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THE CONSERVATIVE MATRIX ON LOCALLY CONVEX SPACES¤

Wu Junde, Kim Dohan and Cho Minhyung

Abstract. Let (X; ¿X ) and (Y; ¿Y ) be locally convex spaces, c(X ) and
c(Y ) the X-valued and Y -valued convergent sequence spaces, respectively,
Aij 2 L(X; Y ) and A = (Aij ) an operator-valued infinite matrix. In this
paper, we characterize the matrix A = (Aij ) which transforms c(X) into
c(Y ). As its applications, we introduce the chi function Â on locally convex
spaces, and show that a conservative matrix is conull if and only if Â(A) = 0.

1. INTRODUCTION

let (X;¿X) and (Y;¿Y ) be separated locally convex spaces, the topologies ¿X
and ¿Y be generated by continuous seminorms fp : p 2 DXg and fq : q 2 DY g,
respectively, !(X) the set of all sequences x = (xk) in X. In this sequel we
consider the following sequence spaces:

m(X) = fx= (xk) 2 !(X); fxk : k 2 Ng is a bounded subset of (X; ¿X)g;
c(X) = fx = (xk) 2 !(X), there exists a x0 2 X such that fxkg convergent

to x0 in topology ¿Xg;
c0(X) = fx= (xk) 2 !(X), fxkg convergent to 0 in topology ¿Xg;
c00 = fx= (xk) 2 !(X), there exists a n0 2 N when k ¸ n0;xk = 0g.
The topology of !(X) is given by the seminorms fpn; n 2 N; p 2 DXg where

pn(x) = p(xn), and the topologies of m(X); c(X); c0(X) are given by the semi-
norms fp : p 2 DXg, where p(x) = supj p(xj). It is obvious that lim : c(X) ! X
is a continuous linear operator. Suppose that Aij 2 L(X;Y ) and A = (Aij) is an
infinite matrix, let !A denote the linear space of all sequence x = (xj) 2 !(X)
such that for every i 2N , the series

P
jAijxj is convergent and cA the linear space

of all sequence x = (xj) 2 !A such that the sequence (
P

jAijxj)
1
i=1 2 c(Y ). The
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topology of !A is given by the seminorms fpn : n 2 N;p 2 DXg [ frqi : i 2
N; q 2 DYg, where rqi(x) = supm q(

Pm
j=1Aijxj), and the topology of cA is given

by fpn : n 2 N;p 2 DXg [ frqi : i 2 N; q 2 DY g [ fqA : q 2 Dyg, where
qA(x) = supi q(

P
jAijxj).

It is easily to see that if ¸(X) is any one of !(X), m(X), c(X), c0(X), !A,
cA, let Ck : ¸(X) ! X be defined by Ck(x) = xk, then every Ck is continuous.
Moreover, if x 2 !(X), let Un(x) = (x1;x2; :::; xn;0; :::). Then for every x 2
c0(X), fUn(x)g convergent to x in c0(X). Similar, for every x 2 !A, convergence
of fUn(x)g to x in !A also holds. We may prove that A : cA! c(Y ) is continuous.

An infinite matrix A = (Aij) is said to be conservative if c(X) µ cA, or
equivalence, the matrix A transforms c(X) into c(Y ). When (X; ¿X) and (Y;¿Y )
are Frechet spaces, Ramanujan in ([1]) have characterized the conservative matrix A.
Ramanujan’s theorem has a series of important applications in summability theory
([2]). However, in order to establish the summability theory in locally convex spaces
case, a crucial question is to extend this result to this class of spaces. In this paper,
we study the problem. We also generalize some elementary summability theorems.

2. THE GENERAL CONSERVATIVE MATRIX

Lemma 1 ([3]). If infinite matrixA = (Aij) transforms c0(X) into c(Y ); then
for every x= (xj) 2 c0(X); the series

P
j Aijxj converges uniformly with respect

to i 2 N.

