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THE NEW k —n TYPE NEUBERG-PEDOE INEQUALITIES

Li Xiaoyan and Zhang Yao

Abstract. In this paper, a class of geometric inequalities for the volumes
of two n—simplexes and their k—subsimplexes are established. The results
are generalizations to several dimensions of the well-known Neuberg-Pedoe
inequality of two triangles.

1. INTRODUCTION

Geometric inequalities for simplices which are the simplest and the most useful
polytopes have been a very attractive subject for a long time. Mitrinovic, Pecaric,
Volenec [9], Ali [1], Gerber [4], Petty, Waterman [11] and other authors [7,8]
have obtained a great number of elegant results. Specially, the quantity relations
involving two simplices have been studied extensively. The well-known Neuberg-
Pedoe inequality is the first inequality for the edge-lengths and areas involving two
triangles [10].

The Neuberg-Pedoe inequality is as follows.

Let a;, b;, ¢;(1 = 1, 2) be the edge-lengths of the triangle with area A;, then

(1.1) Ha = aj(—a3 +b3 + c3) + bi(a5 — b3 + c3) + i (a3 + b3 — 3) > 16111,

with equality holds if and only if two triangles are similar.

Following Neuberg-Pedoe, a number of inequalities for two simplexes have been
established.

In 1984, P. Chia-Kuei proved the following sharpening of the Neuberg-Pedoe
inequality [3].

(1.2) bH228<@+w§+% 2 a?+@+c%2)7

1 2
a? +b? + ¢? a2 + b3 + c3
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with equality holds if and only if two triangles are similar.

In 1981, Yang Lu and Zhang Jingzhong got a generalization to several dimen-
sions of Neuberg-Pedoe inequality (1.1) [13]. Su Huaming [12], Chen Ji and Ma
Yuan[2] also gave the generalization of Neuberg-Pedoe inequality (1.1) for the edge
lengths and volumes of two n—simplexes. In 1997, Leng Gangsong and Tang Lihua
([5,6]) obtained the generalization of the inequality (1.2) for the edge lengths and
facet areas and volumes of two n—simplexes.

In this paper, except for the introduction, is divided into two sections. In Sec-
tion 2, we shall extend inequalities (1.1) and (1.2) to n—dimensional Euclidean
space E™, and establish a class of geometric inequalities for the volumes of two
n—simplexes and their k—subsimplexes. Moreover, we shall get the generalizations
and strengthening of the results in [2, 5, 6, 12], which different from the result of
Yang and zhang[13]. In Section 3, we introduce a class of lemmas which contains
the inequalities concerning mass-point systems for two simplexes. Further, we prove
our main results by applying these lemmas.

2. MAIN RESULTS

Our main results are the following three theorems and five corollaries.

Theorem 2.1. Let A and B be two n—simplexes in E™ with the n—dimensional
volumes V4 and Vg respectively. Let S;(k) denote the k—dimensional volumes of
k—dimensional subsimplexes spanned by k + 1 vertexes A, Ay, - -+, Aiyyy of A,

and S = ZSG ), where m = (Zﬁ) = %, and F;(k) denote the
k— dzmenszonal volumes of k— dlmenszonal subsimplexes spanned by k + 1 vertexes
Bz17B127"' 1 OfB and F = ZFG ]fOz,ﬁE(O 1]76[0714-1-

kl,n > 3, and a;,b; € RT (i = 1, 2) (here a1, by are any ka degree geometric
quantities, and a9, by are any k3 degree). Then

i (als@(k) + a,ZSf(k))

(b F2 () + 02 F (k) = (b1 F2 (k) + b (k) )
(2.1) =

1 blFa—f—bgFﬂ ka 8\ 2
> - dra 7P @y n V.o
= 5 =) B T a5y (Vs itV
alsoc+a25ﬂ ko ﬂ kB 2
by Vg +0 Vg R
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k
with equality holds if and only if A and B are regular, where i y, j, =~ i?Ll (\/Z—'?> "
R = i
2(a154 + CLQSg)(blFa + bgFg)
(2.1) 3 [(blFa + by Fg) (a1 S8 (k) + a2 5P ()

i=1
2
—(a18a + asSp) (1 FY (k) + ba Y (k)| > 0.

