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Time change is one of the most basic and very useful transformations
for Markov processes. The time changed process can also be regarded as the
trace of the original process on the support of the Revuz measure used in
the time change. In this paper we give a complete characterization of time
changed processes of an arbitrary symmetric Markov process, in terms of
the Beurling—Deny decomposition of their associated Dirichlet forms and
of Feller measures of the process. In particular, we determine the jump-
ing and killing measure (or, equivalently, the Lévy system) for the time-
changed process. We further discuss when the trace Dirichlet form for the
time changed process can be characterized as the space of finite Douglas
integrals defined by Feller measures. Finally, we give a probabilistic charac-
terization of Feller measures in terms of the excursions of the base process.
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1. Introduction. Time change is one of the most basic and very useful trans-
formations for Markov processes, which has been studied by many authors.
However, a precise characterization of the time-changed process of a symmetric
Markov process X on a state space E by a Revuz measure whose quasi-support
F is a proper subset of E has only been started very recently. In [19], Fukushima,
He and Ying derived a characterization for the time-changed process of X when
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X is a conservative m-symmetric diffusion, m(E) < oo and F is a closed set which
is negligible by the energy measure of X. The time-changed process has F as its
state space so it can be regarded as the trace process of X on F.

The following is a prototype of the problem that we will study in this paper.
Suppose X is a Lévy process in R” that is the sum of a Brownian motion in R” and
an independent spherically symmetric o-symmetric stable process in R”, where
n>1and « € (0, 2). Denote by B(x, r) the open ball in R” centered at x € R" with
radius r. Its Euclidean closure is denoted by B(x, r). Let F = B(0, 1) UdB(xp, 1),
where xg € R" with |xg| = 3. What is the trace process of X on the closed set F'?
More precisely, let u(dx) := ]lm(x)dx + 03B(xy, 1), Where o3p(x,,1) denotes
the Lebesgue surface measure of d B(xg, 1). It is easy to see that u is a smooth
measure of X and it uniquely determines a positive continuous additive functional
A* = {Al t > 0} of X having p as its Revuz measure. Define its inverse

7 :=inf{s > 0: A¥ > ¢t} fort > 0.
Then the time changed process Y; := X, is a symmetric Markov process on F,
which can be regarded as the trace process of X on F. So the more precise question
is the following:

Question: Can we characterize the time changed process Y ?

As a special case of the main results obtained in this paper, we are able to answer
this question by determining its Dirichlet form on L?(F, u1). It is known that the
Dirichlet form (&, ) for X on L?>(R", dx) is given by

F =WL2[R", dx) :=={u € L*(R", dx): Vu € L>(R", dx))}
(u(x) — u(y))?

1
8(u,u)=—/ |Vu(x)|?dx + An, —a)
2 Jre RexRe  |x — y|PTe

dxdy

foru e F,
where
|27 1T ((a + ) /2)

(1.1 A, —a) = 22T —a/2)

is a positive constant that depends only on n and «. Let (€, F) be the symmetric
Dirichlet form of ¥ on L2(F, ). The following explicit Beurling—Deny decompo-
sition for Y follows directly from Theorems 2.7, 2.10 and 2.11 below. Let (&, %)
denote the extended Dirichlet space for (&, ). Then

(1.2) F = Folr NLA(F, ),

é(u, u) = %/F IVu(x)Izdx

(1.3) + (u(x) — u(y))2<lU(dx, dy) + A, —e) dx dy)
FxF 2 |x — ylrte

2
+fFu(x) V(dx)
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foru € ¥. Here U and V are the Feller measure on F x F and the supplementary
Feller measure on F, respectively, defined through the energy functional L for the
subprocess X of X killed upon leaving the open set R" \ F:

[ F@eU@x.dy) = LS Hy)

(1.4)
1
= 1t1¢r8 ; R”\F(H f(x) — PPHf (x))Hg(x) dx,
[ reovan = Lasg)
(1.5) — fim (Hf (x) — PPHf (x))q(x) dx,

110 t JRM\F
g(x) =1—HIi()

for any nonnegative bounded Borel measurable functions f and g on F. Here
{Pto, t > 0} is the transition semigroup of the subprocess X° and

Hf (x) =Ex[f(Xop)] forx e R"\ F,

is the “harmonic” extension of f in the open set R" \ F, where of := inf{t >
0: X; € F}. The measure U is named after W. Feller, who introduced such measure
for discrete Markov chains when studying their boundary theory.

In fact, in this paper we will study the above type of the problem for a general
irreducible m-symmetric Markov process X on a general state space £ which not
only can have discontinuous sample paths but also can have killings inside E or
have finite lifetime, and for any quasi-closed subset F' of E. It is important for
F being quasi-closed rather than closed, since the notion of being quasi-closed
is invariant under quasi-homeomorphism, while the notion of being closed is not.
(Quasi-homeomorphism, whose definition can be found in [8] or in the proof of
Theorem A.1 in the Appendix, is an equivalent relation not only at the quadratic
forms level but also at the processes level. So fundament analytic and probabilistic
properties of symmetric Markov processes should be preserved or invariant under
quasi-homeomorphisms.) Since F is only assumed to be quasi-closed in this paper,
we can address both aspects of the problem and can apply results from regular
Dirichlet forms through quasi-homeomorphisms (cf. [8]). If we consider the time-
change problem for the process X, the smooth measure p for time change is given.
In this case, we take F' to be the quasi-support of © which is quasi-closed. If we
consider the trace problem for the process X, a quasi-closed set F is given. We
point out that any nontrivial quasi-closed subset F is the quasi-support of a smooth
measure u of X and we can take one of these measures p to do time change. In this
case, we fix a smooth measure pu of X whose quasi-support is F'. We are able to
give a complete characterization of the Dirichlet form for the time-changed process
Y obtained from X through p and derive its Beurling—Deny decomposition of the
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time changed process similar to the one given in (1.2) and (1.3) (see Theorems 2.7,
2.10 and 2.11 below).

In particular, we determine the jumping and killing measure (or, equivalently,
the Lévy system) for the time-changed process. More precisely, let J and « be the
jumping measure and the killing measure of X. We show in Section 2 below that

(1.6) Ji= U+ Jlpxr and #:=V +«|r

are the jumping measure and the killing measure of the time-changed process ¥
of X. Note that the jumping measure J and the killing measure ¥ depend only on
X and the quasi-closed set F'; they do not depend on the selection of the measure u
that has F as its quasi-support. In fact, if ;1 and @, are two smooth measures both
having F' as their quasi-support, then by a result due to Silverstein and Fitzsim-
mons (see [13] and [31]), the time-changed process of X by the smooth measure
W1 1s a time-change of the time-changed process of X by the smooth measure 5.

Our results extend the recent work by Fukushima, He and Ying [19] where only
a conservative symmetric diffusion process X is considered and F is assumed
to be closed. When X is a conservative diffusion (where J = x = 0) and under
an additional condition for X which is fulfilled when m(E) < oo, (1.6) has been
proved in [19], Chapter 5, by relating the jumping and killing measures of Y to
expectations of certain homogeneous random measures involving end points of
excursions of X away from the closed set F. Under the further condition that
F is negligible for the energy measure of X, it is shown in [19], Chapter 6, that
the Dirichlet form for the time-changed process Y has no strongly local part and,
therefore, the Beurling—Deny decomposition just has the jumping part.

In this paper, we do not use excursions to derive (1.6). Instead, by sharpening
and extending those computations performed in [19], Chapter 6, to the present
general situation, we make a direct and precise analysis of the value & (Hu, Hu) for
u € ¥, decomposing it into a sum of terms involving the strongly local part of the
energy measure of Hu, the measures J, « and the Feller measures U, V, eventually
leading us to the Beurling—Deny decomposition of the trace Dirichlet form &. One
of the key steps is to identify the strongly local part €°(u, u) in the Beurling—Deny
decomposition of & (u, u) with ,u?HM)(F ), where ,UV?H”) is the strongly local part
of the energy measure of Hu with respect to (&, ¥). The stochastic calculus for
general martingales with possibly discontinuous sample paths plays a key role in
our approach.

When X is the n-dimensional Brownian motion and F is a compact hyper-
surface of class C3, an explicit expression of the Feller measure U is exhibited
in [19], Example 2.1. We shall give an explicit expression of the supplementary
Feller measure V in this example at the end of Section 2.

The identification (1.6) particularly implies that the (generalized) Douglas inte-
gral

(17) ! fF (0® — pn) U dn) + /F (6)2V (dE)



1056 Z.-Q. CHEN, M. FUKUSHIMA AND J. YING

is finite for any function ¢ in the extended trace Dirichlet space %.. In Section 3,
we are concerned with conditions to ensure that the space £, coincides with the
space of functions with finite Douglas integrals. The conditions will be given in
relation to the reflected Dirichlet space (€™, (£9)™f) of the part (€%, F) of the
Dirichlet form (&, ) on the set Eg = E \ F. (89, 9) is associated with the
absorbed process X° obtained from X by killing upon leaving the set Ej.

The notion of the reflected Dirichlet space was introduced by Silverstein
(cf. [31]) and further studied by the first author [6] for a general transient regu-
lar Dirichlet space, while the space of functions of finite Douglas integrals was
studied by Doob and the second author [17] in a different setting for the absorbed
Brownian motion X° on an Euclidean domain E( and its Martin boundary F.

Since Ey is only quasi-open, the Dirichlet form (&% 9% on L2(Ey: m) is no
longer regular in general, but it is quasi-regular, as will be shown in Lemma 2.2.
Based on this fact, we are able to extend the definition of the reflected Dirichlet
space given in [6] to (&9, 79y by making use of the notion of the energy functional
L of excessive functions for the process X°.

As applications, we present examples of the trace Dirichlet spaces for the re-
flecting Brownian motion X and the reflected symmetric stable process X on
a Euclidean domain at the end of Section 3.

By reversing the argument in [19], we may well derive from the identification
(1.6) expressions of the Feller measures U, V in terms of homogeneous random
measures generated by end points of excursions of X away from F. This is what
will be done in Section 4. A direct derivation of such expressions seems to be hard
in the present generality unless X is conservative as in the case of [19].

In the Appendix we show that a Lévy system exists for any symmetric right
process associated with a quasi-regular Dirichlet form (&, ) and that the proba-
bilistic characterization of the Beurling—Deny decomposition (including the jump-
ing measure and killing measure) of (&, ¥) remain true for quasi-regular Dirichlet
forms. This result might be known to the experts, but we are unable to find an exact
reference for it. Since this result is used in the paper, for the reader’s convenience,
we record it in the Appendix. We further show that this probabilistic characteriza-
tion is independent of the choice of a particular process associated with the Dirich-
let form. These results are used in Section 4. Some basic &-quasi notions, such
as &-nest, &-polar, &-quasi-everywhere, §-quasi-closed set, &-quasi-continuous,
quasi-homeomorphism between Dirichlet forms, etc., are also reviewed in this Ap-
pendix.

We point out that under some extra condition, LeJan has obtained in Section 3
of [27] the same results as Section 2 of the present paper for a Hunt process X
associated with a nonsymmetric sectorial regular Dirichlet form and for a closed
set F. Along with [26], nice potential theoretic methods were systematically uti-
lized in [27] under the condition that the Dirichlet space is continuously embed-
ded into L?(E; m). This condition, however, excludes many interesting examples,
such as reflecting Brownian motion in a unit disk while F is the unit circle. In [24]
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Kunita treated Douglas integral representations on the Martin boundary for mul-
tidimensional diffusions in the same spirit as Doob [11] and Fukushima [17]. For
other approaches, such as those using the framework of balayage spaces and har-
monic spaces, to the problems related to the traces of Markov processes and their
potential theory, see [3, 23] and the references therein.

In this paper we use “:=" as a way of definition, which is read as “is defined
to be.” For a real-valued function ¢(¢) on R, ¢(1—) := limy4, ¢(s) denotes its left-
hand limit at ¢ if it exists. For two real numbers a and b, a VvV b := max{a, b} and
a Ab :=min{a, b}. For a locally compact metric space E, C.(E) denotes the space
of real-valued continuous functions on E with compact support. For a Borel subset
K of E, we will use 8(K), 8(K)" and JB(K)Z to denote the space of Borel
measurable functions on K, the space of nonnegative Borel measurable functions
on K and the space of nonnegative bounded Borel measurable functions on K,
respectively.

2. Feller measures and trace of Dirichlet forms. Throughout this paper, let
(&, F) be an irreducible quasi-regular symmetric Dirichlet form on L2(E,m),
where E is a Hausdorff metric space and the measure m has supp[m] = E. Let X
be the m-symmetric right process associated with (&, ), whose life time will be
denoted as ¢.

