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APPROXIMATION OF ABSTRACT QUASILINEAR
EVOLUTION EQUATIONS IN THE SENSE OF HADAMARD

Naoki Tanaka

Abstract. An approximation theorem is given for abstract quasilinear evo-
lution equations in the sense of Hadamard. A stability condition is proposed
under which a sequence of approximate solutions converges to the solution.
The result obtained in this paper is a generalization of an approximation the-
orem of regularized semigroups and is applied to an approximation problem
for a degenerate Kirchhoff equation.

1. INTRODUCTION

This paper is devoted to an approximation theorem for the Cauchy problem of
the quasilinear evolution equation

_ o' (t) = A(u(t))u(t) for t € [0, T
(QE, UO) { u(O) =g € DO
in a real Banach space X equipped with norm || - || x. Here {A(w);w € D} is a

family of closed linear operators in X such that

(1.1) D(A(w)) DY forw € D,

(1.2) A is strongly continuous on D in B(Y, E),

and D is a closed subset of Y which is continuously embedded in . The spaces
FE and X are real Banach spaces continuously embedded in X and Dy is a subset
of X satisfying the following relation.
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D CcY c F Cc X
(1.3) U U
Dg C Xo

According to the device due to Kato [13], let Z be another Banach space and .S an
operator in B(Y, Z) such that there exists cg > 0 satisfying the inequality

(1.4) llullx + |Sullz < cs|lully forueVY.

The Cauchy problem (QE; ug) is said to be well-posed in the sense of Hadamard
if for each up € Dy there exists a unique solution u in the class C([0,7]; D) N
C*([0, T); E) satisfying the following continuous dependence of solutions on their
initial data:

[u(t) —o@)|x < M[u(0) = v(0)|lx,  forte[0,T].

For the autonomous case, there exists a vast literature on Hadamard well-posed
problems, which are closely related with the theory of distribution semigroups. For
instance, see Krein and Khazan [15] and Fattorini [8]. Recently, Hadamard well-
posed problems were studied using the theory of integrated semigroups ([1, 2, 14,
22]) or regularized semigroups ([4-6, 18, 25]). The theory of regularized semigroups
was also used to deal with generation theorems for various classes of semigroups
and distribution semigroups in a unified way ([20, 25]). To extend the theory of
regularized semigroups so that it may be applied to quasilinear equations, the well-
posedness of the Cauchy problem (QE; ug) in the sense of Hadamard was studied
in [26], and the Kato theorem [12, 13] in the special case where X g = F = X was
also generalized.

It is natural to try to compute solutions numerically and to discuss the question
of convergence which arises in that case. We are interested in studying such a
problem in an operator-theoretical fashion. In the autonomous case, such a problem
has been studied by interpreting as the problem of strong convergence of the semi-
groups generated by a given sequence of infinitesimal generators or the problem of
approximation of a semigroup of operators by a sequence of discrete semigroups.
The former is applied to the method of lines for concrete problems and the latter is
closely related with finite difference approximations.

Both problems were discussed by Trotter [27], Chernoff [3], Kurtz [16] and
Kato [11] for semigroups of class (Cp). These results were extended to the cases
of several classes of semigroups ([7, 9, 24]). Although the case of integrated
semigroups or regularized semigroups was discussed and the problem of strong
convergence of the integrated semigroups or regularized semigroups generated by a
given sequence of generators was studied intensively ([17, 21, 29]), a few attempt
has been made to study the problem of approximation of an integrated semigroups
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or regularized semigroup by a sequence of discrete semigroups. To our knowledge,
the case of local regularized semigroups was studied by Piskarev et. al. [23] to in-
vestigate an ill-posed problem. (See also Guidetti et. al. [10] and Melnikova et. al.
[19].)

The purpose of this paper is to extend the above-mentioned results, by discussing
an approximation theorem for the Cauchy problem of the quasilinear evolution equa-
tion (QE; ug) in the sense of Hadamard. In fact, the final part of Section 2 contains
an application of the main theorem (Theorem 1) to an approximation of local regu-
larized semigroups.

To attain our objective, we consider an approximation of the solution of (QE; ug)
by the sequence {u,} of solutions of the problems

(un(t + hn) — un(t))/hn = An(un(t))un(t),

where A,,(w) is an appropriate approximation to A(w) and {h,} is a null sequence
of positive numbers as n — oo. If a family {C,(w);w € D,} is defined by
Cr(w) = I + hpAp(w) for w € Dy, then the solution u,, is given by u,(t) = u;
for t € [ihn, (i+1)h,)N[0,T]and i = 0,1,..., K,, where {u; ,} " is a sequence
in D,, such that

Uin = Cp(Uim10)Ui—1n

fort=1,2,..., K, and K,, is the greatest integer such that h,, K,, < T. The feature
of this paper is to propose the stability condition (H4) for the family {C),(w); w €
D,,} under which the sequence {u,,} converges to the solution of (QE;uy) as n —
00.

In Section 3, we give a key estimate (Lemma 1) on the difference between
the solution of the Euler forward difference equation governed by a “quasilinear
generator” B with time scale A and the solution of the quasilinear evolution equa-
tion governed by B. Section 4 presents an application of the main theorem to an
approximation problem of a degenerate Kirchhoff equation.

2. Basic HYPOTHESES AND THE MAIN THEOREM

In this section we make basic hypotheses with some comments and state the
main theorem. The purpose of this paper is to discuss an approximation problem
which arises when the solution of concrete problem is computed numerically. To
do this, without discussing the solvability of the problem (QE;ug) we concentrate
on studying an approximation problem under the following hypothesis.

(H1) For each ug € Dy, the (QE;ug) has a unique solution v € C([0,T]; D) N
C'([0,T]; E).
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The well-posedness of the Cauchy problem (QE;ug) in the sense of Hadamard
was studied in [26]. The special case where Xy = X = FE corresponds to the
Kato theory [12, 13]. An approximation theorem for Kato’s quasilinear evolution
equations may be derived from the main theorem (Theorem 1) by considering the
special case where X, = X,, = E), for n > 1 in the following setting.

The following hypothesis is an abstract version of the fact that a finite difference
approximation to a differential operator in a space of functions defined on a domain
in RY acts on a different space like a space of discrete functions defined only at
certain grid points. This idea is due to Trotter [27] and Kurtz [16].

(H2) For each n > 1, there exist three Banach spaces E,,, X, and X, and two
subsets D,, and Dy ,, of X,, satisfying the relation

D, C E, C X,
U U
DO,n C XO,TL7

and another Banach space Z,, such that the following four conditions are
satisfied:

(H2-i) There exists a sequence { Px, } of operators such that Px, € B(X, X,,) for
n > 1 and lim,_, || Px, ullx, = |Jul|x for v € X.

(H2-ii) There exists a sequence {Pg, } of operators such that Py, € B(E, E,) for
n > 1 and lim,_, ||Pg,ul g, = ||ul|lg for u € E.

