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Within the nonparametric regression model with unknown regression
function / and independent, symmetric errors, a new multiscale signed rank
statistic is introduced and a conditional multiple test of the simple hypothesis
| = 0 against a nonparametric alternative is proposed. This test is distribution-
free and exact for finite samples even in the heteroscedastic case. It adapts in
a certain sense to the unknown smoothness of the regression function un-
der the alternative, and it is uniformly consistent against alternatives whose
sup-norm tends to zero at the fastest possible rate. The test is shown to be as-
ymptotically optimal in two senses: It is rate-optimal adaptive against Holder
classes. Furthermore, its relative asymptotic efficiency with respect to an as-
ymptotically minimax optimal test under sup-norm loss is close to 1 in case
of homoscedastic Gaussian errors within a broad range of Holder classes si-
multaneously.

1. Introduction. Consider the nonparametric regression model with n inde-
pendent observations

Y, =1(X;) +¢;, i=1,...,n,

some unknown regression function / on the unit interval and design points 0 <
X1 < --- < X, <1. Throughout this paper, the errors are assumed to be inde-
pendent and symmetrically distributed around zero, which in particular includes
the heteroscedastic case. We postulate Lebesgue continuous error distributions in
addition for the sake of simplicity. Within this model, we are interested in iden-
tifying subintervals in the design space where [ deviates significantly from some
hypothetical regression curve /,. For this aim, we develop an exact multiple test
of the simple hypothesis “/ =/, against a nonparametric alternative. The method
does not require a priori knowledge of the explicit error distributions, and it pro-
vides simultaneous confidence statements about deviations of / from /, with given
significance level for arbitrary finite sample size.

For the power investigation of our test, we follow the minimax approach intro-
duced by Ingster (1982, 1993), which permits the set of alternatives to consist of
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an entire smoothness class, separated from the null hypothesis by some distance
8, converging to zero. Typically, the distance to the null hypothesis is quantified

by some seminorm || - ||. Then for a given significance level o and some positive
number ¢ the goal is to find a statistical test ¢ whose minimal power
inf E
1eF : |ll=L,||=8 19

is as large as possible under the constraint that [£; ¢ < «. Approximate solutions
for this testing problem are known for various classes ¥ and seminorms || - |; see,
for instance, Ingster (1987, 1993) for the case of L ,-norm and Holder and Sobolev
alternatives, Ermakov (1990) for sharp asymptotic results with respect to the Lj-
norm and Soboleyv alternatives and Lepski (1993) and Lepski and Tsybakov (2000)
in case of the supremum norm. It is a general problem that the optimal test ¢ may
depend on ¥ .

In case of an integral norm | - ||, the problem of adaptive (data-driven) test-
ing a simple or parametric hypothesis is investigated, for example, in Eubank and
Hart (1992), Ledwina (1994), Ledwina and Kallenberg (1995), Fan (1996), Fan,
Zhang and Zhang (2001), Spokoiny (1996, 1998), Hart (1997) and Horowitz and
Spokoiny (2001, 2002). The general procedure is to consider simultaneously a
family of test statistics corresponding to different values of smoothing parameters,
respectively. As Spokoiny (1996) pointed out, the adaptive approach in case of the
L>-norm leads necessarily to suboptimal rates by a factor loglogn. In particular,
the tests in Fan (1996) and Spokoiny (1996) are based on the maximum of cen-
tered and standardized statistics and (up to this constraint) rate-optimal adaptive
against a smooth alternative; see also Fan and Huang (2001). For our purpose, the
supremum norm seems to be the most adequate distance. Within the continuous-
time Gaussian white noise model, Diimbgen and Spokoiny (2001) have shown that
in contrast to the L-case, adaptive testing with respect to sup-norm loss is actu-
ally possible without essential loss of efficiency. They propose a test based on the
supremum of suitably standardized kernel estimators of the regression function
over different locations and over different bandwidths in order to achieve adaptiv-
ity. Unfortunately, their testing procedure depends explicitly on homoscedasticity
and Gaussian errors or errors with at least sub-Gaussian tails. If these assumptions
are violated, the test may lose its exact or even asymptotic validity. Moreover, its
asymptotic power can be arbitrarily small.

In the following section, a new multiscale signed rank statistic is introduced and
a conditional test of a one-point hypothesis against a nonparametric alternative
is developed. In the third section, its asymptotic power is studied in the setting
of homoscedastic errors. A lower bound for minimax testing with respect to sup-
norm loss is provided, which is explicitly given in terms of Fisher information. The
test turns out to be rate-optimal against arbitrary Holder classes, provided that the
Fisher information of the error distribution is finite. Moreover, a lower bound for its
relative asymptotic efficiency with respect to an asymptotically minimax optimal
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test under sup-norm loss is determined, and the classical efficiency bound 3/ is
recovered even over a broad range of Holder classes simultaneously. A numerical
example illustrating our method is presented in Section 4. Possible extensions are
briefly discussed in Section 5. All proofs are deferred to Section 6.

For asymptotic investigations, the design variables are supposed to be determin-
istic and sufficiently regular in the sense of the assumption

(D) There exists a strictly positive and continuous Lebesgue probability density &
on [0, 1] of finite total variation such that X; = H (i /n), with H the distri-
bution function of 4.

By substraction of /, from the observations, we may assume without loss of
generality that /, = 0. Depending on the design density #, it is then assumed that
under the alternative the regression function / belongs to some smoothness class

Hy(B, L) :={1/vh|l € #(B, L; [0, 1])},

where for any interval / C R, #€(8, L; I) denotes the class of Holder functions on
I with parameters 8, L > 0.Incase 0 < 8 <1,

HB,L; 1) :={f:1 =R f(x) = f(| <Llx—y|’ forall x,y e I}.

If k < B <k+1 for an integer k > 1, let #(B, L; I) be the set of functions on [
that are k times differentiable and whose kth derivative belongs to #(8 —k, L; I).
We also write #(8, L) for #(B, L; [0, 1]). In particular, #, (B, L) coincides with
H(B, L) for h(-) =1, corresponding to equidistant design points X; =i/n, i =
1,...,n.

2. The multiscale signed rank statistic. Inspired by the high asymptotic ef-
ficiency of Wilcoxon’s signed rank test in simple location shift families [see Hajek
and Sidak (1967)], the idea is to define a multiscale testing procedure combining
suitably standardized local signed rank statistics. The construction is related to the
work of Diimbgen (2002), who used local rank statistics for a test of stochastic
monotonicity. In the present context it will turn out that the highest asymptotic
efficiency is achieved by weighted local signed rank statistics.

For some kernel function ¢ on [0, 1] to be specified later and any pair (s, #)
with 0 <s <t <1, let 15, be the shifted and rescaled kernel on the interval [s, ¢],

pointwise given by
xX—s
Vo= ().

r—s

For notational convenience, we simply write v for erj Xi» Xj < Xg. For any
Il<j<k=<nletRj := (Rjk(i))f.‘:j, with R (i) the rank of |Y;| among the
k — j 4+ 1 numbers |Y;|,[ = j, ..., k. Define the local test statistic

i Vi (Xi) sign(Yi) R (i)

VI i (X2 Rjn(i)?

