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In this paper we study strong approximations (invariance principles) of
the sequential uniform and general Bahadur—Kiefer processes of long-range
dependent sequences. We also investigate the strong and weak asymptotic
behavior of the sequential Vervaat process, that is, the integrated sequen-
tial Bahadur—Kiefer process, properly normalized, as well as that of its de-
viation from its limiting process, the so-called Vervaat error process. It is
well known that the Bahadur—Kiefer and the Vervaat error processes cannot
converge weakly in the i.i.d. case. In contrast to this, we conclude that the
Bahadur—Kiefer and Vervaat error processes, as well as their sequential ver-
sions, do converge weakly to a Dehling—Taqqu type limit process for certain
long-range dependent sequences.

1. Introduction. Assume that we have a stationary long-range dependent se-
quence of standard Gaussian random variables, n1, 72, ..., 1y, ..., that is, the
Gaussian sequence {n,,n > 1} with En; =0 and En]2 =1 is assumed to have
a positive covariance function of the form

(1.1) y(k) :=E(mms1) =k PLk), 0<D<1,
for large k, where L(-) is a slowly varying function at infinity in the sense that
L(st)
im =1 for every t € (0, 00).
§—00 L(S)

Let G be an arbitrary real-valued Borel measurable function on the real line R,
and consider the subordinate process

(1.2) Xn=G(n), n=l,

with marginal distribution function F(x) = P(X < x), x € R, where X = G(n)
and 7 is a standard normal random variable.
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Assumption (1.2) allows one to use the theory of nonlinear functionals of
Gaussian processes. As in [20], we expand the function (X, < x) — F(x) =
I(G(-) < x) — F(x) in Hermite polynomials, for any fixed x € R,

o0

I(Xy<x)—F(x)= ) ci(x)H(na)/ 1!,

where
2, d!
Hx) = (— e 24
1(x) = (=1ye "
is the /th Hermite polynomial,
a(x) =E{[1(G(n) <x) = F(x)|Hi(n)},

and 7, for any x € R is the index of the first nonzero coefficient in the expansion,
called the Hermite rank of the function /(G (:) < x) — F(x). We note in passing
that, by the Cauchy—Schwarz inequality,

le;(x)| <E(HF () =1

As in [20], the Hermite rank of the class of functions {/ (X, < x)— F(x),x € R}
is defined by

(1.3) T =min{z, : ¢7, (x) # 0 for some x € R},

that is, T = inf, 7. If we assume that F' is continuous, then the induced sequence
of random variables

(1.4) Un = F(Xn) = F(G()), n=l,

is a Uniform-[0, 1] random sequence. Consequently, for any fixed y € (0, 1), the
function (I (U, <y) —y) = {(F(G(:)) <y) — y) has the Hermite expansion

IUp<y)—y=)_ Ji)H®)/1,
=1
where
Ji(y) =E{[I(F(G(m) <y)— y]Hi(n)}.

Obviously, J;(y) = ¢;(Q(y)) for any y € (0, 1), where Q is the quantile function
of F, that is,

Q(y)=F'(y) =inflx: F(x) =y}, 0<y=10(0)=0(0+),

and, hence, the Hermite rank of the class of functions {/ (U, <y) —y,y € (0, 1)}
is also 7.
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Given chronologically ordered samples Xy, ..., X, and Uy, ...,U,,n>1,asin
(1.2) and (1.4), respectively, their corresponding sequential empirical distribution
functions are

0, 0<t<1/n,
— [nt]
E = 1
[ () . t]ZI(U’—y) O<y<l,1/n<t<l,
and
0, 0<t<l1/n,
— [nt]
F = 1
[ne] (%) —I]ZI(Xifx)’ —oco<x<oo,l/n<t<l.
—r

Based on these functions, we define the sequential empirical quantile functions
Ui () = gy () =inf{s: Ep(s) =y}, 0<y<1,
Ut} (0) = Upuy (04), 0<r=<l,

and
Qi) = Fan ™ ) =inf{x: () =y}, 0<y <1,
01n1(0) = O (04), 0<r<l.

Now the corresponding sequential uniform and general empirical and quantile
processes are defined by

on(y, 1) =dy [nt)(Epn () — ¥), 0<y<1,0=<t<l,
un(y.1) = dy, ' [nt(y = Uy () 0<y<1,0<r<l,
Bu(x,1) =d, (Fn,](x) F(x)), —c0o<x<o00,0<t<l,
ya(r. ) =d; ' [n)(Q() — (). 0<y<1,0<r<1,
where
(1.5) d>=n*"TPLT(n),

with D of (1.1) sothat 0 < D < 1/t, where t is defined in (1.3).
By Theorem 3.1 of [31], one arrives at

2C% (x)
t!2—-tD)(1 —1tD)
for each fixed x € R as n — oo, where the symbol ~ means asymptotic propor-

tional equivalence. This explains the choice of d,, as defined in (1.5) for defining
the above sequential empirical and quantile processes.

Var(nFy (x)) ~n2~ "2 LT (n) = 0(d})
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Dehling and Taqqu [19, 20] studied the asymptotic properties of the sequential
general empirical process B, (x, t). The following important two-parameter weak
convergence theorem for 8, (x, t) is due to Dehling and Taqqu [20] whose Theo-
rem 1.1 reads as follows.

THEOREM A. Let the stationary subordinate process {X,,n > 1} be as
in (1.2) with T as in (1.3), and let d,, be as in (1.5). Then, as n — o0,

{ﬂn(x9t);_oo§x§+oo705t§ 1}

converges weakly in D[—o0, +o0] x [0, 1],

equipped with the sup-norm, to

2
{cf(x)\/(z_rD)(l_TD)Yf(t), —o0<x=<+00,0=<t=< 1},

0<D<1/r,

where Y. (t) is 1/t! times a Hermite process of rank t, given for each t € [0, 1] as
a multiple Wiener—It6—Dobrushin integral that is defined in (1.7) of [20].

Thus, in Theorem A, t!Y(t) =: Z;(¢) is a Hermite process of rank t, a self-
similar, stationary increment process with self-similarity index H =1 — tD/2,
0 < D < 1/, which, as shown in [21, 31, 33], can be represented as the multiple
Wiener—Itd stochastic integral

Z. (1) := /RI ki(x1,...,x:)dW(x1)---dW(xy)

with respect to a standard Wiener process (Brownian motion) W (x), E(d W(x))?2 =
dx, where

t T
kt()C1, e ,)C.[) = K(‘[, D)‘/(; H((s _ xl,)-i-)—(D-l-])/st
i=1

and

1 1 172
K(r,D)=(2—-1tD)(1 —tD)/2)]— ,
@)1= (@-00 -2\ 55 = p) |

with B(-, -) denoting the beta-function.

For a general theory of multiple stochastic integration and Hermite processes,
we refer to [27].

We also note that Dehling and Taqqu [19] obtained a functional law of the iter-
ated logarithm as well for 8, (x, t) in D[—o0, +00] x [0, 1].
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REMARK 1.1. We recall (cf. [29]) that, in the i.i.d. case, the weak limit of
Bn(x, t) is a two-time parameter Gaussian process in x and ¢, the so-called Kiefer
process on account of the landmark Kiefer [25] paper, which is a Brownian bridge
in x and a Wiener process (Brownian motion) in z. The Dehling—Taqqu [20] limit
in Theorem A differs greatly from the Kiefer process. Namely, it separates the
variables in x and 7 in terms of being the product of a deterministic function in x
and a stochastic process in t which is non-Gaussian when t > 2. In particular, if
in (1.2) G(x) = x, then 7 of (1.3) isequal to 1, and Y1 (¢) = Z(¢) of Theorem A is
a fractional Brownian motion with self-similarity index H =1—D/2,0< D < 1.
If G(x) = x2,then T = 2, and Y»(¢) of Theorem A equals 2-17Z5(t), where Z (1) is
non-Gaussian, has stationary increments and the same covariance as Z(¢) but with
H=1-D,0< D < 1/2.1Itis called the Rosenblatt process (cf. [31]). For details
on the latter two examples, and on that of Hermite rank t > 2, we refer to pages
1770-1771 of [20].