In view of the quasi-homeomorphism method in [8], without loss of generality,
we may and do assume that E is a locally compact separable metric space, m is a
positive Radon measure on E with supp[m] = E, (&, ¥) is an irreducible regular
symmetric Dirichlet form in L?*(E,m),and X = (X, P,) is an m-symmetric Hunt
process associated with (&, ). We will use (&, %) to denote the extended Dirich-
let space of (&, F) and &) := & + (-, VL2(E.m)- The expectation with respect to the
probability measure P, will be denoted as E,.. Throughout this paper, we use the
convention that any function takes value O at the cemetery point d added to E. For
basic notions in Dirichlet forms, such as nest, capacity, quasi-everywhere (abbrevi-
ated g.e.), quasi-continuous, etc., we refer the reader to [20] and [28]. (See also the
Appendix of this paper.) Every element « in ¥, admits a quasi-continuous version.
We assume throughout this paper that functions in ¥, are always represented by
their quasi-continuous version. In the sequel, the abbreviations CAF, PCAF and
MAF stands for “continuous additive functional,” “positive continuous additive
functional” and “martingale additive functional,” respectively, whose definitions
can be found in [20].

We prove a lemma that will be used later.

LEMMA 2.1. Let u be a smooth measure with W(E) < oo and let A* be the
PCAF of X with Revuz measure (1. Then

li 1E [AY t>¢]1=0
m — = = 0.
ot ot ¢
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PROOF. Let P; f(x) := E,[f(X;)]. For t > 0, by the Markov property of X
and Theorem 5.1.3(iii) of [20],

1 “w
;Em[At ;tZ ;]

1 1
= “E, (A1~ B Al <c]
1 1
= ~E,[4!'] - Jl{,<;}dA§‘} ds

_ ;Em[Af‘] - iEm[ Pt_SJL(Xs)dAg%}

1 py 1
= Enl4f] t/O

/P]l(x)Pt s]l(x),u(dx))ds

1

= EalAl1- [ / P00 P ds ().

Since w(E) < oo, by the dominated convergence theorem,

li 1E [A¥ > ¢]
m — L=
t}0 ¢ e ¢

=u(E) — /(hm /Pt s1L(x) Py ]l(x)ds>u(dx)

t}0 1
= w(E) — n(E) =

The lemma is proved. [

For a closed set F C E, define
Fri={ueF:u=0m-ae.on E\ F}.

Denote by Cap the &;-capacity defined by the form (&, ). The terms such as
quasi-continuous functions, quasi-everywhere (q.e. in abbreviation), quasi-closed
sets and generalized nests will be used exclusively in relation to this capacity. It
is known (e.g., [18], Lemma 2.1, [10], Lemma 2.1) that those classical notions for
the regular Dirichlet form (&, #') can be identified with the &-quasi-notions of [28]
(see Appendix for their definitions) as follows: an increasing sequence of closed
subsets of E is a generalized nest if and only if it is an &-nest; a subset of E is of
zero capacity if and only if it is &-exceptional; a numerical function defined g.e.
on E is quasi continuous if and only if it is §-quasi continuous. Moreover, a set
F C E is quasi-closed if and only if it is §-quasi-closed in the following sense (see
also the Appendix below). A subset F of E is &-quasi-closed if and only if there is
an increasing sequence {K,,n > 1} of compact subsets of E such that | J,~; Fx,
is dense in (¥, &1) and F N K, is closed for every n > 1. -
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Let F be a quasi-closed subset F' of E such that
(2.1 Cap(F) > 0.

The notion of being quasi-closed is invariant under the quasi-homeomorphism of
Dirichlet forms (see [8]). Furthermore, a quasi-closed set is q.e. finely closed in
the sense that there is a properly exceptional set N such that F'\ N is nearly Borel
measurable and finely closed with respect to X (cf. [20], Chapter 4.6). Since we
are only concerned with assertions holding g.e., we may and do make a convention
that the quasi-closed set F is nearly Borel and finely closed already.

Let Eo = E \ F. Under the present convention, Eg is nearly Borel and finely
open with respect to X. The subprocess of X killed upon leaving Ey will be de-
noted by X°. To be more precise, we let

2.2) 70 :=Tg, = inf{r € [0, {]: X; ¢ Eo},
so that
T0=0fF A, P,-a.s. for x € Ey,

where of := inf{t > 0: X; € F}. The subprocess X0 is then defined by X0 =
(x9,¢9, P,), cgo, where

0
=7y and X?: X; fort <¢”,
2, fortzg“o.

The process X° is an m symmetric standard process on Eg and its Dirichlet
form (€°, #°) on L?(Eg, m) can be identified with the following space (see [20],
Chapter 4.4):

(2.3) ?Oz{ueﬁzu:Oq.e.onF} and 80=8|¢0X;«o.

We use the terms &°-nest, 80-quasi continuous, So-exceptional, and so on for
those quasi notions exclusively related to the Dirichlet form (€%, £°) in the sense
of [8] or [28]. The resolvent of X° will be denoted by Gg.

LEMMA 2.2. (i) An increasing sequence {A,} of relatively closed subsets of
Eo is an &°-nest if and only if

2.4) P, (nli)ngo OEN\A, < ‘[0) =0 forqg.e. x € Ey.

Any &%-exceptional set N C Eq is X-exceptional in the sense that there is a nearly
Borel set N containing N such that

P.(oy <70) =0 for m-a.e. x € Ey.
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(1) If an increasing sequence of closed subsets {B,} of E is a generalized nest
(or, equivalently, an &-nest), then { B, N Eo} is an &Y-nest. The restriction to Ey of
a quasi-continuous function on E is €°-quasi-continuous.

(iii)) Aset N C Eg is SO-exceptional if and only if Cap(N) = 0.

(iv) The Dirichlet form (§°, F°) is transient and its extended Dirichlet space
F2 can be described as

(2.5) Fl={ueF,:u=0gq.e. onF}.
v) X%isa special standard process on Eqg and (8% F% isa quasi-regular
Dirichlet form on L?(Eg, m).
PROOF. (i) Note that (2.4) is equivalent to
(2.6) or\a, T OF, P.-as. forq.e. x € Ey.
For a nearly Borel set A C E, let

Fa={ueF:u=0qe.on E\ A},
A A
Glf(x)=Ex/ e ' f(Xydt), xekE.
0

Then GH(BT(E) N L*(E;m)) is & dense in F, by [20], Chapter 4.4. So (2.6)
implies that G?” f € Fa, increases to G(l) f m-ae. and converges also in the
& -metric for f € BT (E) N L2(E;m) and, accordingly,

2.7) U Fa, is &1-dense in FO.

n>1

This proves that {A,} is an &%-nest.
Conversely, for 0 =lim,, . 0g\4, and f € BT(E)NL*(E;m),

v(x) =E, </UF e_tf(X,)dt)

is a function in F that is & -orthogonal to U;’lozl Fa, according to [20], Chap-
ter 4.4. Hence, (2.7) implies v =0 g.e. and (2.6) follows.

The second statement of (i) follows immediately from (2.4).

(i) By [20], Lemma 5.1.6 or [28], {B,} is a generalized nest (or, equivalently,

an &-nest) if and only if

P, (ngngo OE\B, < g“) =0 forq.e.x € E.

So (2.4) holds for A, = B, N Ey. Since any increasing sequence {A,} of closed
sets of E with Cap(E \ A,) | 0 is a generalized nest, the second statement of (ii)
now follows.
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(iii)) The “if” part is another consequence of (ii). To prove the “only if” part,
suppose a set N C Eq is §-exceptional but Cap(N) > 0. Then, in view of [20],
Theorem 2.2.3, there exists a smooth measure @ on E such that u(N) > 0, u(E \
N)=0. Let A; be a PCAF of X with Revuz measure . Then A, is a PCAF in
the strict sense of X|g\n, with Revuz measure w|g\n, for a properly exceptional
set Np.

Since Ej is finely open, we can use [15], Theorem 2.22 to conclude that
t > A;ag, 1s then a PCAF in the strict sense of the process X O| Eo\No With Revuz
measure /4| g\ Ny, Which charges no X O_exceptional set accordingly. In particular,
W(N\ Ng) =0. Since u(Ng) =0, we arrive at u(N) = 0, which is a contradiction.
This proves that any &°-exceptional set N satisfies Cap(N) = 0.

(iv) Since (&, F) is assumed to be irreducible, the transience of (§°, °) fol-
lows from the assumption (2.1) and [20], Theorem 4.6.6, Lemma 1.6.5. The identi-
fication (2.5) of its extended Dirichlet space is shown in [20], Theorem 4.4.4, when
(&, ) is transient. In general, we can show it by reducing the situation to the tran-
sient case. Here we show the inclusion D in (2.5) since we shall use this inclusion
only. Take any u € ¥, vanishing g.e. on F. On account of [20], Lemma 1.6.7,
there exists a function g satisfying condition (1.6.14) of [20] such that u belongs
to the extended Dirichlet space % of the perturbed Dirichlet form (§2, ) which
is transient. Therefore,

ue (Fp, = (F,). C 7.

as was to be proved.

(v) Since F is finely closed, X, € F. Hence, it follows from [4], Chapter 1V,
equation (4.33), that X 0is special. The second assertion follows from [28], Theo-
rem5.1. O

The last statement (v) in the above lemma will be used in the next section.

Recall that, by our convention, every function in the space ¥ and J"eo is
&°-quasi-continuous by Lemma 2.2(ii). We call a positive Borel measure i on
Eo &%-smooth if u charges no £%-exceptional set and there exists an £%-nest {A,}
such that ;£ (A,) < oo for each n. Let SO denote the family of all &9-smooth mea-
sures on Eg. The restriction to Eqg of any smooth measure on E is a member of S ©
in view of Lemma 2.2(ii)—(iii). A measure x in S is said to be of finite 0-order
energy integral if there is a constant C > 0 such that

/ [lv(x)|u(dx) < Cy/E&(v,v) for every v € TFEO;
Eo
or, equivalently, there exists a function GOy € F° such that

(2.8) (G, v) :f v(x)u(dx)  foreveryve FO.
Eo
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Such function G%y is then unique and called the 0-order potential of . The total-
ity of £%-smooth measures on Ej of finite 0-order energy integrals will be denoted
by .

With these preparations, let us now consider the notion of the energy functional
L for the process X". The semigroup and the resolvent of X° will be denoted
by {P°,¢ > 0} and {GY, a > 0}, respectively. The O-order potential for X° will
be denoted as G°. Denote by § E, the family of m-almost X O_excessive functions
finite m-a.e. on Ey. Let

1
29) Loy =tlim [ (= PP Hr@m)

be the energy functional of f, g € 8g,. Here 1 lim; o means that it is an increasing
limit as ¢ |, 0. Equivalently,

(2.10) L(f.g) =1 lima / (f — @G f)(x)g()m(dx),
atoo Eo

where 1 limgy 4o means that it is an increasing limit as o 1 0o. Note that L(f, g)
can be well defined without assuming the finiteness of g. We shall use this fact
in the next section without an explicit mentioning. Note further that the 0-order

potential GO of measure v € S(()O) is an element not only of F but also of § Eo»
as we can easily see from [20], Theorem 2.2.1, and (2.8).

LEMMA 2.3. Let f, g € 8E,.

() If [g, f(x)g(x)m(dx) < oo, then L(f, g) = L(g. f).

(i) Foranyv € § (0),

@.11) L(f. G") :/E F(dy).
0

PROOF. (i) For f, g € 8, with fg € L'(Eo, m), we have, for each t > 0,

1 1
- / (f — P2 f)(x)g(x)m(dx) = - f Fx)(g — Plg)(x)m(dx).
t EO t EO

Passing t — O yields L(f, g) = L(g, f).
(ii) By the transience of (&, ¥ 0), there is a bounded, L' (Eo, m)-integrable func-
tion A that is strictly positive m-a.e on E and onh(x)Goh(x)m(dx) < 00. Put

fo=f A (nh). Then G°f,, G°GO f,, € F0 and
(fo = @GY fu. GOV) 125y my = E(G° f. GOv) — € €(G G £ GOv)

- fE (G° £, — G GO f) (x)v(dx)
0

= [ G2 .
Ey
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By letting n — oo, we get
(2.12) (f —aGQ f.G™) 12(5ym) =/E GO g(x)v(dx).
0

Next, for o > 0, put

fu=8—aGYf,  fun=fun (nh).
Then

[, 6 funv(@0) = 6@ fu. G™0) = (. G2ty
Passing n — 00, we get
/. G ultwd) = (fus GOV 2y
Hence, by (2.12),

(2.13) (f —aGYf, GOV 125y ) = (fas GOV) 125y -

Multiplying both sides of (2.13) by « and then letting @« — oo establishes (2.11)
for the measure v that is of finite energy with respect to (€%, #9). O

For o > 0, let H* denote the «-order hitting measure of F'; that is,

H%(x, B) =E,[e “™1p(Xy,); T0 < 0] forx € Eg and B € B8(F).

When o = 0, we will use H to denote H. Since F is a finely closed set, H* (x, -)
is carried by F. For f € B(F)™", define

H” f(x) :=Ey[e %™ f(Xq,); T0 < 00] forx € E.