) Tjy =
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if the denominator is not equal to zero; and set Tj; equal to zero otherwise. The
law of Tj; depends heavily on the unknown error distributions, but under the null
hypothesis, the conditional distribution £(7jx|R jx) does not—even in case of het-
eroscedastic errors. Hence distribution-freeness may be achieved via conditioning
on the ranks. Note that the denominator in (1) is the conditional standard deviation
of the numerator given R j; under the null hypothesis.

The question is how to combine these single test statistics in an adequate way.
The following theorem acts as a motivation for our approach.

THEOREM 1. Let the test statistic T, be defined by

T,:= max {|Tjk|—\/210g(n/(k—j))}’

1<j<k<n

based on a continuous kernel  :[0,1] — R of bounded total variation with
[ (x)dx > 0. Let assumption (D) be satisfied. Then in case of independent iden-
tically distributed errors,

Lo(Ty|R1n) —w, Py L(Tp),

where
| [ s ()VR() dW (x)| }
Ty = —J2log(1/(H(t) — H ,
’ Osiligsl{ TN 2108(1/(H() ~ Hw)

with W a Brownian motion on the unit interval.

Here, —,, p refers to weak convergence in probability. It follows from results in
Diimbgen and Spokoiny (2001) that Tj is finite almost surely. The additive correc-
tion in the limiting statistic appears as a suitable calibration for taking the supre-
mum. For it is well known that the maximum of » independent N (0, 1)-distributed
random variables equals (210gn)1/2 +op(1) asn — oo.

For the testing problem as described in this section, we propose the conditional
test

R Os lf Tn SKD[(R)’
Pa(¥) := { 1, ifT, > ky(R),

where x4 (R) := argminc=o{P(7,, < C|R) > 1 — «} denotes the generalized
(1 — a)-quantile of the conditional distribution 7,,|R under the null hypothesis.
For explicit applications, we determine «, (R) via Monte Carlo simulations which
are easy to implement. This test is distribution-free and keeps the significance level
for arbitrary finite sample size also in the heteroscedastic case. Since the test sta-
tistic is discrete-valued, exact level « is attained only for certain values « € (0, 1).
In order to achieve arbitrary significance levels exactly, the test can be canonically
extended to a randomized procedure.
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REMARK (Simultaneous detection of subregions with significant deviation from
zero). The conditional multiscale test may be viewed as a multiple testing pro-
cedure. For a given vector of ranks, the corresponding test statistic 7;, exceeds the
(1 — «)-significance level if, and only if, the random family

Do = {(Xj. X0 < j <k <n; Tje > [2log(n/(k — ) + ka(R))

is nonempty. Hence one may conclude that with confidence 1 — «, the unknown
regression function deviates from zero on every interval (X ;, X) of Dy .

REMARK (The choice of the kernel function ). If the design density is equal
to 1, the limit 7y under the null hypothesis as given in Theorem 1 appears as
combination of standardized kernel estimators for the regression function in the
standard Gaussian white noise model dY (t) = [(¢)dt + n=Y2dW @), 0 <1 < 1.
With a certain choice of the kernel ¢ depending on the class of alternatives, it
coincides there with an asymptotically minimax optimal test statistic with respect
to the supremum norm of the testing problem “/ = 0” against Holder alternatives
[Diimbgen and Spokoiny (2001)]. This indicates that in the homoscedastic situa-
tion, our conditional test may achieve the highest asymptotic efficiency with the
same choice of the kernel function. Here, the construction is as follows: For some
Holder alternative #(f, L), let yg be the solution to the following minimization
problem:

2) Minimize ||y |2 over all y € (B, 1;R) with y(0) > 1.

It is known that y4 is an even function with compact support, say [—R, R], and
vg(0) =1 > |yg(x)| for x # 0. To be consistent with the notation introduced
above, the optimal kernel ¥4 on [0, 1] is then pointwise defined by ¥g(x) =
y(2Rx — R). It is worth noting that the solution yg only depends on the first
parameter 8 which shows that the procedure is automatically adaptive with re-
spect to the second parameter L. In case 0 < 8 < 1, the solution of (2) is given
by yg(x) = I{|x| < 1}(1 — |x|#). For B > 1 an explicit solution is known only
for B =2 [Leonov (1999)]. For details on how this function can be constructed
numerically, see Donoho (1994) and Leonov (1999).

3. Asymptotic power and adaptivity. In this section, the asymptotic power
of our test is investigated in case of independent identically distributed errors. The
asymptotic power of the above defined conditional test surely depends on the un-
known error distribution as well as the design regularity. The subsequent Theo-
rem 2 provides an extension of Lepski and Tsybakov’s (2000) lower bound for the
nonparametric regression setting with Gaussian errors to general symmetric error
distributions with finite Fisher information. Additionally, the result includes the
case of non-equidistant design points.

Let f denote the Lebesgue density of the error distribution. In order to for-
mulate the result on the asymptotic lower bound, let us introduce the following
assumptions:
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(E1) f is strictly positive and absolutely continuous on R with finite Fisher infor-

mation
1= (J}((j)) >2f(X)dx-

The required positivity of the error density f in (E1) just ensures that for any
0 € R, the shifted distribution £4(Y;) = L(g; 4+ 0) is absolutely continuous with
respect to Lo(Y;) = L(&;). Since we are dealing with noncontiguous alternatives,
we are in need of a slightly stronger assumption than differentiability in quadratic
mean, which would be equivalent to (E1).

(E2) There exists some positive constant §y such that we have the expansion
746 1+48 1
/{(%) —1}f(z)dz:56(1+8)921(f)(1+r(0,8))

with a sequence r(6,8) = O(1/log(1/16])) for |#] — 0O, uniformly in é €
(0, 8ol

EXAMPLES. (i) (Normal distribution). If f denotes the Lebesgue density of
the N (0, o2)-distribution, then I (f) = o ~2 and

- %5(1 +8)0%1(f)(1+ 006%)

for 6 uniformly bounded from above.

(1) (Double exponential distribution). Let f denote the density of the centered
double exponential distribution with parameter A, that is, f(z) =2~ 'Aexp(—A|z]).
Simple calculations provide the expansion

/{(f(z +0)/1@) — 1} @) dz = 161 +8)8%2(1 + 0(8)).
for 6 uniformly bounded from above, where 2= ).

Via Taylor expansion of (1 4+ x)!*? up to the second order and the theorem of
dominated convergence, assumption (E2) can be verified for several classical error
laws, in particular for the logistic distribution which is of exceptional interest in
the theory of rank tests. For any J C [0, 1], let || - || ; denote the sup-norm restricted
on J, thatis, ||I||; :=sup,; [[(x)].

THEOREM 2. Let p, := ((logn)/n)?/+D and define
< 2L1/B )ﬁ/(2ﬂ+1)
S \@B+DINysls '
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Let the assumptions (D), (E1) and (E2) be satisfied. Then for arbitrary numbers
&n > 0 with lim,,_, o &, = 0 and lim,,_, », (log n)l/zs,, = 00 we obtain
lim su inf E Y)<a
n—>oop leHy(B,L): 1$n(Y) =
”l\/E”JZ(l_gn)d*pn

for any fixed nondegenerate interval J C [0, 1] and arbitrary tests ¢, at signifi-
cance level < «.