Assuming that F has a Lebesgue density function f on R, Csorgd and
Mielniczuk [15] showed that the kernel estimators based density process corre-
sponding to the general empirical process 3, (x, 1) converges weakly with the same
normalization to the derivative of the limiting process in Theorem 1.1 of [20] that
we quoted as Theorem A here.

We note that, with F' continuous, we have

an()’?t)::gn(Q(y)’t)’ yate[os 11,
and
Bn(x, 1) =an(F(x),1), xeR,t€]0,1].

Hence, if F is continuous, all strong and weak asymptotic results hold true simul-
taneously for both 8, (x, t) and o, (y, ).

For further reference, we spell out the weak convergence result that follows
from Theorem A for o, (y,t) = B,(Q(y), 1), y,t € [0, 1], based on the induced
sequence {U,,n > 1} asin (1.4).

COROLLARY A. With F continuous and t and D as in (1.3) and (1.5), re-
spectively, as n — oo we have

2

. D
n(y.1) = Bu(Q(y). 1) > \/(2_ ey QOO

2
= Jr )Y (¢
\/(2_TD)(1_TD) A0
in D[0, 11? that is equipped with the sup-norm, where, as before, Y¢(t) is 1/t!
times a Hermite process of rank t, given for each t € [0, 1] as a multiple Wiener—
It6—Dobrushin integral as in, and right after, Theorem A.
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In this paper we go further along these lines and establish strong approxi-
mations of the sequential uniform and general quantile processes, and of the
sequential Bahadur—Kiefer processes as defined in (1.7) and (1.8) below. More-
over, we also study the sequential uniform Vervaat and Vervaat error processes of
(1.10) and (1.11), respectively, along the same lines.

Since there is no simple relationship between u,(y,t) and y,(y,t), follow-
ing Csorgd and Révész [7] in the i.i.d. case along the lines of Csorgd and
Szyszkowicz [11], here too we shall consider the normalized sequential general
quantile process

pn (. 1) = FOON Yy, 1) =d; [nf1 £(Q())(Q() — Qpm (M)

F(QH))
FQO(y, 1))’

where 0 <y, t<1,|y—6,(y,)| <|y— l7[-,;] (y)|, provided that F is an absolutely
continuous distribution function with a strictly positive Lebesgue density func-
tion f on the real line.

We define the stochastic processes

(1.6)
=up(y,1)

{Ri(y,1),0<y<1,0<t<l,n=1,2,..}
(1.7)
={dn(an(y,t)_un(y»t)),ofyf1,0§t§17n=1,2,}

and
{Ry(y,1),0<y=<1,0<t<1,n=1,2,...}
(1.8) ={du(an(y.0) = pu(y.1)),0<y<1,0<1<1Ln=1.2,...}
=1{dn(Bn(Q(¥), 1) — pu(y.1)),0<y<1,0<tr<1,n=1,2,...},

which rhyme with the uniform and general Bahadur—Kiefer processes, respec-
tively, in the i.i.d. case that enjoy some remarkable asymptotic properties (cf. [1,
23, 24] and Remark 1.2 below). For a review of, and contributions to, various as-
pects of this subject in the i.i.d. case, we refer to [4-6, 8, 10, 9, 11, 14, 30] and the
references therein.

REMARK 1.2. It follows from the results of Kiefer [23, 24] that, in the i.i.d.
case with d, = n'/2, a, R (-, 1) cannot converge weakly in D[0, 1] to any nonde-
generate random element of the latter space for any normalizing sequence {a,} of
positive numbers. Vervaat [34, 35] argued this point in a crucially elegant way by
showing that, in the i.i.d. case, in the space C[0, 1] (endowed with the uniform
topology),

)
(1.9) Va(s, 1) :=2/ Ry, Ddy 2 B%(s),  n— oo,
0
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where B(-) is a Brownian bridge. Accordingly then, if at all, a, R;:(-, 1) should
converge weakly to a random element, say, Y (-), in DI[0, 1], and we would

then have to have the equality in distribution [; Y (y)dy 2 B%(5)/2,0<s<1.
This, however, is impossible, for a Brownian bridge B(-) is almost surely
nowhere differentiable. Vervaat [34, 35] established the above weak conver-
gence of V,(-, 1) to the square of a Brownian bridge B?(-) by showing that
lim;,— oo SUPg <y <1 | Vi (s, 1) — oz%(s, 1)| = 0 in probability. In view of this, one can
think of the process Q,(s, 1) := V, (s, 1) — oz,%(s, 1), 0 <s <1, as the remain-
der term in the representation V,(s, 1) = a%(s, 1)+ 0,(s,1),0<s <1, of the
uniform Vervaat process V,, (-, 1) in terms of the square of the uniform empirical
process a,%(-, 1). It is well known (cf., e.g., [36] for details and references) that
0, (-, 1) is asymptotically smaller than 01,21(-, 1). Csorgd and Zitikis [12—14] and
Csdki et al. [4] call this remainder term Q, (-, 1) the Vervaat error process, and
study its strong and weak pointwise, sup-norm and L ,-norm asymptotic behavior
for i.i.d. samples a la Kiefer [24] and Csorgd and Shi [10, 9]. Csorgé and Zitikis
[13] and Cséki et al. [4] conclude that, just like the Bahadur—Kiefer process, in the
i.i.d. case, a, O, (-, 1) cannot converge weakly to a nondegenerate random element
in DIO0, 1] for any sequence {a,} of positive real numbers.

In view of our discussion in Remark 1.2, based on R} (-, -) as in (1.7), we now
introduce the integrated Bahadur—Kiefer process

N
(1.10) Vn(s,t):Zdn_z[nt]/ Ri(y.t)dy, 0<s<1,0<r<l,
0

the so-called sequential uniform Vervaat process, and define the sequential Vervaat
error process O, (s, t) by

(1.11) Qn(s,1) = Vy(s, 1) —a>(s, 1), 0<s<1,0<t<1.

We shall see in this paper that, unlike in the i.i.d. case (cf. Remark 1.2), when
appropriately normalized, the sequential Bahadur—Kiefer processes R (-,-) and
R, (-, -), as well as the sequential uniform Vervaat error process Q,(-,-), when
based on long-range dependent sequences as in (1.2) and (1.4), do converge weakly
in D[0, 1]? (cf. Theorems 2.3, 3.2, 4.1 and 4.2), by first establishing strong approx-
imations for these processes in sup-norm (cf. Theorems 2.1 and 2.2 and Proposi-
tions 3.1, 3.2 and 4.2). This new phenomenon in this context will be seen to be due
to the limiting processes being Dehling—Taqqu type processes (cf. Remark 1.1),
that is, multiplications of a nonrandom function by a random process which typ-
ically is a power of Y;(¢), of Theorem A. Thus, via strong invariance, we arrive
at functional limit theorems and laws of the iterated logarithm for the sequential
Bahadur—Kiefer and the sequential uniform Vervaat error processes.