(H2-iii) There exists a sequence { Px,, } of operators such that Px,, € B(Xo, Xon)
forn > 1 and lim, . || Px,,, ullx,,, = llullx, for u € Xo.

(H2-iv) There exists a sequence {Pz,} of operators such that Pz, € B(Z, Z,,) for
n > 1 and lim, . || Pz, ullz, = ||ullz for u € Z.

In applications, the sets Dy and D are taken as the set of initial data and the
union of all positive orbits of solutions corresponding to the initial data, respectively.
These sets need to be approximated in the following sense.

(H3) There exists a sequence {Sy} of operators such that S,, € B(E,, Z,) for
n > 1 and the following conditions are satisfied:

(H3-i) For each u € D, there exists a sequence {u,,} such that u,, € D,, forn > 1,
lim,, o || Px, v — un|lx,, = 0 and lim,, .~ || Pz, Su — Spuy| z, = 0.

(H3-ii) For each u € Dy, there exists a sequence {uy} such that u, € Dy, for
n > 1, lim, oo || Pxg, v — tnllx,,, = 0, limy oo | Py, u — unl|x, = 0 and
lim, o || Pz, Su — Spun| z, = 0.
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The following is a stability condition proposed in this paper.

(H4) Let {hy,} be a null sequence of positive numbers as n — oc. For each
n > 1, let {Cp(w);w € Dy} be a family in B(X,,) satisfying the following
conditions:

(H4-1) If ©y € Dy, then there exists a sequence {xz}fi"l in D,, such that
x; = Cp(wi—1)zio1 for 1 < i < K, where K, is the greatest integer
such that hp, K, <T.

(H4-i1) There exist M > 1 and p > 1, independent of n, such that if xo €
Do p, {xz}fi’ll is a sequence in D,, satisfying x; = Cp(xi—1)x;—1 for
1 <i< K, w € Xon, {wi}ili"l is a sequence in X, satisfying
w; = Cp(xi—1)wi—1 + hy fi for 1 < i < K,, and {fz}fi"l is a sequence
in E,, then the inequality

%
lwill, <M (Hon%Om +hn ) Hszpn>
=1

holds for 1 < i < K,
(H4-iii) C\(w)(D,,) C Ey, for w € Dy,
(H4-1v) There exists L > 0, independent of n, such that

[Cn(w)u = Cp(2)ull, < hnLllw — 2|x, ([ullx, + [Snullz,)
for w, z,u € D,
The following is a consistency condition.
(H5) Ifu € D and {uy} is a sequence such that u,, € D,, forn > 1,
lim ||Px,u— unllx, =0and lim ||Pz,Su— Syuy|z, =0, then
n—00 n=00
lim ||Pg,u— up||g, =0 and lim ||Pg, A(u)u — Ap(un)unl g, =0,

n—00 n=00
where A, (w) = (Cp(w) — I)/hy, for w € D,, and n > 1.

The main theorem in this paper is given by

Theorem 1. Assume (1.1) through (1.4) and (H1) through (H5) to be satisfied.
Let uy € Dy and let {uo} be a sequence such that ug,, € Dy, for each n > 1
and lim,, .o || Px, , %0 — ol x,, = 0. Then the following assertions hold.

(i) For each n > 1, there exists a sequence {um}fi’ll in Dy, such that w;, =
Cn(ui_l,n)ui_l,n fO}” 1 S 7 S Kn.
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(i) For each n > 1, define a step function w,, : [0,T| — D,, by
Un(t) = Uiy fort € [ihy, (1 +1)hy) N[0,T] and i =0,1,2, ..., K,.
Then, it holds that

Jim (sup{un(®) = P, u(t) it € [0.7]}) = 0.

Remark. The main theorem seems to be new, even if X ,, = X,, = £, for all
n > 1. This case gives an approximation theorem for Kato’s quasilinear evolution
equations.

We conclude this section by applying Theorem 1 to an approximation problem
of local regularized semigroups by a sequence of discrete semigroups.

Let C' € B(X) be injective and assume that C' has the dense range R(C). Let
7 € (0,00]. A one parameter family {S(¢);t € [0,7)} in B(X) is a local regular-
ized semigroup on X with regularizing operator C' if the following conditions are
satisfied:

(S1) S(0) =C and S(t)S(s) = S(t+ s)C for t,s € [0,7) and t + s € [0, 7).
(S2) For each z € X, S(-)z : [0,7) — X is continuous.

Let {S(t);t € [0,7)} be a local regularized semigroup on X with regularizing
operator C. The operator A in X defined by

{ Az = C7! (limpo(S(h)x — x)/h)) for x € D(A)
D(A) = {z € X;limyo(S(h)x —x)/h exists in X and is in R(C)}

is called the generator of {S(t);t € [0,7)} and satisfies the following conditions:
(A1) A is a densely defined closed linear operator in X and C~'AC = A.

(A2) For u € D(A), S(t)u € D(A), AS(t)u = S(t)Au for t € [0,7) and
S()u e ([0, 7); [D(A)])NCL([0, 7); X ), where [D(A)] is the Banach space
D(A) equipped with the graph norm of A.

The definition of generators of regularized semigroups was first given by Da
Prato [4]. Several types of characterizations of the generators of local regularized
semigroups were given by [25] and [28]. The following approximation theorem of
such regularized semigroups is a generalization of the Chernoff product formula [3].
Another type of approximation theorem is found in the paper due to Piskarev et. al.
[23].
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Theorem 2. Let A be the generator of a local regularized semigroup {S(t);t €
[0,7)} on X with regularizing operator C. Assume that X is approximated by a
sequence {X,,} of Banach spaces in the following sense: There exists a sequence
{Px, } such that Px, € B(X,X,) forn > 1 and

e Jim [P ullx, = lulx  forue X.

Assume that there exists a sequence {C\} such that C,, € B(X,,) is injective for
n > 1 and

(22) lim |x, — Px,z||x, = 0 implies that lim |C,z, — Px,Cx|x, =0.
n—oo n—oo

For each n > 1, let F,, € B(X,,) satisfy the following conditions:
(F1) For each o € (0,7) there exists M, > 0, independent of n, such that
|ELCrullx, < Myllullx, — for 1 <i< Kgp:=[o/hy] and u € X,
where [a] is the integer part of a.
(F2) C,F, = F,Ch.

Let A, = (F,, — I)/hy, for n > 1. Assume that for each u € D(A) there exists a
sequence {uy} such that u,, € X,, for n > 1 and

Then, for each o € (0,7) and u € X,

lim (sup{HF#/h"]CnPXnu — Px, S(t)u|x,;t € [0, UH) =0.

