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CRITICAL BEHAVIOR FOR AN ORIENTED PERCOLATION
WITH LONG-RANGE INTERACTIONS IN DIMENSION d > 2

Lung-Chi Chen and Narn-Rueih Shieh

Abstract. We consider a model of oriented percolation on Z¢ x Z, d > 2,
with long-range interactions, in which the bond occupation probability decays
as the a-stable distribution with o = 1. We use the lace expansion to get an
L' infrared bound estimate which implies several critical exponents via the
triangle condition.

1. INTRODUCTION
The Model

In this paper we introduce a certain type of oriented percolation model which
may be regarded as an infinite layer long-range model. It is defined as follows.
We consider the graph Z¢ x Z and oriented bonds ((z,n), (y,n + 1)), z,y € Z%,
n € Z. Fix a parameter A\ > 0, to each ((z,n), (y,n+ 1)) we associate a random
variable taking value 1 ( open ) with probability p;,y and 0 (close) with probability
1-— pg,y; the random variables are assumed to be totally independent. We require
that p , = p; . = 1y, and define py , to be

AL{—1)L<|z|co<iL)

(11) Pe=) = :
= P Lo epylesiny
y€eZd

where [|z|le = maxgi—12. a3 7|, Lii—1)r<|z|e<iz}y 1S the indicator function
and L is a controlling factor. Note that py, = O(A|lz||3? ' L™); thus it decays
as the a-stable distribution with o = 1. The factor L ¢ is necessary to control the
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convergence of the lace expansion for the dimension d = 3. We believe that the
results of this paper also hold without the factor L~ for dimension d being large
enough.

We write (y, m) — (z,n) to denote the event that there is an oriented open
connected path from (y, m) to (x,n), i.e., there is a sequence of sites (u,, m) =
(y,m), (Umt1,m~+1), ..., (un,n) = (z,n) such that the oriented bonds ((u;_1, j—
1), (uj,7)), 7 =m+1,...,nare all open. The joint probability distribution of the
bond random variables is denoted P, with corresponding expectation F. Define

P\((0,0) — (z,n)) ifn >0,
Vale,n) = { 0 otherwise,
and
(1-2) (Pk(xvn) = 5(1‘,1”&) +'¢>\(xvn)v

where §(x,n) is Kronecker’s delta on Z¢ x Z. For brevity we write in the se-

quel >° ) = 2pezdnez @d 2o, = > cza In this paper. The Fourier-Laplace
transforms are

~

ok, s+ it) _ Z ez‘kmen(s—l—z‘t)w)\(x’n)’

(z,n)

@)\(k, s + 'Lt) — Z e’ik"&?en(s-f"it)gp)\(x’ n)7
(z,n)

Zyn(k) = Zeik'map,\(x, n), nez

for (k,t) € [-m, 7|4 x [-7, 7] and s € R. Let C(0,0) = {(z,n) : (0,0) —
(z,m)} and denotes its cardinality by |C'(0,0)|. We have

Ex(1C(0,0)]) = Ex(D . L{@mec0,0)})

(L.3) ()
=Y Ex(L{@myecoo)) = @r(0,0),
(z,n)
and
(1.4) Br(0,0) =14 Zyn(0)
n=1

For (0,0) — (z,n + m), there exists a vertex (y, m) such that (0,0) — (y, m)
and (y, m) — (x,n). Since the two events are independent, by translation invari-
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ant, we have

Zynim(0) = ox(a,n+m)
(1.5) <D Y ey mypa(x —y,n)

= ZA,n(O)ZX,m(O) :

From the subadditive limit theorem, see for Example [9, Theorem 11.2], for every
A > 0, there exists m, such that

10g Zy (0
(1.6) _my = lim 28%(0)

n—00 n

and  Z) ,(0) > e "

for all n € N. Clearly, €™ is the radius of convergence of the power series (0, z).
Since E(|C(0,0)|) is non-decreasing with respect to \, there exists a critical point
Ae = sup{ A : E\(]C(0,0)]) < oco}. It is seen that
6
)‘0 = ) S )\cv
m

due to 0, p), = 7% There is another critical value traditionally defined as
Ar = inf{\: P\(|C(0,0)| = o0) > 0}[1,9]. For any 0 < |[z][oc < L,
p>\ _ A S A
oY, Loclylwszy L+ 1T

which implies A < (2L+1)? Since our model is a kind of independent translation
invariant bond percolation models, we have, by [1,Theorem 1.1], A\. = Ap.

Main Results

The paper is mainly on the infrared bond estimate; there is no general proof
of infrared bound for a given percolation model. There are indications that the
infrared bound is violated in less than dimension six for nearest-neighbor nonoriented
percolation model [8]. In [14], it is obtained the infrared bound of the nearest-
neighbor percolation model in high dimensions and spread-out model for dimension
d > 6. We obtain in this paper the following infrared bound of our model for
dimension d > 2.

Theorem 1.1. For our infinite layer long-range model on Z¢ x Z with d > 2,
there exists an Lo (depending on d) such that for all L > Ly, (k,t) € [—m, 7]? x
[—m, 7], s € (0,1] and A < A\, we have

1

or(k,my —s+it)| < :
[@x( ) cilt| + c2s + es k|
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where ¢;, j = 1,2, 3, are constants depending on d and L.

As usual, the critical exponents v, 5, § and A, are defined as follows:

EA(‘C(O, 0)‘) ~ ()‘c - )\)—'y as AT A,
Pr(1C(0,0)| = o0) ~(A=A)? as Al A
@ > P(C0,0)=n)[1—e] ~h as  hlo,

1<n<oo
Ex(C(0,0)[")
EX(1C(0,0)%)

~ A= AN)T81 as AT A,

for t € N, where we write A(r) ~ B(r) as r T ro, resp. r | 7o, means that
there are universal constants ¢y, co such that ¢;B(r) < A(r) < coB(r) as the
parameter r T rq, resp. r | ro. It was proved in [18] that for the nearest-neighbor
oriented percolation model in high dimensions and spread-out oriented model in
dimension d > 4, the critical exponents 3, ~, § and A, exist and take their mean-
field values. The same results were extended to the contact process [22]. In the
following theorem, we use Theorem 1.1 and the triangle condition to prove that
~ = 1. Then the other critical exponents §, 5 and A;;; can be obtained (see

[51.[26]).