In Sections 2 and 3 we present strong invariance principles (approximations) for
the sequential uniform Bahadur—Kiefer process and sequential uniform Vervaat er-
ror process of long-range dependent sequences as in (1.2) and (1.4), namely, for
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R} (y,t) and Q,(s,t) as in (1.7) and (1.11), respectively. Section 4 is devoted
to establishing analogous statements for the sequential general Bahadur—Kiefer
process R, (y, t) of (1.8) by examining the sup-norm distance between the sequen-
tial uniform quantile process u, (y, t) and the normalized sequential general quan-
tile process p, (v, t) a la Csorgd and Révész [7] and Csorgd and Szyszkowicz [11].
The thus obtained results of Proposition 4.2 and Theorems 4.1 and 4.2 constitute a
basis for studying quantiles, quantile and Bahadur—Kiefer processes in the context
of long range dependent Gaussian subordinated processes.

The results obtained in this paper for long-range dependent sequences are
analogs of those in the i.i.d. case in [4, 7, 8, 10, 9, 11-13].

REMARK 1.3. Further to long-range dependence, we note that long memory
moving average models constitute an important and well-studied area of inter-
est in time series analysis. In this regard, Koul and Surgailis [26] review vari-
ous results on the asymptotic distribution of empirical processes of long memory
moving averages with finite and infinite variance. Giraitis and Surgailis [22] dis-
cuss the uniform reduction principle for the empirical process of a long memory
moving average process that generalizes the corresponding reduction principle of
Dehling and Taqqu [20], which we also make fundamental use of in our Propo-
sitions 2.1 and 2.2. Thus, in principle, it should be possible to extend our present
results to long memory moving average models as well. However, this extension
is not within the immediate scope of the present paper. For a comprehensive study
of empirical process techniques for dependent data in general, we refer to [17, 18].

2. Sequential uniform Bahadur—Kiefer process, strong approximations.

2.1. Preliminaries. Throughout this paper we assume that {X, = G(,)} and
{U, = F(G(n,))}, n > 1, are as in (1.2) and (1.4), respectively, long-range de-
pendent random sequences that are governed by the standard Gaussian random
process {n,} which satisfies (1.1).

We first derive a strong approximation of the sequential general empirical
process fB,(x,t) by the process c;(x) Zl[”:t]l H;(n;)/t!, by changing the rate of
convergence in Theorem 3.1 of [20] to fit our purposes in this exposition.

D

PROPOSITION 2.1.  Let p be the smallest integer satisfying max(2, T, ;=75) <
p=< max(4_L§D, t;g). Then, as n — 0o, we have

[nf]
sup sup |Bu(x, ) —dy e ()Y He(ni) /!

0<t<] —oo<x<+00 i=1

— O(n—vp/2+TD/4+8) a.s.

with any sufficiently small positive €, where v =min(D, 1 — t D) /2.
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PROOF. The proof is based on the well-known chaining argument of [20].
Hence, while studying the proof of Theorem 3.1 in [20], we shall only briefly
indicate the extra steps that are needed for us to achieve our goal.

Let S, (k; x,y) = Su(k; x) — Sp(k; y) (—o0 <y < x < 4+00), where

k
Su(k;x) =dy' > (I(X; <x) — F(x) —c: () H:(nj)/t)}),  1<k<n.
i=1
Then we have
k o0
Cq(x) —cqg(y)
dpSplk; X, )=y Y %qu,-).
i=1g=1+1 :
This means that, for any fixed —oc < y < x < +o00, the Hermite rank of
dyS,(k;x,y)is atleast T + 1.
First, for y(-) as in (1.1), we assume that sup,.; [y (u)| < 8, where 0 < § <

(p — )™, and proceed as follows.
Via Proposition 4.2 of [32], one can verify that

k p/2
Eld,, Sy (k; x, y)|” < C(p. 8. x, y){k > |y(u)|t+1}
u=0

for some positive finite constant C(p, 8, x, y) depending on p, § and ¢, (x) —c4 (y).

Since |C"(x)q_7,cq(y)| < 2 uniformly for any —oco < y < x < 400, the proof of

Lemma 4.5 and.Proposition 4.2 of Taqqu [32] imply that the constant C(p, 8, x, y)
must be a finite constant for any —oco < y < x < +o00. Letting C(p,8,x,y) <C,
we get

k r/2
EldnSn(k;x,y)IpSC{kZIV(u)IIH] .
u=0

Suppose first 0 < D < (v + 1)~!. Then, by (1.1), as k — oo,

k
k Z |)/(M)|T+l — O(kz—(f+1)DLT+l(k))
u=0

When D> (t + 1)1, Zﬁzo |)/(u)|’+1 is slowly varying as k — oo and, hence,

k
kY ly @)™t = 0kLo(k))
u=0

for some slowly varying function Lg(-) at infinity. Thus, we arrive at

(1-v—tD/2)
@.D E|Sn(k§x»)’)|p§Ck_vp+g<%)pSC(E> a pn_VP-‘rg»

n n
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with any sufficiently small positive € for any —oo <y <x < 400, 1 <k <n.
For any s > 1, define the partition as in [20],
—0 =T < T <o+ <Ts g =100
such that
A s—) — A(mi—15) < A(400)27°, i=1,...,2%,

| Hz (y)]
Gy<x} T!

AGx) = F(x) + f{ $(y) dy.

where ¢ denotes the density function of the unit normal distribution.
Given ¢ > 0, let K = [logz(Cg_lndn_])] + 1. Next, for any x € R and s =
0,1,..., K, define j by

Tjxs <X <Tjxi],s-
One can then define a chain linking —oo to each point x by
"= OSTE S SX <X K-

Now using (2.1) instead of Lemma 3.1 of [20] and applying Chebyshev’s in-
equality, along the same lines as those of the proof of Lemma 3.2 of [20], we
obtain

P{ sup  |Su(k: )] >;}

—00<X<+00

—00<x<+00

K
SZP{ sup |Sn(k;ﬂj;,s’ﬂjsﬂ,sﬂ)l>c/(s+3>2}
s=0

ZHr(ni)

i=1

+P{dn_1

>2K—1g/4}

A

k\ d—v=1D/2)p K di\?
C<—> n—vp+8§—p22s+l(s+3)2p+C<_> C—pz—p(K—l)
n d

s=0 n

[A

k (1—=v—tD/2)p
c(-) n~vPTec—roK (g 4 3)2pt]
n

1-tD/2
—I-C(E)( f /)pn—er/Z-i-s
n

D k (1—=v—1tD/2)p k (1-tD/2)p
Scn—vp-i-r / +a(<;> C_p_g'i‘ <;) )

(1-tD/2)
< Cn—vp—l—tD/Z—l—s(;—p—g + (S) T P)
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for any ¢ € (0, 1]. The last inequality is due to the fact that (1 —v —1tD/2)p > 1.
Let My, (k) = SUP_ o oy <100 |Sn (ks X)[, My (ky, ko) = M, (k1) — M, (k2). On ap-

plying the above inequality, an appropriate variant of the proof of Theorem 3.1
of [20] leads to

P{r]ggan(kn o ;}

SZP{ max |Mn((j—1)2s7jzs)|>L}

= U=tz (s +2)2
log, n log, n
< Cn—vp+rD/2+s[ Z (s +2)2p—|—28;.—p—8 + Z 2(S—r)(l—rD/2)p}
s=0 s=0

< Cn—Up—l—‘L’D/Z—I-el(l + é.—p—é‘])

for some 1 > ¢, where r = log, n. This implies that, on assuming sup,,~ | |y (u)| <
Swith0 <8< (p—1)71,

