tf(x?) and Qlirslitf(xg)‘v’tzO}:l VxeX,.

Now let f run through the countable set
(7.5) D = {cos(nk, ) + 1, sin(ni, ) + 1]k € N} € D,

which separates the points in X ,. Then we get
: 0 : 0 ~
PX{EIQ};rSr%tf(xs)and (legltf(xs)‘v’tzo,fei)}zl VxeX,.

Now (7.4) follows from the fact that (x?)teQ is locally in ¢t weakly relatively com-
pactin X, Py-a.s. forall x € X,.
Let now

Q= {EIW— lim x? and w- lim xso Vi > 0},
Qas1t Q>s |t

M:={0NQ|Q e M,
M ={0NQQeM), >0,

X; :=w- lim x?, t>0.

Qasit °
Then for all x € X, and f ec‘b,t>0,
Eallf ) = fGoP] = TmELl1f () = £GP
s€Q
= lim(p. f>(0) = 2p1(fps—t /) () + ps ()
s€Q
=0,

since by (6.5), t — p; f(x) is continuous. Hence, P, [x,0 = x;] = 1. Therefore,
M := (2, M, (Mi4)r>0, (X£)1=0, (Px)xeX[,) is a weakly cadlag Markov process
with P, {xo = x} =1 and p; as transition semigroup.
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Below, ¥, ¥; shall denote the usual completions of M, M;;. Then it fol-
lows from [7], Theorem 1.8.11. and Proposition 1.8.11, that M := (2, ¥, (F7)s>0,
(x1)s>0, (Px)xexp) is a strong Markov cadlag process with P, {xo =x} =1 and p;
as transition semigroup.

To prove that M even has weakly continuous sample paths, we first need to
show that it solves the martingale problem. So, fix x € X, and u € D, . It follows
by Proposition 6.7(v), that for all ¢ > 0,

(7.6) |Lu|(x.) € LY(Q x [0, 1], P, ®ds).

Furthermore, by (6.5) and the Markov property, it then follows in the standard way
that, under P,

(7.7) u(x;) —u(x)— /Ot Lu(xg)ds, t>0,

is an (¥;);>o-martingale starting at 0.

Now we show weak continuity of the sample paths. Fix x € X, and f € D.
Let A > Ap .+ V )‘/Z,Iq’ u:=g.f (€ D(L) C Wp,~) and u € Lip , . for all
k' € (0,00). Then u and Lu are bounded, and trivially,

[ () — w1 = [ Gop) — u® ()] — 410> () — 1 (o) Tu ()
+ 6[u? (xr) — u? () Ju? (x5) — 4l (xp) — u(x) 1 (x5).

Since the martingale property is stable under L'(P,)-limits, by (7.7) and (the
proof of ) Corollary 6.10(iii), the following processes are right continuous mar-
tingales under P, :

'
ute) —uGo) = [ Lute)dr.
t _ _
w2 x) = (x0) = [ QuLu(ee) + 1D} ur) d.
t _ —
w? (x;) — u? (x0) — /O (Bu? Lu) (xc) + Bu| DYy, ul3) (x) d,

t —_ —_
w* () — u(xo) — fo (4w’ Lu) (xc) + (6u*| D%, pul3) (x7) d,
t > 0. Hence, we obtain, for ¢ > s,

B[ (xr) — u(xs)]*

r_
— 4E, / Lueo)lu(ee) — uxy)l de

ro_
6 [ 153 puBteoluGr) - uGr)Pd
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_ t 3/4
< 4| Lufloolt —s)l/“(Ex [ e - u(xm“dr)
)

] 2/3
A R CY N R

But by Corollary 6.10(iii) with ¥’ = «1 /6, we have, forall y € X,
y y P

_ 6
(D% pul®)(y) < ( ) (D 20,122 (Vi) ),

A= )‘/2,/(1/4
and by the last part of Proposition 6.7(ii),

8.(Vie)) (x) < g1 (Vp ) (x)
<= Aps)” Vpser ().
Therefore, for T € [1, 00), we can find a constant C > 0O independent of s, t €
[0,T], t > s, such that

B[ (x;) — uxs)]*

(7.8) 1/4

< C[a . (Ex [ uGre) — u(xs>]4dr)

where, for s > 0 fixed, we set

+ (1 — s)‘/6]y<r),

t 1/2
(7.9) y(t) = (/ Ex[u(xf)—u(xs)]4dr> , tels, T).