Lemma 2. If (X; ¿X) is a barrelled space and A = (Aij) transforms c0(X)
into c(Y ); then for every bounded subset M of (X;¿X) and q 2 DY , there exists
KM > 0 such that for any i;m 2 N and xj 2M;

q

0
@

mX

j=1

Aijxj

1
A ·KM:

Proof. If not, we can choose a bounded subset M of (X; ¿X) such that for
every K > 0 there exist i0;m0 2 N and x(0)

j 2M satisfying that

q

0
@

m0X

j=1

Ai0jx
(0)
j

1
A> K:(1)

Note that the matrix A transforms c0(X) into c(Y ) and (X;¿X) is a barrelled
space, it is easily to see that for every j 2 N; fAijg1i=1 is equicontinuous. Thus,
fAij(x) : x 2M; i 2 Ng is a bounded subset of (Y; ¿Y ).
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At first, we show that for every i 2 N , there exists Ki > 0 such that for any
m2 N and xj 2M ,

q

0
@

mX

j=1

Aijxj

1
A ·Ki:(2)

If not, for every K > 0 there exist m0 2 N and x(0)
j 2M , j = 1; 2; :::;m0, such

that

q

0
@

m0X

j=1

Aijx
(0)
j

1
A¸ K:

Let K = 1, there exists m1 2 N and x(1)
j 2M; j = 1; 2; :::; m1, such that

q

0
@

m1X

j=1

Aijx
(1)
j

1
A > 1:

For
Pm1

j=1 supfq(Aijx) : x 2 M;i 2 Ng + 2, there exist m2 2 N and x(2)
j 2

M; j = 1; 2; :::;m2, such that

q

0
@

m2X

j=1

Aijx
(2)
j

1
A >

m1X

j=1

supfq(Aijx) : x 2M; i 2Ng+ 2:

Thus, we have

q

0
@

m2X

j=m1+1

Aijx
(2)
j

1
A> 2:

Inductively, we can obtain a sequence fmng of N such that

q

0
@

m1X

j=1

Aijx
(1)
j

1
A > 1;

q

0
@

mn+1X

j=mn+1

Aijx
(n+1)
j

1
A > n+1; n= 1;2; :::

Let
zj = x

(1)
j ; 1 · j ·m1;

zj =
x

(n+1)
j

n+1
; mn +1 · j ·mn+1;n = 1;2; :::
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From that M is a bounded subset of (X; ¿X) it follows that (zj) 2 c0(X).
On the other hand, from q(

Pmn+1
j=mn

Aijzj) > 1, the series
P

jAijzj is not
convergent. This is a contradiction and so the conclusion holds.

Now, we show that the inequality (1) is not true. In fact, let K = 1, there exist
i1; m1 2N and x(1)

j 2M; j = 1; 2; :::;m1, such that

q

0
@

m1X

j=1

Ai1jx
(1)
j

1
A > 1:

There exist i2; m2 2 N and x(2)
j 2M;j = 1;2; :::; m2 , such that

q

0
@

m2X

j=1

Ai2jx
(2)
j

1
A >

i1X

i=1

Ki +
m1X

j=1

supfq(Aijx) : i 2 N; x 2Mg+ 2:(3)

It is obvious that m2 >m1 and i2 > i1. From (3) it follows that

q

0
@

m2X

j=m1+1

Ai2jx
(2)
j

1
A > 2:

Inductively, we can obtain two strictly increasing sequences fmng and fing such
that

q

0
@

m1X

j=1

Ai1jx
(1)
j

1
A > 1;

q

0
@

mn+1X

j=mn+1

Ain+1jx
(n+1)
j

1
A > n+ 1; n= 1;2; ::: :

Let
zj = x

(1)
j ;1 · j ·m1;

zj =
x(n+1)
j

n+ 1
; mn + 1 · j ·mn+1; n = 1;2; ::: :

Then q(
Pmn+1

j=mn+1Ain+1jzj) > 1; n = 1;2; ::: : This shows that the series
P

jAijzj
does not converge uniformly with respect to i 2N . This contradicts Lemma 1 and
hence Lemma 2 holds.