(2.2) P{max sup [ Sy(k; x)| > ;} < Cn PHTPIEE (L 4 pmpmE)
k<n —oco<x<+4o0
Now we proceed to establish (2.2) without the assumption sup,,..; |y (u)| <§.
Since y (u) tends to zero as u — oo, there exists a fixed integer M = M(8) > 1
such that |y (u)| < é for all u > M. Thus, without the assumption sup,,.; |y (u)| <
8, we merely have |y ()| < 8 for u > M. Along the lines of the proof of Theorem 1
of [32], we obtain

k
dy 'y G*(is x)

i=l

max sup |S,(k;x)|= max  sup
1<k=<n —co<x<oo 1<k=<n —co<x<oo
k/
-1 * .
dy' Y G*(njri-nm: x)

i=1

El

M
< max  su
o ; 1<k<n —oo<)]c;)<oo
where G*(n;; x) =1(X; <x) — F(x) — c: (x)H: (n;)/T!.
Obviously, for each j =1, ..., M, the correlations of the sequence {n; i1 m.
i > 1} are bounded by & in absolute value. Let Si(k’;x) = d, I x
Zf/: 1 G*(Mj+i—1ym; x). Therefore, (2.2) in our present context implies

P{ max sup | Sy (k; x)| > {}

1<k=<n —co<x<+oo

A

1<k<n —co<x<+oo

M
ZP{ max  sup |SH(K;x)| > C}
j=1

Cn—vp-l—rD/Z—l—s(l + ;—p—s)‘

IA
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That is to say, (2.2) holds without the assumption sup,,~.; |y (u)| < §.

We now make use of (2.2) with n = n; = min{j:j > ¢} and ¢ = ¢ =
exp{{(—vp/2+tD/4+¢)/(p+¢)},1 =0,1,.... Then, by Borel-Cantelli lemma,
there exists an integer /o such that, for any [ > I,

<exp{—l(vp/2 —tD/4 —¢)} a.s.

max  sup |Sy, (k;x)
k<n; —co<x<+oo

Let n > €/ and let [ be the integer such that n;_; <n < n;. Since e'<n!and
| — oo as n — 00, by definition of d,, and that of a slowly varying function, we
have

d,
sup  [Sy(m;x)| < —Lmax  sup  |Sy, (ks x)| < Cn~vp/2+tD/4+e
—00<x <400 dy k<n; —co<x<+00

This implies that, as n — oo,

dnBn(x, 1) — cr(x) Y He(n;)/7!

i=1

sup dnflnvp/ZfrD/ﬁtfe
—00<X <400

=0() a.s.

The latter, in turn, gives that, with fixed ¢ € (0, 1] and (nt) — oo as n — oo, we
have

[nt]
dnBn(x, 1) — ¢z (x) > H: (n;)/7!

i=1
— O(d[nt] (nt)—vp/2+TD/4+€)

— 0((nl,)1—1)])/2—‘[D/4+8L‘E/2(nl)) a.s.,

sup
—00<x <400

where the constant of O(-) is not a function of ¢ and, by our assumption
for p, we see that the exponent of (nf)!="P/2~TP/4+¢ is positive. Hence,
without loss of generality, we can assume that the regularly varying function
(nt)1=vP/2=TD/4+E [ T/2 (1) of positive exponent is a strictly monotone increasing
regularly varying function of (nt) (cf. 7 of Corollary 1.2.1 of [16] or Theorem 1.5.4
of [2]). Hence, on dividing both sides by n!~vP/2=tP/4+e [ 7/2(p) the right-hand
side is seen to be a.s. bounded, independently of ¢. Consequently, we can take
Supg<;<; on the left-hand side, and thus arrive at the result of Proposition 2.1. [

In the rest of this paper the marginal distribution function F of {X,} in (1.2) is
assumed to be continuous. We also assume the following:

ASSUMPTION A. J;(F(x)) and the derivatives J.(F(x)), J;”(F(x)) with T
as in (1.3) are uniformly bounded and

sup  |Jr(F(x)| = 0(,)
0<F(x)<8,

for any sequence 5, — 0 as n — oo.
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REMARK 2.1. Since we assume that F is continuous, if J;(0) = 0, it follows
that

sup  |[Jr(F(x)|= sup [J(F(x))— J:(0)]

0<F(x)<8, 0<F(x)<éy
< sup Fx)- sup [J(F(H)|=0().
0<F(x)<$, 0<F(0)<én

Moreover, if we take G as G = F ' ®, we see that J; (F (x)) = —qb((b_l (F(x))) #
0 for any F(x) € (0, 1), where ¢, ®~! denote, respectively, the density function
and the quantile function of the unit normal distribution function ®. This means
that in this case T = 1, and elementary calculations show that Assumption A holds
automatically. Specifically, let G (x) = x, and this is a special case of G = F~'®,
since now F = ®. Then, for this function G, t = 1 and J;(®(x)) satisfies As-
sumption A.

For the sake of first approximating the sequential uniform empirical and quan-
tile processes o, (y,t) and u,(y,t), we define the two-time parameter stochastic
process {V(y,nt); 0 <y <1,0<t<1,n>1} by

[n]
(2.3) V(y.nt)=J-(y)Y_ H: )/,

i=1
and, as an immediate consequence of Proposition 2.1, we conclude the following
strong approximation for the sequential uniform empirical process o, (y, t).

COROLLARY 2.1. Under the assumptions of Proposition 2.1, we have

sup sup |, (v, 1) —d, 'V (y,nr)| = O™ PIATP/AEy g
0<r<10<y<l1

with any sufficiently small positive €, where v =min(D, 1 — t D) /2.

Let «1r = SUPp<y<1 eI, Kkor = SUPp<y<i e () - Ty k3 =
SUPp<y<] |J3(y) - JZ(y)|. Via Assumption A, we conclude 0 < k¢, k27, kK37 < OO.
Moreover, if we take G = F~!®, by Remark 2.1, it is easy to check that
k11 =1/Qm)V2%, ko1 = 1/2me)'/? and k31 = 1 /{27 (2e)1/?).

The process V (y,nt) defined in (2.3) that is approximating o, (y,t) as in
Corollary 2.1 can also be used to approximate the sequential uniform quantile
process u, (v, t). Namely, we have the following:

PROPOSITION 2.2. Let p be the smallest integer satisfying max(3t 3tD

> 1—tD
p < max(4_1§ D ‘l‘jg ). Suppose Assumption A holds. Then under the assumptions

) <
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of Corollary 2.1, as n — 00, we have

sup sup |un(y,t) —d; 'V (y,nt)l

0<t<10<y<l1

(2.4)
= 0(n_’D/zL’/z(n)(loglogn)’) a.s.

PROOF. Note that
un(y. 1) = dy ' [n1{ Epny (Upann () — Upnn 0} — dyy ' [n81{ Epury (Upann () — )
= o (Upny (). 1) — dyy ' [n1{ Efu) (Upann () — v},

and it is easy to see that

0< sup |E,(Upn(y)) —y| < 1/[n1].
0<y<l

Thus, we have

sup sup |un(y,t) —an(y,t)|
0<t<10<y<l

2.5) _
= sup sup |on(Upn(y). 1) — (v, )| + O, ).

0<t<10<y<l

Applying Corollary 2.1, estimating the right-hand side of (2.5), we obtain

sup  sup | (O (9), 1) — an (3, 1)
0<t<10<y<l

(2.6) = sup sup d, |V (Upy(y),nt) = V(y,nt)|
0<r<10<y<l1

+ O(nfvp/2+TD/4+8) a.s.

