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A NEW CLASS OF DOUBLY NONLINEAR EVOLUTION EQUATIONS

Masayasu Aso, Takesi Fukao and Nobuyuki Kenmochi

Abstract. In this paper we consider the solvability for a new class of doubly
nonlinear evolution equations. The motivation of this work comes from a
transmission problem of two degenerate parabolic equations with convection
term, in which the transmission boundary is time-dependent. We give an
abstract existence result, and show that the weak variational formulation for
the transmission problem can be solved by applying this abstract result. In our
existence proof, the abstract theory of pseudo-monotone operators is useful.

1. INTRODUCTION

Let 0 < T < +o00. We consider an evolution equation of the form:

(1.1) W' (t) + K(t,0(t) + G(t,u(t)) = f(t) inV* for ae. t €[0,T],

(1.2) u(0) = uo,

where v/ := du/dt. Here, for each ¢t € [0,T], K(t,-) is a weakly continuous
operator from a reflexive Banach space V' into its dual space V*, G(t,-) is a
weakly continuous operator from a Hilbert space H into V*, where V' is imbedded
densely and compactly in H, f is a given source function and u is an initial datum.
Equation (1.1) is considered with the following relation between 6 and u:

(1.3) 0(t) = oYt (u(t)) in V for a.e. t €10,T],

where {¢'} is a family of proper, lower semicontinuous and convex functions on
space V* and ot is the subdifferential of +/* from V* into V; especially in our
setting the subdifferential v is assumed to be singlevalued.
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Some types of doubly nonlinear evolution equations have been considered so
far, for example,

(1.4) A@W/(t)) + B(u(t)) > £(t),

which was considered by Arai [1], Senba [21], Colli and Visintin [8] and Colli
[7], where A and B are maximal monotone, possibly nonlinear and multivalued
operators from V' into V*; in Colli [7], A is bounded and B is unbounded so that
the domain D(B) is contained in a Banach space W imbedded compactly in V.
Another type of doubly nonlinear evolution equations is of the form:

(15 S AQu() + Blu(t) 3 (),

which was treated, for instance, by Kenmochi [ 16], Kenmochi and Pawlow [17],[18],
and recently Maitre and Witomski [19]. In our problem, the unknown « can be elim-
inated by (1.3). In fact, using the conjugate convex function 1)** of 1, we obtain
from (1.3) that

(1.6) u(t) € aY(O(t)) in V*,

where dyt* is the subdifferential of )™ from V into V*. Hence (1.1) is formally
written in the form

(1.7) %awt*(e(t)) +E(L00) + 6L (01)) 5 f(1) V.

This is a new type of doubly nonlinear evolution equations in respect that the time
derivative of 91t (0(t)) is included in the equation as well as a highly nonlinear

perturbation G(¢, d¢**(6(t))). We have not noticed any results on this class of evo-
lution equations. In this paper we give an existence result for problem {(1.1){1.3)}.
In our construction of a solution, we approximate (1.1) by a time discretization
scheme. After getting some uniform estimates we discuss its convergences to obtain
a solution of our problem.

The above type of evolution equations arises from transmission problems of two
degenerate parabolic equations. This problem has been studied by Fukao, Kenmochi
and Pawlow [11]. In their paper it was treated as a system of transmission-Stefan
type. Two degenerate parabolic equations are combined by the transmission condi-
tion. In this case the problem is formulated as an initial value problem for (1.1) in
an abstract Banach space, which will be discussed in detail in the last section.

2. MAIN RESuLT

Throughout this paper, we denote by V' a real reflexive Banach space with norm
| - |v, by V* the dual space of V' and by (-,-)y+ 1 the duality pairing between V'*
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and V. Moreover, let H be a real Hilbert space with inner product (-, -)i and norm
| - |z such that the following dense and compact imbeddings are satisfied:

v gy

Without loss of generality we may assume that V' and V* are strictly convex spaces.
Now consider the initial value problem (DN):= {(2.1)-(2.3)}:

(2.1) W (t)+ K(t,0(t) + G(t,u(t)) = f(t) inV* for a.e t €[0,T],
(2.2) 0(t) = oYt (u(t)) in V for a.e. t €10,T],

(2.3) u(0) = uo,
under the following assumptions (Al)-(A3):

(Al) For each t € [0,T], ¢" is a proper, lower semicontinuous and convex
function on V* with D(wt) C H, and ¢! is coercive, that is, there exists a positive
constant Cp, independent of ¢, such that

(24) Yi(u) > Colul?  for all u € D(Y).