Theorem 1.2. For our infinite layer long-range model on Z % x Z with d > 2,
there exists an L ( depending on d ) such that for all L > L, the critical exponents
arey=1,8=1,6=12%and Ay =2forteN.

Remark 1.1. Theorem 1.2 implies that there is no infinite cluster at the critical
value A = A, for our model in dimension d > 2. There have been literatures[3,
4, 21] to discuss the cluster infinity and related properties at the critical values for
non-oriented long-range percolation models with polynomial decays.

Remark 1.2. For each percolation model, there exists a upper critical dimension
d. such that the critical behavior is the same as the mean-field behavior when di-
mension d > d.. If the random walk with one-step transition function p) ./ > pJ ,
belongs to the domain of an a-stable law, then the upper critical dimension of the
oriented percolation is believed to be 2«. For the case o = 2, it is proved that, by
using the hyperscaling inequalities , the upper critical dimension is four [23]. The
upper critical dimension is two in our model; this will be the content of a coming
paper.

To prove Theorem 1.1, we use the lace expansion which is introduced in a
seminal paper of [7] for studying the weakly self-avoiding walk in dimensiond > 4.
The method has also been applied successfully to study the strictly self-avoiding walk
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([12, 13]), percolation models ([14], [11]), oriented percolation models ([18, 19]),
lattice trees and lattice animals ([15]), networks of self-avoiding walks ([20, 10]),
etc. The basic idea of the present work is closely related to that in [18]; however, it
should be emphasized that our infrared bound is an L' estimates, rather than the .2
estimate as that appeared in [18] and other works. It is the L' estimate makes us
to be significantly different from the L? arguments in [18]. An L' infrared bound
estimate for self-avoiding random walks has been studied by Y. Cheng (a 2000 PhD
thesis of Temple University).

From the lace expansion, there is a connected function IIy(x,n) such that its
Fourier-Laplace transform ﬁk(k, z) is defined by the renewal equation (see [17])

R 1+ I0y(k, 2)
1. _ 2Tk 2
( 8) ng(k,Z) F)\(ka)
for A < A\, Re(z) < my, where
(1.9) Fx(k,z) =1 =3 Ae*D(k) (1 + Tz (K, 2)),
(1.10) D(k) =" px (@, 1)e*™,

To prove Theorem 1.1, we need the following continuity of two-point functions.

Proposition 1.3.  For our infinite layer long-range model on Z? x Z with
d > 0, we have

(a) Ex(]C(0,0)]) < oo if and only if my > 0,

(b) EA(]C(0,0)]) =00 and my =0 if A = ),

(¢) ®x(0,7) is continuous at A for 0 < A < A, < my and limyy, $1(0,7) =
. (0,7) for r < 0.

From [18], we know that Proposition 1.3 holds for finite-range models, and we
show that it can also be extended to our model.
Next, we need to estimate D(k) as follows:

Proposition 1.4. For our infinite layer long-range model on Z ¢ x Z with
d > 2, there exists an Ly (depending on d) such that for L > L, we have

(a) [D(R)| < 1= 22| k]1 for [|k]loo € [0, 7755),

(b) [D(k)] <0.95 for |klloo € (1757 E),
(¢) ID(k)| < 12 for ||klleo € (22, @) with n = 1,2, ..., L — 1.
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Finally, we want to control ]ﬁk(k, z)|. The following two propositions give us
that |II,(k, z)| decays to zero as L tends to infinity for A = )y and satisfies a
bootstrapping argument for A\ < A., respectively.

Proposition 1.5.  For our infinite layer long-range model on Z% x Z with
d > 2, there exists an L, ( depending on d ) such that for L > L, we have

Z IIIx,(z,n)

(z,n)
(Z |nIly, (z,n) L
1
log L)3
ELNUE < nlos L)t

for some universal constants 7, 71 and 7.

Proposition 1.6. For our infinite layer long-range model on Z< x Z with
d > 2, there exists an Ly ( depending on d ) such that for L > Lg, A < A, and
r < my, (Py) implies (P,), where (P,) means that the following inequalities hold

(1.11) 3 Ha(z, n)e™| < O‘TO
(z.n)
(1.12) Z!nﬂ,\ x,m)e r”| < aTl
(z.n)
1
(1.13) S lalla[TIa (2, m)e™| < %
(z.n)

for some universal constants 7, 7; and =, with 77 > 7;, 7; as in Proposition 1.5.

We denote ¢ to be a positive constant, whose precise value is not important
to us and may vary from line to line. In Section 2, we prove the main theorems
by assuming Propositions 1.3, 1.5 and 1.6. In Section 3, we define the Feynman
diagrams which are the same as in [18]. Proposition 1.3 is proved in Section 4 and
Proposition 1.4 is proved in Section 5. In Section 6, we prove Proposition 1.5 and
1.6 by Proposition 1.4 and the inequalities in Section 3.