Hence, we need to study the size of the random increments of the process V (y, nt).
The Mori—Oodaira LIL [28] yields

[n1]

limsupn®?/2~1(L(n)loglogn)~*/? sup ZHT(ni)/r!
n—oo 05;51 i=1
2.7
2(T+1)/2
a.s.

T2 —tD)1—-z<D)
Hence, by (2.3) and the fact that 0 < 1, < 0o, we have

limsup(loglogn)~*/? sup sup d,:1|V(y,nt)|
n— 00 0<r<10<y<l1
(2.8)
2@+ /2

/2 —tD)1—-z<D)

a.s.
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Consequently, via Corollary 2.1, we conclude

2(t+1)/2
limsup(loglogn) ™2 sup sup |a,(y,1)] = Lt

a.s.,
n—o00 0<t<10<y<l \/T'(Z—TD)(I —TD)

and this in turn gives

limsup(loglogn)~™? sup sup |un(y,1)|
n— 00 0<t<10<y<l1
2.9)
2HD/2

a.s.

/T2 —tD)(1-z1D)

on account of

sup sup |a,(y,f)|= sup sup |u,(y,1)l.
0<t<10<y<l1 0<t<10<y<l1

On the other hand, by the mean value theorem, we arrive at

1 (Un(3)) = Jr D = 1Tn (y) = YT O],

where |y — 01,(»)| < |Un(y) — y|. Now (2.9) with ¢ = 1 implies that, as n — oo,

sup |Un(y) —yl= sup dunun(y, 1)
O0=<y<1 O=<y=<1
(2.10)

= 0((n~PL(n)loglogn)"?) — 0

almost surely [we note in passing that (2.10) is just a Glivenko—Cantelli theo-
rem with rates of convergence in terms of the long-range dependent sequence as
in (1.4)]. Thus, by Assumption A, as n — 00, we arrive at

sup |Je (U () — J- ()]
0=<y<1

=0((n"PL@n) loglogn)r/z) a.s.
The latter combined with (2.7) for t = 1 yields

sup dy, |V (Ua(y).n) = V(y.n)]
O=y=l
(2.11)
= 0(n P2 L2 (n)(loglogn)¥) a.s.

Using (2.5)—(2.6), (2.11) and our assumption for p, we arrive at

sup |un()’» 1) - an(y, l)l
O=<y=1
(2.12)

= O(n_TD/ZLT/Z(n)(loglogn)f) a.s.
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Now (2.12) combined with Corollary 2.1 with ¢ =1 yields

sup |un(y, 1) —d, ' V(y,n)|
0<y<l

= 0(n "P2L"2(n)(loglogn)’)  as.
On multiplying through by d,, and then applying a similar argument as used at the
end of the proof of Proposition 2.1, we conclude (2.4). [

Next, in view of (2.5) and (2.6), we establish the exact size of the random incre-
ments of the process V (y, nt) for convenient use later on.

PROPOSITION 2.3.  Under the assumptions of Proposition 2.2, we have

limsupn™ 1 (L(n)loglogn)™ sup sup |V (Upn(y),nt) — V(y,nt)|

n— oo 0<r<10<y<l1

B 2T+1K2‘L’
112 —1tD)(1—1D)

a.s.

PROOF. We note that
Je(Un () = T2 ()
= JL(Tn () = ¥) + 2T ) = ¥)* I 620 (1))
= IV, )+ L) dan T (d TV (3, 1) = un(9))
+ 3 (On () = )20 02 ().

where |y — 02, (y)| < Il/];(y) — y|. Consequently, by (2.4) with t = 1 and (2.10),
we obtain

S T2 () dun ™ (un (3) — d ' V (3, m))|
<y=<

= 0((n"PL(n)loglogn)") a.s.
and

sup |1(Tn() — ¥)* T 02, ()]
O<y=<l

= O((n"PL(n)loglogn)") a.s.
Hence,

el e (Un(3) = Je () + JL)n =V (y, )|
<y=<

= 0((n"PL(n)loglogn)") a.s.
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Now (2.7) with t = 1 implies

limsup(n_DL(n)loglogn)_r/2 sup |Jt(17n(y)) —J:(y)|

n— oo OS)’SI
2(T+1)/2K2t
- JTI2—=tD)( -1D)

almost surely and, again by (2.7), we conclude that

limsupn™®~'(L(n)loglogn)™® sup |V(I/J;(y),n) —V(y,n)|

n— 00 0=<y<l

B 2T+1K2‘E
112 —1tD)(1—1D)

Hence, we have, with r € (0, 1) fixed, as (nt) — o0,

sup |V (Upu(y). nt) = V (y. nt)|
O<y<1

_ ( 2T+1K2‘L’

1-tDyt T
712 —tD)(I — D) +0(1)>(””) L (nt)(loglog(nn))"  ass.,

and hence, on dividing both sides by n' =P L™ (n)(loglogn)® and assuming with-

out loss of generality that the regularly varying function n' =P LT (n) of positive
exponent is strictly monotone increasing, the right-hand side is seen to be a.s.
bounded and independent of ¢. Thus, on taking sup,,.; on the left-hand side, we
conclude the proof of Proposition 2.3. [ o

PROPOSITION 2.4. Under the assumptions of Proposition 2.2, as n — oo, we
have

sup sup |V (Upr(y),nt) — V(y — [nt] "'V (y, nt), nt)|

0=<r<10=<y<1
=0 (n' 3P (L(n)loglogn)®™?)  as.
or, equivalently,

sup sup |(V(Upn(y),nt) — V(y,nt))
0<r<10<y<l

— (V(y = [n17'V (y, nt), nt) = V (y, n1))]
= 0(n1_3TD/2(L(n)log log n)3f/2) a.s.
PROOF. Notice that

V(U (y),n)=V(y —n"'V(y,n) — A(y), n),
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where A, (y) = dyn~(uy(y, 1) —d,; 'V (y, n)). By Proposition 2.2 with t = 1, we
get

sup |A, (V)| = 0((n_DL(n)loglogn)T) a.s.
0<y<l1

Consequently, along the lines of the proof for (2.11), we obtain

Osup1 |V(l7:,(y), n)—V(y-— n'V(y,n, n)|
<y=<

=0 (n'73P2 L3 2 (n)(loglog n)*™/?) a.s.

This also completes the proof of Proposition 2.4 by using a similar argument as at
the end of the proof of Proposition 2.3. [

PROPOSITION 2.5. Under the assumptions of Proposition 2.2, we have

sup sup |V(y— [nt]"'V(y,nt), nt)
0<t<10<y<l

[nt]

(2.13) — V.t + [V (y,nt) I} () Y He (i) /7!

i=1

= 0(n'3"P2(L(n)loglogn)®"?)  as.,n— oo,

and
limsupn®?~!(L(n)loglogn)~*
n—oo
x sup sup |V(y—[n]"'V(y,nt),nt) = V(y,nt)|
0<r<10=<y<l1
(2.14) =limsupn™®~1(L(n)loglogn)~*
n—oo
[nt]
x sup sup |[nf] "'V (y,n0)J7(y) Y He(ni)/ !
0<t<10=<y=<1 i=1
21+1K2T

= a.s.
t!2—tD)(1 —1tD)

PROOF. By (2.8) and (2.10), respectively, as n — oo, we have

sup n” |V (y,n)|=0((n"PL»n) loglogn)r/z) a.s.
O0=<y<1

and

sup |Up(y) — y| = O((n~PLn) loglogn)r/z) a.s.
O0<y=<1
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Hence, along the lines of the proof of Proposition 2.3, we first obtain (2.13)
and (2.14) with r = 1, and then a similar argument as at the end of the proof of
Proposition 2.3 yields (2.13) and (2.14) as stated. [J

2.2. Strong approximations of sequential uniform Bahadur—Kiefer processes.
A direct application of Corollary 2.1 and (2.5) leads to a strong approximation for
the sequential uniform Bahadur—Kiefer process R} (y, ).