Clearly, for any f € 8(F)" and a > 0, H* f is a-excessive with respect to the
subprocess X°. Moreover, for every f € B(F )2’ and every x € Ej,

(2.14) tl_l)Iglo PYHf (x) = tl_i)r(r)loEx[f(Xfo); t <19 <00]=0.

By Theorem 4.6.5 of [20], for u € ¥, Hlu| < o0 q.e. on E and Hu € ¥.. Re-
call that, for u € #,, the following Fukushima’s decomposition holds uniquely
(cf. [20]):

u(X;) —u(Xo)=M"+ N fort >0,

where M" is a martingale additive functional of X having finite energy and N“ is
a continuous additive functional of X having zero energy. In the sequel, we will
use [L(y) to denote the Revuz measure for the predictable quadratic variation (M*")
for the square integrable martingale M*“.

Let (N(x,dy), H) denote a Lévy system for the m-symmetric Hunt process X
on E. (See the Appendix below for the definition and properties of a Lévy system
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for symmetric Borel right processes.) The Revuz measure of the PCAF H of X will
be denoted as p . We define

J(dx,dy) = lN(x, dy)ug(dx) and k(dx)=N(x,0)ug(dx)

as the jumping measure and the killing measure of X [or, equivalently, of (§, )].
The following Lemma 2.4 is an extension of Lemma 6.1 in [19]. Note here we do
not assume X being conservative.

Define g (x) := | — H1(x) = Py (9 > ¢). For f, g € B(F)}, define
(2.15) U(f®g):=LMHf Hg) and V(f):=LHYS, q).

By Lemma 2.3(i), U is a symmetric measure on F' x F, which will be called the
Feller measure for F'. The measure V on F will be called the supplementary Feller
measure for F.

We will first assume the following condition:

(2.16) m(Eg) < oo.
We will show in Theorem 2.11 below that this condition (2.16) can be dropped.

LEMMA 2.4. Assume condition (2.16) holds. For any u € ¥, p, let w =
H(u?) — (Hu)?. Then w € F2, and w = G with v = p g, € Sy~ Further-
more,

ity (Eo) + /E (Hu)2 (x)ic (dx)
2.17) 0
= ali)r[goa(Haﬂ, w)LZ(E(),m) + /F M(X)ZV(CZX).

PROOF. The proof of the first assertion is the same as that for Lemma 6.1

in [19], although we now work with the space S(()O) of measures on the quasi-open
set Eq rather than an open set. So it is omitted here. Note that we only need the
inclusion D in relation (2.5) in our proof.

Since w is bounded and m(Ep) < 0o, we have, by Lemma 2.3,

v(Eg) = L(1,w)=L(w, 1)
(2.18)
= L(w,H1) + L(w,q) = L(H1, w) + L(w, q)

and, hence,
(2.19) wuy (Eo) = ali)ngoa(Hall, W) p2gy.my T LW, q).
On the other hand,
1
L(w,q) = L(AG), q) ~lim+ [ (B = PYE0) @) (om(dx)

ti0 t JE,

(2.20) 1
:/FMQ(X)V(dx) — ltiﬁ)l;/EO((Hu)Q _ PIO(Hu)Z)(x)q(x)m(dx).
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Since g € L'(Ey, m) and u is bounded, we have

1
- [ (@) — PP ogmidx)
t JE,

2.21)

1
=- /E 0 (@)(g(x) ~ Pg () m(d).
Since g(x) =1 — H1(x) =Py (19 > ¢),
g(x) — P2q(x) =Py (19 > ¢) — Py (t0 > ¢, 1 < 70)

=P, (t>1>¢)

=E, |: Z 1E0(Xs—)]1{3}(Xs)i|

S<tATY
IATY
_E, [ /0 15 (Xs)N (X, a)st]

Note that A; := f(; 1g,(Xs)N (X5, 0) dHy is the PCAF of X with Revuz measure
1g,(x)k(dx), while t = A, x4, 1s the PCAF of X 0 with the same Revuz measure
1g,(x)k(dx). Thus,

%/EO((HMZ) - PtO(Hu)2) (x)q (x)m(dx)

1
(2.22) -/ (H (OB Ao )

1o 2 >
(tfo P ((Hu))(x)ds |k (dx),

Eo

where the second equality is due to Theorem 5.1.3(iii) of [20]. On the other hand,
PO((Hu)*)(x) < Py((Hu)*)(x)  forevery s >0and x € Eg
and by Theorem 5.1.3(iii) and (vi) of [20],
1 t
lim (- f Py ((Hu)?)(x) ds)x(dx)
tJ0OJENT Jo
1
=lim - / (Hu)*(x)Ex[A,1m(dx)
10t JE

:/ (Hu)?(x)k (dx) < 00,
Eo

since Hu € ¥, ;. Therefore, we have, by (2.22) and the dominated convergence
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theorem,

Jim = ((Hu?) — PP (Hu)?)(x)q (x)m(dx)

tl0 t JE,
- <1iml ft PO((HM)Q)(x)ds)K(dx)
Eo\tl0 £ Jo °
zf (Hu)2 ()i (dox).
Eyp
Hence, by (2.20),
(2.23) L(w,q):/ u(x)zV(dx)—f (Hu)?(x)k (dx).
F Ey

This combined with (2.19) proves identity (2.17). U

For a > 0, define the «-order Feller measure U, on F' x F by
Uo(f ® 8) :=a* f,Hg) 25,y for f,g € B(F).
Since H* f = Hf — aGYHY, it follows that
: _ +
(2.24) Jim U (f®8)=U(f®8) for f, g € B(F), .

We will now combine Lemma 2.4 with the next identity involving the a-order
Feller measure which first appeared in [16] in a conservative case. This identifica-
tion will be utilized again in the latter part of the next section.

LEMMA 2.5. For a > 0 and for any bounded measurable function u on F, let
w =H(@u?) — (Hu)?. Then

a(HaIL, w)L2(E07m) +Ol/

Epx

| (Hu(o) - u(£))"H (x, d&)m(dx),

= [ 0® — ) Uatdt. dn) + (g HUGD) 12 -

PROOF. Take any open set D C Ep with m(D) < oo and put Up(u,v) =
a(H%, Hv) ;2 - Then

a(H*1, Hu? — (Hu)®) 12 ) +afD F(Hu(x) — u(®))*H" (x, d€)m(dx)
= UB(u*) = 22U, u) + a(H* 4, 1) 121 )

= [ @@ —u)V Us(ds.dn) + a9, )12

It then suffices to let D 1+ Eg. [
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The following theorem is an improvement of Theorem 6.1 in [19] in several
respects. First, we do not assume that X is conservative. Second, it gives an identity
rather than an inequality, which is important in Theorem 2.7 and Corollary 2.9
below. Third, the process X is allowed to have killings inside E.

THEOREM 2.6. Assume condition (2.16) holds. For any u € ¥,

sty (Eo) +2 / (Hu(o) — u(®)>J (dx,d&) + [ (Hu)* @) (dx)
EoxF Eg
=/ (u(é)—u(n))zU(dé,dn)Jer w(®)V ().
FxF F

PROOF. Without loss of generality, we may assume that u € ¥, since oth-
erwise we consider u,, = ((—n) V u) A n and then pass n — oo. For « > 0, by
Lemma 2.5,

@ [ (® — u) Ualdé, dn) + ala. B WD) gy )
(2.25) )
= a(H1, w) 25y + a/ (Hu(x) — u(§))"H* (x, d§)

E0><F

where w = H(u?) — (Hu)? and g =1 — H1. It follows from (2.24) that

lim o [ (u®) —u) Uy (d&, dn)
FxF

o—>0

(2.26)
:/FXF(M@)—u(n))ZU(ds,dn)

and
(227) lim (g, HYu?) 1205 ) = /F u(§)*vV(dg)  forevery a > 0.
The last term in (2.25) can be written as

By [e7*™ (Hu(Xo) — u(Xfo))zﬂ{f(KC}]'

Since, with the exception of a set of zero capacity, every point of F is a regular
point of X (cf. [20]) and since u € ¥, p,

Kt = HM(X[/\TO) - HM(XO)

is a P,-martingale for q.e. x € E. We claim that

1
(2.28) lim sup ?Em[Kf] < o0.

t—0

This is because, by Fukushima’s decomposition,

Hu(X;) — Hu(Xo) = M  NHe,
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where M1 is a martingale additive functional of X having finite energy and NH#
is a continuous additive functional of X having zero energy. Thus,

t— NHe — g, pgHu

AT tAT)

is a P,-martingale for q.e. x € E. Since N1 has finite energy, we have, for each
fixed r > 0,

n
Eﬂgom[[NHu]t§t<TO] E1pm |: lim Z(th/n N(k 1)z/n) §f<1'0]
k—l

n

. H 2

=< nlggoEm[l;(th/n N 1)) }
=0.

Hence, PﬂEOm—a.s., for every t > 0, [NH!], =0 on {t < 19}. By the continuity

of [NH4], we have [NH”]tO =0 PlEom—a.s Thus, P11E m-a.S., NH” = 0 for every

t < 19. This implies that P]lE m-a.s., K, = MH

ing, forevery ¢ < 7o. In particular,

lim sup — Em[K ] = limsup 1E [(mB ) ] = [(M*)*] < o0.

AT
t—0 t—0

This proves the claim (2.28). However, K is not a MAF of X since K; = K, for
t > 1. It is not a MAF of X 0 either, since

Ky — Kry— =Hu(Xr,) — Hu(X7,-) = (u(Xc) — H”(Xfo—))]l{xzo#xro—}
is not a function of X,— on {X, # X,—}. However, if we define
M — {Hu(X,)—Hu(Xo), for0 <t < 19,
"7 Hu(X4-) — Hu(Xo),  fort > 1,

then M is a MAF of X having finite energy. We will use (M) to denote the dual
predictable projection of the variational process [M] of M. Clearly, (M) is a PCAF
of X? and we will use (M) to denote the Revuz measure of (M) with respect to
the subprocess X 0. Note that 79 is the lifetime of X 0 By It6’s formula,

dM? =2M,_dM, + d[M],
and so
d(e " M?) = —ae ™ M?* dt +2ae " M,_dM, + e * d[M],.
Using dual predictable projection, we have

oK, [e_‘”OMTZO]

o) 70
:O{EleOm [—a/o e_thz_]l{,qO}dt—l—/(; e_“td[M],}
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oo o0
=O[E]1E0m —QA e_at<M>t]].{t<To}dt+/0 e_atd<M>t]

r 00 00
= aE]lEOm _A e’ <M>s/al{s/a<ro}ds +'/0 e_md(M>ti|

B o0 ) o ;
=By, m|— /0 e (M) /o ds + /0 e d(M),}

o0
+ OlEleOm |:/(; e’ (M)s/aLisja=1) ds].

Consequently,
. - 2
algganm[e MOMTo]
oo
:—/0 se” wy(Eo) ds + wmy (Eo)
. o —Ss
(2.29) + Jlim aEnEom[ /0 e ‘<M>s/a1{s/azro}ds]

_/ ( lim ozE]lE m[<M>s/ot]1{s/aZTO}]> ds

where in the second to the last equality we used the dominated convergence theo-
rem and in the last equality we applied Lemma 2.1 with X in place of X. Next,
note that, by using the Lévy system of X, we have

Ep[e™*™ (Hut(Xgy-) — u(Xr) Liry<c1)’]
=Ep[e "™ (Hu(Xr-) — M(XTO)1{X1'077£Xt0})2]]‘{70<§}]

_ 0 as _ 2
~Eagpn| [ [ (Huto) - )N X, e d |

2
= [ 6% ( [ () - @) Ner. o) Junav).
0
Hence, by the monotone convergence theorem,

ali)ﬁgo aEy, [e—aro (H” (Xro—) - ”(Xto))zjl{fo<§}]
_ . 2
= EO(L(Hu(x) u(é)) N(x,dé))MH(dX)
— / (Hu(x) — u(®))’N (x, d&)pp (dx)
EgxF

=2 (Hu(x) — u(€))>J (dx, d&).

Eogx F
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It then follows from (2.29) that
lim oy [e™™ (Hu(X0) — (X)) Limy<c]

o—> 00

= lim oE, [e_mo(_Ml’o + Hu (XT()—) - M(XTO))Zﬂ{T()<§}]

o—> 00

= lim aEm[e_‘”O(Hu(Xfo_) — M(Xro))zjl{ro<§}]

o—> 00

=2 (Hu(x) — u(£))*J (dx, d§).

Eogx F

Passing o« — oo in identity (2.25), the above calculation together with (2.17) and
(2.26) and (2.27) proves the theorem. []

THEOREM 2.7. Assume condition (2.16) holds. For any u € ¥,

€ (Hu. Hu) = byt () + [ (u60) =) (BU@x. dy) + I (@x. )
2
+./FM(X) (V(dx) + k(dx)).