Even in the knowledge of both smoothness parameters (8, L) and the explicit
error distribution which is unrealistic for many practical purposes, for any test ¢,
of {0} at significance level «, there exists an alternative [ with ||IvA]; > (1 —
&n)dxpn which will not be detected with probability 1 — o — o(1) or larger. As
expected, the smaller the design density in some location, the more difficult it is to
detect there a deviation from zero.

The next theorem is about the asymptotic power of the multiscale signed rank
test, based on the kernel being the solution to the minimization problem (2). We
restrict our attention to Holder alternatives with smoothness parameter 8 < 1. Here
the resulting kernel /g is pointwise given by ¥g(x) = (1 — [2x — 11%). For g > 1,
an explicit solution of (2) is known for 8 = 2 only; see above. For the sake of
simplicity, we consider compact subintervals of (0, 1), which can be avoided by the
use of suitable boundary kernels similar to those in Lepski and Tsybakov (2000).

THEOREM 3. Let B € (0,1]. Let ¢;; denote the multiscale signed rank test
based on the kernel vyg. Assume that the first derivative of the error den-

sity exists and is uniformly bounded and integrable. Denote furthermore p, ‘=
((logn)/n)P/CA+D and

o ( 211/B >ﬂ/(2/3+1)
T N@B+DI2( FD)2dy)2Nvslia ’

Let assumption (D) be satisfied and suppose that the modulus of continuity
of the design density h is decreasing with at least logarithmic rate, that is,
SUP|y_y|<s |h(x) —h(y)| = O(1/log(1/8)) as § — 0. Then for arbitrary numbers
12

&n > 0 with lim,,_, &, = 0 and lim,,_, .o (logn) /<&, = 0o we obtain

liminf inf Piof=1=1
n—>00 ledty(B,L): 1P )
I1v/Il g = (1+en)d* pn

for any fixed compact interval J C (0, 1).

The theorem says that if the underlying regression line / multiplied by the square
root of the design density deviates from {0} by at least (1 + &,)d* p,, then the test
rejects the null hypothesis with probability close to 1. Note that the testing pro-
cedure does not require knowledge of the design density /4. Via the choice of the
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optimal kernel function, the test depends on the smoothness parameter 8, but in
contrast to the tests proposed by Lepski and Tsybakov (2000) it remains indepen-
dent of L.

RELATIVE ASYMPTOTIC EFFICIENCY. The ratio (dy/d*)?#*D/F may be in-
terpreted as lower bound for the relative asymptotic efficiency in the following
sense: Let (¢,) be a sequence of arbitrary level-« tests for the simple hypothesis
[ =0. Let §, > 0 such that

liminf inf Fj¢,=a >a.
n—00 e, (B,L):
[NV

Let m(n) be (smallest possible) sample sizes such that

inf  Ef, |\ >do.
1€, (B,L): 1Py =

(IVAVEIS

Then under the conditions of Theorems 2 and 3,

2
lim inf — z(d*/d*)(zﬂ“)/ﬁ=12(/f(y)2dy) J1p.

n— 00 m(n)

In case of a Gaussian error density f = ¢ ,2, the former bound equals

2
3
126%( [ o2y ) =

which is well known from the classical theory for the Wilcoxon test under the
assumption of constant alternatives. The existence of optimal tests for arbitrary
error densities f is yet an open problem. In case of homoscedastic Gaussian er-
rors, minimax optimal tests are provided by Diimbgen and Spokoiny (2001). Thus
one single test has relative asymptotic efficiency close to 1 with respect to an as-
ymptotically minimax optimal test under sup-norm loss for arbitrary Holder alter-
natives (B, L); L > 0. Sharp asymptotic adaptivity is attained in addition over
any range of Holder classes #¢, (8, L); L1 < L < L,, for some arbitrary constants
0 < Ly < Ly < oo. This follows from the fact that the approximations in the proof
hold uniformly in L as long as L stays uniformly bounded away from 0 and co.

Sharp asymptotic adaptivity with respect to both parameters, 8 and L, is still an
open problem. Nevertheless, under the conditions of Theorems 2 and 3 we obtain
the following

THEOREM 4 (Rate-optimality). Let ¢, be the conditional multiscale signed
rank test at level o € (0, 1), based on some positive continuous kernel r of



1354 A. ROHDE

bounded total variation with fol Y (x)d(x) = 1. Then for arbitrary g > 0, L > 0,
there exist constants c¢(B, L, ) > d*(B, L) such that

lim inf inf P =D =1
AL P

I1v/All0.11=¢(B,L,¥) o

ADAPTIVITY. Without the knowledge of the first parameter B, the test
achieves the optimal rate nevertheless. Note that ¢, depends neither on 8 noron L.
The same considerations concerning the proof as indicated above show that if the
range of (8, L) is restricted to some compact subset [81, B2] X [L1, L2] C (O, oo)z,
¢, is rate-adaptive in the usual setting, that is,

lim inf Py =1)=1.

inf inf
n—00 (B,L)e[B1,B21x[L1,L2] leHn(B.L):
11V, 11=c(B, L) pu

REMARK [Nontrivial power along a sequence of local alternatives
(I//n)nen]. In the literature, the power of a goodness-of-fit test is often in-
vestigated along a sequence of alternatives (I/4/n),en. Against such local (but
directed) alternatives, the proposed test has nontrivial power as well: If [ is con-
tinuous with [|/[|sup > O, then there exists some compact subinterval J of [0, 1]
with |/(x)| > t > 0 for all x € J and some constant T > 0. The single test sta-
tistic |Tjx| — (2log(n/(k — j)))'/? with maximal distance |X; — X¢| under the
constraint [X ;, X;] C J detects a deviation from {0} with asymptotic probability
arbitrarily close to 1 for sufficiently large t. Thus, the test is consistent against
local alternatives (a,l),eN Whenever a,, - /n — 00.

4. Numerical examples. We illustrate the method with a sample of size
n = 100 and independent errors drawn from the Student law with three degrees
of freedom. The design points are equidistant X; = i/n, and the test statistic is
based on the Epanechnikov kernel. Figure 1 shows the regression line with the
observations. The estimated quantiles of the conditional test statistic 7;, given the
vector of ranks of the absolute observation values are based on 999 Monte Carlo
simulations. Here we obtained «¢.1(R) = 1.4171. Figure 2(a) presents the mini-
mal intervals of £y 1, visualized as horizontal line segments and ordered along
the y-axis in a place-saving manner. Figure 2(b) presents the minimal intervals of
rejection at the 0.1-level for an application of the multiscale test [Diimbgen and
Spokoiny (2001)], which is based on the idea of homoscedastic Gaussian errors
[the standardization by V3 = Var(Studentz)!/? included]. Based on 999 Monte
Carlo simulations as well, we found kg | = 1.8187. The procedure detects a wrong
region [0.56, 0.6].
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Fi1G. 1.