THEOREM 2.1. Under the assumptions of Corollary 2.1, as n — 0o, we have
sup sup [Ry(y. 1) = (V(v,nt) = V (Upn (), n1))|

0<r<10<y<l1

= sup sup |dn(an(y,t) —un(y,0)) — (V(y,nt) — V(lj[\m](y),nt))|

0<r<10<y<l

— 0(nl—vp/2—‘[D/4+8L‘[/2(n)) a.s.
Next we reformulate Theorem 2.1 as follows.

THEOREM 2.2. Under the assumptions of Proposition 2.2, as n — 00, we
have

[nf] 2
sup sup [m]R:()’»l)—Jr(y)ff,(y)(ZHr(m)/T!)

0=<t<10=<y<l i=1

— O(nZ—vp/Z—rD/4+er/2(n)) a.s.
PROOF. Propositions 2.4, 2.5 and Theorem 2.1 imply the result. [J

These strong approximations readily yield weak convergence and laws of the
iterated logarithm for the process R} (y, t).

THEOREM 2.3. Under the assumptions of Proposition 2.2, as n — 00, we
have

2

tD-2y—1 * D
n" P LT () [ RE (v, 1) — (2—1tD)(1 —1D)

Je (NI (YE ()

in the space D|[0, 112, equipped with the sup-norm, where Y. (t) is as in Theorem A.

PROOF. From Theorem 5.6 of [33], as n — oo, we conclude

[nt]
_ D
dy' > He(ni)/T! = Y (1)

2
— \/(Z—ID)(l —1tD)
in D[O0, 1]. Now Theorem 2.3 follows from Theorem 2.2. [J

In light of Theorems 2.2 and 2.3, we have the following:
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THEOREM 2.4. Under the assumptions of Proposition 2.2, we have

limsupn™®~2(L(n)loglogn)™® sup sup [[nt1R} (v, 1)|

n— 00 0<r<10=<y<1

(2.15)
2T+1K2r
= a.s.,
t!2—-tD)(1 —1tD)

as well as

n*P=2L7 () sup sup |[nf]RF(y,1)|

0<t<10=<y=<l1

(2.16)

2
N *2e sup er(t), n— 00.
2—-1tD)(1—-1D) 0<r<l1

PROOF. Equation (2.15) follows from Theorem 2.2 and the law of the iter-
ated logarithm (2.7) for Zl[":t]l H:(n;)/t!. As to (2.16), it results from Theorem 2.3
directly. [J

Denote the L ,-norm of a function f on [0, 11% by

1 ,1 1/p
||f||p=</0/0|f(y,t)|pdydt) C 1<p<co.

A straightforward L ,-version of Theorem 2.2 for the sequential uniform Bahadur—
Kiefer process R (y, t) results in the following:

THEOREM 2.5. Under the assumptions of Proposition 2.2, we have

limsupnfD_z(L(n) 10g10gn)_r||[nt]R*|| — 2T+1||Jr‘]1{”p s
n—>00 nIP T 12 —D)(1 — D) e

as well as

2|17 71 p
2—1tD)(1—1D)

n P 2L ()| RE||, —2> Y2,  n— oo

This is in contrast to the L ,-theory of the Bahadur—Kiefer process in the i.i.d.
case in [9, 10], which deviates substantially from its [23, 24] sup-norm theory. For
a review of this matter, we refer to [4]. For the sake of comparison to the latter
theories, Theorems 2.1-2.5 above should be read with ¢ = 1. For strong approxi-
mations in sup-norm of the sequential uniform Bahadur—Kiefer process in the i.i.d.
case, we refer to [11].
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3. Asymptotics of the uniform Vervaat error process. In support of study-
ing the sequential uniform Vervaat error process, we first derive the weak conver-
gence of the sequential uniform Vervaat process V,, (-, -) [cf. (1.10)]. This can be
easily done via Theorems 2.2 and 2.3.

THEOREM 3.1. Under the assumptions of Proposition 2.2, as n — 00, we

have
2

2—tD)(1—1D)
in the space D0, 112, equipped with the sup-norm, where Y. (t) is as in Theorem A.

V(s 1) -2 J2(s)Y2(1)

PROOF. Theorem 2.3 and integration by parts yield
s
V. = 2420 [ R0 dy
0

D 4
=
2—-1tD)(1 —1tD)

([ sy rze

= : TS0
T Q=D —tD) T U
Theorem 3.1 and Corollary A imply that the sequential uniform Vervaat process
Vi (s, t) and the process oz,% (s, t) have the same weak limiting process. Thus, just
as in the i.i.d. case, it makes sense to consider the deviation of the two processes,
that is, the sequential uniform Vervaat error process Q) as in (1.11). Unlike in
the i.i.d. case (cf. [4]), we shall see that Q,(s, 1), as well as its sequential ver-
sion Q,(s, t), do converge weakly and, in particular, to a random process which is
a multiplication of a nonrandom function by the cube of the random process Y- (¢)
of Theorem A.

PROPOSITION 3.1. Under the assumptions of Proposition 2.2, we have
sup sup [nf]|Qu(s, 1) — Zy(s, )| = O (' 7P/2TTP/4 e (loglogn) %) aus.,

0<r<10<s<l1

where {Z,(s,1),0<s,t <1,n=1,2,...} is defined by
Zn(s, 1) =2d, 2V (s, nt)

(3.1 |

x /0 (V(s —wlnt] ="V (s, nt), nt) — V(s, nt)) dw.

PROOF. We proceed a la the lines of the proofs of Lemmas 3.1 and 3.2 of [4].
Let

)
An(s, 1) =2 [nf] /A (ctn (3, 1) — (s, 1))y,
U[nt](s)

3.2)
O0<s,t<1l,n=1,2,....
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It follows from Lemma 3.1 of [4] that

Qu(s, 1) = An(s, 1) —d; 2 (R:(s, 1))°.
Now (2.15) with ¢ = 1 yields that, when n — o0,

sup n|Qn(s, 1) — Au(s, D] = O(n'""PLT(n)(loglogn)®*)  as.

0<s<l

In similar fashion as at the end of the proof of Proposition 2.1, as n — co we get

sup sup [nr]]Qn(s, 1) — An(s, )| = O(n' ""PLT (n)(loglogn)®*)  as.

0<r<10<s<l1

Hence, it suffices to show that, as n — oo,

sup sup [nt]|A,(s,t) — Z,(s, 1) = O(nl_”p/2+TD/4+€(log 1ogn)f/2) a.s.

0<t<10<s<l1

Changing variable y =5 — w(s — (f[n\ﬂ () =5 — wlnt] dyun(s, t) in (3.2), we
get

An(s, 1) =2u,(s, 1) fol (atn (s — wint] ™ dyun (s, 1)) — @y (s, 1)) dw.
Corollary 2.1 and (2.9), as n — o0, yield
An(s, 1) =2d, uy (s, 1)
(3.3) X /(;I(V(s — wint) ™ dyu, (s, 1), nt) — V(s, nt)) dw
+ O (n™"P/2TTP/4F¢ (loglog n)*/?) as.,

uniformly in s,¢ € [0, 1]. For all 0 < w < 1, according to Proposition 2.4, as
n — oo we have, uniformly in s, ¢ € [0, 1],

V(s — wint) dyuy (s, 1), nt)=V(s— wlnt)] 'V (s, nt), nt)
+ 0 (n'737P/2(L(n) loglogn)3/?) a.s.