Proof. Let Y be the Banach space C'(D(A)) equipped with the norm || - ||y
defined by [lully = |lullx + |C7 ul|x + [|AC  u|lx for u € Y. Let Z be the
Banach space X x X equipped with the norm ||(u,v)|z = |lullx + ||v||x for
(u,v) € Z, and define S € B(Y, Z) by Su = (C~tu, AC~u) for u € Y. Then,
the inequality (1.4) holds for c¢g = 1. Let E be the Banach space R(C) equipped
with the norm || - ||z defined by ||ullgz = ||ulx + |C ul|x for u € E, and let
Xy = E. Clearly, A € B(Y, E) by the definition of the spaces Y and E. Let
D = C(D(A)) and Dy = C?(D(A)). Then, the relation (1.3) is satisfied and
it is seen by (A2) that the abstract Cauchy problem for A has a unique solution
u € C([0,7); D) N CY([0,7); E) given by u(t) = S(t)C tug for t € [0,7), for
each initial data ug € Dy. This means that condition (H1) is satisfied.
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For each n > 1, let Z, be the Banach space X, x X, equipped with the
norm ||(u, )|z, = ||lullx, + |v|x, for (u,v) € Z,, and define Pz, € B(Z, Z,)
by Pz, (u,v) = (Px,u, Px,v) for (u,v) € Z. Then, hypothesis (H2-iv) is clearly
checked by (2.1). For each n > 1, let E,, be the Banach space R(C),) equipped with
the norm |jul| g, = |jullx,, + ||C;;tulx, for u € E,, and define Py, € B(E, E,)
by Pg,u = C,Px,C 'u for u € E. By (2.2) we have

2.4) lim ||CoPx, C™'u — Py, ullx, =0
n—oo

for uw € E. This fact together with (2.1) shows that (H2-ii) is satisfied. All the
other hypotheses in (H2) are checked by taking Xy, = E,, D, = R(C,) and
Dy, = R(C,,) for each n > 1.

For each n > 1 we consider the operator S,, € B(E,, Z,) defined by S,u =
(C;tu, Ap,Ctu) for uw € E,. For every u € C(D(A)) and every sequence {u,}
such that u,, € R(C,,) for n > 1, we have
2.5)
1Pz, Su— Sntn|l 2, = | Px,C~ " u = Cp tun|x, + | Px,, AC™ u — A, Gyt | -

Letu € D = C(D(A)). Then, by (2.3) there exists a sequence {v,,} such that v,, €
X, forn > 1 and lim,, o (||v, — Px, C~'u||x,, + || Anvn — Px, ACtu|x,) = 0.

goor

satisfies hypothesis (H3-1) by (2.2) and (2.5). To check (H3-ii), notice that
(2.6) [|Pxy,,u =t xo,, = [ICn P, O™ = g x,, + || P, C ™ = O Mun|x,,

for every u € R(C) and every sequence {u,} such that u,, € R(C,) for n > 1,
and let u € Dy = C?(D(A)). Then, by (2.3) there exists a sequence {v,} such
that v,, € X,, for n > 1 and

@7 lim ([lon = Px,C7%ullx, + [[Anvn — Px, AC™%ulx,) = 0.

Consider the sequence {u,} defined by u,, = C2v,, € Dy, for n > 1. Then, by
(2.5) and (2.6) we have ||Px,, u — us|lx,,, < ([|[Callx,—x, + D||Px,C 'u —
CnvnHXn and HPZnSU — SnunHZn = HPXnC_l’U, - CnvnHXn + HPXnAC_l’U, —
A, Cpvp] x, for n > 1. Notice that by (2.2) that the sequence {||C, | x,—x,, }n>1
is bounded in a way similar to that in [8, Theorem 5.7.1]. Thus, by (2.2), (H3-ii)
follows from (2.7), since C~'AC = A (by (Al)) and A,C, = C,A, forn > 1
(by (F2).

To check hypothesis (H4), let n > 1 and o € (0, 7). Letzg € Dy, and set x; =
Fixg for i = 1,2,..., Ky,. By condition (F2) we have z; = C, F.(Clzg) €
R(C,) = D,, and z; = Fpx;—y for 1 < i < K,,. This implies that hypothesis
(H4-1) is satisfied. Let wg € X, and { fi}fi"l’" be a sequence in R(C)). If
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{wi}fi"l’" is a sequence satisfying w; = FLw;_1 + h, f; for 1 <i < K, ,, then
w; = Flwg+hy, Y )_ Fi-lf; for 1 <4 < K,,,. We use condition (F1) to find the
inequality

(2
lwill x,, < Mol|Cy wollx, + hn Y MollCy fillx,

I=1
for 1 < i < K,,. This inequality means that hypothesis (H4-ii) is satisfied. Hy-
pothesis (H4-iii) is checked by condition (F2). Since for every u € C(D(A)) and
un € R(Cy), |Pg,u—unllp, < (ICallx,—x, + D[ Px,C 7 u = C tun x, (by
(2.6) with XO,n = E,) and HPEnAu_AnuTLHEn < (”Cn”Xn—’Xn+1)HPXnAC_lu_
A, Ciluy||lx, (by the definition of Pg, and the norm of E,), we verify (HS) by
(2.5). Therefore, we apply Theorem 1 to prove that

lim (sup{HF,Lt/hnlcnPch—luo — Px,S(t)C g x,,: t € [0, a]}) =0

for every up € C?(D(A)). Since C(D(A)) is dense in X, the theorem is proved
by a standard density argument. ]

3. KEY ESTIMATE AND THE PROOF OF THE MAIN THEOREM

Throughout the following lemma, let £/, X and X be three real Banach spaces
and let D and Dy be two subsets of X such that they satisfy the following relation:

D cC E C X
U U
Dg C Xo

Let h > 0 and let {C(w);w € D} be a family in B(X) satisfying the following
conditions:

(Cl) If x9 € Dy, then there exists a sequence {xz}fil in D such that x; =
C(zi—1)mi—1 for 1 < i < K, where K is the greatest integer such that
Kh<T.

(C2) There exist M > 1 and p > 1 such that if vo € Do, {x;}X | is a sequence
in D satisfying v; = C(xi_1)wi—1 for 1 < i < K, wy € Xo, {w;}, is
a sequence in X satisfying w; = C(x;—1)w;—1 + hf; for 1 < i < K and
{fi}K | is a sequence in E, then the inequality

%
[willy <M (Hon’S(O +hY Hsz%)
=1

holds for 1 <i < K.
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Lemma 1. Let ug € Dy and let {u;}X | be a sequence in D such that
w; = Cuj—1)ui—1 for1<i<K.
Define a step function u : [0,T] — D by
u(t)=wu; fortelih,(i+1)h)NI[0,T)andi=0,1,2,..., K.
Let {0 =ty <ty <-- <ty =T} be a partition of [0, T] such that
G.1) h< min (t; ;).
Set B(w) = (C(w)—1)/h for w € D. Let vy € Dy and let {vj}év:l be a sequence
in D such that
(3.2) (vj —wvj—1)/(tj —tj—1) = B(vj_1)vj_1+2;  for1 <j <N,
where {zj}évzl is a sequence in E. Define a step function v : [0,T] — D by

’U(t)— Vj—1 forte[tj_l,tj) and j=1,2,....N
) on fort=tyn.