5. Extensions.

5.1. Parametric hypotheses. Suppose that the null hypothesis / € {ly|0 € O}
for some parameter space ©® C R?. If §, denotes a /n-consistent estimator of the

unknown parameter, the above described procedure is supposed to be applied to
the vector of residuals, (Y; — lgn (Xi))!_;. In case of equidistant design points and

the rectangular kernel, we conjecture that under sufficient regularity conditions
on 6, and the parametric model, the limit under the null hypothesis of Theorem 1

has the form
{ (WD) = W)+ (g() —g()'Z] 2log(1/( _S))},

To:= sup
O<s<t<l V=S
with W a Brownian motion on the unit interval, some continuous R?-valued func-
tion g and Z a d-variate standard normally distributed random vector. Z comes

— —
— — —
— — — —
— — —— —
— — —— —
— — —— H

FIG. 2.



1356 A. ROHDE

in via linear expansion of 6,,. The additional estimation of the parameter does not
influence the additive correction. However, it destroys the finite sample validity of
the conditional test, and a bootstrap procedure may be applied as an approxima-
tion.

5.2. Sobolev alternatives. For f e Nand 1 < p < oo with Bp > 1, let
F (B, L; p) := |l |  is absolutely continuous and ||{'¥’ |, =L},

where || - ||, denotes the L -norm. Replacing in the definition of p,, h, and d
the constant 8 by y := B — 1/p and using that Lk} I(-/h,) € F(B,L; p) if | €
F (B, 1; p), the results of Theorem 2 extend to Sobolev classes of alternatives as
long as the solution of (2) [with a Sobolov ball £ (8, 1; p) instead of # (8, 1)] has
compact support and is of finite total variation. Theorem 3 can be modified in the
same way if in addition the corresponding solution of (2) is nonnegative—the final
argument in step 3 (proof of Theorem 3) may be replaced with a consideration
as in the proof of Theorem 4. The nonnegativity constraint, however, reduces the
range of possible Sobolev classes essentially to 8 = 1. An explicit solution in case
B =1 and p > 2 has been derived by Sz. Nagy (1941), which satisfies the above
requirements in particular.

5.3. Random design. We conjecture that the design assumption (D) can be
extended to

(D) There exists some constant ¢ > 0 such that

Hy,(b,) — Hy(ay) >c

liminf
n—00 b, —ay,

whenever 0 < a,, < b, <1 and liminf,_, o log(b, — a,)/logn > —1.

Here, H, denotes the empirical distribution function of the design points. Note
that (D) implies (D’). The latter condition is satisfied in particular with probability
1if Xy, ..., X, are the order statistics of n i.i.d. random variables with a density
which is bounded away from zero.

5.4. Multivariate design. A further perspective is the extension of the test to
two- or even multidimensional design. One application is to detect simultane-
ously objects on a surface of different shape and size. However, there is no nat-
ural class of subsets like intervals one has to look at. Additionally, computational
aspects play an increased role: In the univariate case the supremum is taken over
O (n?) single statistics. In two dimensions already, the choice of all rectangles
leads to O (n%).
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5.5. Error laws with point mass and nonsymmetric errors. If the errors are not
restricted to be Lebesgue-continuously distributed, define the local ranks

k Y =
Rji(i) :=Z(1{|Y1|<|Yi|}+w)+

1
I=j 2
The resulting conditional test keeps the significance level.

When the assumption of symmetry is violated, the test is not valid anymore.
However, if it seems reasonable in some practical situation that at least Med(e;) =
0,i=1,...,n, one may analyze the data with multiscale sign tests as used in
Diimbgen and Johns (2004) for the construction of confidence bands for isotonic
median curves. Such a multiscale sign test will be working in a more general set-
ting, but presumably with a considerable loss of efficiency in the Gaussian case.

6. Proofs.

PROOF OF THEOREM 1. Let us first introduce some notation. Let 73, :=
{(j,k)|1 < j <k <n} and define the process X;, on J;, pointwise by

]k(l)

Xn(j, k) := IZW‘(X D sign(Y) —=—— i

Since the error distribution is assumed to be symmetric, sign(e;) is stochastically
independent of |e;|. Consequently under the null hypothesis, the vector of signs
(sign(Y;))}_, is stochastically independent of the rank vector R = Ry,,. Moreover,
sign(e;) are i.i.d. Rademacher variables. For notational convenience we write &;
for sign(e;).

The proof is partitioned as follows. In step 1, the conditions of Theorem 6.1 in
Diimbgen and Spokoiny (2001) are verified for the conditional process X, given
the vector of ranks R. Second (step 2), the weak approximation of the conditional
process by a Gaussian process in probability is established.

Step 1. For any (j, k) € 7, let o R( j, k) denote the conditional variance
Var(X,,(j, k)|R). The sub-Gaussian talls of the conditional process X, |R are an
immediate consequence of Hoeffding’s inequality:

P(1Xn(j, )| > 0n,r(j, K)1IR)

1/2
—P(Zl/fjk(x)fz f"(’)‘ (vaﬂx ) ’k(;)z)z) n]ze)

J
<2exp(—1°/2)
for any n > 0, uniformly over R and 1 < j < k < n. Let p, be defined by
(G k), G kN =1 = jl/n+ Tk =K'l /n.
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In order to show the sub-Gaussian increments of X, | R with respect to pj, it turns
out to be sufficient to consider pairs with j = j' =1 and k < kK’ = n, by the same
arguments as used in Diimbgen (2002). For any n > 0, an application of Hoeffd-
ing’s inequality yields

(4

n<z> k Rk (i)
Zwm DT 1 —;wmx,-)k%la

>,/1—k/nn‘R>

<2exp(—(1 —k/n)n /(23))
with

B Rl,,(z) Rk (i)
B_Var(fzwln(X) R IZW(X) 6

First note that B < 2B + 2B;, where

&)

Rn Rn
3) Bl=Var( Zme) ‘(1) Zwm ‘(1) )
and

Ri,
4) Bszar( Zl//lk( i) 1+(l) Z‘//lk( z)kli(ll)%‘ )

Hence it is sufficient to show that B; < K(1 —k/n) fori = 1, 2 with some constant
K > 0 independent of R, k and n. Throughout this proof, K denotes a generic
positive constant depending only on i and the design density A. Its value may be
different in different expressions. Now

1 2R1n<z) 2 Rin(i)?
B n X - X n i

nl:ZI(xm )= (X)o7 ,%1%( a1
k

&)

<

> (Fin (X)) — vix(X)* + K (1 —k/n).

i=1

:l»—t

For notational convenience, we denote the scale (X; — X1) by #14. The finite total
variation of v implies that ¥ (x) = f[o, 18 (u) d P (u) for all but at most countably
many numbers x € [0, 1], where P is some probability measure on [0, 1] and g
is some measurable function with |g| < TV (). For 0 < z; <z> <1 let u be de-

fined by p1([z1, 22]) := [ [g(x)| P (dx). Note that [ (z1) — ¥ (z2)| < p([z1, z2]).
Let H, denote the empirical distribution function of the design points and define

Alkn) . _ |:x — X1 x—Xi :|
* fn  fik
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The sum in (5) is then bounded by
1 k
(©6) - Z(mn(xo — Yu(X))’