Theorem 1. Let (X;¿X) be a barrelled space and (X¤; ¯(X¤;X)) has property
(B); (Y;¿Y ) a sequentially complete locally convex space, then A = (Aij) is a
conservative matrix if and only if
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(1) For every bounded subset M of (X; ¿X) and q 2 DY ; there exists KM > 0
such that for any i;m 2 N and xj 2M;

q

0
@

mX

j=1

Aijxj

1
A ·KM :

(2) For every x 2 X; PjAijx converges and limi!1
P1

j=1Aijx exists.

(3) For every x 2 X and j 2N; limi!1Aijx exists.

About the (B) property of (X¤; ¯(X¤; X)) see ([4, P30]).

Proof. The necessity follows from Lemma 2 and the fact that for every x 2 X
and j 2 N; (x; x; :::) and ejx= (0;0; :::; x;0; :::) 2 c(X), where the ith place of
ej  x is x.

Sufficiency. Since (X; ¿X) is a barrelled space and (X¤; ¯(X¤; X)) has the
(B) property, it follows from ([5]) that c0(X) is a barrelled space.

For every i; m 2 N, let Tim : c0(X) ! (Y; ¿Y ) be defined by Tim(x) =Pm
j=1Aij(xj). Then Tim is a continuous linear operator. For any (xj) 2 c0(X),

note that fxjg is a bounded subset of (X; ¿X), it follows from Lemma 2 that
fTim : i;m 2 Ng is pointwise bounded on c0(X) and, therefore, is equicontinuous.

Now, we show that for every i 2 N and (xj) 2 c0(X), the series
P1

j=1Aij(xj)
convergent and converges uniformly with respect to i 2 N . If not, note that
(Y; ¿Y ) is sequentially complete, so there exist (xj) 2 c0(X); "0 > 0; q 2
DY ; ik;nk;mk 2 N; nk · mk · nk+1;fnkg is strictly increasing and satisfies
that

q

0
@

mkX

j=nk

Aikjxj

1
A ¸ "0; k 2 N:(4)

Note that z(k) = (0; 0; :::;xnk ; xnk+1; :::;xmk ; 0; :::) 2 c0(X);fz(k)g converges to 0
in c0(X) and fTim : i;m 2 Ng is equicontinuous, we have fq(Timz(k))g converges
to 0 uniformly with respect to i; m2 N. In particularly,

q(Tikmkz
(k)) = q

0
@

mkX

j=nk

Aikjxj

1
A! 0:

This contradicts (4) and so for every (xj) 2 c0(X), the series
P

jAijxj is conver-
gent and converges uniformly with respect to i 2 N.
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Thus, for any (xj) 2 c(X), if limj!1 xj = l, then (xj) = (xj ¡ l) + (l; l; :::),
so
P

jAijxj =
P

jAij(xj ¡ l) +
P

jAijl converges. Moreover, it follows from
the series

P
jAij(xj¡ l) converges uniformly with respect to i 2N and conditions

(2), (3) that fPjAijxjg1i=1 is a Cauchy sequence and so is a convergent sequence
by the sequentially completeness of (Y; ¿Y ). That is, A = (Aij) transforms c(X)
into c(Y ), A is a conservative matrix. We complete the proof of Theorem 1.

Let (X; ¿X) be a barrelled space and A = (Aij) a conservative matrix. Then
the columns of A are pointwise convergent on X . Let limi!1Aij(x) = Aj(x), it
follows from the barrelledness of (X;¿X) that Aj 2 L(X; Y ).