Theorem 2.2. Under the hypotheses in theorem 2.1, we have

SN sek) Sk, | ST Fe (k)L (k)
i=1 j=1 i=1 j=1
M ats at8
(2:2) —y Y S % (k)F; ® (k)
=1
1 Oé+ﬂ FOéFﬂ M ‘/SOéSﬂ k(a+B)
> _ _ n V n R
> gm(m =)y AT + NI + Ry,

with equality holds if and only if A and B are regular, where

(2.2) Ry

7 m ot atB 2
N S FuF3S. 2 (k) — /SaSsF. 2 (k)] >o0.
. TSﬂF&FﬂZZ;(\/ 5555 (K) — \/SaSHF, <>)

Theorem 2.3. Under the hypotheses in theorem 2.1, we have

SN S k) F (k) (ZZsff(k)Fs(k) - 72Sf(k)Fﬁ(k)>

(23) =1 j=1 u=1v=1
1 5 o 2\ 2(a+p) FaFﬂ 2k(a+B) Sasﬂ 2k(a+8)
> — — V. on Voo R
> gm(m” =) 505y A - R, + Rs,

with equality holds if and only if A and B are regular, where

2

5
(2.3)/ Ry=—1
25,53 o Fs

(FaF3Satp — SaSpFasp)? > 0.

By applying the arithmetic mean-geometric inequality in (2.1), (2.2), (2.3), we
get the following corollaries respectively.
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Corollary 2.1. Under the hypotheses in theorem 2.1, we have

S (@S7(6) + 2570

=1
m

}:(myy@g+bﬂfu@)—y(mffw)+@pwa

(2.4) atB F, + F3 VW

> 9 - e F
e m(m V)Mn,k [a1a25a+sﬂ A

Sa + Sp Mot

bibg———
+12Fa+Fﬁ B

:|+R17

k(atpB)
> 4m(m — ’y) alagblbguz;ﬂ (VAVB) 2n 4 Rl,

with equality holds if and only if A and B are regular.

Corollary 2.2. Under the hypotheses in Theorem 2.2, we have

YD Sek)S] (k) [ DD Fe(k)E) (k)
(2.5) i=1 j=1 =1 =1
ath k(a+f)

M atp
D8, % (K)F, 7 (k) 2 m(m =i’ (VaVe) 20 + R,
=1

with equality holds if and only if A and B are regular.

Corollary 2.3. Under the hypotheses in Theorem 2.3, we have

SN sk L (k) (Z > S3 (k)P (k) — 72Sf(k)Ff(k)>

(2.6) i=1 j=1 u=1v=1

k(a+8)
> m2( m 2(a+0B)

Z—VZ)MW (VaVe)™ ™ + Rs,

with equality holds if and only if A and B are regular.

Put o = 8 and a; = as, by = by in inequalities (2.1), (2.4) and (2.2), (2.5), we
obtain following corollary.

Corollary 2.4. Under the hypotheses in theorem 2.1, we have
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D SEk) | D ES (k) —vE(R)
i=1 j=1
(2.7) 1 . 2a G
> §m(m—’y)ui’k 5. VA —|—F—V + Ry
ka
> m(m — )y (VaVi) » + Ra,

with equality holds if and only if A and B are regular, where

m

,‘Y « [e7
(2.7) Ri= 5o Y (FaSf(k) — SaFf(k)* = 0.
i=1

Put o = (8 in (2.3), (2.6), we obtain following corollary.

Corollary 2.5. Under the hypotheses in theorem 2.1, we have

(Ssew) (Lrw) - (Ssew) (Srew)

9 1 N 2 dka 52 4ko
28 > §m2(m2 =) <52 Va" + 4 V + Rs

1 2ka
> §m2(m2 — ) in% (VaVs) ™ + Rs,

with equality holds if and only if A and B are regular, where

72

2 2 2
252F2 (F3S20 — SiFea)” > 0.

(2.8)/ Rs =

3. PROOFS OF THE THEOREMS
To prove the theorems in Section 2, we establish a number of lemmas as follows.

Lemma 3.1. ([5]) Let A an n—simplexes in E™ with the n—dimensional
volumes V4, and S; denote the (n—1)—dimensional volumes of (n—1)—dimensional
subsimplexes spanned by n — 1 vertexes A1+, Ai—1,Aix1-++, Apnt1 of A(i =
1,2,---,n+1). Put \; € R, 6 € (0,1]. Then

ntl ngn n+1n+1
(3.1) <Z by S29> n 4 1)(”—1)(1—9) <W> Z H )\ V2(n 1)6

zl]l
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with equality holds if A is regular and A1 = Ao = -+ - = A\py1.

n+1

> 87— 28!

Lemma 3.2. ([5]) Under the hypotheses in lemma 3.1, put o ; = =1

(i=1,2,---,n+1). Then

S9

7

n+1n+1

(3.2) S I =+ 1)m-1)m,
=

with equality holds if and only if S1 = S9 =--- = Sp41.