1

3

k
S (X — X1/ 110) — ¥ (X — X0/ 1)
i=1

A(k") )" Hy(dx)

\

) _ { f [y A8,z & AL Ay @) ftanca
Xk
<K sup Iy e A%V H,(dx)
yel0,1]
(8) <K sup (Hn(ytln+X1)_Hn(ytlk+Xl))9
y€l[0,1]

where equality (7) follows by an application of Fubini’s theorem. But the design
assumption (D) implies that H — 1/n < H, < H pointwise. Therefore, the latter
supremum in (8) is bounded by

Xn
sup (H(ytin+ X1) — Htix + X)) + 1/n < K / h(Go)A(dx) + 1/n,
yel0,1] Xk

which is bounded from above by K (1 — k/n) for some constant K independent of
n and k. In order to bound B in (4), define R (i) := Z?:k—i—l I{|Y;| <|Y;l|}; thus
Ry, (i) equals Ry (i) + le(i) a.s. Then

2 2(k+1 N Ri()? lek(l)
LSRN (1) (k+1)2+n;w (XTI

i2

<K(1 —k/n)? +K Z T

l =k+1
<K(1—k/n).

Consequently, X, | R has sub-Gaussian increments with respect to p;,.

For some totally bounded pseudometric space (7, p), 7’ C T and any ¢ > 0,
the covering number N (g, 7/, p) is defined as the infimum of #7( over all 7o C 7’
such that inf e, p(to, 1) < & Yt € T'. To finish step 1, we need to establish the
bound for the covering numbers,

N((u)' 2 {(j k) € Tuzo(j.k)p g <8}, pn) < Au=287"
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with a constant A > 0, independent of R and n. Since ¥ is continuous with
]01 Y(x)dx > 0, there exists some nondegenerate interval [a, b] C [0, 1] with
1//(x)2 > t for some strictly positive constant T and any x € [a, b]. Let Bj; :=
{i: (X; — Xj)/tjk €la, b]}. By assumption (D),

B: tixb+X;
g jk:/f den(x)
n tiga+X;
1 k—j—1/K
>H(tjxb+ X;) — H(tjra+ Xj) — - > K?.
This entails the lower bound
. 1 Rji (i)
onr(j )= = Y
ey, K—J7+2)
Bk .2
- F ) o
T (k= j+2)?
IT(HBJk)(tIBJk-I-1)(2tIBjk+1) K k—j—1/K
n 6(k—j+2)? - n ’

with some constant K > 0, independent of R, k, j and n. Therefore,

N(Gu)',{(j, k) € Tn:0u r(j, K> <8}, on)
< N(Gw)'"?{(j, k) € Tz (k— j)/n < S+ 1/n)/K}, pn)-

If§>1/n,then § + 1/n < 24, and via the embedding k +— k/n of 7} into [0, 1],
the covering number can be bounded by Au~28~! for some constant A > 0 with
the same argument as given in Diimbgen and Spokoiny (2001). Note that the de-
sired bound is necessarily satisfied for 6 < 1/n: Then {(j, k) € T,: (k — j)/n <
S +1/n)/Ky <8{(j,k) € Tp:(k— j) <2/K} <2K~'n<2K~ 167!

Step 2. Let &, := {(X;, X;)|0 < j < k < n}, where X( := 0. Redefine the
process X, on 4, via
vt(l)

waw(X>s,w+l (s.1) € 8,
iely st

where I, := {i|X; € [s, t]} and Ry denotes the rank of |Y;| among the f/;; num-
bers | Yx|: Xr € [s, t]. Furthermore, let the process Z on 8 := {(s,1)|0 <s <t < 1}
pointwise be defined by

X,(s,1):=

1 t
Z(s,1) ::\_@/ Vst (X)Vh(x) dW(x), (s,1) € 4,
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with W some Brownian motion on the unit interval. In the sequel we prove the
weak convergence in probability of the conditional process under the null hypoth-
esis, that is,

dw(ec(anR)a L(Z(s, t))(s,t)e%i,,) —p 0,

where d,, denotes some metric generating the topology of weak convergence. It
follows by a standard chaining argument and the above established results that
uniformly over R and n, X,|R is stochastically equicontinuous with respect to p,
pointwise defined by

p((s, 1), (s, 1) = H(s) — H(s")| + |[H(t) — H{')|.

To prove the weak convergence in probability, it is therefore sufficient to show the
convergence of the finite-dimensional distributions of X, |R. Let

e KV s (e s,

St dl + 17

Then X, (s, t) = ?:1 @i n(s,t), and the ¢; , are independent conditioned on R.
One verifies that

Gin(s,1) =

n
E(Z Ii.nll3,
i=1

R) = A F

and for arbitrary u > 0,

n
E(Z I{llginll3, > ulldinl, R) =o(1).
i=1
For any natural number &, let now {(s{,#1),..., (k)0 <s; <t; < 1,i =
..k} and /S,]: = {(S1n, ttn)s - s (Skns tken)} C 8, such that (sp;, t,;) — (si, 1)
fori =1,..., k. For a given vector R of ranks, let us introduce the process Z,r

on 4, which is, conditioned on R, a centered Gaussian process with conditional
covariance structure as X, |R, that is,
COV(ZnR(Sa t)? ZnR(s,a t/)lR)

1
== 3 U X (X)

n.
i€lsNIgry

9
®) Rsi (i) Ry (i)

ﬁlst +1 ﬁls/t/ + 1‘

Since the conditional covariance function of X,|R is uniformly bounded by
=+ ||§up, respectively, Lindeberg’s central limit theorem entails that

dw(oc(Xn|5k|R), oC(ZnR|J,/§|R)) — 0,
due to the compactness of [—|| ||qup, |y ||sup] It remains to be shown that

(10) du(LZnr 5t |R). L(Zn51)) —> O
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Let (s, t,) € 8, with liminf}, |s, — t,| > 0. Then

Ry, (i) ‘
S (F(Yi|) — F(—1Y;
ST (F(Yil) = F(=YiD)
< sup T j;}s t Y1 < lzl} = (F(zh) = F(=zD)

and the latter quantity is 0, (1) by the Glivenko—Cantelli theorem. This shows that
for (sp. tn), (s}, 1)) € 8, With (sp, 1,) — (s,7) € 8 and (s),, ;) — (s',1') € 8, (9)
is equal to

V(X (Sns t)s Xn(sy, 1,)|R)

n’>-'n

=" Y Y X)Wy (XD (F(YiD) — F(=1YiD)* + 0, (D).

n'n
lelsﬂtnﬂls,,lr,/,

The random variables sign(Y;){F (|Y;|) — F(—|Y;)} =2F ;) —1,i=1,...,n,
are independent and uniformly distributed on [—1, 1]. Consequently, assumption
(D) and an application of Chebyshev’s inequality finally yields

cov(Xn (s tn), Xu(sys 1) |R) —> %/%z(x)%w(X)h(X)dx

which implies (10).