PROOF. Itis well known (cf. [20]) that
€ (Hu, Hu)
= i (E) + 2M uw (E)
% ) (Eo) + 2M<Hu>(F) + %/«LkHu (E)
= 1ty (E0) + % 14500y (E0) + 14550 (F) + S tlggay (F) + iy (P,
where
Wl @0 = ( [ (Ao = Bu()* N e, dy) e ()
and
Wiy (dx) = (Hu)> () (dx) = u(x)?k (dx).

The assertion of the theorem now follows from Theorem 2.6. [

We now study the trace of the process X on the quasi-closed set F'. A quasi-
support of a Borel measure is the smallest quasi-closed set outside which the mea-
sure has zero charge. The quasi-support is unique up to quasi-equivalence. Denote

by § the family of all positive Radon measures on E charging no set of zero ca-
pacity. Put

(2.30) §F= {u eg’: the quasi support of u = F q.e.}.
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LEMMA 2.8. For a quasi-closed subset F C E with positive capacity, § FE .

PROOF. The proof is the same as that for Lemma 4.1 in [19]. But for the
reader’s convenience, we spell out the details here. Let of := inf{t > 0: X; € F}
and g be a strictly positive function in L' (E, m). Define, for B € B(E),

w(B) :=/Eg(x)Px(XUF € B,of < 0o)m(dx).

Since F' is quasi-closed and has positive capacity, u(E \ F) =0 and p is a non-
trivial finite measure charging no set of zero capacity. If f € ¥ and f =0 p-ae
on E, then

[ s@HisIcm@n = [ 17lu@n =0
E E

Since H| f| is quasi-continuous, H| f| = 0 g.e. on E and, thus, f =0 g.e. on F.
It now follows from [20], Theorem 4.6.2, that F' is a quasi-support of w; that is,

uw eg‘ r. The lemma is proved. [J

Fix a measure @ eg‘ r, and let A* be the PCAF of X with Revuz measure n. Let
N be the exceptional set in the definition of A*. Then the support of A*, which is
defined as (see (5.1.21) of [20])

[x € E\ N:P.(inf{t > 0: Al > 0} =0) =1},

is nearly Borel, finely closed and equals to F' q.e. Therefore, we may and shall
assume that the support of A* is just F' in accordance with the preceding conven-
tion. Note that Hu with u € ¥, remains the same q.e. if F is replaced by another
quasi-closed set that equals to F g.e.

Let Y be the time-changed process of the Hunt process X by the right continu-
ous inverse of A*. Then by [30], (65.9), Y is a u-symmetric right process on F.
The Dirichlet form on (8 F ) of Y on L2(F; @) admits an expression (cf. Theo-
rem 6.2.1 of [20]):

Fo=Folr,
(2.31) F = Fo|r N LA(F, w),

&(u,v)=86MHu,Hv) foru,veF,.

By [14] and [28], the Dirichlet form (é , F ) is quasi-regular on F. See the Ap-
pendix of this paper for the existence of a Lévy system for Y and the probabilis-
tic characterization for the Beurling—Deny decomposition of (&, ). Recall our
convention that functions in ¥, are always represented by their quasi-continuous
versions. It can also be verified that the extended Dmchlet space 37 of (3" 8)

coincides with %, |, independent of the choice of u GS F.
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Denote by F the topological support of the measure p. The trace Dirichlet
form (é , F ), which is quasi-regular, is, in general, not a regular Dirichlet form
on F. However, by [20], Theorem 6.2.1, it is regular on F. Here we note that
Cap(F \ F) =0, u(F\ F) =0 and so L2(F; u) = L>(F; j1). But it is possi-
ble that Cap(]E \ F) > 0 (see [20], Example 5.1.2). However, F \ F always has
Zero él—capacity by [20], Theorem 6.2.1(iv). Hence, the natural inclusion map
i:F—>F gives a quasi-homeomorphism between the quasi-regular Dirichlet form
(é, 3}) on L?(F; i) and the regular Dirichlet form (é, 35') on L2(F; W). We shall
employ this useful fact in the proof of the next theorem. There are some more
related discussions on this at the end of the next section.

By Theorem 2.7, we have the following:

COROLLARY 2.9. Assume condition (2.16) holds. For u € }Le,

v

Euw) = Sl () + [ () =)’ (U@, dy) + J(dx. dy)
(2.32) )
+/ u(x)*(V(dx) + k (dx)).

F

We now show that the decomposition in (2.32) is the Beurling—Deny decompo-
sition for (&, F).

THEOREM 2.10. Assume condition (2.16) holds. The bilinear form (u, v) —
M?Hu,Hv)<F) has the strong local property on ¥ ; that is, if u,v € ¥ N C.(F) and
u is constant in a neighborhood of supp[v], then [L?HM’HW (F) =0. In other words,

v

E°(u,v) = 3l gy (F)  foru,ve¥.

PROOF. As is mentioned above, (é, F ) is a regular Dirichlet form on
Lz(ﬁ, ). Letu € 357, N Cc(ﬁ) such that u = ¢ for some ¢ € R on a relative open
subset 1 of F. For any relatively compact open subset /1 of I, there are open sub-
sets D; and D of E suchthat D; C D, D is compact, DiNF =L and DNF = 1.
Since (&, F) is a regular Dirichlet space on L?*(E,m), there is a 0 e FNCAE)
suchthat g =1 on D; and ¢ =0 on D°. Letv=c¢ + (1 — ¢)Hu. Then v € ¥, ,
and v is constant on D;. Hence, ,ufw (D1) =0 and, thus, we conclude
(2.33) ,ufU)(I]) =0.

Since v =u q.e. on F, we have Hv = Hu q.e. Define v9p = v — Hv, which is
in ‘{Fe(,)b' Let {K,,n > 1} be a generalized nest so that F N K,, is a closed set.
Let (&, F E\FNKn)) be the Dirichlet space for the subprocess of X killed upon
leaving E \ (F N K,). Clearly, v € 2, € £\ Since (€, FEVFOK0) i
regular on L*(E \ (F N K,); m), by Theorem 4.4.3 of [20], ,ufw)(F N K,) =0 for
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v eF NCAE\ (FNK,)) and, hence, for { = vg. Thus, ,u (F N K,) =0 and
passing n to infinity we have ,u (F ) =0. In particular, ,u (I N F)=0. On the
other hand,

W1 NF) = Wiy (N F)

Wity (I NV ) + 20500 o0 (O F) +
Wy (11 N F)

M?Hu)(ll NF).

(IlﬂF)

(vo)

Thus, by (2.33), /,L?Hu)(ll N F) =0. By letting I; 1 I, we get
(2.34) MfHW(I NF)=

Now for u, v € Fn Cc(f ) SllCll that u is constant in a neighborhood of supp[v],
we let F1 = supp[v] and F, = F \ supp[v]. By (2.34),

Wiy FINF) =0 and  ply, (FNF) =

Since F C F g.e. and /,L?HM,HU) does not charge on sets of zero capacity, it follows
then

| 1) | = |1 0y (F1 O F) + g, gy (F2 0 F)|

< Wi (F1 0 F)pafgg, (F1 N F)

Wy (F2 N F) iy (F2 N F)
=0.

This proves the theorem. [

It follows from Corollary 2.9 and Theorem 2.10 that

(2.35) J(dx,dy) = sU(dx,dy) + J(dx,dy)|pxF
and
(2.36) K(dx):=V(dx)+«(dx)|F

are the jumping measure and the killing measure for the time-changed process Y,
respectively.
We now proceed to remove condition (2.16).

THEOREM 2.11. Theorem 2.7, Corollary 2.9 and Theorem 2.10 remain true
without the assumption (2.16).
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PROOF. The only place where condition (2.16) is used is to ensure that
the symmetry can be applied in (2.18) and in (2.21). By using a time-change
method, the assumption (2.16) can be dropped. Let ¢ > 0 on E( be such that
on p(x)m(dx) < oo. Let

v(dx) == (1g,(x)p(x) + 1gg (x))m(dx).
Let A" be the PCAF of X with Revuz measure v and
o, :=inf{s > 0: A} > t}.

Then Z; := X, is a v-symmetric right process on E with Dirichlet form
(&%, F%). It is well known (cf. [20]) that F,Z = F,, &% = & on F,. Clearly,
H%u = Hu for u € %,. Since v(Ey) < 0o, Theorem 2.7, Corollary 2.9 and The-
orem 2.10 hold for the process Z. Hence, Theorem 2.7 and Corollary 2.9 hold
without the assumption (2.16). Moreover, (2.32) (for Z) gives the Beurling—Deny

decomposition for the Dirichlet form of the time changed process of X by u eg’ F-

We now show that Feller measures are invariant under time changes. For this,
let UX, U% and L%, L% denote the Feller measures and energy functionals for
the processes X and Z, respectively. We will use GX- and G%° to denote the
0-resolvent of the part process X° and Z° in Ey, respectively. Clearly, for f >0
on Eg and x € Ey,

G%Of(x) = Ey [fooof(th)dt}

o0
B [T e
=G*pf) ().
By (2.14) above and Proposition 3.6(ii) in [21], for u, v € JB(F)Z,
UX(u ®v) = L* (Hu, Hv)

= sup{ Hu(x)u(dx): (MGX’O)(dx) <Hv(x)m(dx) on Eo}.

Eo

Hence,

U?(u®v)

= sup{/E Hu(x)u(dx): (,uGZ’O)(dx) < Hv(x)v(dx) on Eo}
0
=Sup{f Hu(x)u(dX):/ G%0 f (x)u(dx) Sf J(x)Hvu(x)v(dx)
Eg Ey Ey

for every f >0 on EO}
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= sup{/ Hu(x)u(dx): / GX’O(gof)(x),u(dx)
Ey Ey
< [ reoHupom@x)
0
for every f > 0on Eo}

=sup{ Hu()udx): [ G*Oux)(pf)(x)m(dx)

Eo Eo

< [ (Fo0RuEm@x)
Ey
for every f > 0on Eo}

= sup{/ Hu (x)p(dx): GX%u < Ho on Eo}
Eo

=UX(u®v).

This shows that UX = UZ and, consequently, VX = VZ_ In particular, this shows
that UX is a symmetric measure on F x F. Therefore, Theorem 2.10 holds for the
process X without the assumption (2.16). [

EXAMPLE 2.12. Let X = (X;, Py) ern be the standard Brownian motion on
R" with n > 3. Let S be a C* compact hypersurface so that Eg = R" \ S is the
union of the interior domain D; and exterior domain D,. We denote by o the
surface measure on S. Further, % and % will denote the inward normal and
outward normal derivative at £ € S from the view of D;, respectively. We consider
the Poisson kernel K (x, £), x € Eg, & € S, and the escape probability of X from S
defined by

q(x)=1—Hil(x) =Py(0os =00), x € Ey.

Note that g(x) > 0 only for x € D,.

Then the Feller measure U and the supplementary Feller measure V with re-
spect to X and S have densities U (£, ) and v(§) relative to 0 x ¢ and o, respec-
tively, which admit the expressions

LoK@E. ) | 19K )

(2.37) UE,n) = 2 ot 2 ong E#n.6,neS,
(2.38) v(E) = %% Ees.
g
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Formula (2.37) has been established in [19], Example 2.1, where it is also shown
that, in the special case of S = X, the sphere of radius r > O centered at the origin,
(2.37) is reduced to

2
U(S,n)=9—|5—n|_”, EneX,E#n,

where €2, denotes the area of the unit sphere in R”. In this special case, (2.38) is
also reduced to a constant function

—2
0(E) = + lim 2 "

, €,
2 xlr |x| —r 2r § "

because g(x) =1 — |n +—— for [x| > r.
For the proof of (2.37) and (2.38), it suffices to show the formula

2 fR JIVHF)Pdx =5 fs F@® = F)'UE o @) dn)
(2.39)
S NGRIGHD

holding for any f € C>°(R").

Take a sufficiently large R such that the ball Bgp = {x € R":|x| < R} contains
the surface S. Let X® be the reflecting Brownian motion on Bg, whose Dirichlet
form (€R, #R) on L?(Bg) is given by

SR(u,v)z% Vu Vvdx and FR= H(BR)

Here H'(Bg) is the space of L2—integrable functions on By with L?-integrable
first-order distributional derivatives on Bg. Let UX be the Feller measure on the
closed set F = SUX g (C Bp) relative to X®. The surface measure on F is denoted
by o again. Let D, g := D, N Bg. Just as in [20], Example 2.1, we see that UR
admits a density with respect to o x o with

R
(2.40) UR(%‘,n)—za €. m ()+18K—(§"), Ee€S,nerF,
8né 2 8n§

where K(x,n),x € D;,n € S, is, as before, the Poisson kernel in D;, while
KR(x, n),x € Do r,n € F, is the Poisson kernel in the region D, g so that, for
X € De,R7

P.(os <oxg, Xog €T), rcs,

2.41 /KRx, o(dn) =
(2.41) r (x, mo (dm) !PX(05>02R,X@REF), ' C 2k,

where X is Brownian motion in R”.
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Since X is conservative and By is of finite Lebesgue measure, Theorem 6.2 of
[19] implies that

%/BR [VHf (0] dx = %LxF(f(S) - f(ﬂ))zUR(dg,dn), feCO®Y.