2. ProoF oF THE MAIN THEOREMS

The following inequality is used to prove Theorem 1.1.
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Lemma 2.1. For our infinite layer long-range model on Z % x Z with d > 2,
there exists an Lq (depending on d) such that for L > Lo, A < A. and r < my,
(Py) and Proposition 1.4 imply

~ ~ PN 1 PN
ITI5(0,7) — ) (k,r — s +it)e ST D(k)| < g\l — e ST D(k)|

Proof. Since
[T\ (0, 7) — Tx(k, 7 — s + it)e > T D(k)]

S A)\ O,T)—ﬁ)\ O,T—S—f—it)
(2.1) ‘A ( ( |

HTN(0, 7 — s + it) — Iz (k, 7 — s + it)]
TNk, r — s +it)||1 — e D(k)|,

we have, by Mean-Value theorem and (F}),

[T (k, r—s+it) = T\ (0, 7 —s+it) < [ Dl [Ta (e, n)em ] |[&[ly

(2.2) (@n) )
415 (log L)
< 22V )7
< OB
and
[, (0,7) = TI5(0,r — s +it)] < [Z [nILy(z, n)e" ] (|s — it|)
2.3) (zm)
47} .
< ZH(ls —t]).

Then by (2.1)-(2.3),

- - e 47} (log L)3
0 IT0A(0, 7) — TA(ky v — s + it)e ™ D(k)| < %(Hk!h)

47! 47! PN
+ (s — i) + 21— e D(R)],

On the other hand, we have, by Proposition 1.4,

= e—s+z‘tﬁ(k)‘2 :1(1 . e—s—i—z‘t) + e—s—l—z‘t[l . ﬁ(k)H2

25 e A L

o (s —it] + ce”*||k]l1)”
= 2
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for some universal constants ¢, ¢ > 0. From (2.4) and (2.5), let L > 0 large enough,
this lemma follows. [

Proof of Theorem 1.1. By Proposition 1.5, for L > L, (Py) isstisfiedat A = \g
and » = 0. Then ¢,,(0,0) = E\,(]C(0,0)]) < oo, by (1.8). From Proposition
1.3 (a) and (b), we have A. > \o. According to (1.8)-(1.9) and Proposition 1.3
(c), the left-hand sides of (1.11)-(1.13) are continuous at A for every A < ). and
r < my. Then from Proposition 1.6 and inductive method, (Fy) is satisfied for
every A € (0, ;) and » < m,. By the Dominated Convergence theorem, we have

ﬁ,\((), my) = hfgﬁk(o, my — S)
S

which implies (Py) is satisfied for every A € (0, \.) and » < m,. From (1.4) and
(1.6), we have

o
>1+4+1lim)» e " = 0o,
510
=1
and
~ (0 — 1
1—|—H,\(0,m>\) = lim _1()0)\( 7mi 5) = i = < 00
s10 14 XAy  Ae™ =350, (0, my — ) 5000 T Ay Aema
Then
1 —|—ﬁ,\(0,mk —5)
2.6 F\ (0 =1 =0
( ) )\( 7m>\) sllrg @)\(ijk — S)
and 1 + ﬁk(o,mk) = XA~ te™™, (2.6) implies
F,\(k,m,\—s—i—it) =F>\(k,m>\—$+’it)—F>\(0,m>\)

= A\gTAe™ (1 — e HED(k)) + Ay tAe™ [T1,(0, m))
—e = TED (k)T (k, my — 5 + it)].

Since (Py) is satisfied for all A € (0, \.) with » < m,, there exists Ly > 0 such

~

that for L > Ly and A € (0, A.), |[TIx(0,my)| < % and from Lemma 2.1, we have

|Ex(k, mx — s +it)| > 2,\337;» - e‘5+itﬁ(k)‘

2.7 -2 |1 —s+it N
27) Sy L€ D))

%‘1 _ e—s—l—z‘tﬁ(k)‘

Y
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with s € (0,1). Besides, by Proposition 1.3, @x(k, —s + it) is left continuous at
A =X\ for s € (0,1). This completes the proof. [ ]

Proof of Theorem 1.2. Let

Valen) = Y > PA((0,0) — (ur, m))Pa((u1, m) — (ua, n2))
(u1,m1) (u2,n2)

xPy((z,n) — (u2,n2)).
Since the z-space is symmetric with respect to the origin, its Fourier transform is
%)\(k7 ’Lt) = @)\(kv it)Qak(_kv _Zt) = @)\(kv ’Lt)2{5>\(k7 _Zt)

Then, by Hausdorff-Young’s inequality and infrared bound ( we write | [ dkdt =
—(27r)1d+1 Jietonm) Juen e dkdt and [ dk = —(271r)d Jie|_m ma dk in this paper ),

{(%\w (x,n)\p}% < {//\@(k,it)Q@(k, —it)\qdkdt}q

1
< { /] ! \3Qdkdt}q,
camy + ealt| + esl| k1

where 1 +1 =1 and0 < ¢ < 2. Thenforany d > 2and 1 < ¢ < 1+1, there exists
constant ¢y ( depending on d and ¢ ) such that for all A < A\, Z(m’n) |V (z,n)P <
co- Since >, ) | V. (@, )P = limyya, 30, ) | Va (z,7)[P, which implies the
triangle condition holds, that is,

lim sup{vx.(z,n) : [|z]}2 + |n| = R} = 0.
R—o0

Then~y =1, 6 = %,ﬁ =1and A = 2 (see [5, 18, 16] etc.). This completes the
proof. |

3. EsTivMATES oF IT)(z, n) AND ITS DERIVATIVES

As in [17], there are unique the lace parts Hf\l)(x,n) fori =0,1,2,..., such
that

(—)TV (%, 2).

M8

ﬁ)x(kv 2,’) =
l

I
=)

In this section, we describe the Feynman diagrams which are adapted from [18] and
use them to control the upper bound of \H&l)(k, z)| foreach 1 =0,1,2,....
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Given sites (x1,n1), (x2,n2), (x,n) and an oriented bond b, define the triangle
function:

TX[((xlv nl)v (va n2))§ ((1‘, n)v b)] = P)x(b : Open)PX(top of b — (1‘, n))
X P\((x2,n2) — bottom of b)Y\ (x — x1,n — nq).