Assume that the following conditions are satisfied:
(C3) C(w)(D) C E forw € D.
(C4) There exists Lo > 0 such that

omax [[(C(w) = C(2)vjlle < hloflw —2llx  forw,z € D.

Then there exists ¢ > 0, depending only on M,p and T, such that
(33)  u(t) = v(B)llx < cexp(eLt)(luo — vollk, + o + B + (14 Lg)y")
fort € [0,T). Here the symbols «, 3 and v are defined by

a = max [|B(vj)v; — B(vj—1)vj_1|lE,

1<G<N
= max |zlle v = max v —vilx.

Proof. We use the function w : [0, T] — co(D) defined by
w(t) = vj—1 + (t —tj-1)(vj —vj-1)/(t; — ;1)

fort € [tj_1,t;) and j = 1,2,..., N, where co(D) is the convex hull of D. Notice
that Kh < T and define

fi = (w(ih) —w((@ = 1)h))/h = B(ui—1)w((i = 1)h)
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fori=1,2,..., K. Then, by the definition of B(w) we have
(3:4) w(ih) = Clui—1)w((i — 1)h) + b f;

fori=1,2,...,K. Since w(t) € co(D) C E fort € [0,T], we have {f;}X, C E
by condition (C3). Since u; = C(u;—1)u;—1, we have by (3.4)

(3.5) U; — ’U)(’Lh) = C(ui_l)(ui_l — w((z — 1)h)) — hfZ
for 1 <i < K. Since ug — w(0) = ug —vg € Dy — Dy C Xy, we apply condition

(C2) to the equality (3.5), so that

(3.6) lui —w(ih) |l < M (Huo — o, +h) Hsz%)
=1

for 0 <i < K. |
We want to estimate Y ;_, || fi||%; in (3.6), for 1 < i < K. For this purpose, let
1<I< K andr € ((Il—1)h,lh). Then we have

(3.7 u(r) = uj—1.
Since (I — 1)h < (K — 1)h < T, there exists j € {1,2,..., N} such that
(3.8) (I—1)h € [tj-1,t)).
By the definition of w we have
w((l = 1)) = (= (L= D) /(t; — t-1))vyn
H((U=Dh=t51)/(t; = tj-1))v;.

Since B(vj_1)vj—1 — B(w—1)w((l — 1)h) is written as

(3.9)

B(vj-1)vj-1 — Blu-1)w((l — 1)h)
= ((t; = (U= 1)h)/(t; — t;-1))(B(vj-1)vj—1 — B(ur-1)vj-1)
+(((I=Dh—tj1)/(t; — tj-1))(B(vj-1)vj-1 — Blui-1)v;)
by (3.9), and since
B(vj-1)vj-1 — B(wi—1)vj = (B(vj-1)vj—1 — B(v;)v;) + (B(v;) — B(ui-1))vj,
we have by (3.7) and condition (C4)
[1B(vj-1)vj-1 — Bu-1)w((l = 1)h)||e

(3.10)
< a+ Lomax{|lvj—1 — u(r)| x, [lv; — u(r)| x}.
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By (3.1) and (3.8), we need to consider the following two cases:
(@) lh e [tj—1,t], (b) lheltjtjyr]and 1 <j< N -1
We start with the case (b). Notice that
(3.11) tic1 < (I—1)h <t; <Ilh <tji.
By (3.11) we have 7 € (tj_1,tj41); hence v(r) = v;_; or v;. Since
(vjt1 — v3)/ (41 — ) — Bur—1)w((l — 1)h)
= (B(vj)vj = B(vj-1)vj-1) + (B(vj-1)vj-1 — Blur—1)w((l = 1)h)) + zj11
by (3.2), we use (3.10) to get
G5.12) 1(vj41 = v3)/ (tipr = £5) = Blu—)w((l = D)h)||
<20+ B+ Lo([lo(r) — u(r)llx +7).

Since
(vj —vj—1)/(t; — tj—1) — Blu—1)w((l — 1)h)
= B(vj-1)vj-1 + 25 — Blu-1)w((l = 1)h),
we have by (3.10)
(3.13) [(vj —vj—1)/(t; — tj—1) — Blu—1)w((l = 1)h)|[ £
< a+ B+ Lo(lv(r) —u(r)llx +7).

We apply (3.12) and (3.13) to f; which is written as
fr = ((w(lh) = w(t;)) + (w(t;) — w((l = 1)h)))/h = B(u—1)w((l - 1)h)
= {(h =) ((vjr1 = v;)/ (tjr1 — ) = Blu—)w((l = 1)h))
+(t; = (= D) (v = vj-1)/(t; = tj-1) = Blu-1)w((l = 1)h))}/h
by the definition of w and (3.11). This yields
(3.14) Ifill 5 < 200+ B+ Loy + Lollv(r) — u(r)]|x.

In the case of (a), we have t;_; < (I —1)h < r < lh < tj by (3.8), so that
(w(lh) — w((l — 1)h))/h = (’Uj - ’Uj_l)/(tj - tj_l). This together with (3.13)
implies that (3.14) is also valid in the case of (a). It is thus shown that (3.14) holds
forr € ((I —1)h,lh) and 1 <[ < K. 1t follows that

lh
il < e ((ap +8°)h + Ly h+ L /(l n lu(r) = o(r)lx d?")
-1
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for 1 <[ < K. Substituting this inequality into (3.6), we find

s = (it B
(3.15) ih
< (o= wolf + e+ T+ LT 28 [ )= otr) e
0

for 0 <i < K.

Now, we turn to the proof of (3.3). Lett € [0, T]. Thereexists: € {0,1,..., K}
such that ¢ € [ih, (i + 1)h), and then u(t) = u;. Since ih < ¢t < T, there exists
j€{1,2,...,N} such that ih € [tj_1,;], and then
(3.16) ’U}(Zh) =vj-1+ (’Lh — tj_l)(’l)j — ’Uj_l)/(tj — tj_l).

To estimate ||u(t) — v(t)| x, by (3.15) it suffices to estimate ||v(¢) — w(ih)||x. By
(3.1) we need to consider the following three cases:

(i) te [tj_l,tj), (i) t e [tj,tj_H) and j < N -1, (i) t=t¢;and j=N.

