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SOME GENERALIZATIONS OF OPIAL’S INEQUALITIES
ON TIME SCALES

Fu-Hsiang Wong, Wei-Cheng Lian, Shiueh-Ling Yu and Cheh-Chih Yeh

Abstract. The Opial inequality is of great interest in differential and difference
equations, and other areas of mathematics. The purpose of this paper is to
generalize the Opial inequality to some time scale versions. One of these
results says:

∫ b

a

h(x){|g(x)|p|f∆n

(x)|q + |f(x)|p|g∆n

(x)|q}∆x

≤ 2q

p + q
[(

b− a

2
)p]n

∫ b

a

h(x){|f∆n

(x)|p+q + |g∆n

(x)|p+q}∆x,

if p ≥ 1, q ≥ 1 and f, g ∈ Crd([a, b], R) satisfy some suitable conditions.

1. INTRODUCTION

The Opial inequality [11] is of great interest in differential and difference equa-
tions, and other areas of mathematics. The original Opial inequality is as follows:

Theorem 1.A. Let a > 0. If f ∈ C1[0, a] with f(0) = f(a) = 0 and f(t) > 0
on (0, a). Then ∫ a

0

|f(x)f ′(x)|dx ≤ a

4

∫ a

0

|f ′(x)|2dx.

There are many authors dealing with this renowned inequality, see, for example,
Agarwal etc [1, 2, 3, 4]. Bessack [5], Das [7], He [8], Mallows [10], Pachpatte [12],
Willett [13] and Yang [14].
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In 2001, Agarwal, Bohner and Peterson [4] extended Theorem 1.A on a time
scale and obtained the following

Theorem 1.B. For delta differentiable x : [0, h] → R with x(0) = 0, we have
∫ h

0
|(x + xσ)x∆|(t)∆t ≤ h

∫ h

0
|x∆|2(t)∆t.

The purpose of this paper is to generalize the Opial inequality to more general
cases on time scales.

To do this, we briefly introduce the time scales theory and refer to Bohner and
Peterson [6] and Kaymakcalan [9] for further details.

Theorem 1.C. A time scale T is an arbitrary nonempty closed subset of the
the set R of all real numbers. Let T have the topology that it inherits from the
standard topology on R. For t ∈ T, if t < sup T, we define the forward jump
operator σ : T → T by

σ(t) := inf{τ > t : τ ∈ T} ∈ T,

while if t > inf T, the backward jump operator ρ : T → T is defined by

ρ(t) := sup{τ < t : τ ∈ T} ∈ T.

If σ(t) > t, we say t is right scattered, while if ρ(t) < t, we say t is left scattered.
If σ(t) = t, we say t is right dense, while if ρ(t) = t, we say t is left dense.

Throughout this paper, we suppose that

(a) R = (−∞, +∞);
(b) T is a time scale;
(c) an interval means the intersection of a real interval with the given time scale.

Theorem 1.D. If f : T → R, then fσ : T → R is defined by

fσ(t) = f(σ(t))

for all t ∈ T.

Theorem 1.E. A mapping f : T → R is called rd-continuous if it satisfies:

(A) f is continuous at each right-dense point or maximal element of T,
(B) the left-sided limit lim

s→t−
f(s) = f(t−) exists at each left-dense point t of T.
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Let

Crd(T, R) := {f | f : T → R is a rd-continuous function}

and

T
k :=

{
T − {m}, if T has a left-scattered maximal point m,

T, otherwise.

Theorem 1.F. Assume x : T → R and fix t ∈ T
k, then we define x∆(t) to be

the number (provided it exists) with the property that given any ε > 0, there is a
neighborhood U of t such that

|[x(σ(t))− x(s)] − x∆(t)[σ(t)− s]| < ε|σ(t) − s|,

for all s ∈ U . We call x∆(t) the delta derivative of x(t) at t.
It can be shown that if x : T → R is continuous at t ∈ T and t is right scattered,

then
x∆(t) =

x(σ(t))− x(t)
σ(t) − t

.

Theorem 1.G. A function F : T → R is an antiderivative of f : T → R if
F∆(t) = f(t) for all t ∈ T

k . In this case, we define the integral of f by∫ t

s
f(τ) ∆τ = F (t) − F (s)

for s, t ∈ T.

It follows from Theorem 1.74 of Bohner and Peterson [6] that every rd-continuous
function has an antiderivative.

2. MAIN RESULTS

We now in a position to extend Theorem A of He [8] (see, also, Yang [14]) to
a time scale version.