Therefore, if we take for any f € C2°(R") a large R such that the support of f is
contained in Bg, then we have

5LUVHf“”%“‘=%Ang@)—fhﬂfUR@Jnmﬂ@o@m
(2.42)
+ [ 1@ ©ows.

where
W@ = [ UREmoan.
ZR
In view of (2.40) and (2.41), we have

19g% ()

R _
viE) =3 ong

(2.43)
for £ € S, where g% (x) =P, (0%, <os) for x € D, g.

We now prove that

gk d
a"©  ©
ong ong
& &
Then the desired identity (2.39) follows from (2.42) and (2.43).

For &€ € S, let Ky(x,&),x € D,, and Kolf(x,é),x € D, g, be the a-order
Poisson kernels on D, and D, g, respectively. As R 1 oo, K R(x, &) [respec-
tively, K(f (x, &)] increases to K (x, &) [resp. Ky(x,&)]. On the other hand, we
see from [19], Theorem 6.2, that, as « 1 0o,

44)  UREm1UE ) and

190KR

/ KRG ok Eemdxt 3 EM g e
ng

fK(x £) Ko (x, 1) dx ¢—$, Enes.
3

Hence, by interchanging the order of taking limits, we get the first part of (2.44).
Finally, we take Ry with S C B, and denote by o the surface measure on X, .
Then we have

qR(x)zfE KRG ngRmoidn,  Ri <R,
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and
q(x) = / KR (e, g (mor (dn).
ER]

By taking the outward normal derivative in x at S on both sides of each of the above
two equations, we arrive at the second part of (2.44) because qR(n) decreases to
qg(n) as R 1 oo for each n € Xp,.

3. Space of functions with finite Douglas integrals. In the preceding sec-
tion we have established a Beurling—Deny decomposition of the trace Dirichlet
form (€, ¥) with the jumping and killing measures being given by (1.6). This par-
ticularly means that, for any function ¢ in the (extended) trace Dirichlet space Fo,
the value of the integral (1.7) is finite. We may call this value the (generalized)
Douglas integral of the function ¢ (cf. [19]).

In this section we shall look for conditions to guarantee the coincidence of the
(extended) trace Dirichlet space %, with the space of functions on F with finite
Douglas integrals. For this purpose, we shall first study the relationship between
the Dirichlet form (&, ) of the given process X on E and the reflected Dirichlet
space (Fef, &ef) for the Dirichlet form (€%, £°) of the absorbed process X° on
Eog= E\ F. The notion of the reflected Dirichlet space was introduced by Silver-
stein (see [31]) for a transient regular Dirichlet form and was further studied in
detail by the first author [6].

We continue to work with a regular irreducible Dirichlet form (&, ) on
LQ(E, m), an associated Hunt process X = {2, X;, ¢, Py}xcg on E and a quasi-
closed set F' of E satisfying (2.1). As in Section 2, each element of the space
F will be represented by its quasi-continuous version and we will assume, with-
out loss of generality, that F is nearly Borel and finely closed. Then Eg = E \ F
is finely open and we have by Lemma 2.2 that the Dirichlet form (€°, #°) on
L?(Ey; m), defined by (2.3), is transient and quasi-regular. But (&%, 7% is, in
general, not regular on L?(Eg: m). The first part of this section is to generalize
the notion of the reflected Dirichlet space from the regular Dirichlet form setting
(see [6]) to the quasi-regular Dirichlet form (€%, %) by using the energy func-
tional L defined by (2.9) for X°.

Recall that 7 is defined by (2.2), which denotes the first exit time from Eg =
E \ F by X. The process X° can then be realized as

XO = {Q’ MO» Xz(‘)v {O’ PX}XGE()’
where

X, for05t<§0,

0 0
=1 and X, =
¢ ! ad, fort > ;0,

and MO is the o-field generated by X 9 with a usual augmentation by null sets.
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The process X is a standard process on Eq and it is convenient to introduce
the following related notions. A nearly Borel set A C Ej is called X-invariant if
P,.(Q24) =1 for every x € A, where

Qa={we Q:X?,X?_ € Aforeveryt € [O,g“o)}.

Then the restriction X°|4 defined in a natural way is a standard process on A.
We say a random variable y on @ is X|4-measurable if the restriction y|q, is
measurable with respect to the o-field M° N A. The random variable y need not
be defined on 2 \ €24 in this case.

A nearly Borel set N C Eq is called X%-properly exceptional if Eq \ N is
XY-invariant and m(N) = 0. Such a set N is then X%-exceptional in the sense
of Lemma 2.2(1).

Throughout this section, we shall assume that X° admits no killings inside Eo;
that is,

3.1 Px(X?O_ € Ey, {0 <o0)=0 for every x € E,

or, equivalently,
(3.2) ko (dx) ==k (dx)| gy + N (x, F)pp (dx)| g, = 0.

Here we state a variant of [6], Definition 1.4. We call a random variable y =
y (w) on Q a terminal random variable if there exists an X%-properly exceptional
set N C Eg such that y is X 0| Eo\N-measurable and

E.[ly|]l < o0 forevery x € Eg \ N
and
y (6 (w)) =y (w) for every w € Qgy\ v and t < §O(a)).

We call such a set N an X°-properly exceptional set for the terminal random vari-
able y.

For convenience, let us first make an additional assumption that E° is an
open subset of E. This additional condition will be removed in Remark 3.2 and
Lemma 3.3.

Then the Dirichlet form (€%, #%) on L?(Eq;m) is not only transient by
Lemma 2.2(iv) but also regular by [20], Theorem 4.4.3. Let Dy be relatively com-
pact open subsets of Ey := E \ F such that Dy C Di41 and Fy 1 Ep. Let Ly be
the 0-order equilibrium measure of Dy with respect to (89, £9), that is,

GOLi(x) = ex(x) :=P,(op, <o)  for x € E.

Note that, for any nonnegative measurable function f on Ej,

(3.3) / GO f (x)Li(dx) = / Fer(0)m(dx).
Ey Eo
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This is because for f > 0 with [z, f(x)Gf(x)m(dx) < oo, G°f € ) and
[ 6 r@Lan =6@.6"n= [ fwem.
Ey Eo

The general case can be proved by approximation in the same way as in the proof
for Lemma 2.3.

LEMMA 3.1. Assume that Eq is an open subset of E.

(i) For any X°-excessive function f on Ey,

sup | f(x)Li(dx) =L, f).
k>17Eo

(i1) Assume that condition (3.1) holds. For a terminal random variable y with
an X -properly exceptional set N C Eg, put

(3.4) f) =E [yl — (ExlyD?  xe€Eo)\N.

Then f is excessive with respect to X°| EQ\N -

PROOF. (i) Choose nonnegative k,, such that G, 4 f. Then, by (3.3),

sup f(x)Li(dx) = supsup Gohn (x)Lr(dx)
k>1JEp k>1n>1JEp

= sup sup hy(x)er(x)m(dx)

n>1k>17Ep

= sup hp(x)m(dx).

n>1YEg
On the other hand,
L(1, f)=supsupa(l —aGYL, G'hy) 1205y m)

a>0n>1

= sup sup(h,, Ongﬂ)H(Eo,m)

n>1a>0

= sup h,(x)m(dx).

n>1JEg

Therefore, sup;- on fx)Li(dx)=L(1, f).
(i) We put A(x) = E,(y),x € Eg \ N. For any relatively compact open set
D C Ey, we define

Hph(x) := Ex[h(X(T)D)] forx € Eg\ N,
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where 7p denotes the first exit time from D by X°. Since X° admits no killings
inside Eg, we have tp < 79 Py-a.s. on {tg < oo} for every x € Eg \ N and

Hph(x)=h(x) and h(x)> <Hph?(x),  x€Eg\N.
Hence, for x € Ep \ N having f(x) < oo,
Hp f(x) =E.[y*] — Hp(h»)(x) < Ei[y*] — h(x)*> = f(x).

Clearly, Hp f(x) < f(x) holds for those x € Eg \ N with f(x) = co. On the
other hand, according to [12], Lemma 12.2, both functions /4 (x) and E, (yz) are
excessive and, accordingly, finely continuous with respect to the standard process
X O| Eo\N- Therefore, f is superharmonic in the sense of [12] with respect to this
standard process. Using [12], Theorem 12.4, we conclude that f is excessive with
respect to X| Eo\N»> namely,

3.5 fx)=0, Ptof(x) T fx) ast | 0, forevery x € Eg \ N. 0

REMARK 3.2. We may drop the assumption that Eq is open and can replace
the increasing sequence { Dy, k > 1} of relatively compact open subsets of Eg by
an &%-nest {Fy, k > 1} consisting of compact subsets of D and replace L; by the
0-order equilibrium measure of Fy in (§°, £°). The conclusion of Lemma 3.1(i)
remains valid.

Under the additional assumption that Eq is open, let ((F°)™f, &7f) be the re-
flected Dirichlet space of the regular transient Dirichlet space (£, £°) as defined
in [6], Definitions 1.6 and 3.1. We put

(3.6) N =y :y is a terminal variable with L(1, E.[y*] — (E.[y])?) < oo}.
By Lemma 3.1, it holds that

(3.7) FOT=F2+HN,
where
3.8) HN ={h:h(x) =E,[y]forq.e. x € Eg with y € N}.

For f = fo+h e (F)™ where fo € £ and h = E.[y] with y € N,

(3.9) g™ (f, £)=&(fo. fo) + sL(1 E.[y*] — (E.[yD?).

Due to the next lemma, however, the above definition of the space ((F)™f, gTef)
makes sense without assuming that Ey is open.

LEMMA 3.3. The second statement (ii) of Lemma 3.1 remains valid without
the additional assumption that Eg is open.
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PROOF. In the preceding proof, we used the fact that Ey is a locally compact
separable metric space in order to apply Dynkin’s [12], Theorem 12.4 directly.
Without assuming that Eg is open, however, Ey is related to such a nice space
by a quasi-homeomorphism. Indeed, the Dirichlet form (&%, % on L%(Eg; m) is
quasi-regular by Lemma 2.2(v) and, accordingly, we can apply [8] to find a regu-
lar Dirichlet space (E’, m’, £’, &’) such that Ey and E’ are quasi-homeomorphic:
there exist an &%-nest {F,} on Eo, an &'-nest {F/} on E’ and a one to one map-
ping ¢ from Ego = s Fy to U5~ F,, with the restriction of ¢ on each F), being
homeomorphic to F,. Further, m’, ¥’, & are the image by g of m, ¥ 089, respec-
tively.

Take any terminal random variable y. In view of Lemma 2.2(iii), we can find an
(X -)properly exceptional set N C Eq including both Eq \ Eqo and the X°-properly
exceptional set for y. Then N is an X%-properly exceptional set. Let E 1=9q(Eo\
N), and

X (@) = q(X;(w)), weQ,
P (A) =P, 1 (A), Ae M, x' € EY.
Then we see that
X =@, M, X[, ¢ P e

is a standard process on E and y can be regarded as a terminal random variable
with respect to X" with the X’-properly exceptional set N' = E” \ Ej.

Since E’ is a locally compact separable metric space, we conclude in exactly
the same way as in the proof of Lemma 3.1 that the function

g0 =E. () — Eu(r)? ¥ ek,
is X’-excessive: for the transition function {P/} of X,
g(x) =0, Plg(x") 1 g(x)) ast | 0,x' € E},
which implies the desired property (3.5) of the function f because

f(x)=glgx),  PYf(x)=P/ggx), xeEy\N. O

We now remove the additional assumption that Ey is an open subset of E. Based
on the above lemma, we may and do regard (3.6)—(3.9) as definition of the re-
flected Dirichlet space of the Dirichlet space (F 0.89). See also [25] for a related
approach. Let us introduce the function space #r by

Hr = {Hp|g, : ¢ is a measurable function on F with H|gp|(x) < 0o

for q.e. x € Eg and L(1, H(¢?) — (Hy)?) < oo}.
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THEOREM 3.4. Assume condition (3.1) holds.
(i) The following inclusions hold:

(3.10) (Hulg,:ue F.) C Hr CHN and F,|g, C (FO)

(i1) Foru € ¥,
(3.11) E(u,u) > €™ (ul gy, ulE,).

(iii) Equality holds in (3.11) for every u € ¥, if and only if
3.12) ) (F) =0 for everyu € F,.

PROOF. (i) Since the Dirichlet form (&%, #°) is quasi-regular on L?(Eq; m)
by Lemma 2.2, there exists an &9-nest {Ag, k > 1} consisting of compact subsets

of Ep. Under the assumption (3.1) that X has no killing inside Ej, it holds for
g.e. x € Eg that Py-a.s. on {og\4, < 00},

op\A, <0ofF and XUE\Ak € Eg\ Ag.
On account of (2.6) and the quasi-left continuity of X, we have, for q.e. x € Ey,
lim XUE\A = Xops P,-a.s. on {of < 00}
k— 00 k

and so it is measurable with respect to MY, Hence, for every h = Hy|g, € HF,
v 1= 9(Xq) = Loy <00} (Xop) 18 a terminal variable of X© with

E.yl=Hp(x) and L(1,E.[y*]— (E.[y])?) = L(1,H(p?) — (Hp)?).