Let the triangle function T'\[(u, n); ((z, n), b)] = Ta[((z1, 1), (22, n2)); ((x,n), )]
if (z1,n1) = (x2,n2) = (u,n’). We also assume

TX[((x% n2)7 (1‘1, nl)); (bv (xvn))] = TX[((xlv nl)v (va n2)); ((1‘, n)v b)]

Define the bubble functions as follows

QUaN@m) =z, m)[Dvale - u, Dea(u—y,n—m —1)],
QE;\,’% (z,n) = [Z ox(u,n — 1)x(z —u, 1)}¢,\($ —y,n—m).

They are represented by the diagrams in Figure 1.

(0.0) (0,0 ©O—
~__ (=) \\}xﬂﬁ \\\:( )
/ z,n
(y,m) (y,m) /// oy
Q) QG2 ) Qi )

Fig. 1.

For [ pairs of sitesand bonds {((uj, n;),b;),7 = 1,2,...,1},seto;((uj, nj),b;) =
((uj,mj),b;) or (bs, (uj,nj)), 7 =1,2,3,...,1—1and oy ((w, ), by) = ((w, ), by).
Let o = (01,09, ...,07), the diagram

DVo,(0,0), (b), (uj, ny)), (x,n); 5= 1,2, ..., 1]

is defined by

-----

3.1)
o5((uj, ), b)) x Q@ = w,m =),

The diagram DE\Z)(x, n) is defined as the sum of Df\l) [0,(0,0), (bj, (uj,n ), (x,n);j =
1,2,..., 1] over {(bj, (uj,n;)),j = 1,2,...,1} and o such that o; = identity and o;
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is identity map or the permutation of sites and bonds for all j =1,2,....,/— 1 and

Il € N. Let D&O)( n) = QESOQ (z,m). The following lemma states upper bounds

of Hy) (z,m) and their Fourier-Laplace transforms which were proved in [18] by
diagrams introduced above and Van Den Berg-Kesten’s inequality (see [6]).

Lemma 3.1. For ! e NU {0}, we have

Hf\l)(x,n) < D;l)(x,n) for (x,n) € Z* x 7, TI)(0,s) < ﬁf\l)((), s) for s € R.

D_;Z)(w. n) =
(0.0)

(z,n)

Fig. 2.

To estimate the upper bounds of the Feynman diagrams f)(j)(o, s) forall [ € N,
we have to introduce the triangle functions which are defined in [18].

T (@n) = palz,n) ( Z)Wc — g, = n1)pa(ur —y,n1 —m),
ui,ni1

™2 (z,m) = w,\(x,n){ Z Z oz —ur,n—ny)va(ug —u, 1)

(y,m)
(u1,n1) uezd
xox(u—y,ng —1— m)},
T (rn) = 33 pa(usn — Da(e — u, Da(e — ug,n—ny)

(y:m)
(u1,m1) uezd
xa(u1 —y,n1 —m).

They are represented by the diagrams in Figure 3. We have the following lemma
which is the same as (32) in [18].

(0,0 (z.n)  (0,0) (@,n) (0,0)
1) - 4% (z,m)
N
(y.m) (y,m) (v, m) N
d v((y/\,fu)) (z,n) T(&iﬁ?) (&, m) T(A d)) (wn)

Fig. 3.
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Lemma 3.2.

13(;)(07 s) < 2" [sup Q ( s)] [ sup ﬁ,(y,m)(o, s)]l forl € N,

(y,m) (y,m)
where
By (0.9) = maxd 702 0.9, T2 0.0}
Define
5kf03 Z\wj\fxn Z\n\f&vn

(z,n) (z,n)

where f(z,n) is any function on Z¢ x Z and j € {1,2,...,d}. Then

[0, T (0, 5)] < sup {3 [a51Q0) ) (w, m)es™} = sup (6, Q02 (0, 5)],
y,m

@m) (g )
101170, 5)| < sup { > [n|Q()2) (w, m)e™} = sup [ Q(“ (0, 5)]
(Z/T}l)) (z,n) (ym ’ _(yrg) (ym) L '

Clearly, the upper bound of 6aﬁf\l)(0, s) is also an upper bound of &f[&l)(o, s) with
Il € NuU{0} for a = ky,...,kq or a = z. To estimate 5(113(;)(0,3), we need to
distribute the factors such that |« ;| or n is along the top of the diagram. Using the
same technique as in Section 3.2 of [14], we have the following lemma.

Lemma 3.3. ForleN, a € {ky,...,kq} Oor a = z, we have

10aT1(0, 5)|< 21 5up T (50m) (0, )"~ [5up T(001) (0, 9)][5up3a@i, (5m) (0, 5)]

(y,m) (y,m) (y,m)
+2/7 [sup 8, Q02 (0, 9)][sp T () (0, 5)]"
(y,m) (y,m)

where

Q) (0, 5) = max{Q)2) (0,5), Q1% (0, )}

(y,m)

The upper bounds of the triangle functions and bubble functions in terms of
related Fourier-Laplace transforms are stated in the following lemma which was
proved in [17].
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Lemma 3.4.

sup Q01 (0,5 )g//\aﬁ,\(k,s+it)$,\(k,it)\dkdt,

(y:m)

sup QU (0,5) < / / [ D(k) Dk, s+ it) @a(k, it)| dkd,
y,m)

sw Q) A0 (0,5) < e* / / DBk, s + i) (k, it)| dkdt,
y,m)

sup T (0 //m (k, s + it) 3 (k, it)|dkdt,

(y:m)

sup T2 (0, 5) //\D Yiba(k, s + i) D3 (k, it) | dkdt,
(y:m)

s 709 (0,5) < e / / DBk, it) Dk, i) Pa(k, 5 + it)|ddt.
Yy,m

Next, we want to estimate the derivatives of the bubble functions in terms of

©x(k, z) and its derivatives. Note that ¢ (z,n) = 0 if n < 0. Using Hausdorff-
Young’s inequality, we have

A,
sup 6 Q( U (0 s) = sup Z \n\Q(ym = sup Z nQ(ym
(y,m) (y:m) (z,n) (y,m) (z.n)
= (Sup) sz * oAy, m //msz (k, it)Pa(k, it)|dkdt,
y,m

where ¢, s .(z,n) = px(x,n)e’ n, and

J . .
— @k, s+ it).