In the case of (i), we have v(t) = vj—1 and ||v(t) —w(ih)| x < [[vj—vj-1]|x <7 by
(3.16). Next, we consider the cases (ii) and (iii). In both cases, we have v(t) = vj.
By (3.16) we have

v(t) —w(ih) = ((v; — vj—1)/(t; = tj=1))((t; — tj—1) = (ih — tj-1));

hence ||v(t) —w(ih)||x < ||Jvj—vj—1]|x <. Combining these estimates and (3.15)
and using the fact that ¢h < ¢, we have

t
=001 < e luavolly 0487497+ L7+ L [ utr)=o(r) e
0

for t € [0, T]. An application of Gronwall’s inequality gives the desired inequality
(3.3). ]

Proof of Theorem 1. Assertion (i) is a direct consequence of hypothesis (H4-1).
To prove that assertion (ii) is true, let ¢ > 0. Since u € C([0,7]; D) and A is
strongly continuous on D in B(Y, E) (by (1.2)), there exists a partition {0 = § <
tf <--- <ty =T} of [0,T] such that

t;—t5_,<e forj=1,2,... N,

(3.17) Ju(t) —u(t;_y)l[x <e forte[t; y,t5]and j=1,2,... N,

[ACu(t))u(t) = Alu(t;_,))u(t5_ e <e

fort e [t;_4,t5]and j=1,2,..., N..

(3.18)
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Set v5 = u(tj) for j =0,1,..., N.. Since vj = ug € Dy, there exists a sequence
{61 }n=1,2,... such that v§ , € Do, for n > 1 and

.19) Jim ([ P, 05 = 06,0l X0, + 1P, 06 = 05,0l x
+HPZnS’U8 - Snv(%,nHZn) - 07

by hypothesis (H3-ii). Since v; € D for 1 < j < N, hypothesis (H3-1) ensures that

for each j = 1,2,..., N; there exists a sequence {v5,, }n=12,.. such that v, € D,
for n > 1 and
(3.20) Jim ([ Px, 05 = 05, x, + [1P2,505 = Spvj 11 2,) = 0.

By (3.19) and (3.20), the consistency condition (H5) implies that lim,,_, || Pz, ;-

05, 1B, = 0and limy, o || P, A(05)05— A (05 ,,)05 | B, = 0forj =0,1,..., Ne.

For each n > 1, the sequence {25, jy:fl, defined by

Zn = (Ui = Vj_1.0) /(GG = 151) = An(V1,0)05 1,0

for j =1,2,..., N, satisfies that 25 , € £, and
(3.21) Jim |25, ([, = [[(vj = v5-1)/ (6 = 851) = Alvj_1)va e

for 1 < j < N.. We shall apply Lemma 1 to estimate the difference between u,,
and the step function vg, : [0, 7] — D,, defined by

(1) = Vi_1n fort e [t; q,t;)and j=1,2,..., N,
vas’n fort="1T.

Let ng > 1 be an integer such that h, < minj<;<n. (tj — t§—1) for all n > ng. By
condition (H4-iv) we have
[Cn(w)v5,, = Cr(2)Vfnll B, < B L([[05 llx0 + 15005 01l 2,) 1w — 2[| x,

for w,z € Dy, and 0 < j < N.. Since lim, HAn(vjn)vjn — A (V5_1 )05 1 0
1B, = [A(v;)v5 — A(v5_1)v5 4[| < € (by 3.18) and limy oo [|05,, — V51 , [ x, =
[v; —v5_1llx < e (by 3.17) for 1 < j < N, we apply Lemma 1 to find
(3.22) lun(t) — v (D, < cexp(cLP(a;)PT){l|luon — v5 |, ,

P+ (1) + (14 D7(a5))e0)

for t € [0,T] and n > ng, where the symbols af, and %, are defined by

at = Ogg)&(”vf,n”)@ + HSnvf,nHzn% b;, = 1?}?& sz’nHEn.
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By (3.19) and (3.20) we have

i _— € € < €
623)  limag= max (Jo5llx +155]) < es max u()ly-

where we have used (1.4) to obtain the last inequality. By (3.18) and (3.21) we
have

(3.24) lim b5 <e.

n—o0
We employ the step function v° : [0, 7] — D defined by
ve () { U5y fort € [t5_1,t5) and j =1,2,..., N,
vy, fort="T.

By (3.19) and (3.20) we have
(3.25) Jim (sup{[| Px, 0" (t) — v, (D) x,; € [0, T]}) = 0.
By (3.17) we have
(3.26) sup{ || Px,, u(t) = Px,v* ()| x,;t € [0, T]} < ([ Px,, [ x—-x.)e-
We use (3.22) through (3.26) to obtain

lim sup(sup{||un(t) — Px,u(®)l%,;t € [0,T1})

n—oo

< ce{ (sup{|| Px, [l x— x5 > 1})7e
+exp(cLP(cgsup{||u(t)||y;t € [0, T)})PT)
X (3 + LP(cgsup{||u(t)|y;t € [0,T]})P)eP}.

Since € > 0 is arbitrary, the desired claim is thus proved. ]

4. AN APPROXIMATION OF A DEGENERATE KIRCHHOFF EQUATION

This section is devoted to an approximation of the solution of the system

il ug(x,t) = vy(x, t) for (z,t) € R x [0, 00),
@1 ve(z,t) = [Ju(-, 0)]|?Suq(z,t)  for (z,t) € R x [0,00),

which is obtained by setting u = w, and v = w; in the Kirchhoff equation

wi(z,t) = |we (-, )| 33w (2, 1) for (z,t) € R x [0, 00).
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Here o > 1 and ||u||;2 denotes the usual norm in L?(R).

We are interested in the degenerate case where u(-,0) = 0, which implies that
the right-hand side of the second equation of (4.1) is zero when ¢ = 0.

Let {h,} and {k,,} be two null sequences of positive numbers such that h,, /k,, =
r, where r is an appropriate positive constant to be determined later. Consider the
difference scheme of Lax-Friedrichs type

@) { =ttt )2 = (v e =)/ ().

(i — (Vi1 1 +01,i1) /2) o = || (g1 |12 (i i — w1 1)/ (k)

for/ € Z and i = 1,2,.... Here the symbol | - ||, is the norm in [?(Z) defined by
1/2
ol = (72 k) ' for w = () € (2).

Theorem 3. Let vg € H3(R) and O,vg # 0. Then there exists T > 0 such
that the following assertions hold:

(i) The Cauchy problem for the system (4.1) with the initial condition u(z,0) = 0
and v(z,0) = vo(z) has a unique solution (u,v) in the class C([0, T]; H %(R) x
H?*(R)) N C([0,T]; HY(R) x H'(R)).

(ii) The solution (u,v) of (4.1) can be approximated by the solution (u ;,v;) in
12(Z) xI*(Z) of the system (4.2) with the initial condition (u ) = 0 and
(v1,0) = Pnvo in the sense that

Jim (sup{{|uge/n,) —pat()lln + [03/n,) = Pav(@)llns t € [0, T1}) = 0,

where u; = (u;), v; = (v;) and py, is the operator on L*(R) to 1%(Z)
defined by

1 (l+1/2)k‘n
(4.3) ppu = | — / u(z) dx for u € L*(R).
kn J-1/2)kn

Let X be the Banach space L?(R) x L?(R) equipped with the norm || (u, v)|| x =
([l +[v]|22)1/2 for (u,v) € X. Let E = Xog = HY(R)x HY(R), Y = H*(R) x
H?(R) and Z = X x X. Here Z is equipped with the norm ||((u,v), (4, 9))||z =
(1w, v)|% + II(@, 9)[|%)/? and HF(R) x H*(R) is equipped with the norm ||(x,
Ol azscre = ([ullde + 013012, where Jwl|gx = (37 |0hw|32)"/? for w €
HF(R). Then, the operator S € B(Y, Z), defined by S(u, v) = ((ts, vz), (Uzz, Vaz))
for (u,v) € Y, satisfies condition (1.4) with cg = 2.