So h € HN, which proves #r C HN.

To prove that {Hu|g,:u € F.} C HF, take any u € F,. We see then, by
Lemma 4.6.6 of [20], that H|u|(x) is finite for q.e. x € E. For n > 1, define
up = ((—n) vV u) An, which is in ¥, . Observe that, in view of Theorem 2.11 and
its proof, without loss of generality, we may and do assume m(E() < oo. Then, by
virtue of Lemma 2.3 and the first part of Lemma 2.4,

1w,y (Eo) = L(1,w,)  where w, =H(u,) — (Hu,)?,
which particularly implies
%a(l — ong]l, wn)LZ(Eo;m) < &Mu,,Hu,) < &(u,, u,) < &(u, u).
We first let n — oo using Fatou’s lemma and then let « — oo to get
TL(1, Hu?) — (Hu)?) < &(u, u) < oo,

proving that Hu|g, € Hr.
That ¥ |g, C (¥ Oyref s now clear from the decomposition of u € F:

(3.13) u=uo+Hu  withuo=u—Hu e FL.
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(i1) We claim

E(u,u) — gref(ulEo, ulg,)
(3.14)

= L (F) + %/Fu(x)zic(dx) for every u € F,.

For any u € ¥,, we decompose it as in (3.13). By Theorem 4.6.5 of [20],
Ew,u) = Euo, ug) + &(Hu, Hu).
We know from (i) that u|g, € (F°)*' and
€™ (ul gy ulg,) = € (o, uo) + $L(1, w).
Suppose u € F, . Then by Lemma 2.3 and the first part of Lemma 2.4,
o (Eo) =L(1,w)  where w =Hu? — (Hu)?.
Accordingly,
€ (Hu, Hu) = § vy (E) + 3 14y, (E)
=100 w) + L (F) + 4 fE (Hu)? (x)x (dx),

which proves the claim (3.14).
Now for general u € ¥, since u, = ((—n) V u) A n is a bounded function in ¥,
and so

(3.15)  E(un, un) — € (unl£y» nlEy) = 2 14 (Hun) (F) + % fF iy (X)k (dx).

But u, is &-convergent to u and, moreover, u,|g, is Sref—convergent to ulg, by
virtue of [6]. Since

|,y ()Y =ty (F)Y2) < gy —uy (F)V?

< I (H(uy —u)) (E)'?

<&@y —u,uy —u)'/?,

we arrive at (3.14) for u by passing n — o0 in (3.15). (ii) now follows immediately
from (3.15).
(iii)) Note that, for u € ¥,

1 /F u(x)%ic(dx) =1 fFH”<x)2x<dx> < i (F)

and so (iii) follows from (3.15). [
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REMARK 3.5. (i) Condition (3.1) is needed for
(Hu|g,:u e F) CHN and F,|g, C (FO™

to hold. For example, let X be a spherically symmetric «-stable process in R¢ and
D is a bounded smooth domain in R?. Define 7p := inf{r > 0: X, ¢ D}. Itis well
known that

P,(X;,—€Dand1p <o00)=1 for every x € D,

and so condition (3.1) fails with E = R? and Eg := D. In this example, it is known
that

(FO=F0=wg** (D) while F|g, = W>2(D).

Hence, when « > 1, (FO)rf is strictly contained in ¥, |g, and, thus, (3.10) fails.
(i1) Under assumption (3.1), condition (3.12) is equivalent to

(3.16) My (F) =0 for every u € ¥,.

Clearly, (3.16) implies (3.12). Assume (3.12) holds. For every u € ¥, let ug =
u — Hu, which is in ?'60. It can be shown just as in the proof of Theorem 2.10 that
Mfu0>(F) = 0. This together with the assumption (3.1) implies that 1t(,,) (F) = 0.
Hence,

0 < pw)y(F) = tug+Hu) (F) < (\/Muo)(F) + \/M(Hu)(F))Z =0.

This proves that (3.12) implies (3.16) and so these two conditions are equivalent.

In the remainder of this section, we consider the space § r defined by (2.30),
which is the collection of measures charging no set of zero capacity with quasi-

support being equal to F g.e. We fix u eg‘ r and let Y be the time changed process
of X by the PCAF with Revuz measure . The process Y is pu-symmetric and its
associated Dirichlet form (é, F ) on L?(F; p) and the extended Dirichlet space
¥, are described by (2.31). In Corollary 2.9 and Theorem 2.11, we have derived
an explicit expression of the trace form & in terms of the Feller measure U and
supplementary Feller measure V. We will be concerned with an identification of
the trace space %, in terms of U and V under condition (3.1).

To this end, let us introduce the space § of functions on F with finite Douglas
integrals by

g = {(p : @ is measurable with H|¢|(x) < oo for m-a.e. x € Eg and
(3.17)

[ w©-om) v+ [ @@ vie <ol
FxF F
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If we assume both conditions (3.1) and (3.12) hold, then we can well deduce from
Corollary 2.9 that

(3.18) FeC§

and

v

2
=1 (0®-om) U@sdn+ [ POV
FxF F
(3.19) .
for every ¢ € %.

Two functions ¢, ¥ in § will be regarded to be equivalent if Hp = Hy, m-a.e.
on Ep. Owing to the definition of Feller measures U and V given by (2.15)
and (2.10), the values of the integrals appearing in (3.17) do not depend on the
choice of a representative from each equivalence class.

THEOREM 3.6. Assume conditions (3.1) and (3.12) hold. Assume also that

(3.20) {Hu|E():ue?}}:J€F.
Then
(3.21) Foe=4.,

and identity (3.19) holds for every ¢ € Fe.

PROOF. It suffices to show that (the equivalence classes of) § is contained

in }Le Take any ¢ € §. Note first that H|¢|(x) is finite g.e. on Eg on account of the
XO-excessiveness of H|g|, [20], Lemma 4.1.5 and Lemma 2.2 (iii).
Next put

gn=(-n)V(pAn) and f,=Hp}—(Hp,)* forn>1.

As in the proof of the preceding theorem, we assume, without loss of generality,
condition (2.16). We then have, by Lemma 2.3,

alq = aGlq. fi) 2y < L@ f) = LUfwa) < LHgL ) = [ g2av
and, accordingly,
a(1—aGQL, fi) 2(ggmy < CHL, £i) 12(g0m) +/F¢,2,dv.
We can now use Lemma 2.5 and (2.24) to obtain
a(l =aGol, fi)2(pym) < /F L (0n® — () U @, dn) +2 fF Gr(E)V (d8).
We first let n — oo using Fatou’s lemma and then we let « — oo to get
L(1,H(p?) — (Hp)?) < /FXF(w(%') —p(m)°U (e, dn)+2/F<p(X)2V(d5) <00,

which means that Hp € #. By the assumption (3.20), Hy = Hu m-a.e. on Eg
for some u € ¥,, namely, ¢ is equivalent to u|r € ., as was to be proved. [



TRACES OF SYMMETRIC MARKOV PROCESSES 1087

COROLLARY 3.7. Assume conditions (3.1) and (3.12) hold. Assume also that
(3.22) Felgg = (FO.

Then the equality (3.21) holds together with the identity (3.19) holding for every
g€ Fe.

PROOF. Condition (3.22) is equivalent to {Hu|g, :u € ¥.} = HN, which im-
plies (3.20) because of the inclusion (3.10) and the decomposition (3.13). [

REMARK 3.8. In Sections 2 and 3 we have fixed a general quasi-closed subset

F of E satisfying condition (2.1) and considered the space § r defined by (2.30),
the collection of measures charging no set of zero capacity with quasi-support
being equal to F' q.e. We have obtained a representation for the trace Dirichlet
form (8 F ) and for the extended trace Dirichlet space (8 F 2). In particular, we

see that (8 F ) 1 1s independent of the choice of the measure p eS F.
Take any p eS r and denote by F, 1 the topological support of 1. Although

u(F, \ F)=0,  Cap(F\ F,) =0

and the trace Dirichlet form (é, F ) can be regarded as a regular Dirichlet form on
L2(F ; m), it may happen that Cap(F), \ F) > 0 (see Example 5. 1. .2 of [20] for
such an example) However, by Theorem 6.2.1(iv) of [20] the set F \ F always

has zero ;- -capacity with respect to the Dirichlet form (€, F).
Assume now that F is a closed subset of E rather than a general quasi-closed
set. Then,

fucF, Cap(F\ﬁM)zo forevery,uefS‘)p,

because the quasi-support of any u eg’ F is g.e. included in F, w CF.
If for a closed subset F of E,

(3.23) there exists a measure v e§ F with fv =F,
then the closed set F' enjoys a nicer property, namely,
F,=F for everyueg'p,

and, consequently, (é , F ) is a regular Dirichlet form on L2(F ; w) for every

ne § r. Indeed, for any u Gg’ F., the set '\ ﬁﬂ is relatively open in F and v does
not charge this set of zero capacity, thus, this set must be empty.

EXAMPLE 3.9. Let D be a bounded domain in R”. Consider the bilinear form
D defined by the Dirichlet integral

D(u,v) = / Vu-Vvdx.
D
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Let H(} (D), ﬁl(D) be the closure of Cg (D), Ccl (R™)|p in the Sobolev space
H'(D), respectively. Here H'!(D) is the space of L’-integrable functions on
D with L?-integrable first-order distributional derivatives, equipped with inner
product D(-, ) + (-, ) 2(p 4x)- The bilinear form (%D, ﬁl(D)) is an irreducible
strongly local regular Dirichlet form on L?(D; 1p(x)dx) and admits an associ-
ated recurrent diffusion process X on D. With E =D, F =9D, Ey = D and
m(dx) = 1p(x)dx, this Dirichlet form satisfies not only (3.2) [and, consequently,
X satisfies (3.1)], but also (3.12) because

i = 1p(x)|Vu()*dx,  ueH'(D)

and m(d D) = 0. The absorbed process X° obtained from X by killing upon leav-
ing D coincides with the absorbing Brownian motion whose Dirichlet form is
(%D, HOl (D)). Consequently, d D satisfies condition (2.1).

Assume that

(3.24) HY (D)= H"(D),

which is satisfied, for instance, when D has continuous boundary (see Theorem 2
on page 14 of [29]). Then condition (3.22) is also satisfied (cf. [6]) and we may
well call X the reflecting Brownian motion on D. Corollary 3.7 then applies and
we get the description

ﬁe = {go:ngol(x) <ooae.onD
(3.25)

and (&) — () U dt. diy) < oo}
0Dx0D

E(p, 9) = 'D(Hyp, Hyp)

(3.26)
_ 1 _ 2 =
=3 /BDXaD(w(S) e(m) U (&, dn), @ € Fe,

of the extended trace Dirichlet space ¥, and the trace Dirichlet form & of the

Sobolev space HY(D) on L*(3D; w) for any measure p Eg’aD. Since X is con-
servative and the Lebesgue measure of D is finite, the function g(x) = Py (oyp =
o0) = 0 for every x € D and, therefore, the supplementary Feller measure V van-
ishes.

The trace Dirichlet form (é , ?V'e N L% D; W)) is, in general, not a regular
Dirichlet form on L?(3D; w). But, if we impose condition (3.23), then it is regu-

lar on 9D for any p eg'a p. Let D be a Lipschitz domain. Then condition (3.24)
is satisfied and, since by [1] the reflecting Brownian motion X has a Holder con-
tinuous transition density function with respect to 1p(x)dx, X can be refined to
start from every point in D. Moreover, the boundary 3 D satisfies condition (3.23).
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This is because, by a result of Dahlberg [9], each harmonic measure in D is mutu-
ally absolutely continuous with respect to the surface measure o on d D. Clearly,
aD is the topological support of o. On the other hand, the surface measure o is
mutually absolutely continuous with respect to the measure o constructed in the

proof of Lemma 2.8 with g =1 and, therefore, o e;‘a p. In particular, 9D is a
quasi-support of o, which proves that condition (3.23) holds. Consequently, the
Dirichlet form (8 fe NL%2D; o)) is regular in L?*(dD:; o).

Fix some xg € D.For x € D, let K (x, £) be the density of the harmonic measure
P, (Xs,, € d§) with respect to the base harmonic measure v(d§ ) =Py (Xo,p €
d§&). The function K (x, &) is called the classical Poisson kernel for 1 5Ain D, which
is continuous on D x 9D and is harmonic in x € D for each fixed é € dD. So for
any bounded function ¢ on 9D,

Ho() = Ed[p(Xayy)] = [ K ©p(@v ()
Hence, the Feller kernel is well defined by

U(S’ n):L(K(vE)vK(v 77))9 57"68D7

and U (&, n)v(d&)v(dn) gives the Feller measure U (d&, dn) in (3.25) and (3.26).
Moreover, by the Harnack inequality for positive harmonic functions in D, the
condition that H|¢|(x) < oo for some (and, hence, for all) x € D is equivalent to
RS L'(3D; v). So (3.25) can be rewritten as

Fo = {go e L'(dD; v):faDXaD(q;(g) — o) U (dE, dn) < oo}.