Prs.z(k,it) = Z oz, n)e P neiveitn — -

(z,n)

By this argument, we have the following lemma:

Lemma 3.5.

sup 5,001 (0,5) g//|@(k,it)%@,\(k,s+it)|dkdt,

(y,m)

sup & Q o,s) g//|f)(k)@(k,it)%@(k,s+z’t)|dkdt,

(y,m)

9
sup 8,009 (0,5) < ¢ / / B2k, it) - (D)@, 5+ it)|dt
(y:m)
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4. Proor oF PropPosITION 1.3
In order to prove Proposition 1.3, we need the following lemma.

Lemma 4.1. In our infinite layer long-range model on Z ¢ x Z with d > 0, we
have

(a) for any n finite, p(z,n) and Z, ,(0) are continuous functions of A on
Ae (0,(2L+1)%),

(b) m, is a continuous function of A on A € (0, A ].

Proof of Proposition1.3 (a). If m > 0, by the definition of m,, E»(]C(0,0)]) <
oo. On the other hand, if £,(]C(0,0)|) < oo, by (1.4), there exists n; > 0 such
that Z ,(0) < u < 1 for n > n;. Then by (1.5), we have

lim Z) ,(0) < lim u:_l,

n—oo n—oo

which implies m) > 0 by (1.6). This completes the proof. |

Proof of Proposition 1.3 (b). From Proposition 1.5 (a) and Lemma 4.1 (c), we
have my_, > 0. Suppose my, > 0, since

ng 00
n=1

n=ng+1

and the second term can be made arbitrarily small since Z_,,(0) ~ e ™" as
ng large, by (1.6), and the first term is finite sum of the continuous functions, by
Lemma 4.1(a), we have (0, 0) is continuous at A = A.. Then there exists A\; > A.
such that @, (0,0) < oo, which is contradictory to the definition of .. Hence,
my,. = 0. This completes the proof of (b). ]

Proof of Proposition 1.3 (¢). For any 0 < A\; < A., from Lemma 4.1 (b), there
exists A < X < A.suchthat 0 < my —r < my, —r. This implies ¢/ (0,7) < oo,
by the Dominated Convergence theorem and Lemma 4.1 (a), we have

/\li)mlap,\ (0,r)= hm Zap,\x n)e (Z hm oa(w,n)e™ =@y, (0,7),
acn

Besides, by the Monotone Convergence theorem, for » < 0 we have limytx, @ (0, 1)
= ¢.(0,7). This completes the proof of (c). [ ]

For any n, let C<,,(0,0) = {z : (z,m) € C,(0,0) for m < n}, and denotes
its cardinality by |C<,(0,0)|. To prove Lemma 4.1, we use the following lemma.
The proof of Lemma 4.2 is the same as the one of Lemma A.5 [1].
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Lemma 4.2. In our infinite layer long-range model, for any finite number n
and m, Py (|C<,(0,0)| = m) is a continuous function of .

Proof of Lemma 4.1. (a). Since for n < oo, P\(|C<y(0,0)| = c0) = 0, we
have

Jim px(z,n) = lim Py((z,n) € C,(0,0))
= Ahn&l Py((z,n) € C(0,0), |C<p(0,0)] < 00)
—A1
=¥ (1‘, n)v

where the last equality is by Lemma 4.2. Then ¢, (z,n) is a continuous function
of A for any (2, n) with n < oo. Moreover, for any A € (0, (2L + 1Y) and n < oo
we have

ZX,TL(O) = Z (Pk(xvn) + Z (Pk(xvn) < o0,

z:||z]|co<m x:|| 2|l oo >m

where the second term can be made arbitrarily small uniformly, by choosing m large
enough and the first term is finite sum of the continuous functions. The proof of
(@) is completed. ]

Proof of Lemma 4.1. (b). For any n < oo and A\; € (0,)\.), we have
(). Zan(0) = limm—oo 3 4z c<mz PA(2, ) pointwise on A € [A, A, (ii).
{Z%HmegmL ox(z,m) bm<oo 1S @ sequence of continuous functions on [A1, \/]
and Z) »(0) is also a continuous function on [A1, Ac], (ili) 3.4 <mr ©a (2, n) <
Zx:Hwag(mH)L ox(z,n) for all m € N and A € [\, A\]. Then, by (i) (ii) and
(i), for any n < oo, we have

Zna(0)= lim > oa(en)
z:||z||co <mL

uniformly on [A1, A;]. This implies for any n < oo, there exists a M,, > 1 which
is independent of A\ € [\, A.] such that

4.1) Z ox(z,n) < Z ox(z,n).

z:||z|| oo >Mn L z:||z||co<MpL

By the definition of Z) ,,(0), for any A < A, and ¢ > 1,

@2 lim Y alr,n) < lim Zy,(0)= lim Y pa(z,n).
x:||x|| o >ntL x:||z||co<ntL
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By (4.1) — (4.2), there exists a constant M/ > 1 ( depending only on )\; ) such that
for any A € [\;,\;] and n € Z,

Z QO)\("I,',TL) S Z gp)\(xvn)'
x:||x]|co>nM L x:||z||co<nML
Then

49 2.0 <2 Y aw<aer s oo
z:||z||co<nM L z:||z||ce<nM L

and
sup  @a(z,n) <2(2nML + 1)d{ sup @iz, n)}
|z||oo>nM L |z||lco<nML

with n € Z, A € [A1, A]. By (1.5), we have

sup ea(,n+m) = sup A(z +y,n+m)
z:||z|| oo <(nt+m)ML z:||z+yl| oo <(n+m)M L
< sup > ealy,n)ea(z, m)
z:[|z+ylloo S(ntm)ML =y