Let vg € H3(R) and 0,v9 # 0. Let rg, Ry and R be positive constants such
that Hag;’l)QHLz > 7o, HUQHHs < Rp and 79 < Ry < R, and define D = {(u, U) S
Yillullgz < R, ||v]|g2z < R} and Do = {(0,vp)}. Then, relation (1.3) is satisfied
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and it is shown [26, Theorem 8.1] that the family { A((w, z)); (w, z) € D} of closed
linear operators in X defined by

{ A((w, 2))(u,0) = (vz, (Jwll78u)s)  for (u,v) € D((A(w, 2))),
D(A((w,2))) = {(u,v) € X; v € H'(R), ||w]i3u € H'(R)}

satisfies conditions (1.1), (1.2) and (H1) for sufficiently small 7" > 0. This means
that assertion (i) holds.

Let X,, and F,, be the Banach spaces [?(Z) x [>(Z) equipped with the norms
1w, 0)]lx, = (lullf + [0lI3)? and [[(u,0) ]z, = (Julli + 16;ulf + [vl7 +
|6, v|2)1/2, respectively. Here the operator 0, on [%(Z) is defined by

Sou= ((ug —w_1)/kn) foru= (u) € I*(Z).

Let Px, (u,v) = (pnu,ppv) for (u,v) € X, and let Pg, (u,v) = (pru, ppv) for
(u,v) € E and Xy, = E,,. Let Z, be the Banach space X,, x X,, with the norm
1((w,v), (@ 0)]| 2, = (I (u, 0)II, + (@, 0)]%,)"/?, and let Pz, ((u,v), (@) =
(Px, (u,v), Px, (t,v)) for ((u,v), (4,0)) € Z. Let D,, be the set of all (u,v) €
12(Z) x I*(Z) such that [|ul|7, + |6, u[l7 + |65 0, ull;, < R? and [[o]5 + |14, |7 +
16762 < R?, where & is the operator on [2(Z) defined by

S = ((ug1 — wp)/kn) for u = (w) € 1*(Z).

Let Do, = {(0, ppvo)}. Then, we have Dy, C D,, by Lemma 4 (ii) in Appendix,
since ||vg|lgz < ||lvollgs < Ro < R. All the other hypotheses in (H2) are easily
shown to be satisfied by (5.1) and Lemma 4 (i), (ii).

To check (H3) we employ S,, € B(E,,, Z,) defined by

Sp(u,v) = ((6,u,d, v), (856 u, 856, v))

rvn Un

for (u,v) € E,. For (u,v) € D, the sequence ((ppu, p,v)) in 12(Z) x I*(7Z) is a
desired one satisfying (H3-i) by Lemma 4 (i), since (p,u, ppv) € D,, (by (5.1) and
Lemma 4 (ii)) and

| Pz, S (u, v) = Sn(tn, Un)H2Zn
(4.4) = [Ptz — 5;'“71”721 + [lpnve — 5;'”71”721

+|Pntize — 57—1'—57;“71”721 + [[Pnvze — 52—5;'”71”721
for (u,v) € H*(R) x H*(R) and (uy,v,) € I>(Z) x I*(Z). For (u,v) € Dy, the

sequence ((pnu, p,v)) in 1%(Z) x [*(Z) is a desired one satisfying (H3-ii), since
pru = 0 and

45) 1Px,, (0, 0) = (s vn) 1%, = IPnte = unll + 1165 (Pt — un) 17
Hlpnv = vallf + 1167 (Prv — vn) I3
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for (u,v) € HY(R) x H'(R) and (up,v,) € 12(Z) x [*(Z). Hypothesis (H3) is
thus checked.
For each n > 1, consider the family {C,((w, 2)); (w,2) € Dy} in B(X,)

defined in the following way: C,,((w, 2))(u,v) = (f, ¢g) if and only if
6 =0 u+77u)/24 (hp/kn) (70 — 770)/2,
(46 g= (Tt +770)/2+ (hn/kn) |w|?*(rFHu — 77u) /2,

where 7Hu = (u41) and 77 u = (u;_1) for u = (w;) € 1>(Z). Since (wy, 2,) =
Ay ((tn, vp)) (un, vy,) is written as

wy = (1/7) (6, — 6, un) /2 + (85 v, + 6, 00) /2,
Zn = (1/7“)((5;1"’1)” - 5;'”71)/2 + HunH%O‘((S;un + 5;"1%)/2

for (un,vn) € Dy and Pg, A((u,v))(u,v) = (pnva, [[ul|2$pnus) for (u,v) € D,
we use (4.4) and (4.5) with X, = E,, to show that the family {C,,((w, 2)); (w, 2) €
D,,} satisfies the consistency condition (H5) by (5.1) and Lemma 4.

We want to show that the family {C), ((w, 2)); (w, z) € D,,} satisfies the stability
condition (H4). For this purpose, we need the following lemma.

Lemma 2. Let h > 0,k > 0 and r = h/k. Let a > 0 and assume that
(a+1)r2 < 1. Let f,9,&,n,w and z in 1*(7Z) satisfy the system

f=@FTw+rw)/2+7r(tT2—172)/2
g=(TTz+772) 2+ ar(tTw — 7" w)/2
n=~&+r(tTw—1"w)/2.
Then it holds that
(a+DIFIIP+ gl +2{g,n) — a|n]?

4.7) ) ) N B )
< (a+Dlwl*+ 2%+ 2((772 +772)/2,€) — all¢]I*

Here |Ju| = (Zi’i_oo \ul\2k)1/2 and (u,v) = Y 2 wuk for u = (u),v =
(v) € 1%(7).
Proof. The left-hand side of (4.7) is written as
(a+DIFIZ+1lg +nl* = (a+1)|n|?
= (a+ D{[(rFw + 77w)/2|]?
(4.8) +2r{(ttw+r"w) /2, (tt2—772)/2) +72|| (7T 2 =17 2) 2|}
H(rtz+772)/2+ (a+ Dr(tHw — 77w) /2 + €||?
—(a+ D{lIEIP+2r(E, (Trw—T1"w) /2) + || (T Tw—7"w) /2]*}.
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The second term on the right-hand side of (4.8) is equal to
(72 +772) /2l + (a + 1)*r? | (7w — 77w) /2|* + ||
(4.9) +2(a+ V)r{(tTz+772) /2, (TTw—7"w)/2) +2{(1T2+772)/2,&)
+2(a+ D)r{(tTw — 77w) /2, &).
Substituting (4.9) into (4.8) and using the following two equalities
(7 w4+ 77w) /20 + | (77w — 77 u) /2| = ||ul|®>  for u € I*(Z)

and (77w, 712) = (t7w, 77 2) for w, z € 1%(Z), we obtain the desired inequality
(4.7), by the condition that (a + 1)r? < 1. n