Moreover )¢ satisfies the following time-dependent condition: For each t, s € [0,T]
and u € D(v*®), there exists @ € D(¢*) such that

(2.5) @ — u

v Cilt—sl(v @} +1),

(2.6) PH(@) —¢*(u)  Cilt — s|(y°(w) + 1),

where C] is a positive constant independent of ¢, s and u. In addition, +* is strongly
monotone in the following sense:

(2.7) (u1—ug, 61— O2)y~ v > Cal — 62|} for all §; = 9v'(w;) and i = 1,2.

(A2) The operator K(t,-) : D(K(t,-)) =V — V* satisfies that
(coerciveness)

(2.8) (K(t,0),0) vy > C3]0|3 —Cy forall € V and t € [0, T],
(boundedness)

(2.9) |K(t,0)]v+ Cs|0ly +Cs forall® €V andte[0,T],
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where C3, C4, C5 and Cg are positive constants. Moreover K (-, ) satisfies the
following property: If 6, — 6 in L?(0,7; H) and weakly in L?(0,T; V) as n —
400, then

(2.10)  K(-,0n(,-) = K(-,0(,-)) weakly in L*(0,T;V*) as n — +oc.

In addition, for each 6 € V, K (-, ) is continuous with respect to ¢ in the following
sense: There exists a continuous function w : [0, +00) — [0, +00) with w(0) = 0
such that

211)  |K@t,0) — K(s,0)v-  w(|t —s)(0]v +1) for all ¢, s € [0,T].

(A3) The operator G(t,-) : D(G(t,-)) = H — V* satisfies that
(boundedness)

(2.12) |G(t,u)lv=  Crlulp+ Cs forallue H and t € (0,77,

where C7 and Cy are positive constants. Moreover G (-, -) satisfies the following
property: If ¢, — ¢ and u,, — u weakly in H as n — +o0, then

(2.13) G(t,,u,) = G(t,u) weakly in V* as n — +oo.
Here we give the definition of a solution of (DN).

Definition 2.1 A pair {u, 6} of functions u,6 : [0,7] — H is called a solution
of DN), ifu € WH2(0, T; V*)NL>®(0,T; H), 0 € L?>(0,T;V) and {u, 0} satisfies
(2.1, (2.2) and (2.3).

Our main theorem is formulated now:

Theorem 2.1  Assume that (A1)-(A3) hold. Given f € L*(0,T;V*) and
ug € D(Y°), (DN) has at least one solution {u,0}.

We shall prove our existence theorem in sections 3 and 4. Our main idea for
the construction of a solution is to employ the time discretization method for (DN).

3. APPROIMATION OF (DN)

In order to construct a solution of (DN), we use the time discretization method
to approximate problem (DN). For an arbitrary N € N, we put hy := T/N,
t{cv :=khy for k=0,1,..., N and u’ := ug. Then, we consider the following
time discretization scheme for (DN): Find a pair {u]kv ,G,iv } of functions satisfying
that

N N
Uy — U1

(3.1) .

+ K(té\f’eé\f) = _G(t{cv—l’ uév—l) + fl]cv—l in V*7
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with
(3.2) oN = oy (u))) inVfork=1,2,... N,
where f1V is the discrete approximation of f given by

N 1 t{cv+1
(3.3) fi =— f(s)ds fork=0,1,... , N —1
hn Jev
Now we discuss the solvability of (DN)y := {(3.1), (3.2)}. For simplicity, put
A(t,+) := () L. Note that (DN)y can be written in the form:

(34) A(ty,00) +hnK (R, 0F) 3 utly — hnG(til1, uk1) + hn filq in V*.

In order to construct the time discretization scheme, for each fixed tﬁf , 1t suffices
to check the existence of a solution # € V' of

(3.5) AMY,0) + hvK(tY,0)5 ¢ in V7,

where ¢g* is given in V*. Now we recall the following general theory of nonlinear
operators.

Proposition 3.1 Let Z be a real reflexive Banach space and Z* be the dual
space of Z. Assume that a multivalued operator N : Z — Z* satisfies the following
conditions (N1) and (N2):

(N1) For each z € Z, Nz is a non-empty, bounded, convex and closed set in V*.

(N2) N is weakly sequentially upper semicontinuous and it is coercive, that is,

im  inf ZoHZZ
|Zlz—+o0z"eNz 2|z

Then N is surjective, that is, RIN') = Z*.

This proposition is well-known; for instance, it is an immediate consequence of
the abstract results on the surjectiveness of nonlinear multivalued operators of Type
M (see Brézis [3], Browder and Hess [6], Kenmochi [15] and so on).