Inserting this into (3.3) and applying (2.9) again, we obtain, uniformly in s,
t€[0,1],

1
A,(s,t) = 2dn_1un(s, t)‘/(; (V(s— wnt] ™'V (s, nt), nt) — V(s,nt))dw

+ 0(n—vp/2+rD/4+s(10glogn)r/Z)
+ O(n_fDL’(n)(log logn)zr) a.s.
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Consequently, as n — oo, uniformly in s, ¢ € [0, 1],

An(s, 1) =2d,  uy (s, 1)
1
(3.4) X / (V(s— wlnt] ™'V (s, nt), nt) — V(s,nt))dw
0

+ O (n 7P/ (loglogn) ™) as.
Now, from Proposition 2.2, as n — o0,
(3.5) 2d; uy (s, 1) =2d,72V (s, nt) + O(n" ' (loglogn)™)  as.
uniformly in 0 < s,¢# < 1. On the other hand, applying (2.14) to the integrand
in (3.4), we arrive at

1
/(; (V(s —wlnt] ™'V (s, nt), nt) — V(s,nt)) dw

= O(nl_’D(L(n) loglogn)®) a.s.
uniformly in 0 < s, ¢ < 1. Inserting this and (3.5) into (3.4) yields that, as n — oo,
[nt]| A, (s, 1) — Z, (s, t)| = 0(nlf”p/erfD/”g(loglogn)f/z) a.s.

uniformly in 0 < s, ¢t < 1. This concludes the proof of Proposition 3.1. [J
Due to Proposition 2.5, we present the following conclusion.

PROPOSITION 3.2. Under the assumptions of Proposition 2.2, we have

[nt]
Zu(s, 1) + 24, 2]~ (V (s, n0) > T () Y He (i) /7!

i=I

sup sup
0<t<10=<s<l1

=0 "PLT(n)(loglogn)?*)  as.

PROOF. By (3.1) and Proposition 2.5, we obtain

[nt]
Zu(s, 1) + 24, 2 nt] 7 (V (s, n0))* T () Y He (i) /7!

i=1

sup sup
0<r<10=<s<1

= sup sup 2dn_2V(s,nt)

0<t<10=<s<l1

1
_ -1 _
X fo {V(s wlnt]™ V (s, nt),nt) — V(s, nt)

[nt]
+wlnt] TV (s, n) I (s) Y Hf(m)/r!} dw
i=1
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< sup sup |2dn_2V(s,nt)|

0<t<10<s<l1
X sup  sup V(s—w[nt]*lV(s,nt),nt)
0<t<10<s,w<l

[nt]
— V(s.nt) + wnt] ™'V (s,n) J.(5) > He (1:)/7!
i=1

= 0(n P L7 (n)(loglogn)*®) a.s.
This completes the proof. [

The main conclusions of this section are as follows.

THEOREM 3.2. Under the assumptions of Proposition 2.2, as n — 00, we
have
n P2 L2 ) [nf] 0 (s, 1) -2 25/2(2 — TD)(1 — D)) " IR() JL(s) Y2 (1)
in the space D0, 112, equipped with the sup-norm, where Y. (t) is as in Theorem A.

—3/2

PROOF. It follows from Theorem 5.6 of [33] and Propositions 3.1 and 3.2. [

As a consequence of Propositions 3.1 and 3.2 and Theorem 3.2, we have the
following results.

THEOREM 3.3. Under the conditions of Proposition 2.2, we have
limsupn®™P/2~ 1 L="2(n)(loglogn) ~>/2 sup sup |[nf]Qn(s, 1)
n—00 0<r<10<s<l1
=202 (112 —TtD)1 — D)) as,
and, as n — o0,
PR =2 () sup sup |[nt]Qy(s, 1)]

0<t<10<s<l1

—3/2

£>25/2K3r((2_TD)(1_TD)) sup Y2 ().

0<r<l1
Moreover,
limsupn™P/27 ' L=7/2(n) (loglogn) ="/ [nt]1Qx |l »

00
= 26T 12 (12— tD)(1 — D) as,
and, as n — 00,
n PP LT 2 ) ) Qallp <> 221200 (2 — D)1 — D)) YR,

where, in both cases, Y is as in Theorem A.



BAHADUR-KIEFER AND VERVAAT ERROR PROCESSES 1037

Reading Theorems 3.2 and 3.3 with ¢t = 1, they should be compared to Theo-
rem 2.1 and Corollaries 2.1 and 2.2 of [4] in the i.i.d. case.

4. Sequential general Bahadur—Kiefer processes, strong approximations.
In this section we study the sequential general Bahadur—Kiefer process R, (y, t) in
terms of the sequential uniform Bahadur—Kiefer process R} (y, ).

The following Csaki-type law of the iterated logarithm (cf. [3]) for the sequen-
tial uniform quantile process plays a crucial role in comparing the two processes
pn(y, 1) and u, (y, ).

PROPOSITION 4.1. Assume that the assumptions of Proposition 2.2 hold.
Then, as n — oo we have

sup  |un(y, D*/y(1 —y) = O((loglogn)™)  a.s.,
In=<y=<1-0,

where 8, = (n—PL(n)loglogn)®.

PROOF. Note that

sup  |u2(y, 1) — |7V (v, m) | /y
8n§y§1/2

< sup |up(y, 1) —d, ' V(y,n)* 8!
0<y<1

+2 sup |d 'V, mI/yY? sup fun(y, 1) —d; V(y,n)l- 8,12
Sn=<y=<1/2 O0=<y=<1

Assumption A and simple calculations yield

sup  |J:())I/y/*=0(1) and
S <y=<1/2

sup | (ML= =0(1)
1/2<y<1-6,

4.1

for large enough n. Consequently, (2.4), (2.7) and (4.1) imply that, as n — oo,

sup |up(y, 1) —Id, 'V (y.m)PP|/y = O((loglogn)") .
S=<y=<1/2

Similarly, as n — oo we get

i sup1 8 lu?(y, 1) — |d; 'V (y,m)|?|/(1 = y) = O((loglogn)®) a.s.
<y<l-o,

This, in turn, results in

2 ~1 2
D) —|d Vi,
4.2) sup lun (v, D) = 1d, Vy. mI"] = O((loglogn)®) a.s.
Sp<y<1-8, yd—y)
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On the other hand, by (2.8) and (4.1) we know that, as n — oo,
sup |d, 'V (y,n)?/(y(1 —y)) = O((loglogn)®)  as.

o <y=<l1-6,
Thus, via (4.2), as n — o0 we arrive at
(4.3) sup  |uu(y, 1)|2/(y(1 —y)) = O((loglogn)") a.s.
5n§y§1_5n |:|

In light of Proposition 4.1, and Lemma 1 of [7] (cf. Lemma 4.5.2 in [8]), it is
natural to introduce the following conditions:

(1) F is twice differentiable on (a, b), where
a =sup{x: F(x) =0}, b=inf{x: F(x) =1}, —o0<a<b=<+4o0;

(i) F'(x) = f(x) >0on (a, b);
(iii) forsome 0 <y <1+ (tD)/(2 —2t D), we have

Feol
e, POl = F() 2 = sup

rQeonl _
2oy ="

y(—y)

(iv) A:=limy 4 f(x) < o0, B :=limyy, f(x) < 00;

(v) min(A, B) > 0, or

(V') if A =0 (resp. B =0), then f is nondecreasing (resp. nonincreasing) on
an interval to the right of a (resp. to the left of b).