Lemma 3. Let h > 0,k > 0 and r = h/k. Let K > 1 be an integer such
that Kh < T. Let M > 0 and L > 0. Let {ai}fial be a sequence such that
0<a;<Mand 0 < a;—aj—1 < Lhfor0<i< K —1, where a_1 = ag. Let
{fiYE | and {g;}E | be two sequences in 1%(Z). Let {w;}, and {z;}}, be two
sequences in 12(7) satisfying the system

(4 10) w; = (7‘+’wz‘_1 + T_wz‘_l)/Q + 7“(7'+ZZ‘_1 — T_Zz‘_l)/Q + hfZ
‘ Zi = (7‘+ZZ‘_1 + T_Zz‘_l)/Q + ai_lr(7+wi_1 — T_wz‘_l)/Q + hg;

for 1 <i < K. Assume that (M + 1)r? < 1 and (M + 1)h < 1/2. Then it holds
that

Jwil|> + ||2i]|* < exp((2(M + 1) + L + T + 1)T)((M + 1)My + My + T M;)
for 0 < i < K. Here M1, My and M3 are defined by
My = Juwol® + 35 A2 Me=lzol> +h 2055 gl
Ms = |6~ z0l® + h 335, 167 ill?,
where 6~ u = ((u; — w_1)/k) for u = (w;) € 1*(Z).

Proof. Let1 < j < K. To use Lemma 2, we employ the sequence {&;}]_ in
12(Z) defined inductively by & = 0 and

(4.11) fz‘—l = (7‘+fz‘ + T_fz‘)/Q — 7“(7'+’U)Z‘_1 — T_wz‘_l)/Q

for 1 <17 < 3. Since 7'(7'+’U)Z‘_1 — T_wz‘_l)/Q = h(5+wz~_1 + (5_’[1)1‘_1)/2, we have

7j—1
(4.12) G+hy 7T +r)P RN + 6 )wy) =0
p=i



786 Naoki Tanaka

for 0 < ¢ < j. Consider the sequence {Ei}gzo in R defined by
E; = (ai-1 + Dwil® + |zl1* + 2(zi, (776 + 77 &)/2) — aia || &

for 0 < ¢ < j. To obtain the recursive inequality (4.14) for {Ei}gzo, let1 <i<j.
Since (a;_1+1)r? < (M +1)r? < 1, we apply Lemma 2 with (a, f, g, &, 0, w, 2) =
(ai—1,wi — hfi, zi — hgs, &1, (TTE6 + 77 &) /2, wi—1, 2i—1) to the system (4.10)
and (4.11), so that

(@i—1 +1)[[wi = hfill? + 1z — hgil]?
+2(2i — hgi, (7€ +776)/2) — aial(T7& + 77&) /2|
< (ai-1 + Dfwi-t|? + 21|
2((tTzi + T zi1) /2, &1) — @i ||l
Since a;_» < a;_1 and ||(77& +77&)/2|| < ||&]|, we find
E; < Ei1+(ai1—ai-g)lwia|*+2h(ai—1 +1)(wi, fi) +2h(zi, g:)
+2h{g;, (T7& +77&)/2).

Since (6t u, v) + (u, 6~ v) = 0 for u,v € I2(Z), we see by (4.12) that the last term
on the right-hand side of (4.13) is equal to

(4.13)

J—1
207y (27 (0 +07) g (271 + 7)) ).
p=1

Since 2(u, v) < |Jul|? + ||v]|? for u,v € I2(Z), it follows that
E; < Ei—1+ Lhllwi—|* + (M + D)A(|Jwill* + || fi]|*)

(4'14) 2 2 . 2 — 2 2j_1 2
+h(lzl? + gl + (G = DRI gil > + 12 w1,

p=1

Since &; = 0 and aj_; > 0, we have ||w;|? + ||z;]|> < E;. Adding (4.14) from
i=1to =7, we find

lwjll* + NIz < (M + 1) My + My + 2(20, 27 (rF + 77)o)

Jj—1 J
LR Y " Jwill? + (M 4+ 1R [|wi®
1=0 =1

J J Jj—1
+h Y Nzl +ThY 167 gl +ThY flw,|.
i=1 i=1 p=1

(4.15)
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The third term on the right-hand side of (4 15) is estimated by hj|[0~2o||? +
hy s o llwy ]|, since it is written as 2h Y o2 (T )P (6 467 ) 20),
wp) by (4.12). 1t follows that

w2+ |22 < (M +1)My + My +TMs + (L+T + 1)hz;;5 |wp|2
+(M + 1R Y lwil> + R0 [z

for 0 < j < K. By A; we denote the right-hand side. Then, we have |w,||? +
szH2 < Aj for 0 < j < K and Aj — Aj—l < (L +T + 1)hAj_1 + (M + 1)hAj
for 1 < j < K. Since 1 +¢ < exp(t) for t > 0 and (1 —¢)~! < exp(2t) for
0<t<1/2, wehave Aj <exp((2(M+1)+L+T+1)h)A;_; forl <j<K.
The desired inequality is obtained by solving this inequality and using the fact that
AQ = (M+1)M1+M2 +TM3 ]

Now, we show that for each n > 1, the family {C,((w, 2)); (w, z) € D,}
defined by (4.6) satisfies the stability condition (H4). Since (d/df)||0w + (1 —

0)2* = 2a|6w + (1 — )& |7 (0w + (1 — )i, w — B), where (u, v), =
S wuiky, for u = (u),v = (v;) € I*(Z), we have

(4.16) lwlz® = 10]15%] < 20max(|fwlln, [[@]ln)** " |lw = @l

for w, w € 12(Z). Since r(7;fu—7,u)/2 = h,(6;7u+5,, u)/2, (H4-iv) follows from
(4.16). Hypothesis (H4-iii) is automatically satisfied, since E,, = [?(Z) x I*(Z).