Lemma 3.1 (i) Let t € [0,T] and N € N. Then D(A(t,-)) =V and
A(t,0) + hn K (t,0) is a non-empty, bounded, convex and closed set in V* for
each V.

(i) A(t, ) + hnK(t,-) is weakly sequentially upper semicontinuous and coercive
as a mapping from 'V into V*.



108 Masayasu Aso, Takesi Fukao and Nobuyuki Kenmochi

Proof. (i) Since A7(t,-) = Ot, by (2.4) we have R(AL(t,-)) = D(A(t,-)) =
V' and the boundedness of A(¢, -). From the maximal monotonicity of A(t, -) it fol-
lows immediately that A(¢,0) + hnK(t,6) is non-empty, bounded, convex and
closed set in V* for all § € V.
(ii) The coerciveness of A(t,-) +hnK(t, ) is seen from (2.8) and the monotonicity
of A(t,-). Lastly we check that A(t,-) + hy K(t,-) is weakly sequentially up-
per semicontinuous in V*. Now note that K(,-) is a singlevalued and weakly
continuous operator from V' into V*, and A(¢,-) is a subdifferential operator with
R(A(t,-)) = D(A™Y(t,+)) C D(y*) C H. Therefore, by the compact imbedding
V — H, we see that the graph G(A(t,-) +hnK (t,-)) is weakly closed in V' x V*,
which implies the conclusion. [ ]

This lemma and Proposition 3.1 imply that for each fixed N € N, k =
0,1,..., NN, and any given g* in V*, there exists # € V which satisfies (3.5). In
our setting, the subdifferential operator 9v" is singlevalued. Thus, Lemma 3.1 and
Proposition 3.1 show that our approximation scheme (DN)x has solutions u]kv eH
andH,iVEVforeachNeNandk;:O,l,...,N.

Moreover we obtain the following estimates for {u, 62 }.

Lemma 3.2 There exists a positive constant My independent of N such that

(3.6) Wi (W) My for all k=0,1,... N,
N

(3.7) ha Y 161 My
k=1

Proof.  Multiplying (DN)x by 6% we obtain

1 1
R LR L a el U St ST LU S SLE
= _<G(t%€\7717 ugfl)uelé\])‘/*,v + (f]i\ll,eli\[)‘/*’v,

By conditions (2.5) and (2.6) in (Al) for ¢ :=tlY, s := ¢t  and u = u) | €
D()"-1) we can find an element @ € D(¥'%* ) such that

(3.9) ap — up g |v- Cth<¢tkN‘1(UéVfl)% + 1>,

(3.10) O (@) — el ) Cihw (i (ud ) + 1).

By the definition of subdifferential (’)wt{cv and (3.9) we get
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1 1
m(ugﬁév)ff - a(UiV_l, A
1 1
= E(Ui\f W, 0N g +—(an —up 1,0 g

hy
1 N
> (0% @) — o @) — O (W @l )T 1) 18
Moreover, by Schwarz’s inequality and (3.10),
1 - 1
(e @) e @) - O (¢ )R 1) Yl
N

(4 ) — 8 1>)+i(w%v—1(uﬁl>—¢t? (@)
—C%Cslwtk*(uiv_l) el [t — C1C:, — a6y

1
> (W ) — 9 L)) - L ) + 1)
N
—251|00f} — CRCL vt (uily) - CFC,
1
= (v )~ @)
= 221]00 [} — (Cr+ CPCe 951 () — (G + R0y );
hereafter €; is an arbitrary positive constant and C;, := 1/(4¢;) for each i € N.

Next, by the coerciveness (2.8) of K we have
(KR, 08), 600 )vev > Csl0 5 — Ca.
By the boundedness (2.12) of G we have
(=GR, ur), 08 ) ve v + (file, O v+ v
C3Ce, w4 [ + C3C:, + 32|07 [3 + Coy | F1 [

We obtain from (3.8) with the help of (2.4) that

1
3o (07 @) = @)+ (O5— 221 = 32 B

C2cC.
(311) (Cl + 02051 + 76’0 2 ) wti\11 (ui:v—l) + 052|fk17\11|%/*

+ (Cy + C3C., + Cy +C2C.,),
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where €1 and €2 are chosen so as to satisfy C3 — 2e; — 3e2 > 0. This inequality
can be written in the form

TM
(312) ¥t (ul) + Mo (1 + NB) (P (u )+ M,) forallk=1,... N,

where Mo and M3 are positive constants independent of N; My depends on
|flz20,m;v+) and Mz := C1 + C2C., + (C2C:,/Ch). Here, applying the discrete
Gronwall’s inequality to (3.12), we obtain

(3.13)  f (ul)  exp(TMs)(v(ug) + M) for all k=1,2,..., N.