Theorem 2.1. Let f : [a, b] → R with f(a) = 0 be delta differentiable,
h ∈ Crd([a, b], [1,∞)) := {f | f : [a, b] → [1,∞) is a rd-continuous function},
p ≥ 0 and q ≥ 1. Then,∫ b

a
h(x)|f(x)|p|f∆(x)|q∆x ≤ q

p + q
(b − a)p

∫ b

a
h(x)|f∆(x)|p+q∆x.
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Proof. Without loss of generality, we assume that a = 0. Let

F (t) :=
q

p + q
{tp

∫ t

0
h(x)|f∆(x)|p+q∆x} −

∫ t

0
h(x)|f(x)|p|f∆(x)|q∆x.

It follows from the property of the delta derivative (Theorems 1.20 and 1.24 in
Bohner and Peterson [6]) that

(1)

F∆(t) =
q

p + q

{( p−1∑
v=0

[
(
σ(t)v

)
tp−1−v ]

)∫ t

0

h(x)|f∆(x)|p+q∆x
}

+
q

p + q

{
(σ(t))ph(t)|f∆(t)|p+q

}
−h(t)|f(t)p||f∆(t)|q.

Since
|f(t)| =

∣∣∣∣
∫ t

0
f∆(x)∆x

∣∣∣∣ ≤
∫ t

0
|f∆(x)|∆x

≤
(∫ t

0

1r∆x
) 1

r
( ∫ t

0

|f∆(x)|p+q∆x
) 1

p+q

≤
(∫ t

0
1r∆x

) 1
r
( ∫ t

0
h(x)|f∆(x)|p+q∆x

) 1
p+q

,

where 1
r + 1

p+q = 1, we have

|f(t)|p+q ≤ tp+q−1
(∫ t

0
h(x)|f∆(x)|p+q∆x

)
,

which implies

(2)
|f(t)|p+q

tp+q−1
≤

∫ t

0
h(x)|f∆(x)|p+q∆x.

It follows from (1) and (2) that

F∆(t) ≥ 1
(p + q)tp+q−1

{q|f(t)|p+q(
p−1∑
v=0

[(σ(t))vtp−1−v ])

+qtp+q−1h(t)(σ(t))p|f∆(t)|p+q

−(p + q)tp+q−1h(t)|f(t)|p|f∆(t)|q}

≥ 1
(p + q)tp+q−1

{|f(t)|p+q(
p−1∑
v=0

[(σ(t))vtp−1−v ])

+qtp+q−1h(t)(σ(t))p|f∆(t)|p+q

−(p + q)tp+q−1h(t)|f(t)|p|f∆(t)|q}.
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Set
A(t) : = |f(t)|p+q ≥ 0

B(t) : = h(t)(t|f∆(t)|)p+q ≥ 0

α =
p

p + q

β =
q

p + q
.

Then

F∆(t) ≥ 1
tq

{∑p−1
v=0(

σ(t)
t )v

p + q
A(t) +

q

p + q
(
σ(t)

t
)pB(t)

−(h(t))1−
q

p+q (A(t))
p

p+q (B(t))
q

p+q

}

≥ 1
tq

{ p

p + q
A(t) +

q

p + q
B(t) −

(
h(t))1−

q
p+q (A(t))

p
p+q (B(t)

) q
p+q

}

≥ 1
tq

{
αA(t) + βB(t) − (A(t))α(B(t))β

}
( cf: h(t) ≥ 1)

≥ 0,

i.e.,

F (b) =
∫ b

0
F∆(t)∆t ≥ 0.

Therefore,

q

p + q

{
bp

∫ b

0
h(x)|f∆(x)|p+q∆x

}
−

∫ b

0
h(x)|f(x)|p|f∆(x)|q∆x ≥ 0,

and hence we obtain the desired result.

Theorem 2.2. Let f : [a, b] → R be n-times delta differentiable with f(a) =
f∆(a) = ... = f∆n−1

(a) = 0 and h ∈ Crd([a, b], [1,∞)). If p ≥ 0 and q ≥ 1, then∫ b

a

h(x)|f(x)|p|f∆n
(x)|q∆x ≤ q

p + q

[
(b − a)p

]n
∫ b

a

h(x)|f∆n
(x)|p+q∆x.

Proof. Let

g(t) :=
∫ t

a

∫ tn−1

a
...

∫ t1

a
|f∆n

(x)|∆x∆t1...∆tn−1.

Then
g∆(t), ..., g∆n−1

(t) ≥ 0, g∆n
(t) = |f∆n

(t)| ≥ 0
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and
g(t) ≥ |f(t)|,

g∆i
(t) =

∫ t

a
g∆i+1

(x)∆x

≤ g∆i+1
(t)

∫ t

a
(1)∆x

≤ (t − a)g∆i+1
(t) for all i = 0, 1, ..., n− 2.