IN

> e sz, m)]

Y:llylloo<nML

+ Y. ewm)]  sup ga(zm)]
y:|lyllco>nM L z:||z||co<mML

< C(QmML)dzwk(yvn)[ sup ka(xvm)}
" lelloosma L

< e(2mML)(2nML) [ sup oy, n)]
lylloc<nML

x[  sup  pa(z,m)]
|#|lco<mML

for all n, m. Thus, there is a universal constant ¢ such that
(4.4)  Ynm(A) < cdflog(2nM L) 4 log(2mM L)| + () +vm(X),

where
m(A) =log{ sup  pa(z,n)}.
z:||z||co<nM L
Let b,(\) = —2=, then, by (4.4) and the Generalized Subadditive Limit theorem
(see Appendix Il in [9]), we have lim,,_, b, (\) exists. From (1.6) and (4.3), we
have
cdlog(2MnL + 1)

(4.5) |my — bp(N)] < - ,
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for some universal constant c¢. Thus by (4.5), b,(\) — m) uniformly as n — oco.
Also, b, () is a continuous function of A on A € [A1, A.], by Lemma 4.1 (a) and
{z : ||z]lc < enL} be only the finite collection. Therefore, m, is a continuous
function of A on A\ € [\, \;]. This completes the proof. ]

5. ProoF oF ProrosITION 1.4

5.1 Estimates D (k)

To prove Proposition 1.4, we first need to analyze ﬁ(k) Let L > 0 be fixed,
and define B; = {x € Z¢ : (I - 1)L < ||z/ls < IL} and denote its cardinality by
|B;|. Since all B; are symmetric with respect to the origin, the part of sine in the
following sum vanish. Thus we have

-y Z ML) Lol SILY ikea
?|By|

r [=1

> Aol{—1)L<||z]co<IL} .
= Z Z 2 [cos(k - z) + isin(k - x)]

B Ao cos(k - x)
= ; Z _ZQ‘B[‘ )

and

Z cos(kixy + koxo + - - - + kqzq)
reB;

= Z {cos(klxl + koxo + - - - + kg_124—1) coskqrq
rE€B;

—sin(k1z1 + kexo + - - - + kg_124-1) sin kdxd}

= Z cos(kixy + koxo + - - + kg_124-1) coskqzg
r€B;

SO
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Forl e N,
L L
T€EB, (I-1)L<z1 <IL  go=—IL rq=—IL
—IL<z1<—(I-1)L
(I-1)L IL IL
+ > )R DI
z1=—(-1)L (-1L<z2<IL x3=-IL rq=—IL
—IL<zo<—(I-1)L
+
(1-1)L (1-1)L L
+ > > > >
ac1:—(l—1)L J}j_lz—(l—l)L (I=1)L<z;<IL J?j+1:—lL
—lL<z;<—(I-1)L
+
(1-1)L (1-1)L
+ > > >
w1=—(1-1)L  ag_1=—(—-1)L (-)L<ey<IL

and for j =1,2,....d

(I-1)L (I-1)L IL IL d
> X > 2 o 2 eoskyay
w1=—(-1)L  @j_1=—(—1)L (-DI<e;<IL i 1=—IL  x4=—IL j=1
—lLSac]'<—(l—1)L
(I-1)L (I-1)L Ll
= Z coskixzi]---| Z coskj_1xj_1][2 Z
z1=—(-1)L zj_1=—(-1)L x;j=(—1)L+1
IL IL
x| Z coskjpixjp1]-- -] Z cos kq 4]
rjp1=—IL rq=—IL
(I-1)L (I-1)L L—1
=[1+2 Z coskizy] - [1+2 Z coskj_1xj_1][2 Z cos(IL — m)k;]
r1=1 Tj_1=1 m=0
IL IL
X[1+2 Z coskjiizjpr]---[1+2 Z cos kqx].
Tjp1=1 Tq=1

We have

—IL<zg<—(I—1)L

Ao Hj L cos(kjx;)
12| By

-3y

=1 J?EBZ

L

D

rq=—IL

cos kjz;]
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d j-1 (1)L 1
= )\OZ 5 {Z H (1+2 Z coskyz,)] [QZCOS(ZL—m)k
12| By =1 =l =l =0
><[ H (1+2 Z coskyxy)]}
v=j+1 x,=1
21, L [ AL cos(iL —m)k; i1 (X
51) _)\OZ ) { ZW} I+ > coshua,]
m= pn=1 =1
d
X H —|— Z cos kyxy }
v=j+1 xr,=1

where
| LD d
Hf;ll [5 + Z cos kyz, H —|— Z cos kyxy |
2 J _ zp=1 v=j+ z,=1
and
1 d
Z+IL d
(5:3) 14:@:7<2 ) P R Ul
' ' 2l L L +IL '
Let ﬁl(;) = gi an:o coslLIZm)” for | € N and g(r) = 0 for [ < 0. By (5.1) and
recall Ao = -, we have
R 7T2)\() d oo d oo )
(64 Dk) = SO o) JL ()] =D [au(ky) (k)]
j=1 I=1 j=1 I=1

Suppose k with || k|| tends to 0, it is easy to see that 3°¢_, J (k) tends to 1. Then

we define G(r) = >°, gi(r) for r € [—m, «] and use it to control D(k). From
trigonometric series [24], we have

(5.5) Zgz fa(r) + f3(r) fa(r)
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with

(56) fi(r) = %lf; Oy B4 Sy,

(5.7) f3(r) = % lio; sin(lflr) = %{—(logQ)Lr — /OLT log\sin%\dt},
(5.8) folr) = %ZZ_:IOCOS(T”T) _ %sin(2L22 ;;ﬁ(—;—)sln(%)j

The behavior of f1(r), fa(r), f3(r) and f4(r) is stated in the following three lemmas.