Next, we multiply (3.11) and (3.13) by hy and sum them up for £k =1,2,..., N
to obtain

N N
YT W) +H(Cs—2e1-3e2)hy DOV Mshy Y91 (udl 1) +MaT+4°(up).
k=1 k=1

Hence (3.7) is obtained from this inequality together with (3.13). [ |

Now, let {u,0V 1N be the discretization scheme of (3.1), (3.2) and (3.3)

1 7
constructed above and define the piecewise linear H-valued function uV generated

by {ul'} on [0, 77, that is, uV (0) := uo and

(t =" Jup + () — up’
hn

ul(t) := if t e (th q,th] fork=1,2,...,N.

It is clear that u"Y € C([0,77; H) for each N € N. Moreover, we have the follow-
ing lemma:

Lemma 3.3 {uN Y-y is equicontinuous as a family of functions from [0, T|
into V* and uniformly bounded on [0,T| as H-valued functions.

Proof. Using Lemma 3.2, we have [u} |z (M1/Co)Y/? for k=1,2,...,N,
so that {u’V} is uniformly bounded on [0,7] as H-valued functions. Next we
take s,¢ € [0,7] with s ¢ such that s € [t} ,,¢}'] and ¢ € [t} |, V], where
1 k& 45 N. Wesee from the boundedness (2.9) of K and (2.12) of G together
with (2.4), (3.6) and (3.7) that there exists a positive constant My, which depends
on Cg and Cs, such that
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[u™ () — uN(S)

V*

QZW — upl v
J
(hNZrK B0 i S 1GE e+ S rfeN\V*)

=k =h—1 (k-1
1 N tN uN 1
Q(hN(j—k+ 1))2{C5<hNZ\0,iV|%/> +C7<hNZ¢ (v )
=1 =1

+M;y + |f|L2(O,T;V*)}

1
1 1 TM;\ 2
2(|t — s| —|—2hN); {Cg,Mf + 07( C'Ol) + My + |f|L2(o,T;V*)}7

which shows the equicontinuity of {uV} on [0, 7]. [ |

By virtue of Lemmas 3.2, 3.3 and the Ascoli-Arzela’s theorem it is easily seen
that there exists a subsequence {N,} C {N} and there exists a function u €
C([0,T];V*) such that

(3.14) u™ —u  in C([0,T]; V*) as n — 4oo0.

Moreover, define the V*-valued step function @ and the V-valued step function
6~ on [0, T by putting @™ (0) := uo, 8~ (0) := d°(ug) and

(3.15) @V (@t):=ul, ON@):=0Y ifte @t ,t)] fork=1,2,... ,N.
Then (3.14) implies

(3.16) sup @™ (t) —u(t)|y- =0 asn — +oo.
te[0,7)

Next, we prove the following convergence and relation between u and 6:

Lemma 34  There exists a subsequence {N,,} C {N,} with N,, — oo as
m — +oo and there exists a function 6 € L*(0,T; V) such that

(3.17) ONm — 0 weakly in L*(0,T;V) as m — +oo.

Moreover the pair {u, 0} satisfies that 6(t) = oYt (u(t)) in V for ae. t € [0,T).
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Proof. By (3.7) in Lemma 3.2, we see that {67 }>° | = {ayt(a™n)}> | is
bounded in L?(0,T"; V'), which implies (3.17) for some subsequence {N,,}. Next,
we show that 6(¢) = ¥!(u(t)) for a.e. ¢ € [0,7] which is equivalent to

T T T
(3.18) /0 (n(t) — u(t),0(t))v- vt /0 G nt))dt — A G (u(t)

for all n € I?(0,T;V™).
Let 1 be any function in L?(0,7;V*) such that fg YPi(n(t))dt < +oo; hence
n € L*(0,T; H) (cf. (2.4)). Then there are step functions 7V € L?(0,T; H) for
all m € N such that

(3.19) 7V —n in L*(0,T; H) as m — ~+oo,
Nm tk m Nom T
B20) s [0 @ [ v
m—+00 P ti\’_ﬂi 0
see Kenmochi [16]. Now, from the definition of subdifferential it follows that
N et _
(3.21) S [ @0 =5 @), 0 () v
k=1 7/t
Nm ti\fm N. N tkNm N,
o[ @Y pde =Y e @V (o).
=1/t =1/t

Let ¢ be any time in (0,7"]. By virtue of (2.5) and (2.6) in (Al) for ¢ € (th™ ,th™],
s =t and @V (t) € D(y%™) there exists a function Zn, € D(t) such that

- _ Ny o, 1
(3.22) |2 — @ () Cl|t—tgm|(¢tk (@ (tNm))3 41),

~ Nm —_ Nm —
(323)  Y(En) - @ (6y™)  Cuft =t |(h " (@ (8) +1).
We now observe from (3.16) and (3.22) that
(3.24) Zm —u(t) in V* asm — +oo.