Hence, we obtain from (7.8) that, for By := CT/4,
V() < 3Bry' () +3C0e -9, tels, T]
y(s)=0.

Hence, fore > 0,t € (s, T],

€ 1 C
") < =y(1) + —B2 + —(1 — )5,
YO = yO+ ZBr+ 5 —s)

so, multiplying by exp(—%(t — s)) and integrating, we obtain
I, 3C 7/6\ e(i—s)/4
y(f)§(8—237+7(t—s) )ee SI=,

Choosing ¢ :=4(t — s)~!, we arrive at

y(1) < (BAT%+20)(t — )%, 1els, TI.
Substituting according to (7.9) into (7.8), by the Kolmogorov—Chentsov criterion,
we conclude that 7 — u(x;) is continuous (since by construction x; = limgsg4, x?).
Now we take u € D1 := U,enn8n (D) [cf. (7.5)]. Since D separates the points

of X, so does D;. It follows that the weakly cadlag path r — x; is, in fact, weakly
continuous in X .
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(iii) Uniqueness is now an immediate consequence of Proposition 6.9.

(iv) As in [2], Theorem 1, one derives that componentwise (x;);>o under P,
weakly solves the stochastic equation (1.1) for all starting points x € X . This
follows from Levy’s characterization theorem (since (1, -) € Dy, Yk € N) and by
the fact that the quadratic variation of the weakly continuous martingale in (7.7) is
equal to

(7.10) /(;I(ADM, Du)(xg)ds, t>0.

The latter can be shown by a little lengthy calculation, but it is well known in finite-
dimensional situations, at least if the coefficients are bounded. For the convenience
of the reader, we include a proof in our infinite-dimensional case in the Appendix
(cf. Lemma A.1). Hence, assertion (iv) is completely proved. [

REMARK 7.3. In Theorem 7.1(iv) SPDE (1.1) is solved in the sense of The-
orem 5.7 in [2], which means componentwise. To solve it in X/, one needs, of
course, to make assumptions on the decay of the eigenvalues of A to have that
(\/Zwt),zo takes values in X . If this is the case, by the same method as in [2],
one obtains a solution to the integrated version of (1.1) where the equality holds
in X, (cf. [2], Theorem 6.6).

APPENDIX

LEMMA A.1. Consider the situation of Theorem 7.1(iv) and let u € D. As-
sume, without loss of generality, that p' = p, k = «k*. Let x € X, and define, for
t>0,

t 2 t
M, = (u(xt) — u(xp) —/ Lu(xr)dr) —/ I'(u)(xy) dr,
0 0
where I'(u) := (ADu, Du). Then (M;);>0 is an (F;)>0-martingale under P .

PROOF. Let s € [0,¢). We note that, by (7.1), (M;);>¢ is a P-square inte-
grable martingale, so all integrals below are well defined. We have

M, — M;

t s
= ()~ uxo) = [ Lt dr +ute) —ueo) — [ Lty ar
X (u(x,) —u(xy) — /I Lu(xr)dr) — Z/I '(u)(x,)dr
s t
= (u(x,) 4+ u(xg) — 2u(xg) — 2[ Lu(x,)dr — / Lu(x,)dr)
0 K

X (u(x,) —u(xy) — /z Lu(xr)dr) — ft '(u)(x,)dr
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= u?(x;) — u? (xy) — 2u(xo) (u(x;) — u(xy))

S 1—s
—2(u(x;) — u(xs))/(; Lu(xy)dr — (u(x;) — u(xs))/o Lu(x,yg)dr

t—s

t—s
Lut () dr -+ 2u(xo) f LuGuriy)dr
0

2

— (u(xs) +u(xs))f0
+ 2‘/: Lu(x,)dr /Ot_s Lu(x;4g)dr + (/(;t_s Lu(xr+s)dr>

t
- / I () (xy)
)
Now we apply E,[-|F;] to this equality and get by the Markov property that Py-a.s.
Ex[M; — M| ¥5]
= prostt® (x5) = 1 () = 2u(x) (pr—su(xs) — u(xy))

2 (prsu(x) — uxs)) /0 Lu(x,) dr
t—s t—=s

2 / pr(Ltt py—y—rit) Crs) dr + 20 (x) / pr(Lu)(xy) dr
0 0

+2 /0 Lu(x,)dr /0 pr(Lu)(xy) dr

t—s pr’ —s
+2‘/(; /(; Exx[LM(xr)LM(xr/)]dl"dl" —/0 pr(F(M))(xs)dr.