From steps 1 and 2 the asserted stochastically weak convergence of our test
statistic can be deduced with the same argument as given in Diimbgen (2002),
page 528. O

PROOF OF THEOREM 2. For a fixed smoothness class #(B, L), let y = yg be
the solution of the optimization problem (2). As pointed out in Section 2, y is an
even function with compact support, say [—C, C]. Now define the following set of
testing functions: For a given bandwidth 4, > 0 and any integer j let

.—(2j—1)Chn> 1
and define ()= ——LhPy;,.
hn g],}’l( ) \/m n y],}’l
[Note that i(-) denotes the design density whereas 4, denotes the n-dependent
scale parameter.]| Let [a, a + b] C J for some b > 0 and define
In={jeN:2j—1)Ch, ela+Chy,a+b—Chy,l}.

Let Gy :=1{gjn:J € $n}. Note that g € #;,(B, L) for every g € §,. Following the
arguments in Diimbgen and Spokoiny (2001), proof of Theorem 3.1a, one shows
that for any test ¢ : R” — [0, 1] with significance level < «,

2

8€%n

Vin() = y(

dP,
dPy

inf Eg¢(X,Y) —a <Eq (X.Y)—1|.
8€%n

1
8%n
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The aim is to determine %, such that the right-hand side tends to zero as n goes
to infinity. Define the index set I, := {i|g(X;) > 0}. By construction, I, N [y =&
for g # ¢’ and g, g’ € G,,. Then for any g € §,, the likelihood ratio equals

dPg f¥ —g(X;))
I X’ Y = —’
a5, =755

ielg

which shows that dIP, /dPo(X,Y), g € 5, are independent. Note that their ex-
pectation is not the same for every g. Using a standard truncation argument as in
Diimbgen and Walther (2008), proof of Lemma 10, it turns out to be sufficient to
find A, such that

seloiol ep <ﬁ91n>5E°(<j§i ey ))M)
H{/f( (255 FOTE) ] o

as n — 00. Using the expansion of assumption (E2), (11) is equal to

= 50, 50] £S5y (tt%)‘S

Selb0] b (2Gm)P (119”)3 H{H SRR DR ”(g(x")"”)}‘

But for h,, sufficiently small, the latter expression is bounded by

(12) inf maxeXp(n SL+I(NlIgl 2(1+7() — Slog(#G)).
8€(0,80] g€

using the series representation of the logarithm, where
1 n
lgla2 == g(Xi)?
n
i=1
and r(g) = SuPs¢(0,5,] SUPxe(0,1] 17 (& (x), §)|. Furthermore,

Y . N2 , 2
;;gm(Xz) [ gintrh dx

(yj,noci)z  Yin)?
h(X;) h(x)

L2 Z /

zeI Xi-1

)h(x) dx

Vin(Xi)®  yjia()?|1
h(X;) h(x)

< L?h?# Z sup
iely, X€lXi—1.Xi]
j.n

n

The last expression is of order O(hﬁﬁ n~1): Since the design density 4 is of
bounded total variation as well as uniformly bounded away from zero, also 1/h
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is of bounded total variation. In addition, y is bounded and of bounded total vari-
ation (for 8 < 1, y is explicitly known and unimodal, while its first derivative
is Holder-continuous in case § > 1). Consequently, TV(yj%n /h) <K (TV()/Z) +
TV (h)) < oo with some constant K independent of j and n, which shows that
lgjnllZ > =hi Ty 131+ O(Urum)™"). Thus (12) is bounded by

inf Ls(1 4 8)I(F)L2p2B+! 21 4 R
) it maxexp(n 381+ )1 (HLA Y1301+ R, 9)

— 8log(84n)),

with a sequence R(n, g) of order O (max{(h,n)~", r(g)}.
Let ¢, > 0 be arbitrary numbers with ¢, — 0 and &, +/logn — oco. Define the
bandwidth

do oy \ /P
h,,:=( *Lp”) (1—en)'/®,

which implies that SUP,eg R(n, g) in (13) is of order (log n)~ L. By the choice of
Gn> 890 = b/(2Chy,) — 1. Let § =6, := ¢;,. Then (13) is bounded by

exp(en(l +£2) (2B + 1)~ logn(1 — g,) P +V/P
— £,(28 4+ 1)~ (logn —loglogn) + o(1))

I+ -
= exp(— 5 ﬁeg(l + O(gp)) logn + &,(28 + 1) loglogn —i—o(l)),
which tends to zero as n goes to infinity. [

PROOF OF THEOREM 3. By virtue of the proof of Theorem 1, the conditional
process X,|R satisfies the conditions of Theorem 6.1 of Diimbgen and Spokoiny
(2001) uniformly in R and n. This entails that there exists some constant C > 0
independent of n with «/(R) < C, where «/,(R) denotes the (1 — o)-quantile of
L(T,|R) under the null hypothesis. Consequently,

Pi(¢y =1 =/P1(Tn > ko (R)|R) dP(R)

> /IP’[(T,, > C|R)dP;(R) =Pi(T, > C).

Furthermore, P;(T,, > C) = P;(|Tjx| > C 4 /2log(n/(k — j))) forany 1 < j <
k < n. It is therefore sufficient to show that for any sequence [/, € #,(8, L) with
maximal absolute value ||/, ~/%|| sup = d* pn(14¢,), there exists a sequence of pairs
(Jn, kn) with 1 < j, <k, <n such that

iminf P, (1T, | > C +/2log(n/(kn — jn)) = 1.
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The proof is organized as follows: At first (step 1), the Lo-approximation of the
numerator of 7}k, by a sum of independent random variables is established. Sec-
ond (step 2), Taylor-type expansions of its expectation and variance are provided,
and the asymptotic power of our test is determined along sequences of alternatives
converging to zero at the fastest possible rate. Finally (step 3), we treat alternatives
converging to zero at a slow rate or staying uniformly bounded away from zero.

Step 1. Let I, :={jn, ..., ks} be an interval of indices with 1 < j, <k, <n
and #1,, =k, — j, + 1 — oo. For notational convenience, denote ¥, := ¥k, and
R,(i) :=Rj,k,(i),i € I. Let S, be the (normalized) numerator of the single local
test statistic T,y , that is,

1 R (i)
S, = x/ﬁTleEI Y (X )s1gn(Y)ﬁ 1
(1 VY (X;)
ED 2: Y))——I{|Y;| < |V
zelnjel Slgn( )\/ﬁT (1%l = ik

In the sequel, we establish the approximation of S, by a sum of independent
random variables which is up to O,(1/#1,) its Hdjek projection [see, e.g., van
der Vaart (1998)]. For that purpose the Hoeffding decomposition is applied.
With ¢; = ¢y = (81,) V29 (X)), let A;j :=sign(Y;)c; I{|Y;] < |¥;|} and define
Hij:=A;j + Aj;. Then

1

a.s.

y — Ay

lezlnjezl ﬁl +1 l] Z]ntun"i‘l 121
j<i

With the definition
H;j :=TE(Sy|Y;, Y;) — E(Sy|Y;) — E(Sy|Y}) +E(Sy)
= H;j — E(H;;|Y;) — E(H;j1Y;) + EHjj

for i # j, we obtain the decomposition

as y
S"_ZZW el

iel, jel,:
j<i
H,-l-/2 1 )
+ + E(H;j|Y;) + E(H;;|Y;) — EH;;
,-;n(ﬁln“ jezln:ﬁfnﬂ( (Hi;|Y:) +E(Hy|Y;) — EHj)

j<i

o
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where S\ and S\ are uncorrelated. Note that in particular EH; j =0 and
cov(HlJ, sz) =0 for (i, j) # (k, ). Consequently