On the other hand, using (3.23), (3.24) and the fact that ¢! is lower semicontinuous
on V*, we see

s tm N (1N,
liminf % (@™ (™))

Np,
lim inf L ~ V8 (Z) — Gt tkN‘
m—too \ 14 Cy|t — /™| 14+ Chlt =t
U (ul(t)).

v

v
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Thus, taking the limit as m — 400 in (3.21) and using (3.16), (3.17), (3.19) and
(3.20) with the help of Fatou’s lemma, we get (3.18). [ |

4. PROOF OF THEOREM

In this section we prove the main theorem after preparing two lemmas. Let
{aNm §Nm}o_ and {u, 0} be such as obtained in the last section.

Lemma 4.1 Let {0;} be any sequence in C([0,T); V') such that 0; — 6 in
I?(0,T;V) as j — +oo. Put

-1
4.1)  uy(t) = (awt +F—1) (0;(t) +F'u(t)) in V* for all t €[0,T).
where F' is the duality mapping from V to V*. Then uj € C([0,T];V*) and
(4.2) uj —u  weakly in L*(0,T;V*) as j — +oo.

Proof.  First note that 9y* + F~! is a singlevalued and surjective operator
from V* into V as well as from L?(0,7;V*) into L*(0,T;V). Clearly u; €
I(0,T;V*). We show u; € C([0,T]; V*) as follows: For each fixed j € N and
t €[0,T), let {tn} C [0,T] be any sequence such that ¢, — ¢ as n — +oo. Our
claim is to show that
(4.3) wj(tn) = wj(t) in V* asn — 4oo.

Take a function w € C([0,T]; V*) with w(t) € D(3?) such that
t — ¢t (w(t)) is bounded in [0,T],

for example, by a result in Kenmochi [16] we can find w as a solution of the Cauchy
problem

B0(6) + 0t w(t) =0 in H,
w(0) =wo in H,
where dpept is the subdifferential of /¢ in H and wy is an element of D(¢)?). Put
gj(t) == 0;(t) + F~tu(t) in V for all ¢ € [0,7]. Then, from the definition of
subdifferential and assumption (2.4) in (Al) it follows that
(uj(tn) —w(tn),gi(tn))v=v
= (uj(tn) = w(tn), 3V (uj(tn)) + F~tuj(tn))ve v
P (uj(tn)) =9 (w(tn)) + |uj(ta) [fre — w(tn)lv= | (ta)

> Colus ()l — 9 (w(t)) + s o) e — Shotta)fpe — lus(tn)

Coluy(ta)r — ¥ (w(ta)) — 0 (ta)

\Y]

% V*

2
V*

AV
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On the other hand, there exists a positive constant M such that
(uj(tn) —w(tn), g;(tn)) vy
Ms|uj(tn)m|gj (tn) v + [w(tn)v+g; tn) v
1 1
MZes|uj(tn)[F + Ceslg; (tn) [t + 5 lw(tn) ¥+ 5193 (tn) iz

Since |g;(T)[v  |0;(7)|lv + |u(7)|v+ =: Mg for all 7 € [0,T], we have for any
€3 > 0 that

(Co — Mes)|u;(tn) |7 Y (w(tn)) + w(tn) B + (063 + ) |95 (tn) ¥

TG[O T]

ax {¢7(w(r)) + w(r !w}+(053+ )M6

Therefore {u;(t,) }n—1 is bounded in H. Hence, the compact imbedding H — V'*
implies that there exist a subsequence {t,,} C {t,} with ¢,, — t as i — +o0 and
an element z;(t) € V* such that

(4.4) uj(tn,) — zi(t) inV*asi— +oo.
Now, let © — oo in the relation
(4.5) oY (uj(tn,)) + Fuj(tn,) = gj(ts,) inV forallie N.
Then, (4.4) and (4.5) imply that
(4.6) O (2()) + F'2i(t) = gi(t) V.
On the other hand, we have by (4.1) that
gi(t) = 0;(t) +Fu(t)
= {0 (ui(t) + F~ Luj(t) — *1u(t)} + FLu(t)
- aw%uj(t)) +F ().