By Theorem 2.1,∫ b

a
h(x)|f(x)|p|f∆n

(x)|q∆x ≤
∫ b

a
h(x)(g(x))p(g∆n

(x))q∆x

≤
∫ b

a
h(x)[(x− a)g∆(x)]p(g∆n

(x))q∆x

≤
∫ b

a
h(x)[(x− a)2g∆2

(x)]p(g∆n
(x))q∆x

...

≤
∫ b

a
h(x)[(x− a)n−1g∆n−1

(x)]p(g∆n
(x))q∆x

≤ [(b − a)p]n−1

∫ b

a
h(x)(g∆n−1

(x))p(g∆n
(x))q∆x

≤ [(b−a)p]n−1 q

p + q
(b−a)p

∫ b

a
h(x)|g∆n

(x)|p+q∆x

=
q

p + q
[(b − a)p]n

∫ b

a
h(x)|g∆n

(x)|p+q∆x

=
q

p + q
[(b − a)p]n

∫ b

a
h(x)|f∆n

(x)|p+q∆x.

Theorem 2.3. Let f, g : [a, b] → R be n-times delta differentiable with

f(a) = f∆(a) = f∆n−1
(a) = 0 and g(a) = g∆(a) = ... = g∆n−1

(a) = 0

and h ∈ Crd([a, b], [1,∞)). If p ≥ 0 and q ≥ 1, then∫ b

a
h(x){|g(x)|p|f∆n

(x)|q + |f(x)|p|g∆n
(x)|q}∆x

≤ 2q

p + q
[(b − a)p]n

∫ b

a
h(x){|f∆n

(x)|p+q + |g∆n
(x)|p+q}∆x.

Proof. Define

K(t) =
∫ t

a

∫ tn−1

a
...

∫ t1

a
{|f∆n

(x)|p+q + |g∆n
(x)|p+q} 1

p+q ∆x∆t1...∆tn−1.
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Then

K∆n
(t) = {|f∆n

(t)|p+q + |g∆n
(t)|p+q} 1

p+q ≥ max{|f∆n
(t)|, |g∆n

(t)|}

and
K(t) ≥

∫ t

a
...

∫ t1

a
{|f∆n

(x)|p+q} 1
p+q ∆x∆t1...∆tn−1

≥ |
∫ t

a

...

∫ t1

a

f∆n
(x)∆x∆t1...∆tn−1|

= |f(t)|.
Similarly,

K(t) ≥ |g(t)|.
By Theorem 2.2,∫ b

a
h(x){|g(x)|p|f∆n

(x)|q + |f(x)|p|g∆n
(x)|q}∆x

≤
∫ b

a
h(x)|K(x)|p{|f∆n

(x)|q + |g∆n
(x)|q}∆x

≤
∫ b

a
h(x)|K(x)|p · 2 · |K∆n

(x)|q∆x

≤ 2q

p + q
[(b − a)p]n

∫ b

a
h(x)|K∆n

(x)|p+q∆x

=
2q

p + q
[(b − a)p]n

∫ b

a
h(x){|f∆n

(x)|p+q + |g∆n
(x)|p+q}∆x.

Theorem 2.4. Let f, g : [a, b] → R be n-times delta differentiable with

f(a) = f∆(a) = f∆n−1
(a) = 0, f(b) = f∆(b) = f∆n−1

(b) = 0,

g(a) = g∆(a) = ... = g∆n−1
(a) = 0 and g(b) = g∆(b) = ... = g∆n−1

(b) = 0

and h ∈ Crd([a, b], [1,∞)). If a + b

2
∈ [a, b], p ≥ 0 and q ≥ 1, then

∫ b

a
h(x){|g(x)|p|f∆n

(x)|q + |f(x)|p|g∆n
(x)|q}∆x

≤ 2q

p + q
[(

b − a

2
)p]n

∫ b

a
h(x){|f∆n

(x)|p+q + |g∆n
(x)|p+q}∆x.

Proof. Define

f1(t) = f(t), g1(t) = g(t), f2(t) = f(a + b − t) and g2(t) = g(a + b − t)
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on [a,
a + b

2
]. It is clear that fi and gi satisfy the conditions of Theorem 2.3, i = 1, 2.

Therefore, we can apply Theorem 2.3 to the pairs of functions (f1, g1) and (f2, g2)

on the interval [a,
a + b

2
]. Adding them and hence we obtain the desired results.
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