In order to show the chi function Â is a continuous linear operator, we need the
following Theorem:

Theorem 2. Let (X; ¿X); (Y;¿Y ) be barrelled spaces and (Y; ¾(Y; Y ¤))
sequentially complete, A = (Aij) a conservative matrix. Then for any x 2
X;
P

jAj(x) converges in ¾(Y;Y ¤). Moreover; if
P

jAj : X ! Y is defined
by x! weak

P
jAj(x); then

P
jAj is ¿X ¡ ¿Y continuous.

Proof. Fix x in X and f 2 Y ¤. Consider the matrix

B =

0
@
f(A11(x)) f(A12(x)) : : :
f(A21(x)) f(A22(x)) : : :
: : : : : : : : : : : : : : : : : : : : : : : : : :

1
A :

It is easily to show that B is a conservative scalar matrix. It follows from ([6,
Theorem 1.3.7]) that

P
j f(Aj(x)) is convergent. By the sequentially completeness

of (Y; ¾(Y;Y ¤));
P

jAj(x) is convergent in ¾(Y;Y ¤).

Now, we prove that x! weak
P

jAj(x) is ¿X ¡ ¿Y continuous.
Let Tn =

Pn
j=1Aj , that fTng are pointwise bounded continuous linear op-

erators on X is clear. It follows from the barrelledness of (X;¿X) that fTng is
equicontinuous. Then fTng is also equicontinuous into (Y; ¾(Y; Y ¤)). Note that
fTng is pointwise weak convergent to

P
jAj , so

P
j Aj is ¿X¡¾(Y; Y ¤) continu-

ous, it follows from ([7, Corollary 11.1.3]) that
P

jAj is also ¾(X;X¤)¡¾(Y;Y ¤)
continuous. By the Hellinger-Toeplitz theorem ([7, Corollary 11.2.6]) that

P
jAj

is also ¯(X;X¤)¡ ¯(Y;Y ¤) continuous. Since (X; ¿X) and (Y;¿Y ) are barrelled
spaces, ¯(X;X¤) = ¿X ; ¯(Y; Y ¤) = ¿Y . Thus,

P
jAj is ¿X ¡ ¿Y continuous. We

complete the proof of Theorem 2.
Now, we introduce the chi function Â as following:
Let (X;¿X) and (Y; ¿Y ) be barrelled spaces and (Y;¿Y ) weak sequentially

complete, A = (Aij) a conservative matrix, denote

Â(A)(x) = lim
i

X

j

Aijx¡ weak
X

j

Ajx:
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From the barrelledness of (X;¿X), it is easily to see that limi!1
P

j Aij : X ! Y
is ¿X ¡ ¿Y continuous, thus, by Theorem 2 we have:

Corollary 1. If (X;¿X) and (Y;¿Y ) are barrelled spaces and (Y;¿Y ) weak
sequentially complete; A = (Aij) a conservative matrix; then the chi function
Â(A) : X ! Y is a ¿X ¡ ¿Y continuous linear operator.

3. THE CONULL MATRIX

If (X; ¿X) and (Y;¿Y ) be barrelled spaces and (Y; ¿Y ) weak sequentially com-
plete, A = (Aij) a conservative matrix, we may prove the following facts:

(I) If F 2 (!A)¤, then there exists a sequence ffjg µ X¤ such that for everyx =
(xj) 2 !A, F (x) =

P
j fj(xj). If G 2 (c0(X))¤ , then there exist a sequence

fgjg µ X¤ such that for every x= (xj) 2 c0(X), G(x) =
P

j gj(xj).

If p is a continuous seminorm and f 2 X¤, denote kfkp = supfjf(x)j :
x 2 X, p(x) · 1g, l1(X¤) = f(fj) : fj 2 X¤ and there exists a continuous
seminorm p of (X; ¿X) such that

P
j kfjkp <1g.