The following proposition concludes a strong approximation of the general
quantile process o, (-, -) by V (-, ) of (2.3). Thus, it parallels Proposition 2.2 con-
cerning u,(-,-), and it is achieved by studying the sup-norm distance between

on(y,t) and u,(y,t).

PROPOSITION 4.2. Assume the conditions (1)-(iii) on F and the assumptions
of Proposition 2.2. Then, as n — 0o we have

sup  sup  [pa(y,1) —d ' V(y,nn)|
0<t<168,<y=<1-0,
4.4) D
=0(n" r2pe/ (n)(loglogn)®) a.s.,
where 8, = (n~PL(n) loglogn)®. If, in addition to (1)-(iii), we also assume (iv)
and (v) [or (vV))], then
sup sup |pn(y.1) —d, 'V (y,nt)|
0<r<10<y<l1
O(n=™P2LT/2(n)(loglogn)™*1),
(4.5) O<y=<I,
= 0(n(l_TD)V+TD/2_1L”’_T/z(n)(logn)(1+c)(7/_1)), a.s.,

tD

1 1+
<v=<1t51-:p
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where C > (0 is arbitrary.

PROOF. Observe that a two-term Taylor expansion gives

pn (v, D) =d'nf (Q((Q(K) — 0n ()

(4.6) =d,; ' nf(QON(QY) — QU (»)))
B Cdy oS00 (1)
=un(y, 1) 2nun(y)—f3(Q(93n(y)))f(Q(y)),

where |y — 63, ()] < |y = Un()].
By (4.1), arguing as in the proof of Theorem 4.5.6 of [8], we arrive at

£/ (03 ()]
O3n (7)) (1 = O3,y () L2 T3 DT
v 0 =050 Z G @mm =7

and

fOW) [93n()7)(1 -y yd —93n()’))}”
sup ——————— < sup <
Su<y<1—8, J(Q3,(¥)) ~ 5,<y<1-5,LY(L = 3,(y)) = O3, (y)(1 —y)

These, together with Proposition 4.1 and (4.6), yield

sup  [pa(y. D) —un(y, D= O (n"PPLT () (loglogn)”)  as.

0 <y=<1-é,

Hence, arguing as at the end of the proof of Proposition 2.1, we conclude

sup  sup  [pp(y, 1) —un(y, 1)l
0<t<18,<y<1-4y,

4.7
=0 "P2LY?(n)(loglogn)™)  as.

Now (2.4) and (4.8) together imply (4.4).

1039

Next, assuming now (iv) and (v), consider the one-term Taylor expansion as

in (1.6),

SO
FQG(y, 1))

It follows from Assumption A in combination with (2.4) and (2.7) that

Pn(y, 1) =uy(y, 1)

4.8)  sup sup |un(y,0)|=0(m""PLT(n)(loglogn)’*/?)  as.

0=<r<10=<y=é,

and

sup  sup  uy(y,1)| = O(n P L7 (n)(loglogn)**/?) a.s.
0<r<11-8,<y<l
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Hence, we have

sup  sup |pn(y, 1) —un(y, 1)l
0<1<10<y=<dy,

(4.9)
=0(n "P2L2(n)(loglogn)")  as.
and
sup  sup oy, 1) —un(y,1)|
0<t<11-§,<y<l
(4.10)

= O(n_rD/zL’/z(n)(loglogn)’) a.s.
Using (2.4), (4.8), (4.9) and (4.10), we get
sup sup |pn(y, 1) —d, 'V (y,nt)|

0<r<10<y<l1

4.11)
=0 (n "P2LY 2 (n)(loglogn)) a.s.

Finally, we assume (iv) and (v). In order to prove (4.5), it again suffices to show

that supy, SUPp<y<s, lon(y, 1) —un(y, 1) and supg, < SUp;_s,<y<l1 lon(y, 1) —

u,(y, t)| converge to zero a.s. under assumptions (iv) and (v'). We demonstrate this

only for the first one of these, since, for the second one, a similar argument holds.
Along similar lines to the proof of Theorem 4.5.6 in [8], we conclude

10a(y, DI < Jun(y, DI i T () =y,

and if @(y) <y, then
O(I’er/zL_T/z(l’l)(Sn),

O<y<l,
O (n*™P2L=/2(n)8, loglogn),
lon (v, DI = y=1 a.s.,
O(nrD/ZL—t/2(n)8})1/ny—l(logn)(l-l—c)(y—l))’

tD
2(1 —tD)’

where C > 0 is arbitrary. Note that —tD/2 < (1 —tD)y +tD/2 —1 < 0 if
1<y <14 (zD)/(2 —2tD). Hence, with the help of (4.8), we obtain

l<y<l1+

sup [pn(y, 1) —un(y, D]
0<y=<é,

O (n=™P/2L72(n)(loglogn)™ 1),

O<y=1,
= 0(n(l—fD)J/Jer/Z—lLTV—T/Z(H)(logn)(l+C)(y—1)) a.s.,
D
l<y<l1+

2(1—1tD)’
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This, combined with Proposition 2.2 and (4.11), completes the proof of Proposi-
tion4.2. [J

REMARK 4.1. Note that

{Ry(y,t) — R;(y,1),0<y,t<1,n=1,2,...}
(4.12)
={—dn(on(y, 1) —un(y,1)),0<y,r<l,n=1,2,...}.
The relationship (4.12) clearly indicates that the results we have summarized and
proved in Theorems 2.3-2.5 for R (y, t) can be immediately restated for the se-
quential general Bahadur—Kiefer process R, (y, t) via the strong invariance prin-

ciple of Proposition 4.2. So we spell out and summarize these results for R, (y, t)
without proof.

THEOREM 4.1. Assume the conditions (1)—(iii) on F and the assumptions of
Proposition 2.2. Then, as n — 00 we have

n P2LT () [t Ry (y, )18, <y < 1 —8,)

D 2
=
2—-tD)(1—-1D)

Je (NI (Y ()

in the space DI[0,11* equipped with the sup-norm, where 8, = (n"PL(n) x
loglogn)®. Moreover,

limsupnrD_z(L(n)loglogn)_r sup sup  |[nf]R,(y,1)]

n—00 0<t<14,<y<1-§,
B 2‘(—|—1KZT
- t!2—1tD)(1 —1tD)

and, as n — o0,

a.s.,

o 2K7
nTD 2L T

T D 2
) sup  sup  |[nrlRa(y, )] -2 sup Y2().
0<r<18,<y<l—6, " 2—1tD)(1 =1D)o<y<1 *

THEOREM 4.2. In addition to the conditions in Theorem 4.1, we assume (iv)
and (v) [or (V')]. Then, as n — oo we have

tD-27—1 D 2 / 2
T OLTI R (0.0 > G e DY)

in the space D[0, 112, equipped with the sup-norm, as well as

limsupn™®~2(L(n)loglogn)™® sup sup |[nf]R,(y,1)]

n—00 0<r<10<y<l

_ 2r+1K2r
T tl2—1D)(1—1D)

a.s.



1042 M. CSORGO, B. SZYSZKOWICZ AND L. WANG

and
n"P2L 7T () sup sup [[nt]R,(y,1)]
0<t<10<y<l
2
3) i sup er(t), n— 00.
2—-tD)(1—-1D) 0<t<l1
Moreover,
A A
limsupn™~2(L(n) loglogn) % ||[nt]R, |, = TP 5.

and, as n — 00,

tD-27—1 D 2”-’7-][,”17 2
L 1R — Y .
n WIlIR L, 2> S Y
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