Var (S, — S{V) = ———=>" > Var(H;)
(ﬂl +1) iel, jel,: j<i

= Gl +1>2Z L dens

iel, jely:j<i
= 0(1/8l),

since by construction, Var(I:Ii j) < Var(H;;). Furthermore, S,gl) is equal to

Z tIIC sign(Y;)

i€l
t X
ZJEI
JF

+ 2

i,jel,

J#i
where F; denotes the distribution function of Y;. For any distribution function F,
let G be pointwise defined on Rt by G(¢t) := F(¢) — F(—t—), with F(y—)
the limit on the left, that is, limy », F(x). We denote F := 1/(%1,) Zieln F;,
G(t) == F(t) = F(=1=) and F¥ := 1/(2ly) Ticr, ¥u (X)) F;. Then RS —
$0)% = 0(1/11,), with

51gn(Y)(F (Yi) — Fj(—=1Yi])

W o {/R\[—mlym SR ) - E(Hij)},

-~

Sp = ﬂlg{wn(x )sign(Y))G(|Y;])

(15) + / sign(y) dF¥ (y)
R\[—1Y;],IY;l]
-Ef sign(y) dFV <y>}.
R\[—1Y;[,1Yil]

Step 2. For two functions f and g in L»[0, 1], let
(f. &)1, =1/ ) f(XDg(X)

iel,

andlet || fll;,2:=(f. f )}n/ % denote the corresponding norm. Let (/) be a sequence
of alternatives. If M(l,) denotes the maximal point of |/,], let (X},, X,) be the
design points which are closest to M (I,) — h, and M () + h,,, respectively, where
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= (6,/ L)Y/P with 8, := d* on(1 4+ &,). Symmetry considerations show that we
may assume without loss of generality that [, is positive at M(/,). Besides the
restriction ||l,~/A lsup = d* pn(1 + &), it is assumed in this paragraph that

(16) ||ln||sup//0n =0(1),
which is equivalent to [|l,+/Allsup/pn = O(1). Note that (16) implies /E1, x
11117, 5 = o(1).
Our first goal is to show that
E, S, :
(17) B ia e, Y e / FO)2dy +o(1)

/Var;, S, 1¥nllz,

for any sequence (I,) satisfying (16). The symmetry of the error distribution
around zero and the boundedness of the first derivative f’ provide the expansion

sign(Y;)G(|Y;])

= sign(Y,-){(F(|Yi|) — F(—|Y;])

— (fQYiD) = f(=1YiD) (ﬁ D (X )) + Ounit (1117, 2>}

njel,

= 2F(Y) = 1) + Ouit(llla 13, ).

Here and in what follows, a sequence of random variables (Z,,) is Ouynif(c,) with
a sequence of positive numbers (c,), if limsup,, |Z, /c,| < ¢ < oo with some non-
random nonnegative constant c. In order to treat the expectation

1
JiL ZI Wn(XO{/@F(y) —1)dFi(y) + 0(||1n||%n,2>},

first observe that for any 6 € R, [RQF(y) — ) f(y + 0)dy = Jp f'(t) %
f, o(2F(y) — 1)dyd:t, using Fubini’s theorem and the symmetry of the error
density f. Taylor expansion of the inner integral entails that

E), 5, = vl (V. )1, {— [erom- l)f’(y)dy} VIO, »)

=20t { [ 02 dy )+ VEL0GLIE, 2).

where the last equality is obtained via partial integration. Furthermore,

By, S, =

(18)

Vary, < T Z] Y (X;) sign(Y;))G(|Y; |>)

(19)
1
= - 3 UK, Q) — 1)+ O, ).

niel,
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In order to bound the variance of the second part in the approximation (15), namely

2 V: i Fv
20 arl”(\/til l; /R\[—|Yi|,|m$gn(y)d (y))

1 v\
21 <—>Y'E i dF :
@ < 2 ([ ooy SOV )

note that by the symmetry of sign(-) and Fubini’s theorem,

[ sienmar <y)]
[—z,z]¢

R e [ 1 (t)f —sign()I{y €1, t + I (X))} dy dt

iel, [=z.2)

< (Y. |ln|)1,,/];{|f’(t)|dt.

This shows that (20) is O(||/, ”%,1,2) by Cauchy—Schwarz. Furthermore,

I’l

[P =1 d(Fi») ~ Fy)
_ _ 2 Y et
= [erm-1) /y |~ drdy

_/ /(t)/t+ln(Xi)_(2F( )_1)2d dt
= Rf t y y

—1,(X)) /R 4F O QF (1) — 1) di + Oy (X)),

where the latter integral is equal to zero by the symmetry of the error distribution.
This finally gives together with (19) and the bound of (20)

(22) Vary, §, = 10l 5 + O3, ).

Note at this point that Vary, S, is uniformly bounded from above and from below.
Thus the combination of (18) and (22) entails (17) for any sequence (/) satisfy-
ing (16).

In the next step, it will be shown that the denominator of 7}, is a sufficiently
good approximation for the standard deviation of S, under the sequence of alter-
natives /,,. Remember that it is the conditional standard deviation given the vec-
tor of ranks of the numerator under the null hypothesis. Using the representation
Ry (i) = X ger, I{IYk| < 1Y;]} as., one verifies that

( 3 (X)) (ﬁ1”$)1)2> =l 2+ O, 2).
niel,
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and analogously for i, j € I,, with i # j

( R.()?*  R,(j)?
E,
(t1, + D2 (81, + 1)?

yj) = G(Y;)2G(IY;)? + Ounie(1/£1,)

and

Ry (i)?
Varln( Y (X l) ) =0(1/8ly),
> G+ 12

which by Chebyshev’s inequality shows in particular that under condition (16)

Ve Wb e, ( Y v (Xi) Ro(0)” )1/2—1‘
Vil il & (21, + 1)2

(23)
=op, (1).

Since G (-) is uniformly bounded by 1, the Lindeberg condition is easily verified for
S, Then Lindeberg’s central limit theorem yields in combination with the result
from step 1, (17) and (23)

Py, (Tj,k, > C ++/21og(n/t1,))
=1-90 <C+\/210g(n/ﬁl — V1221, “‘f;’”’; L f f dy)+o(1>

with @ the standard normal distribution function. It remains to be shown that

24) NPT : v’j’”” i, f F()2dy —[2log(n/21,) — oo

as n goes to infinity under the constraints LR llsup = d* pn(1 4 &,) and (16).
Under the assumptions about the kernel v and the design density £, arguments
involving bounded total variation of ¥ and & yield the approximation

Viz/il, ||1f/7’||lj I”/f( ) dy —[210g(n/21,)
(Y, Ly
=V12/n wW ||f [ 12 ay = 210g(n/ 1) + o).