Lemma 51. (a). fi(r) is an even function and strictly decreasing for [r| < T

with f1(35%3) =0, f1(F) =
0). f3(r ) |s a odd function, strlctly increasing for r € [0, 5] with f3(57) < 0.64
and strictly decreasmg for r € [, T] with f3(F) >0,

(). For |r| < YT
21L
1= 2o < ey <1 - 2E
s 8
and 6L 6L
r{l—log Lr)} < |fs(r)] < ‘ ‘{1 12 —log(Llr|) }.

Proof. (a) and (b) are obvious by (5.6) and (5.7). Since 0.89u < u — %3 <
sinu < wu for u € [0, 7], we have, by (5.7),

| f3(r)]

| /\

Lr
t
2{ (log2) Lr—/ log(0.89—)dt}
0

L 6Lr
= 6—r{—log0 89+ 1—log(Lr)} < —{—log(L\r\) +1.12},
7T
and |fs(r)| > %5 {1 —log(Lr)} for r € [0,17%5]. By (5.6), we have - L[r| <

1_f1( )< 3L|r

4L+1

Lemma 5.2.  For |r| < ;7%5, we have 1 — w < fa(r) < 1—

— — 7’2 . T — T —
0.94(L 11)2(21; D and 289 éL 1) < falr) < (L2 n
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Proof. By Taylor’s formula, 1 — % <cosu<1-— % + % For |u| < %, we
have 1 — 142 < cosu < 1—0.9414C. Then

(L-1)(2L—-1)r* 1 0.94(L — 1)(2L — 1)r?
— <1-—=
B 7 cos(mr) < 1

1—

Similarly, by (5.9), 2750 < 7, (r) < "5 for |r| < E. This completes
the proof. [ |

Lemma 5.3.

(a) 0< fo(r) < % +5p for r € [, 7,
(b) [fa(r)] < ﬁdm) forr € [4L7i|—17 7l

(©) |fo(r)| + |fa(r)] < 2 + 5 for r e (20, DT and p = 1,2, .., L — 1.

The proof of Lemma 5.3 is similar to the one of Lemma 5.2 and is omitted.

5.2 Proposition 1.4

Let K;(r) = 3 + S5 cosmr be the I-th Dirichlet kernel for | € N. The
following lemma is the key lemma to show Proposition 1.4.

Lemma 5.4. There is a large constant L such that for L > L, we have
(a) for [kllo € [0, 7757),  [D(K)| < |G(|[Klloo)] + 0.48L] Koo

(b) for [[klloo € (3757, 5] D] < |GUIK])| + & + £, for [k €

(DT with = 1,2, ..., L—1,[D(k)] < |G(|k]leo)| + =55 + 122,

(©) |52 D(k)| < el 2= G (k,)| with & € [-7,7]% v € {1,2,...,d} and ¢ > 0.

Proof. Clearly, D(0) = G(0) = 1. For any k € [—m, x]? with ||k||cc = |k,
there exists £°° such that k> = ||k|«e,. Clearly, ID(K)| < |D(k>)|. To estimate
the upper bound of | D(k)|, it is sufficient to estimate | D(k)|.

Let |k,| = ||k||oo for some € {1,2,...,d} and k = ||k||sce,. Clearly, g (k;) =
—2 for j # p. Then, by (5.2),
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00 00 d
D k) = Zgl(ku)‘]lu(k) + Z Z (k) J} (k)
=1

I=1 j=1,j#p
> S+l + -1t
(5.10)
= 6
+Z 7l Z T (k
J=1j#p
S GHLDNr" SN 6 NS
:Zgl(ku) 2 A +Zl27'(2[ Z Jlj(k)]v
=1 ! =1 J=1,ju
_ 340-DL
where r; = 2 T By (5.2)-(5.3),
, L (=1L 'Ky(k,) (2 +1L0)471
A
and 1 j—2 1 d
, L (1= D)LY 2K (k) (& +1L)47
A
With 725 [K;(k,) — Ki—1(ky)] = Lgi(k,) and 1 —r; = HL, we have
00 6 d )
> =l > T (k)]
1=1 J=1,j#H
— 6 M_l 1 j—1 1 d—j—1
ZW (5 + (= DLY Kilk)(; +1L) ]
=1 j=1
41 , 1 ,
FL S G+ 002K (g + 10 7] )
J=p+1
(5.11)

=

00 p—1
= Z %{[Z(%HZ—ULW (Ki(ky) —K1_1(ku))(%+lL)d_j_1]
=1

d-1 } 1 ,
+[ (5 + (- 1)L)j_1Kz—1(ku)(§ + L) }(Al)_l

1gp)yd=1(1—pd-1
it L K (b,
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Since A; = UMD by (5.10)-(5.11), we have
BiE) — [ ($+LD)* " 6 (L+iL)*(1- rgH)K .
( )_;{T\g( M)+l2ﬂ_2L Al l—l( lt)
(5.12)

)L 6 (1—7“d 1)
Z{ S A R )

=

(k) — Ki-1(ku)l, by (5.12),

1—r; 6 (1 rd_l)
_W)gl(k") a2l +lL)(ll —rf )KH (k")}

D(k) = G(ky)—

—
—
—

r™zs

%) d—1 d—1
Gk — r(1=r) k: 6 (1—r)(1—n )K_1 .
(513) (k) = M K
N[ =nTh _
= G(ky) ;{l T l)[lKl(k:M) Kl_l(k,t)]}.
Then
~ 6
(5.14) Bk) = Glhu) = 7357 S1(0) — Sa(ky),
where
> 1—rld_1
Sl(ku):Z(l_ 1_d )[rlKl(ku)_Kl—l(ku)]v
=1 l
and

sin(IL+3)ky
2sin 1k,

From K;(k,) =

1K (k) — Ki—1(kp)

(5.15) = %{cot(];—“) [sin(ILky)(r — cos Lky,) + cos(ILky,) sin(Lk,)]

—sin(lLk,) sin(Lk,) + cos(ILk,)(r; — cos Lku)}.