On account of the strict monotonicity of o' +F~, (4.6) implies that z;(t) = u;(t).
Therefore we see that u; is continuous in V* at ¢. Thus u; € C([0, T]; V*). Finally
letting 7 — +o0 in (4.1), we obtain (4.2). ]

Lemma 4.2  There exists a subsequence { N} C { Ny, } with Ny, — +00 as
m — 400 such that

(4.7) oNm 0 in I?(0,T;H) as m — +oo.
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Proof-  Using Lemma 4.1, we consider step functions uj\’ ™ and G_JN’" given by
() = wltym) ifte (tpm,tem] for k=1,2,...,Np,
oNm — Ny,
;) = 0;(t")

Nm —_ —
= OYh " (ui (™)) + F i (t0m) — Ftu(th™)
if t € (7, 0] fork=1,2,... ,Np,.

Then, for each j € N we see from the above definitions that

(4.8) faj.Vm (t) = u;i(t) in V* uniformly ¢ € [0,T],

(4.9) 0™ (t) — 0;(t) in V uniformly ¢ € [0, 77,

as m — +o00. Now we note that
T —_
= / (@ (1) — u(t), B (£) — 0(8)) v vt
0
T

_ / (@ (1) — T (£), 097 (8) — O - vt
0 . )
+ / (@ (8) — 1 (£), 0V (1) — O(t) )y vt

0

T
+ [ () —ule), 0 () - (6w vt
= L+ L+ 1.
The first term [ of I is estimated as follows: With the help of the strong monotonic-

ity (2.7) in (A1) we have

L= AT@NW (t) —af™ (t), 0N (t) — () v+ vt

Nom
= hy, Y (@) — @ (), 00 () = 0 () vy
k=1

T
+ / @ () — @ (), 00 (t) — 0())v- vt
0

- " @) — ¥ (), 05(0) — 6(0)) v- vt
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T
= 02/ |67 (t) — 67 (1) |3yt
0
e /oT @ (¢) — @l (), FYu(t) — F @b (8))v- vt
+ /T<ﬂNm (t)— ﬂ;ym(t),ﬁ_;.vm (t) — 0;(t)) v~y dt
OT
" A (@ () — @ (1), 0;(t) — 0(t)) v+ vt

T
S [ 10 ol

\Y]

0
T T
Ca [ 1070 = 0,0 e — Co [ 10;() —0(®)rc
+Cs [) ! @ (t) —afm (t), Flu(t) — F~la)™ () ve vdt
+ [ @0 = 0,050 - 050 -y
A u u; 0, (@) v v

T
+ [ @@= 50,0, -0}y vt
0
Adding the second and third terms I3 and I3 to the above inequality, we obtain

@ T

16N () — 0(t) |7t
3 Jo

T T
I — I+ 02/ 8(t) — 0, (1) [3,dt + 02/ 10;(t) — 0 (1) Pyt
- 0 0
— CZA @™ (t) —afm (t), F~ u(t) — F~la)™ (b)) v- vt
= [ e - .0 0~ 0,0

— A T<aNm (t) =y (t),05(t) — 0(t))v= v .

Now, let m — +o0o. Then, by convergences (3.16), (3.17), (4.8), (4.9) and the
monotonicity of F~1,
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T
lim sup / 1 (£) — 0(8) [t
0

m——+oo

T
:% 0(t) — 0, ()%t

T
3 / (w(t) — uy(t), FLu(t) — F Y (8)) ve vt
0

T
— C%A (u(t) — u;(t), 0;(t) — 6(t))v=vdt

T
:% 0(t) — 0, () 4t

3

T
_ EQA (u(t) — uj(t), 0(t) — 6(t))v=vdt for all j € N.

Moreover, let 7 — 400 in the above inequality. Then, by virtue of Lemma 4.1, we
obtain that

T
limsup / (1) — 0(8) 2t .
0

m——+00

Thus ¥ — @ in L2(0,T; H) as m — +o0. ]

Proof of Theorem 2.1 As was shown above, there exist a subsequence
{Nn} € {N}, 60 € L*0,T; V) and u € C([0, T]; V*) N L°>°(0, T; H) such that

6N — 0 in L*(0,T; H),
6Nm — 60  weakly in L2(0,T; V),
uMm —u in C([0,T];V*) asm — +oo,

and
0(t) = oYt (u(t)) in V for a.e. t €[0,7).

Now, define V*-valued step functions KNm, GNm and fN= on [0, 7] by
KNm(t) = Kty 00™) if te (tym,tom] fork=1,2,...,Np,

GNm(t) = G@EN™ up™) ifte (tym,thm] for k=1,2,... N,

@)= fm it te (e, ] for k=1,2,...,Np.
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Then our approximate problem (DN)y,, can be written in the form:

(4.10) %uNm(t) + RN (8) 4 G () = P (1) in V* for ae. £ € [0,T].