Lemma 3.3. Under the hypotheses in lemma 3.1, put o, 3 € (0, 1], then

n+1 n+1 n+1
Ssr(Sosr-ast) = 3 csnstestsp-Sose
i=1 j=1 1<i<j<n+1 i=1
(3.3) et
S ( 5 1) n3 m+1\" (n—l)rga-»-ﬁ)
- n+1 n! A ’
with equality holds if A is regular and S1 = Sy = --- = Sp41.
n+1
S5
Proof. Put \; = HT (i=1,2,---,n+1), according to Lemma 3.1
and Lemma 3.2, we get Z
n+1 n+1 n+1
Sose (Sosroast) = Sase
i=1 j=1 i=1
a+t n
3n\ “zn [ ntlntl (n=1)(a+)
no1q_atsy (07" ‘ (= Dtatf)
>+ )T () [ XN e
i=1 j=1
atpB 7
n-igg_a48y (037 20 1 (=1)(a+p)
Z(n+1)"(_2)<ﬁ> (m+1)r(n—1)V, "
= (n?—1) w ntly” V(n_l)’gwm n
n+1 n! A )
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Lemma 3.4. Under the hypotheses in theorem 2.1, then

1

(3.4) (ﬁ Si(k)> h > un,kV%,

with equality holds if and only if A is regular.

Proof. Applying the result in [14] or [15], we obtain

2n
n+1 nt1l 3n
1 n 2(n—1)
oo (Is) 2 e (e
=1
Using induction on k, the inequality (3.5) yields (3.4). ]

Lemma 3.5. Under the hypotheses in theorem 2.1, then

SaSp =D S{T(k) = D SF(R)(Y_ S (k) = 7S] (k)
(3.6) i=1 i=1 j=1
k(o)
> m(m — NV
with equality holds if and only if A is regular.

Proof. For convenience, we employ R(«, 3,7) to denote the left side of the
inequality (3.6), then

Rlo.B,y)=| D (Sek)SI (k) + S (k)SE(R)) — (n— k) Y SEH(k)
1<i<j<m i1
+n+1—k—9)> S (k) =1 + I,
=1
where
k+2
L= ), S (SER)SI (k) + S (RS2 (k) — S 5o (k) |
(41,02, sigy2)ET | 1<r<t<k+2 r=1
L= Y (SESE) +SEHRSEHR) — (n+ 1~ k=) ST ),
(ir,it)EQ i=1
and

T = {(i1,42, - - , igy2)|There exists a (k 4 1)— subsimplex A;, ;, .. ;, ) of A,
such that its k+2 side facet volumes are .S;, (k), S, (k),- -+, Si, ., (k), (1 < iy, da,
cyigp2 <n+ 1)}
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Q = {(ir,i¢)| There is not a (k + 1)— subsimplex A(;, ;, ... s, ,,) OF A,
such that its two side facet volumes are S;, (k), S;,(k)}.

Obviously, we easily get

= (15 2) 0= (3)-(252) (*17) - bm-tv-pvesnn

If (i1,42, - ,ik+2) € T, we use S;(k + 1) to denote the volume of (k +
1)—subsimplex with side facet volumes S;, (k), Si,(k), - - -, Si, ,(k), and put m’ =

|T| = (Z]:%) = %m Combining Lemma (3.3) with Lemma (3.4),and applying
arithmetic-geometric mean inequality, we infer that

" kE+1 k(a+5)
L ZZk(kJrQ) (k+2) k+1 Si(k+ 1)) F1
=1
_ 2
E+1)3 /VE+2 k(a+f)
> k(k+2) (k+2) ((k+1)!> m(Si(k—i—l))m/(kH)
- J atB
2 2
13 (VE+2\FT
> k(k+2) (k+1) kot
k+2 \(k+1)!
- T k(atB)
n—k [VE+2 ( nl 5
kt+2 (k—f—l)!(\/n—i—l A)
VEET/ o \51"T sess
=mk(n — k) Vy "
k! vn+1

k(atB)
=mk(n — k) ‘“+ﬂv o

atpB

Iy >mm—(n—k)(k+1)—1] (ﬁ Sz(k)> .

+m(n+1—k—~) (ﬁSAk)) :

=mlm — (n = k)k — ] (H Si(k)>

a4+
VE+1 < n! )5
k! vn -+

k(a+B)
=m[m — (n— k)k —up 'V, "

atpB
m

>m[m — (n—k)k —~]

—_
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Hence
k(a+B)

R(a, B,7) = Iy + Iy > m(m =)ot 7V, "
Thus inequality (3.6) valid with equality holds if and only if A is regular. =

Lemma 3.6. Under the hypotheses in theorem 2.1, then

(@180 +a285)% =7 Y _(a152 (k) + 28] (k))?
i=1

(alsa ) + agsﬂ(k))

Ms

(3.7) =t

m

S (arS5(0) + 28] (k) = (152 (k) + 257 (k) )

7=1
52
>m(m —7) (alun kV + agpty, V" ) ,
with equality holds if and only if A is regular.