Since on the right-hand side the second and fifth, and also the third and sixth term
add up to zero by Theorem 7.1(ii), we obtain

1—s
E (M, — My|F,] = prosi®(xy) — u?(x) — 2 /O pr(Lup;—s—yu)(xy) dr
t—s pr’
+ 2/ / pr(Lupy—(Lu))(xg) dr'dr
0 0

t—s t—s
- / pr(Lu?)(x;) +2 / pr(u L) Grs) dr.
0 0

Since on the right-hand side the first and fourth term add up to zero and the third
is, by Fubini’s theorem, equal to

t—s r—s
2 [ (Lu i pr/_,<Lu>dr/><xs)dr
0 r

= 2/(;ls Pr (Lu(pt—s—r” - u))(xs) dr,
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we see that

E M, — M,|F,]1=0,  P.-as. O

Now we shall prove Theorem 2.4, even under the weaker condition (F2), but as-
suming, in addition [to (F2c)], that

(A1) lim (k, Fy)= F®  uniformly on H|-balls for all k € N,
— 00

which by Proposition 4.1 also holds under assumption (F1). So, we consider the
situation of Theorem 7.1(i) and adopt the notation from there. First we need a
lemma which is a modification of [9], Theorem 4.1.

LEMMA A.2. Let E be a finite-dimensional linear space, A: E — [L(E) be
a Borel measurable function taking values in the set of symmetric nonnegative
definite linear operators on E and B : E — E be a Borel measurable vector field.
Let

L gu:=TrAD?u + (B, Du), ueC*(E).
Let @ be a probability measure on E such that LZ,BV“ = 0 in the sense that

|Alg—E, |Blg € Ll (E, 1) and, for all u € C>(E),

loc
/‘LAvgudpL =0.

Let V : E — R, be a C?-smooth function with compact level sets and ® : E — R
be a Borel measurable function. Assume that there exists Q € LY(E, ) such that
LoV <Q—0.Then ® € L'(E, u) and

[edn=[oan

PROOF. Let £:R, — Ry, be a C?-smooth concave function such that
Er)y=r for r €[0,1], E(r) =2 for r >3 and 0 < &' < 1. For k € N, let
& (r) :=k&(%). Then & is a C?-smooth function, & (r) = 2k for r > 3k, g <0,
0§§é(r)Tlandék(r)—>rforallr>0ask—>oo.Letuk =&, oV — 2k for
x € Ey. Then uy € C2(E) and

L pui(x) 2512 oVLs BV —i—élgo V(DV,ADV) < SIL oVLA BV

since A is nonnegative definite and £ < 0.
Now, since [ L4 puxdpn=0,0<& oV <1,0>0,and Ly gV < Q0 — O, we
obtain

fé;ﬁoV(@dus/s,goVQdu.

Then the assertion follows from Fatou’s lemma. [
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PROOF OF THEOREM 2.4 [only assuming (F2) instead of (F1)]. (i) It follows
from (F2a) that, for

C = asup{V, o+ (x)|x € Hy, |X'|2 < 20 p v /mp v},

which is finite since HO1 -balls are compact on X,

Mpic*

(A.2) LyVyx <C— Op i on Ey forall N € N.

Let N € N. Obviously, Vj,«(x) — oo as |[x[o — 00, x € Ep.
Since ® ,+(x) — 00 as |x[z — 00, x € Ey, we conclude from (A.2) that
LynVpx(x) = —00 as |x[a — 00, x € Ey. Hence, a generalization of Hasmin-
skii’s theorem [8], Corollary 1.3, implies that there exists a probability measure (i y
on Ey such that L uy = 0, that is, [Lyuduy =0forallu € CCZ(EN). Below
we shall consider u y as a probability measure on X, by setting uy (X, \ Ex) =0.
Then, by Lemma A.2, we conclude from (A.2) that

(A.3) / Opirdun <C.
X

Since ©, .+ has compact level sets in X, the sequence () is uniformly tight
on X,. So, it has a limit point x (in the weak topology of measures) which is a
probability measure on X ,,. Passing to a subsequence if necessary, we may assume
that uy — w weakly. Then (2.20) follows from (A.3) since O ,+ is lower semi-
continuous. In particular, (X \ Hol) =0.