Our claim is to show that (4.10) converges to (2.1) as m — +oo. To this end, we
show that

(4.11) KN — K(-,0(1) weakly in L*(0,T; V*) as m — +oc.
By (2.10) in the assumptions (A2) of K we see that
K(-,0M(-)) = K(-,0(-)) weakly in L*(0,T;V*) as m — 400
Moreover, by (2.11) in the assumptions (A2) of K,
(KN (t) = K (08 (O)lv- w(lty™ —t)(10% @)y +1)
forall t € (tfjﬁ”l,tgm] and k=1,2,..., Np.
Hence (4.11) holds. Similarly, by (2.13) in the assumption (A3) of G, we have
GNm — G(-,u(-)) weakly in L*(0,T; V*) as m — +oq,

and clearly B
fNm 5 fin L2(0,T;V*) as m — +oo0.
These convergences imply that {(d/dt)u’N™} is bounded in L?(0,T;V*), so that

%uNm — o' weakly in L?(0, T; V*) as m — o0,
Finally, passing to the limit in m of (4.10), we have
u'(t) + K(t,0(t) + G(Et,u(t)) = ft) in V* for ae. t € [0,T].

Thus {u, 6} is a solution of (DN). [ |

5. APPLICATION
In this section we give an application of our abstract result.
Let 0 < T < +o0, and Q C R3 be a bounded domain with smooth boundary

I := 90Q. Assume that for each ¢ € [0, 7],  is divided into two subdomains € (¢)
and ((t) by a time-dependent interface I'12(¢), that is,

Q= Ql (t) U F12(t) U Qg(t) for all t € [O, T]
We denote by I';(¢) the set 9;(¢t) \ I'12(¢) for i = 1,2 (see Fig. 1).
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Fig. 1

Under this setting of the domains, we consider the following system of two degen-
erate parabolic equations:

(5.1) (% v .vm) - div<l~c1 (el)vel) =h mQi= |J {t}x2@),
te(0,T)

(5.2) 01 = Bi(w1) in @,

3UQ . .

(5.3) (W v .vu2> - d1v<l~c2 (02)v02> =h Q= |J {t}x (),
te(0,1)

(5.4) 02 = Bo(ug) in Qo

where div means the divergence with respect to space variable x, h is a given

function in @ := (0,7") x €, and for i = 1,2, v; are given vector fields on Q;.
Moreover, for each ¢ = 1,2, 3; and k; are functions such that

e 3;: R — R is Lipschitz continuous and non-decreasing, and satisfies that
(5.5) 16i(r)| > Cg,|r] = Cj, forall r € R,

where Cp, and Cj;. are positive constants;
e k; : R — R is positive and non-decreasing, and satisfies that

(5.6) 0<Ck, Fki(r) €, forallreR,

where Ci, and C’,’ci are positive constants.
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We combine these two equations (5.1) and (5.3) on the moving boundary I'12 (%)
by the transmission condition

00 00
(5.7) 61 = 0o, kl(el)_ayi + @(92)—3112, =0 onXp:= |J {t}xTa(t),
t€(0,7)

where v := v (t,x) is the unit normal vector on I'j5(¢) pointing to Q,(¢) and
v~ := —vt. We consider the system {(5.1)-(5.4),(5.7)}, subject to the initial and
boundary conditions for 7 =1, 2:

(5.8) ui(0) =wip in Q4(0),
00;
(5.9) ki(0:i) 5~ +nof =p on X;:= U {t} x T4(1),
ov
te(0,7)

where ug and p are given functions, ng is a positive constant and v := v (x) is the
unit vector outward normal to I". The system {(5.1)-(5.4),(5.7)-(5.9)} is referred as
(TDP).

It is well-known that equations (5.1) and (5.2) (resp. (5.3) and (5.4)) describe
a Stefan problem in non-cylindrical domain @ (resp. ()2), in which there is a
convective vector field vy (resp. va2). We call such a problem the transmission-
Stefan problem. This problem is discussed under the following assumptions (A4)
and (AS5) (cf. [10,11]):

(A4) The domain 2;(t) and Q2(¢) depend smoothly on time ¢ in the following
sense: There is a transformation y = y(¢,z) := (y1(¢, ), y2(t, x), y3(t, x)) which
is a function of C2?<lass from @ into R3 satisfying that y = y(¢,z) is a C?-
diffeomorphism from € onto itself for each ¢ € [0,7] and

y(t,Q(t) = (0) forallt € [0,7] fori=1,2, y(0,-) =1 (identity) in Q.