(II) (c0(X))¤ = l1(X¤).
(III) For any G 2 (c(X))¤, there exist fg0; gjg1j=1 µ X¤ such that (gj) 2 l1(X¤)

and for every x = (xj) 2 c(X),

G(x) = g0
³

lim
j
xj
´

+
X

j

gj
³
xj ¡ lim

j
xj
´
:

(IV) For any f 2 (cA)¤, there exist F 2 (!A)¤ and fg0; gjg1j=1 µ Y ¤ such that
(gj) 2 l1(Y ¤) and for every x = (xj) 2 cA,

f(x) = F(x) +

µ
g0 ¡

X

j

gj

¶³
lim
A
x
´

+
X

j

gj(Ax)j :

Where limAx = limi
P

jAijxj , (Ax)i =
P

jAijxj .
Let (X; ¿X); (Y; ¿Y ) be two barrelled spaces and (Y; ¿Y ) weak sequentially

complete, for x 2 X, denote x(0) = (x;x; :::). A conservative matrix (Aij) is said
to be conull if and only if for every x 2 X;Un(x(0)) converges weakly to x(0) in
cA. Otherwise A is coregular.

Theorem 3. A conservative matrixA = (Aij) is conull if and only if Â(A) = 0:

Proof. Let A be a conull matrix and x 2 X, note that

lim
A

(x(0)¡ Un(x(0))) = Â(A)(x) +
1X

j=n+1

Aj(x):
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Since A : cA ! c(Y ) is continuous and lim : c(X)! Y is also continuous, so
limA = lim ±A : cA ! Y is continuous. Using ([7, Corollary 11.1.3]) again, we
obtain that limA is also (cA;¾(cA; (cA)¤))¡ (Y; ¾(Y; Y ¤)) continuous. Thus we
have Â(A)(x) = 0.

If Â(A) = 0, now we prove that A is a conull matrix.
In fact, let f 2 (cA)¤, it follows from fact (IV) that there exist F 2 (!A)¤,

g0 2 Y ¤ and (gj) 2 l1(Y ¤) such that

f(x(0)¡ Un(x(0))) =F(x(0) ¡Un(x(0))) +

Ã
g0 ¡

X

j

gj

!³
lim
A

(x(0) ¡Un(x(0)))
´

+
X

i

gi(A(x(0) ¡Un(x(0))))i = F (x(0)¡ Un(x(0)))

+

Ã
g0¡

X

j

gj

!
(Â(A)(x) +

1X

j=n+1

Aj(x))

+
X

i

gi

Ã 1X

j=n+1

Aij(x)

!
:

Since fx(0)¡Un(x(0))g converges to 0 in!A and fP1
j=n+1Aj(x)g converges to 0 in

(Y;¾(Y;Y ¤)), so fF(x(0)¡Un(x(0)))g converges to 0, f(g0¡
P

j gj)
P1

j=n+1Aj(x)g
converges to 0. It follows from (gi) 2 l1(Y ¤), there exist a continuous seminorm
q on (Y; ¿Y ) such that

P
j kgjkq < 1. Moreover, by Lemma 2 that there exist

K > 0 such that for all n, i 2N , q(
P1

j=n+1Aij(x))· K. Pick i0 2 N such thatP1
i=i0+1 kgikq · "

K . Thus, we have
¯̄
¯̄
¯̄
X

i

gi

0
@

1X

j=n+1

Aij(x)

1
A
¯̄
¯̄
¯̄·
¯̄
¯̄
¯̄
i0X

i=1

gi

0
@

1X

j=n+1

Aij(x)

1
A
¯̄
¯̄
¯̄+
P1

i=i0+1 kgikqK

·

¯̄
¯̄
¯̄
i0X

i=1

gi

0
@

1X

j=n+1

Aij(x)

1
A
¯̄
¯̄
¯̄+ ":

So fP1
i=1 gi(

P1
j=n+1Aij(x))g converges to 0. This shows that ff(x(0)¡Un(x(0)))g

converges to 0. We complete the proof of Theorem 3.
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