Let w(”) be the kernel rescaled to the interval [M (I,,) — hy,, M (l,) + h,,]. Then
(Yn, i) (0, )
1% ll2 I ™2

using that X ; — (M (l,) — h,) = O(n™") and Xk, — (M1p) + hy) = O~ by
assumption (D). But 8,110(”) by its construction as well as I,/h are elements of

(25)

(1+ O((nhy)™),
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F(B, L). Then as in Diimbgen and Spokoiny (2001), a convexity argument yields
the inequality

(n) 1 )12
—1 (Snyr ,lnx/ﬁ> 8” 18, ”2 B
T 2 g, = oYl

One verifies that
dﬁﬁ( / f(y)zdy)anm lyslla(1+ O () ™)) = 2 10g(1) hn) + o(1)

> e,(2/2B + 1))/ Jlogn + o(1) — 0o
and therefore (24) follows in combination with (25) and (26).

(26) )

Step 3. Suppose now that there exists a sequence ({,) with

liminfP;, (Tj,k, > C +/2log(n/81,k,)) = ¢ < 1,

where the indices j,, k;, are chosen as in step 2. This implies the existence of a sub-
sequence [for simplicity also denoted by (/)] without any subsubsequence having
the property (16); that is, we may assume ||/ [|sup/0n — 0. We will conclude the
proof via contradiction as follows: For any subsequence of a sequence (/) satis-
fying ||y |lsup/on — 00, there exists a subsubsequence which either converges to
zero at a slow rate or whose maximal absolute value stays uniformly bounded away
from zero. Hence we need to show that in both cases, our test attains asymptotic
power 1.

Note that the squared denominator of 7 x, is bounded by ||1p||2 while

e sup?
Vary, (Sp) is uniformly bounded. Using again the approximation of the numera-
tor by S, we obtain

E;, Tk, —+/ 2log(n/81,)
> (|9 l|5aps, S — y/210g(n/81,) + o(1).

If there exists a sequence (/) with the property ||, ||sup/pn — o0 but which con-
verges to zero,

n

27)

28)  E,S, =2m<wn,zn>1n{ / f(y)zdy} +VEL O, ),

as seen in step 2. But then the first term dominates in order the second one as well
as the logarithmic correction which shows that the right-hand side in (27) goes to
infinity.

Otherwise, assume that (/) stays uniformly bounded away from zero. First ob-
serve that with [, := 1/(81y) X_icp, In(Xi), [In(Xi) — (X)) < LIX, — Xy, |P =
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o (hf ). Taylor expansion around /,, up to the first order provides the approximation

LS = 3 (X, ){/(F(y by (XD) — F(—y — ln<x,~>))f<y>dy}

v ﬁl i€l

Ua (XY [ (FG) — F(=y —25,)) f () dy + O (hf)

- E,—n§n o+ 0(n1/2h§+1/2).

If 1, is uniformly bounded away from zero, E; S, is of order not smaller than

O (/nh,) which dominates in order the approximation error |El',, §,, - E, §n| as
well as the logarithmic correction. [J

PROOF OF THEOREM 4. By virtue of the proof of Theorem 3, it remains
to be shown that (i) there exists some positive constant C = C(B, L, ), such
that (24) goes to infinity for alternatives [, with Kp, > ||/, Vh hllsup = Cpp for
any constant K > C and (ii) E;, S,, goes to infinity whenever ||/, ||sup/0n — 00.
To this aim, we establish the following: If [ € #(B, L) with ||[||s,p < 1 and
x* = arg max, (o 1] |{(x)], then there exist some constant ¢ = ¢(8, L) > 0 and

a closed interval (/) C [0, 1] such that A(1 (1)) > c|l(x*)|'/# and
29) [(x)]| = %ll(x*)| for every x € 1(l).

Note that this is obviously correct in case 8 < 1 with ¢ = 1/(2L). For § > 1,
let | B] denote the largest integer strictly smaller than 8. Let [ € #(8, L) with
Illsup = D > 0. Taylor expansion around any point y € [0, 1] provides the ap-
proximation

(x — )P

10+ R, y)

)=l +x =)+ +

with [R;(x, y)| < L|x — y|?(< L). Thus,

(x =t

4 Z(L'BJ)(y) <2D+L.

(30) x =)+ +

LEMMA. There exists a universal constant K = K; such that for any polyno-
mial P of degree d > 0, say P(x) = Zfzo arx®, and I Plljo,1] < D > 0, it holds
true that sup,_o 4 lax] < Kq - D.

.....

The lemma results from the fact that, for the polynomial P(x) = Zz:() agx¥,
Py = lIPlljo,1] and || P|l(2) = maxo<k<a |ax| are two norms in the (d + 1)-
dimensional space of polynomials of degree d, and these norms are equivalent.
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Its application implies together with the bound (30) that there exists a con-
stant K = K(B) such that |I(x) — [(x*)| < |Ilsuplx — x*| < K2D + L)|x —
x*|. Then |l(x)| = 1/2]l(x*)] on [x* — D/4KD + 2KL),x* + D/(4KD +
2KL)I N[0, 1]. If now [, € #H(B, L) with ||, |lsup = 6 < 1, then at least [x* —
2718)F x*] or [x*,x* + 2716,/?] is fully contained in [0, 1]. Assume with-
out loss of generality that [x*, x* + 2_18,2/’3] C [0, 1]. Then g, is defined by
gn(x) =288 11,2716,Px + x*) for x € [0, 1] is element of #(B,L) with
lgnllsup = &n(0) = 28 Thus the above lemma finally implies that |[,(x)| > §,/2
on [x*, x* + 1/(8K +4K2-BL)s\/F1.

The assumption about i implies that there exists some interval [c,d] C
(0,1) on which y¥(x) > § for some strictly positive constant §. We first ver-
ify the claim (i). For any alternative [,, let ¥, be the kernel rescaled onto
the interval [X,, Xy,], where the design points X; < X, are those which
are closest to the endpoints of I(,~h). Let I, := {i: X; € [(l,~h)}. Then
(W, Ln/h) 1, is of order not smaller than (1N lsup> Which implies the ex-
istence of a universal constant C = C(B, L, ¥) such that (24) goes to infin-
ity for ||ln\/ﬁllsup > Cp, and ||, |lsup/pn = O(1). The same consideration also
shows that (28) goes to infinity whenever ||, |lsup/on — 00 and ||Iy|lsup — O,
because |1,k lsup dominates in order ||ln||%“2 as well. To verify (ii), note that

(1=~ llsup/ (4K (1 llsup + 2K L) stays uniformly bounded away from zero and
infinity as soon as ||/, ||syp is uniformly bounded away from zero. Thus in the lat-
ter case, there always exists an interval 7 (I, «/ﬁ) with liminf,, oo A(I (I, «/ﬁ)) >0
and |, (X)v/R(X)| = |lav/|sup/2 for every X; € I (l,</h). With I, := {i|X; €
I (1)}

1 Ey, (Ra (1) sign(Y;))

Sy = WZI Y (X;) sign(¥;) 1
1 L Ru(i) = By, (Ry(i)] sign(Y;))
+ miezhlwn(x,)mgn(m 1 .

If [,(X;) is uniformly bounded away from zero for every i € I,, the absolute
expectation of first term is of order O(/n), while the second term is O,(1).
O
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