(AS5) The convective vector fields vq and vy, which may occur by the motion
of domains, are prescribed so that v; € C1(Q;)3 for i = 1,2 and the following
propetties are satisfied:

(5.10) divvi(¢,)=0 in () foralte (0,7) fori=1,2,
(5.11) vi-vh =—vo.-v =vx, onXi,
(5.12) vi-v=vy-v=0 onX:=(0,T)xT,

where vy, 1= vs,,(t,x) is the normal speed of I'12(¢) at = € I'12(%).
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Using our abstract theory, we show the existence of a weak solution of (TDP).
Let us take the Sobolev space H'(f2) and the Hilbert space L*(Q2) as V and H,
respectively. Then we have

va v
where (H(£2))* =: V* is the dual space of V. Moreover ¢!, K, G and f are
defined as follows:

e ¢! is a proper, lower semicontinuous and convex function on V* defined by

Bi(u)dr if u € H,
i (u) = —21:2 210
+o00 if wue V*\ H,

where f;(7) := [J Bi(s)ds;
e K is a singlevalued operator from [0, 7] x V into V* defined by

(K(t,0), 2)v=v :z/

k(t,0)(VO - Vz)dx + no/ 0zdI" for all z€ V,
Q r

where k(t, ) := k(t,z,0(z)) and k : [0, 7] x @ x R — R is defined by

ki(r) forall reR if z € (),
k(t,z,r) =
ko(r) forall re R if z € Ou(t);

e G is a singlevalued operator from [0, 7] x H into V* defined by

(G(t,u),2)y=y = — Z / w(vy(t) - Vz)dx forall z € V;
i(t)

i=1,2

e f is a function in L?(0, T; V*) given by

), )y = /

h(t)zdx + /p(t)zdF for all z €V and a.e. t € [0, 7],
Q

T

where h € L?(Q) and p € L?(X) are prescribed.

It is easily seen that (Al), (A2) and (A3) are satisfied (cf. T. Fukao, N. Ken-
mochi and I. Pawtow [ 10]). Now our problem (TDP) is reformulated in the follow-
ing weak variational form:

(5.13) —/ u@dxdt—/ u(v~V77)dxdt—|—/ k(@)(VGoVﬁ)dm’dt—i—no/Gndth
Q ot Q Q 5



122 Masayasu Aso, Takesi Fukao and Nobuyuki Kenmochi

:Ahndfcdt—i—/Epndf‘dt—F[)uo??(O)dm for allm € W,
where
k(0) :=k(t, z,0(t,2)),
W= {ne H'(Q); n(T,-) = 0 on Q},
and
ui=1u;, 0:=0; v:=v; on@; andug:=up on(0) fori=1,2.

In fact, the variational identity (5.13) is derived from (5.1), (5.2), (5.3) and (5.4)
in the following way. Let 7 be any test function in W. First, multiply (5.1) and
(5.3) by 1 and integrate their resultants over (1 and @2, respectively. Then, with
the help of conditions (5.8), (5.10), (5.11), (5.12) and the Green-Stokes’ formula

we have
ou;
Z + v; - Vu; | ndxdt
=12 i 8t

/ ( +vy- V?)) dxdt

/ un ( )drlg(t) / ulon(O)d:E
Y12 Q1(0)

/ ( +vo -V dxdt

Q2

/ ugn(ve - v~ )dl2(t)dt — / ugon(0)dx
1o 22(0)

A

+
— [ u (% +v- Vn) dxdt — Kz uon(0)dz.

Next, by (5.7) and (5.9),

/ d1v 0,V 6; )ndxdt
1=1,2 %

= / k1(01)(V61 - Vn)dxdt

1
o0 o0
- / ki (61) S (£)dt + / ko (01) Ty ()
1 ov Y12 ov

+ / o (62) (V05 - V) dadlt
2

a92 (902
— ko(6r)——ndl'9(t)dt ko (02) =——ndI'15(t)dt
/22 2( 2)61/77 2(t) +/212 2(2)81/_77 12(t)
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_ / k(0) (V0 - Vi) daxdt + / (68 — p)ndL(t)dt.
Q b

Here, add the above two equations. Then we get the variational identity (5.13).
Moreover by (5.2), (5.4) and the definition of )¢ we see that

0(t) = oYt (u(t)) in V for a.e. t € 10,71,

and (5.13) can be transformed to a doubly nonlinear problem of the form (DN)
in the space V*. Therefore, applying Theorem 2.1, we conclude that there exist
u € WH2(0, T; V¥)NL*>®(0,T; H) and § € L?*(0,T; V) which give a weak solution
of (TDP) in the variational sense (5.13).
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