Now we prove (2.19). Let k € N. Then it follows by (F2c), (F2d) that F](f) =
Mk, Fn) € W1Cp i+ In particular, Fjif) € Ll(,uN) N Ll(u) for all N € N, due to
(A.3) and (2.20). Also, the maps x — (x”, i) belong to L' (i) N L' () for all
N e N since [(x”, nk)| < [} lsolx]2. Thus, it follows from the dominated conver-
gence theorem that [ Lyuduy =0forall u € Cl%(EN). Let u € O. Then we have
Tr{An D?u(x)} = Tr{AD?u(x)} for large enough N. Since uy — u weakly, it
follows that

/Tr{ANDzu}duN — /Tr{ADzu}du.
So, we are left to show that

/(Flg() + (", mk)) kudun — /(F(k) + (X", k) Oudp as N — oo.

Since F® e w,C p.c%> by Corollary 5.3, there exists a sequence Gy, € D such
that | F® — Gy ull1,p.x+ — 0 as n — co. Then

/ F® du(dpy —dp)
X

= [, Gt )+ [ (F® = Gin) duutdpen — dp.
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Since uy — p weakly, we conclude that the first term vanishes as N — oo for all
n € N. On the other hand, the second term vanishes as n — oo uniformly in N € N
since, by (A.3),

/X IF® _ Gyaldiy +dp)

= ”F(k) - Gk,n”l,p,/(* / ®p,/c*(d/"N +d/,L)

< (C + / Op it du> [FO = Gially pes-

Since (x”, nk) = (x, ny), the same arguments as above can be applied to (x”, ni).
Furthermore, by (F2c¢), (F2d) for R > 0,

/|F1(\;<)—F(k)||3kuldmv

k
5/ F® — F® o) dpy
{G)]?.K*SR}

#2 sup 0@l [ O dun.
{©) xx=R}
By (A.1) and (A.3) first letting N — oo and then R — o0, the left-hand side of the
above inequality goes to zero. So, (2.19) follows and (i) is completely proved.
(i1) Let wbeasin (i), u € D,and A > Ap ;o V )‘/2,K1' Then by Proposition 6.7(i)
and Theorem 6.4,

(A.4) /)»gﬂ()»—L)u)du:k/udu:f()\—L)udpc,

where we used (2.19) in the last step. By Lemma 6.8, (A — L)(D) is dense
in Wi C), .+ and by Proposition 6.7(1), for f € W Cp ,c*,

1
alfl=< ”f”l,p,lc*g)»@p,l(* =< ”f”l,p,/c*—vp,/c*
M p i
and [|fldu < [Opcxdu |l fll1,p,c- So, by (2.20) and Lebesgue’s dominated
convergence theorem, we conclude that (A.4) extends to any f € W;C), .+ replac-
ing (A — L)u. Hence, by (6.4) and Fubini’s theorem, for every f € D C W1C) i,

o.¢] o0
A/ ef)"/ptfdudtz/uduz)»/ efm/udp«dt.
0 0

Since ¢ > p; f(x) is right continuous by (6.5) for all x € X, and bounded, asser-
tion (ii) follows by the uniqueness of the Laplace transform and a monotone class
argument. [
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REMARK A.3. One can check thatifu € D, u =0 pu-a.e., then Lu =0 u-a.e.
(cf. [21], Lemma 3.1, where this is proved in a similar case). Hence, (L, D) can
be considered as a linear operator on L*(X, u), s € [1, 00), where we extend
by zero to all of X. By [25], Appendix B, Lemma 1.8, (L, D) is dissipative
on L*(X, p). Then by Lemma 6.8, we know that, for large enough A, (A — L)(D)
is dense in W C), .« which, in turn, is dense in Ll(X , ). Hence, the closure of
(L, D) is maximal dissipative on L*(X, ), that is, strong uniqueness holds for
(L, D) on L*(X, u) for s = 1. In case (F1+4) holds or ¥ = 0, similar arguments
show that our results in Section 4 imply that this is true for all s € [1, co) as well.
A more refined analysis, however, gives that this is, in fact, true merely under
condition (F2). Details will be contained in a forthcoming paper. This generalizes
the main result in [16] which was proved there for s = 2 in the special situation
when F satisfies (2.15) with ¥ (x) = %xz, x € R, and ® = 0, that is, in the case
of the classical stochastic Burgers equation. For more details on the L!-theory for
the Kolmogorov operators of stochastic generalized Burgers equations, we refer
to [49].
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