Proof. We denote the left side of inequality (3.7) by P(«, 3,7), then

P(a, B,7) = (a154 + a253)? —fyz 252(k)
i=1
+2a1a9S2 TP (k) + 03527 (k)

= a2 (sg =3 s?a(k)> +2a1as (sasﬂ )8t (k)>
=1 =1
+a3 (sg -7y sfﬂ(k)> :
=1

Employing Lemma 3.5, we infer inequality (3.7) from (3.8), and equality holds
if and only if A is regular. ]

(3.8)

Lemma 3.7. Under the hypotheses in theorem 2.1, then

m m

S283 — 2O SPk))2=3"N " 80 (k)S) (k)

i=1 i=1 j=1

(3.9) f: f: SO (k) S (k) —v2S8) (k)SS (k)

2k
9 2(at+) (a+B)

> m?(m? — ’Y)Mnk Vy ™
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with equality holds if and only if A is regular.

Proof.  'We denote the left side of inequality (3.9) by W(a, 3, ). Combining
Lemma 3.4 and Lemma 3.5 and applying arithmetic-geometric mean inequality, we
deduce

W(e, 8,7)
m 2 m 2 m 2
= (Z S?‘(k)> (Z sf<k>> —y (Z(Sf“*ﬂ(k))
=1 =1 =1
=88 k) | D8] (k) — S (k) Zsa Zsf k) + ] (k)
i=1 j=1
1
k(a+B) m
>m(m =g Ve © - (m?+m) (H sﬁ%)
=1
k(a+B) k(a+B)
ZmQ(mQ_,.Y ) +ﬂv n +ﬂv n
2k(a+p)
_ m2(m2 . VQ)Mi(,kJrﬂ)VA—"

Thus inequality (3.9) valid with equality holds if and only if A is regular. =
Further, applying above lemmas, we can prove three theorems in Section 2.

Proof of the Theorem 2.1. Note

m

Haip = Z(alsf‘(k) + asSP (k)

Y O FF (k) + boF) (k) = v(0iFf (k) + b2 F (k)

= (alsa + CLQSg)(blFa + bgFg)
S @S2 R) + anSP () (b FR ) + baFR (k).

Hy = (a18a +0a288)° =7 > (a1S7(k) + 28] (k))?,
i=1

Hp = (01 Fo +baF3)* =7 Y (b1 F (k) +boFf ()%,
i=1
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By computation, we easily deduce the following inequality.

1 (b01Fy + baFp a1Sq + a25s
3.10 Hjp=- | ——=2H),+—2 ="Hp | +R,.
( ) AB <a15a + CLQSg A bhF, + bgFﬂ B !

Substituting (3.7) to (3.10), we infer inequality (2.1). Moreover, by Lemma
3.6, we know the equality holds if and only if A and B are regular. Therefore We
complete the proof of Theorem 2.1. ]

Proof of the Theorem 2.2. Note

Cas = |33 5052, | 3 Fe(k) i (k)

i=1 j=1 i=1 j=1

L

atfB

= /SaSs\/FaFg =7 SZ%Q(k)Fi 2 (k)
=1

Ga = 5uS5 =7 > S0(k), G = Fuky — 7> FE (k).

i=1 i=1

By computation, we easily deduce the following inequality.

1 { /FoF \/SaSs
(3.11) Gap = = 2 ﬂGA—f— GB + Rs.
2\ /SaSs VFFs
Substituting (3.6) to (3.11), we infer inequality (2.2). Moreover, by Lemma 3.5,
we know the equality holds if and only if A and B are regular. The Theorem 2.2
is proved. ]

Proof of the Theorem 2.3.

Note
B:ZZWWW<ZZ%WW%ﬁWWW>
i=1 j=1 u=1 v=1

= SaSsFuFs — 7222 (Si(k)Fy(k))*Tr
i=1 j=1

= SaSgFaFp — 7*SatsFars
m 2

Qa = (SaSp)* =7 (Z Sf+ﬂ(k)> = (SaSs)* = 7*S2. 5,

=1

m

2
Qp = (Falp)* =+ (Z ﬂaw(k)) = (FaFp)® = 7*Faip,

=1
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By computation, we easily deduce the following inequality.

1 [(FoF SaS
(3.12) Qap = 3 ( CQa+ 7

5455 FoFj QB) + s

Substituting (3.9) to (3.12), we infer inequality (2.3). Moreover, by Lemma
3.7, we know the equality holds if and only if A and B are regular. Therefore We
complete the proof of Theorem 2.3. ]
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