To check (H4-i), let M = R?*,0 < r < 1/(M+1)"/?and L = 2a(1/r+1) R,
Let (wo, 20) € Don. Since lim, oo [|271(8F 4 8,) (Pavo) |ln = [10zv0| 2 > 7o (by
Lemma 4 (1)), 29 = ppvo and lim,, .o, h, = 0, there exists an integer ng > 1 such
that (M + 1)k, <1/2,

(4.17) ro < 12756 + 6,) 20|,

(4.18) 12017 + (107 2017 + 1674 & 20ll5 + 1167 65 85, =oll7 < B3

for n > mny. Here (4.18) follows from Lemma 4 (ii), since ||vp| gz < Rp. Let
n > ng. Then it will be proved that there exists 7' > 0 such that hypothesis (H4-1)
is satisfied, by showing inductively that the sequence {(wj, 22)}2 'y, defined by

(4.19) (wi, 2) = Crp((wi—1, zi—1)) (W1, 2i—1)
for 1 < i < K, satisfies the following conditions:

(4.20) 0< flwillz* <M for0<j <Ky,
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(4.21) 0 < uwjll2* = Jwj—1[l3* < Lhn  for 0 < j < Ky,
(4.22) (wj,2z5) € D,y for 0 < j < Ky,

where w_1 = wg. Since wy = 0 and Dy, C D, (4.20) through (4.22) are clearly
true for 5 = 0. Assume that (4.20) through (4.22) hold for 0 < j < ¢ — 1. Then,
(wy, 2;) is well-defined by (4.19). By (4.6), the sequence {(wj, zj)}é»zo satisfies the
system

(4.23) wj = (TTwj—1 +77wj—1) /2 +r(TF 201 — 772j-1) /2,
| 2= (2o 7 2m1) /2 4 w2 wio — T w) /2
for 1 < j <. Since (4.20) and (4.21) hold for 1 < j < i — 1, we apply Lemma 3
with K =i, f; =0, g; = 0 and a; = ||w,||2* to find the inequality
@24)  Jwilly + llz07 < exo(2M + L+T +3)T)(|zll7 + T8, 20ll7),

since wg = 0 by the definition of Dy ,,. Since the two sequences {(J,, w;, 6, zj)}é»zo
and {(0;f 6, wj, 6,40, 2;)}:_ satisty the systems similar to (4.23), we have by
Lemma 3

(4.25) 1|6, willZ+ 116, zill2 < exp((2M +L+T+3)T)(||6,, zo0|5 + T, 67, 2012)

and
16,56, will2 + 16,46, 2|2
<exp((2M + L+ T + 3)T)(16,6;, z0ll2 + T16,, 6,5 6, z012).

n n

(4.26)

If T > 0 is chosen so that exp(a(2M + L + T + 3)T)(1 + T)*R2* < M, then
the inequality (4.20) is true for j = ¢ by (4.24) combined with (4.18). If T' > 0 is
chosen so that exp((2M + L + T + 3)T)(1 + T)R3 < R?, then condition (4.22)
is satisfied for j = ¢, by (4.18), (4.24), (4.25) and (4.26). By (4.23) with j = ¢ we
have

wi — wi—1 = hy((kn/hn)27 6T = 6 wis + 2716 46, )zi1).
Hence ||w; — wi—1||n < hn((1/7)R+ R). By (4.16) we have
[lwill5 = wia 27| < 2aR**hn(1/r +1).
Since [|w;]|2® — [[wi_1]|2% > 2aljwi_1||2* " (wi_1, w; — wi_1)n by convexity, the

desired inequality (4.21) will be proved, if 7" > 0 is chosen so that (w; 1, w; —
wi—1)n > 0. Since wy = 0 and

(4.27) wj —wj—1 = hZ(kn/hn)?27 86 w1+ ha 27 (6 + 6,25
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for 1 < j <, we have
(428) w1 = h2(kn/hy) 22 Y56 w1 4 hy 22 (65 48, )2j-1.

Similarly, we have
(4.29)

=20+ Z n(kn/ 1) 271 (8 = 07)2p—1 + B |wp1 137271 (67 + 6 )wp-1)

for 0 < 5 < 4. Substituting (4.29) into (4.28) and estimating the resulting equality,
we find

[wi—1 = hn(i = 1)271(6} + 6;) 20l
< B2 (kn/hn)?(i—1)27 ' R+R2 (i — 1)%{27 Y (kn/hn) R+ R*HY.
By (4.27) and (4.29) we have, in a way similar to the derivation of (4.30),
lw; —wi—1 — 27 Ry (6,5 + ;) 20]|n
<27 h2(kn/hn)? R+ h2 (i — 1){27 Y (kn/hn) R + R?2H1}
Combining (4.30) and (4.31), we find

(4.30)

4.31)

(wi—1,w; — wi—1)n
> hyy (i = D{1271 (65 + 0,20l
—230(2 P (kn/hn)?R A+ hp(i — 1) (27 (kn/hn) R + R2H1))
— (27 ha(kn/hn) 2R + hn(i = 1)(27 (kn/hy) R+ R**1))?}
> h2(i — 1){r3 — RT(R/r* + 2R?***Y) — (T(R/(2r?) + R?*t1))2}.

Here we have used (4.17), (4.18) and the fact that 2 < r. Since 79 > 0 it is
possible to choose T' > 0 independently of n, 4 such that (w;_1,w; — w;—1), > 0
for all n > ng. Hypothesis (H4-i) is thus shown to be satisfied. Since the sequence
{(w;, zz)}fi"l defined by (4.19) satisfies (4.20) and (4.21), Hypothesis (H4-ii) is
checked by Lemma 3.

5. APPENDIX

In this section we study some properties of the operator p, from L?*(R) into
12(Z) defined by (4.3). It is known [27] that

lpnulln < flullpz and  limp oo [[pnufln = lJullzz  for u € L*(R).

Lemma 4. The following assertions hold:
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(1) limy, o0 [|[Pn(82w) — (6;,) prulln = 0 for u € HY(R) and i > 0.
(i) [1(0,))ipnulln < ||0iullz2 for u € HY(R) and i > 0.

(iii) limp, o |77 (Pntt) — prulln = 0 for u € L?(R).

Proof. We employ the operator V,, on L?(R) defined by
(Vow)(z) =k (w(z) — w(z — ky)) for w € L*(R).

Since (V,w)(z) = fol(ﬁmw)(x—i—(é?—l)kn)de for w € H'(R), we have ||V, w]| ;2 <
|0zw]| 72 and limy, e ||[Vow — w2 = 0 for w € H'(R), by the Riemann-
Lebesgue theorem.

Let K > 1 and u € H*(R). Assume that (i) and (ii) hold for 0 < i < k — 1.
Since

(5.2) 5; (pnu) = pn(vnu)7
we have by (ii) with¢ =k — 1

16:)% 1 (P (8at) — 05 (pne)) [
<105 (Oou = Viu) | 2 = [10(05 1) — Vi (05 )| 2

and the right-hand side vanishes as n — oo by the first part of the proof. This fact
and (i) with ¢ = k —1 and u replaced by J,u together imply that (i) holds for ¢ = k.
By (5.2) and the first part of the proof, we show that (ii) is true for ¢ = k in the
way that

105 ) el = 11(8,)% Pn (V) I
< 105~ (Ve [l 22 = [[Va (05 ) | 2 < 1102(0F ) | 2

Since 71 (ppu) — ppu = pp(Tk, u — u) where (7, w)(z) = w(x + k), we have
17T pru — ppulln < ||7k,u — ul|z2 by (i) with 4 = 0. Assertion (iii) is a direct

consequence of the Riemann-Lebesgue theorem. ]
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