Dahlberg [9] proved that, for a general bounded Lipschitz domain D, there is an

e > 0 such that f(§) := ;((‘;?) is locally in L>t¢(dD, o) and showed that this

result cannot be improved in general. However, when D is a bounded C'! domain
in R", by using the two-sided Green function estimates in D, it can be shown
(cf. the proof of Theorem 3.14 in [22]) that f is bounded between two positive
constants. Hence, when D is a bounded C':! domain in R”,

& _ Lo, . B 2
F = {weL 0Di0): [ (o) — p() Ulde, dn <oo}.

EXAMPLE 3.10. Let D be an open n-set in R” whose boundary d D has lo-
cally finite (n — 1)-dimensional Hausdorff measure. Consider for 1 < o < 2 the
space defined by

_ 2
gan  Fefuelimian: [ O diay <ool,
DxD |x —y|te
€(u, v) = An, —a) () —uGNO® —v@)
(3 28) ’ ’ DxD |x _y|n+a ’

u,ve fF,



1090 Z.-Q. CHEN, M. FUKUSHIMA AND J. YING

where 4 (n, —a) is a positive universal constant given by (1.1) that is relevant to
the symmetric a-stable process on R”. We refer the reader to [5] for the following
facts. (€, ) is a regular irreducible Dirichlet form on L?(D; 1p(x)dx) and the
associated Hunt process X on D may be called a reflected a-stable process. It
is shown in [7] that X has Holder continuous transition density functions with
respect to the Lebesgue measure dx on D and, therefore, X can be refined to start
from every point in D. For this example, E = D, F = 3D, Eg = D and m(dx) =
1p(x)dx. Note that since D is an open n-set, d D has zero Lebesgue measure. The
process X obtained from X by killing upon leaving D is the censored a-stable
process with Dirichlet form (&, & 0y on L2(D), where FY is the closure of Cé (D)
in £ with respect to &;. Let (g™t (FO)refy be the reflected Dirichlet space of
(6, FY). Then

(329) (FO'NL*(D;dx)=F and &"'(u,v)=E&(u,v) foru,veF.

The process X has no killings inside D and so it satisfies condition (3.1). It is easy
to see that the energy measure of any u € ¥ is absolutely continuous with respect
to m and so (&, ¥) satisfies condition (3.12). Suppose D is of finite Lebesgue
measure and 1 < o < 2, then (2.1) holds and we know from (3.29) and [6] that
condition (3.22) is satisfied. Therefore, Corollary 3.7 applies to the Dirichlet form
(&, ) given by (3.27) and (3.28). So we have the identification (3.21) and (3.19)
of its trace Dirichlet space (}Le, I3 ) on dD in terms of the Feller measure U. Note
that X is recurrent, as D has finite Lebesgue measure. Since d D has positive ca-
pacity, g (x) = P, (0yp = 00) = 0 and so the supplementary Feller measure V van-
ishes.

Let us assume additionally that D is a bounded C'!-!-domain. By [22], Theo-
rem 3.14, the surface measure o on dD is mutually absolutely continuous with
respect to the X°-harmonic measure P, (Xo,p € d&) for every x € D. Moreover,
for each x € D, the Radon—-Nikodym derivative of P, (X,,, € d§) with respect to
o (d§) is bounded between two positive constants. Consequently, just like in Ex-

ample 3.9, o eg‘a p. In particular, d D is a quasi-support of o . Since clearly 9D is
the topological support of the surface measure o, condition (3.23) holds. There-

fore, the trace Dirichlet form is regular on L%(3D:; w) for any choice of Eg’ aD-
Furthermore, the condition that H|¢|(x) < oo for some (and, hence, for all) x € D
is equivalent to ¢ € L'(dD; o). So in this case, (3.21) can be expressed as

Fo= {so eL'(dD; cr):faD aD(so(é‘) — (1)U (d§, dn) < OO}
and (3.19) becomes

£, ¢) = %/mw(‘”@ — o) UWE.dy)  forge F..

By a similar argument as in Example 3.9, it can be shown further that there is a
density function U (&€, ) such that U (d&€,dn) = U (&, n)o (d&)o (dn).
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4. Excursions and Feller measures. In this section we shall give a proba-
bilistic characterization of the Feller measure in terms of the trace of endpoints of
excursion of X leaving F. We will use the same notation as in the previous sec-
tions. As before, let (&, ¥) be an irreducible regular Dirichlet form on L*(E;m)
and X be an associated m-symmetric Hunt process on E. The subset F of E is as-
sumed to be quasi-closed and to satisfy condition (2.1). Without loss of generality,
we may further assume that F' is nearly Borel and finely closed.

Fix u € § r and let A* be the PCAF of X associated with it. As is stated in
Section 2, we may take as F the support of A*. Let F” denote the set of all points
that are regular for F; that is, F" := {x € E:P,(oF = 0) = 1}, where oF is the
hitting time of F by X. Since F" C F and Cap(F \ F") =0 in view of [20],
Theorem 4.3.1, we may choose a properly exceptional set N for the PCAF A*
containing F \ F" so that, replacing F' by F \ N, we have (cf. [20], Lemma 5.1.11)

4.1) F=F" and Px(aF:inf{t:Af>0}):1 for every x € E\ N.
Let Y = (Y;, Py)xcr be the time-changed process of X|g\y by the inverse
{t;,t > 0} of AH, that is, ¥; = X, where 7; := inf{s > 0: AY¥ > t}. Then ac-
cording to [30], (65.9), Y is a u-symmetric right process with state space F. The
associated Dlrlchlet form (8 F ) on L2(F; W) is specified by (2.31) and is quasi-

regular. Since (6, F) is quasi-homeomorphic to a regular Dirichlet form, we see
by Theorem A.1(ii) that Py-a.s. ¥;_ := limg4, ¥, exists and takes value in F' for

every t € (0, {Y) for é—q.e. x € F, and, accordingly, for &-q.e. x € F, in view
of [20], Lemmas 6.2.5 and 6.2.8, where ¢¥ := AL is the lifetime of Y.

By virtue of Theorem A.1 in the Appendix, a Lévy system of Y exists and
gives a probabilistic characterization for the Beurling—-Deny decomposition for the
Dirichlet form (&, %) of Y. On the other hand, it follows from (2.35) and (2.36)
that the jumping measure J of Y is

4.2) J=3U+Jlrxr
and the killing measure K of Y is
(4.3) K(dx) =V (dx)+k(dx)|F,

where U, V, J and « are the Feller measure and supplementary Feller measure
of F, the jumping measure and the killing measure of X, respectively. In particular,

they are independent of the choice of measure © €SF.
For any w € 2, we define

M(w)=1{t €10, 00): X;(w) € F).

Clearly, the relatively open set M (w) in [0, 0o) consists of all excursion intervals
away from F of the sample path w. We denote by I the set of left endpoints of
excursion intervals in M¢. M is homogeneous, that is, M 0o 0; +s =M if M C
[s, 00). I is also homogeneous.
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For t > of, we define
L(t) :=sup[0,t]NM
and
R(t) :=inf(t,00) "M =inf{s > t: X € F},

with the convention that inf @ = co. When ¢t > o, we call (L(t), R(¢)) the excur-
sion straddling on ¢. Clearly, ¢t — R(¢) is right continuous and increasing and it is
easy to verify that R(f) = of o 6; + ¢, and that, for any s, >0, R(t) 06 +5 =
R(t+s).Dueto (4.1), Xr() € F on {R(t) < oo}. We can also see that, for ¢ > o,
R(t—) < R(¢) if and only if ¢ € I and in this case t = R(t—) = L(¢). We shall fur-
ther verify in the proof of Theorem 4.2 [see (4.7) below] that Py-a.s. Xg;—)— € F
for every t > o with R(t) < oo for §-q.e. x € E.

For any nonnegative measurable function ¥ on Ey x Ej, consider a random
measure [1(W, -) defined by

4.4) [(W,dt) = Z U(X R(s—)—» XR(s))Es(d1),
O<s: R(s—)<R(s)
where ¢; is the point mass at s. The random measure 1 may also be written as
NW,dty= > Y(Xpi)— Xr()esdr).
O<s:sel

Recall that [ is the (random) set of left endpoints of excursion intervals in M¢.

LEMMA 4.1. The random measure T1(\V, ) is homogeneous for any ¥V €
£(E3 X Ea)+.

PROOF. Since R(s) 00, +u = R(u + ), we have X g(s) 0 0, = XR(u+s) and

(W, dt) o6, = > W (X Ruts—)—» X Rauts))€s (d)
u<s+u: R(u+s—)<R(u+s)

= > U (X Rr(s—)—» XR(s))Es(dt + 1)
u<s:R(s—)<R(s)
— TI(V, dt + u).

This proves the lemma. [
The following is the main result in this section, which asserts that the Feller

measure U (dx, dy) is the Revuz measure of IT with respect to the measure m and
is characterized by the end-points of excursions of the process X leaving F'.
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THEOREM 4.2. For any nonnegative measurable function ¥ on F x F van-
ishing along the diagonal that is extended to be zero outside F x F,

/F W) U(dx.dy)
(4.5) x

o1
:Thm—Em[ Z \IJ(XR(S)7XR(S)):|-

no 1 O<s<t:R(s—)<R(s)<o0

PROOF. First note that, due to Lemma 4.1, the limit on the right-hand side is
an increasing limit.

It follows from (2.35) and its relation with the Lévy system of Y (see Theo-
rem A.1l in the Appendix) that

v 1
2/Mw<s,n>1(d§,dn)=Mtgg;EM[ > w(Ys_,m}

O<s<t

=1 lim O‘Eu[ Z e (Y, Yz):|

afoo O<t<oo
=1 O}iT%lanM[o«X;oo e (X, _, X,[)}.
Now we make a change of variable, replacing ¢ with AY. On account of (4.1),
Tyn = inf{s: Al > Ay =inf{s > t: AL 060, >0 =0po0f +1
and, accordingly,
4.6) Ty = R(1) forevery t > 0,P,-a.s. forx € E\ N.
This particularly means that 7 — A} is constant on each excursion interval of

sample paths leaving F. Here we can further notice the following. Write t,” :=
7;—. Whenever ¢t > of and R(t) < oo, we have from (4.6) T;“ = R(t—) and so
t

“4.7) Xpi—y—=X = YAﬁt_ eF, P,-as. for §-qe. x € E,

(T;[u)_

because ¥;_ e F,0 <t < {Y, P,-as. for §-q.e. x € F, according to the observa-
tion made in the paragraph preceding (4.2).
Hence,

v . _ 12
2 f W(E, n)J(dE, dn) =1 lim O‘Eu|: > MU (XReo- Xm)}
FxF atoo 1eM,R(1) <00

= T lim OlEx[Ea]M(dx)’
atoo JF
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where
_ 13
Y= Y. e MU (XRreoy—. Xr())-
teM,R(t)<oo

Let us first assume that m(E) < 0o. Since u is the Revuz measure of the PCAF
AH* of the m-symmetric process X, we have from the above, [20], Theorem 5.1.3
and [30], (32.6) that

2 /F L WE T dn =1 lim fF E.[Sqlu(dx)

(4.8) =1 lim a(T lim ~E,, [[s EXu[Ea]dAﬁ])
0

atoo 510§

] s
=1 lim—(supaEm [/ Yy 06, dAg]).
s30 5 \y>0 0
Now

N
oK, [/ X 06, dAg}
0

s L L
=aE, U > e A= AW (X Ry XR(t+u))dA:4Li|
0 Mo, R(t+u)<oo

s i ok
=aoE,, |:/0 e Au dAl Z e~ U (XR(—)—» XR(t)):|

t>u,teM,R(t)<o0

i _ n s n
=Ey Yoo e ‘I’(XR(Z—)—,XR(I))/ 1{z>u}d€aA“}
L teM,R(1)<oco 0

B Y e w(xRa_)_,xR(z))-(eaAi‘M—1)}
LteM,R(t)<oco

=Ey, > (1= e 4 )W (X pgyos XR(:))]

Lt<s,teM,R(t)<oo

n n
+En [(e‘“f =) Y Y (XReo— XR(;))]

s<t,teM,R(t)<oco
Choose W for which the integral foF\d W (x, y)f(dx, dy) is finite. Then by (4.8),
E, (Xy) < oo for every a > 0.
Since m(E) < oo, mH is in §F (see the proof of Lemma 2.8). Since the measure

Jis independent of the choice of Eg‘ F, we may choose u = mH. It follows from
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the fact A, = 0 that

m
Yo = Z e~ A \I/(XR(,_)_, XR(,)) =Xy 005,.

t>op,teM,R(t)<o0

Hence, E;,; (X¢) =E; (Xy) < 00. Then we have

S
aE,, U Yy 06, dAg]
0

= Em[ > W(XR(-)- XR(z))]

O<t<s,teM,R(t)<oo

(4.9)
+Em[ > e AT A (X (o), XR(z))} —Enl[Zq]

O<s<t,teM,R(t)<o0

=Em|: Z \II(XR(I—)—aXR(Z))] +En[Xq 005] — Ep[Ze].

O<t<s,teM,R(t)<o0

From the dominated convergence theorem and the fact that we can insert condi-
tion A,“ > ( or, equivalently, condition ¢ > o into the summand of X, it follows
that

En[Xq 06s] <Epn[Xy] and ali)ngoEm[Ea] =0.
Thus, by (4.8) and (4.9),

2[ U (x, y)J(dx,dy) =1 limlEm[ > W(XR(o)—s XR(,))].
FxF s40s t<s,teM,R(t)<oo

The sum on the right-hand side can be divided into two parts: ¢ € I, where
t=R(t—) < R(t),andt € M \ I, where t = R(t—) = R(¢). Note that it follows
from (4.7) that Py,-a.s. Xg;—)— € F for every t > o with R(r) < oo. Therefore,
we have

lir% —Em[ > U(XR—)—, XR(z))]
508 t<s,teM\I,R(t) <00

1
=1im—Em[ > W<X,_,Xt>}=2foFw(§,n>J<dé,dn>.

s—>05 1<s,X,— X,eF

Finally, using (4.2), we arrive at (4.5).

Now for a general positive Radon measure m on E, let {D,,n > 1} be a se-
quence of relatively compact open sets increasing to E. For each n > 1, let X" be
the subprocess of X killed upon leaving D,,. Then by Theorems 4.4.3 and A.2.10
of [20], X is a symmetric Hunt process on D,, with finite symmetrizing measure
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1p, - m and its associated Dirichlet form is regular on L?(D;1p, - m). So for-
mula (4.5) is applicable to each subprocess X . Let U, be the Feller measure for
F N D, under the subprocess X ) By definition (2.15) for the Feller measure U,
we have for

Un(f ®8)
1
AT (n) (n)y.
gt [ B B0 =
1
=1 111&)1; . E.[f(Xz): 10 < Tn] Ex[g(Xq); 10 <1, 70 < Ty |m(dx),

where T, is the first exit time of D,. It is obvious that 7, increases a.s. to ¢.
Then the above limit is increasing both in ¢ | 0 and in n 1 +o00. Taking n 1 oo
and switching limits, it follows that U, increases to U. On the other hand, since
m(D,) < 00, (4.5) holds for X, that is,

/ W(x, y)Un(dx, dy)
(FNDy)x (FNDy)
1
o (n) )
=1 lim ;E]an-m|: > W (X Rs—y— XR(s)ﬂ
O<s<t:R(s—)<R(s)<oo
o1
=1 lim ;Em{ > V(X R(s—)- XR(s))}-
t O<s<t: R(s—)<R(s)<T,

Note that since 7, increases to ¢, the last expectation above is increasing in n.
Again, letting n 1 oo and switching two increasing limits on the right-hand side,
we have by the monotone convergence theorem identity (4.5). This completes the
proof of the theorem. [J

We have a similar result for the supplementary Feller measure V. For any non-
negative measurable function f on F that is extended to be zero off F,

k(f®1y,dt):= Z L{R(s—)<R(s)=00} [ (X R(s—)—=) &5 (d) = f(Xy )&, (d1)
O<s<oo

is also a homogeneous random measure, where y denotes the last exit time from
F by X. Using (4.3), it can be shown that

1
/Ff(S)V(dS) =1 lzlfél ;Em|:§f(XR(S—)—)]l{R(S—)<R(S)=OO}:|

(4.10) :

The proof is similar and we omit the details here.
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APPENDIX: LEVY SYSTEM AND BEURLING-DENY DECOMPOSITION
FOR SYMMETRIC RIGHT PROCESSES

In this Appendix we show that a Lévy system exists for any symmetric right
process associated with a quasi-regular Dirichlet form (&, ¥) and that the prob-
abilistic characterizations of the Beurling—-Deny decomposition (including the
jumping measure and killing measure) of (&, ¥) remains true for quasi-regular
Dirichlet forms and are independent of the choice of a particular process associated
with the Dirichlet form. We derive the result by using a quasi-homeomorphism that
relates a quasi-regular Dirichlet form to a regular Dirichlet form.

We start with some basic definitions and facts. Suppose that (&, ) is an
m-symmetric quasi-regular Dirichlet form on a Hausdorff topological space E,
where m is a o -finite measure with full support on E. For a closed subset F of E,
let

Fr={fe¥F:f=0m-ae.on E\ F}.
The following definitions are from [28]:

(1) An increasing sequence of closed sets {F}},>1 of E is an &-nest if and only if
Un>1 FF, is €1-dense in F, where &1 = & + (-, ) 2(x )

(2) Asubset N C E is &-polar if and only if there is an &-nest {F,},>1 such that
NCE\ mnzl Fy.

(3) A function f on E is said &-quasi-continuous if there is an an &-nest {F},},,>1
such that f|f, is continuous on F, for each n > 1.

(4) A statement depending on x € A is said to hold &-quasi-everywhere (€-q.e. in
abbreviation) on A if there is an &-polar set N C A such that the statement is
true for every x € A\ N.

A subset K of E is called &-quasi-open (or, &-quasi-closed) if there is an &-nest
{F,,n > 1} such that K N F,, is a relatively open subset (resp. closed subset) of F},
for every n > 1. This definition is consistent with the one given in Section 2.1 of
[20]. For simplicity, we often say quasi-open (or, quasi-closed) instead of &-quasi-
open (resp. &-quasi-closed). Clearly, the notions of quasi-open and quasi-closed, in
contrast to open and closed, are invariant under quasi-homeomorphisms (cf. [8]).

For a right process X on a state space E with lifetime ¢, let d be a cemetery
point added to E and define E; := E U {0}. Define

limy 4 ¢ () Xt (w), if ¢(w) < 0o and the limit exists in E,
X (w)=10, if either ¢ (w) = oo or the
limit does not exists in E.

A Lévy system for X is a pair (N, H), where N (x, dy) is akernel on (Ey, B(Ej))
and H is a PCAF of X with bounded 1-potential such that, for any nonnegative
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Borel function f on E x Ej that vanishes on the diagonal and is extended to be
zero elsewhere,

(A1) Ex(Zf(Xs_,Xo) k([ [ P3N (X dy) dH,

st

for every x € E and ¢ > 0.

THEOREM A.1. Suppose that (&, F) is an irreducible quasi-regular Dirichlet
form on a Hausdorff topological space E. Let X be any symmetric Borel right
process associated with (&, F), whose lifetime is denoted by ¢ .

(1) (Beurling—Deny decomposition). There is a o-finite measure J on E X
E \ d and a smooth measure k on E such that, for every u,v € ¥,

&(u,v) =8u,v) —i—/ (u(x) —u(y))(v(x) —v(y))J (dx,dy)
ExE\d
(A.2)
+/ u(x)v(x)k(dx),
E

where €€ is a symmetric form defined on F satisfying the following strong local
property:

&, v)=0

forany u,v € F with u being constant in a quasi-open neighborhood of the quasi-
support of v - m. Such a decomposition is unique, which is called the Beurling—
Deny decomposition of (&, ). The measures J and k are called the jumping and
killing measures, respectively, of (&, F).

(i1) There is ' C E such that m(I') =0 and E \ T is X-invariant in the sense
that

P, (X;— exists and takes value in E\T fort € (0, ) U {¢;}
and X; € Ey \ T foreveryt>0) =1

forevery x € E\T', and the symmetric right process X|g\r with state space E\ T
is quasi-left continuous on the random time interval [0, ¢) and has a Lévy system
(N, H). Here ¢; denotes the finite inaccessible part of ¢ . The properly exceptional
set is &-polar. So the pair (N, H) will also be called the Lévy system of X .

(iii) Let ny denote the Revuz measure of the PCAF H of X. Then

(A.3) J(dx,a’y):lN(x,dy);LH(dx) and k(dx)=N(x,d)ug(dx).

(iv) Foru € %, there is a MAF M" of X of finite energy and a CAF N" of X
having zero energy such that

u(X;) —u(Xo) =M+ N"  fort>0.
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Let M"< and M*® be the continuous and purely discontinuous martingale parts
of M*, respectively. Define

ko
M = (X ) g<n)” — uXe ) e <)

where the superscript p stands for the predictable dual projection, and define
M-I = M4 — MK Let (M€, (M*J) and {M"™*) denote the sharp bracket
variational processes of the square integrable martingales M™, M*J and M™,
respectively. Their corresponding Revuz measures will be denoted as /Lfm, “{u)

and ,ulfm, respectively. Then for u € ¥,
Wiy (E) = 2€(u, u),

J _ _ 2

Why(E) =2 /E g0 0 ),
k E) = 2 )

o (E) fE u(x)%k (dx)

PROOF. The theorem is known to be true when (&, ) is a regular Dirichlet
form on a locally compact separable metric space and X is a Hunt process asso-
ciated with (&, ). See Theorem 4.5.2, Theorem 4.6.1, Lemmas 5.3.1-5.3.3 and
Theorem A.3.21 in [20]. (See also [2].)

We can then use the quasi-homeomorphism technique from [8] to extend
these results to quasi-regular Dirichlet form (&, ) and its associated symmet-
ric process X. This technique has now become more or less standard, at least to
experts in the field. Nevertheless, for the reader’s convenience, we spell out the
details below.

For a quasi-regular Dirichlet form (&, ¥), it is proved in [8] that (&, F) is
quasi-homeomorphic to a regular Dirichlet form (€, F)ona locally compact sep-
arable metric space E with symmetrizing measure 7. That is, there are &-nests
{Fy,k > 1} and &-nest {fk, k > 1} consisting of compact sets and a one-to-one
map ¢ from US| Fi onto S2, Fy such that:

(a) ¢ is a topological homeomorphism between Fi and Fy for every k> 1,
(b) m and (8 F ) are the i 1mages of m and (&, ) under ¢, respectively. That
is,li=mo¢land F ={uo¢p! F} and

Euog™ ,vo¢>—1) =&(u,v), u,veF.

Let 5(\ be a Hunt process associated with the regular Dirichlet form (€, F) and
let (N H ) be its Levy system. Without loss of generality (cf. [20]), we may and
do assume that Uk>1 Fk is X-invariant. Note that by [20] and [28], E \ Uk>1 Fk
and E \ Uy~ Fx are &-polar and E- polar, respectively. Because the notion of
being quasi-open is invariant under quasi-homeomorphism, conclusion (i) holds
immediately for (§, ) by its quasi-homeomorphism to (§ , F ). Let X = o ! (5(\ )
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and I' := E \ Ug> Fk. Clearly, E\ T is X -invariant and m(I") = 0. By (a)-(b),
X is a symmetric right process associated with Dirichlet form (&, ¥) and it has
Lévy system (N, H), where

N(x,A):=N(p(x),$(A) and H=H.

Clearly, X |E\r 1s quasi-left continuous on the random time interval [0, ¢) and the

left-limit of X ¢ exists and takes value in ~E \ I"'. Moreover, X ¢;— exists and takes
value in E \ I'. This establishes (ii) for X. Since (iii) and (iv) hold for the Hunt
process X and its regular Dirichlet form (€, %), it clearly holds for the process
X through the map ¢. So we have established (ii)—(iv) for a particular symmetric
right process X associated with the quasi-regular Dirichlet form (&, ).

Now suppose that X is any other symmetric right process associated with
(&, F). It is known (see [28]) that X and X are m-equivalent; that is, there is a
nearly Borel measurable set S C E such that:

(c) m(E\ §) =0, -
(d) S is both X-invariant and X -invariant,
(e) When restricted on S, the marginal distribution of X is the same as that
of X.

From (d)—(e), when restricted to S, the process X has the same law as X. So, when
restricted to S, they have the same Lévy system and, in particular, give the same
jumping and killing measures by using the MAF characterization. But from the
very definition, E \ S does not contribute to the energy measure of 1, of M"
(it is defined as a limit under E,;). This shows that (ii)—(iv) hold for the process X.
This proves the theorem. [

REMARK A.2. Part (i) of Theorem A.l has been proved in [10]. The main
point of our theorem is that a Lévy system exists for any symmetric right process
associated with a quasi-regular Dirichlet form and its probabilistic characterization
of the Beurling—Deny decomposition (including the jumping measure and killing
measure) is independent of the choice of a particular process associated with the
Dirichlet form. This is important in Section 4 when we compute excursion laws.

Acknowledgments. We thank the referees for their careful reading of this pa-
per.
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