For |ku| < 7757, we have r, — cos(Lk,) = +1L + 1 — cos(Lk,). Then by
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(5.15), (5.6) and (5.7),

. 3 k L
Sa(ky) = E —{cot(—“)[(—l
=1 l27T2L 2 5 + lL

+sin Lk, cos lLk:M] —sin Lk, sinlLk,

+ 1 —cos Lk,)sinlLk,

—L n
s+IL

3 [ —Lsin(iL+ L)k, , .
= Z 2 QL{ n Sin( - 2,3 E 4 cot ?’ [(1 — cos Lky,)sinlLk,,
= T (3 +1L)(sin 3")

+( 1 — cos Lk,,) cos lLk;M}

+sin Lk, cos lLk:M] —sin Lk, sin Lk, + (1 —cos Lk,,) cos lLk;M}

- 1 ky
_ +—L{cot?’[(1—cos Lk,) f3(k,.)

(5.16) +sin Lk, f1 (k)] — sin Lk, fs(k,) + (1 — cos Lky) f1 (k;,t)}

cos B

t 0S .
7 2 sin Lk, f1 (k)

ku
—/O [f1(t) cos %-fg(ﬁ)sin =] dt+

2

-k
2811]7

[cot %fg(ku) —

sin Lk, f3(k,)

(1 —cos Lk,)
_l’_i
(1 —cos Lky,)

2L + fl(ku)]

P t cos H
— [ fi(t)cos 5t + — 2 sin Lk, fi (k)
0
> —
2sin
2 271.3 279
ke 3Lk, L k,t] n l[th N (Lk;M)B][l _ 3Lk 3L k;u]
> ! 27 672 L 6 T D)
> »
_ 3Lk,
- 2r

for |k,| < ;757 By the definition of the i-th Dirichlet’s kernel /;(r) and 7y, it is
easy to see that

1K (k) — Ko(kp)

Il
—

<0.

For I > 1, since ;- =1+ let uw = Lk, € (0, Z], we have

— L
Tra-1nr
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1 1—rld_1 _ rld_l _ L
d d—1 1 L
1—7"1 1+7"l+7"12+"'+7"l [§+(l—1)L][(1+m)d—l]
_ 1
N d+c’

with ¢; > 0. For |Lk,| = |u| < %, we have, by (5.15),

= L -1 u? uw,—1 U
< 1 — - _
Sl(k?u) = E u(d+Cl){51nlu( ] + 5 )+coslu[u+L( 7 + 5 )]}

“\ L -1 u? w,—1 u?
< R 1 _ — —(— R
< {smlu( i + 5 )—i—coslu[u—i—L( i + 5 )]}

oo (%]
e L -1 u?
_1 n - 3 _
+Z( ) { X [sinlu(— + 2)

n=1 =1 U(d + C”[%]'H) n[;] +1
(5.17) " . .2
+ cos lu(u + Z(n[g] =7 + 7))]}
™
[a] L -1 u? w,—1  u?
= 2 m{sinlu(T + ?) + coslu[u + z(T + 7)]}
+ > (1) Ry (u)
n=1
For lu < 7 with [ > 1, we have
-1 2 -1 2
sinlu(T + %) + cos lufu + %(T + %)]
Bu? -1 wu? w2 ot
< —— )+ = 1—-— 4+ — .
< (lu 6)(l+2)+u( 5 +24)<0

Similarly, we have > >°  (—1)"R,(u) < 0 since R, (u) is positive and strictly
decreasing of n. This implies 51 (k) < 0, by (5.17). Therefore, for 0 < k, < 755
and large L, we have, by (5.14) and (5.16)-(5.17),

3Lk,

(5.18) |D(k) — G(k,)| < < 0.48Lk,,.
T
This completes the proof of (a).
To show (b), since
]k S SR 15
21— (+12 1—rf,
1y ! ! e

- [1- =
12" T4+ + )
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we get
- d—1
i_;>ﬂ(1_rld 1)_ 1 (1_rl+1)
N ) A A U S DR ey A
S i 1 1
B (o O A R N s
—1 d
This implies ”(lljl —) — (Hll)Q(1 l+1 ) is non-negative and monotone decreasing
L] rl+1
sequence. For k = ||k||oce, and [|k[|oo € (5757 7). We have, by (5.13),
~ > 6(1—rih
D(k) -Gk = |-y ——tt[rK (k) — Ki—1(k
DU Gtk = |- i rd)m[n () — i (k)]
RERES Z A= rd 1
| Lw? 11— rd L7r2
(5.19) 1 (1 — i 1 x Sm(lL + Q)ku
((+1)2 10, 2sin 3k,
.3 6 > [1 1 | 1
~ Ln?  Lw? ps 2 (I+1)%2'k,
3 6
< = 4
~ Ln? * 3

By the same way, we have |D(k) — G(k,)| < WQ + 3 for k = ||k[|e, and
klloo € (2, CEUT) with = 1,2,..., L — 1. This completes the proof of (b).

To prove (c) for v e {1,2,..,d}, clearly, [ZD(k)| < |ZD(k")|, where
k= kye,. Since SK;_1(r) = L[5% + 301 gm(r)m?), by (5.12) and Fubini’s
theorem, we have

0 =~

_kV_
5o D)

6 (1-r"h
V{Z —|—ZL l) +l27T2 (%—f—lL)(ll—rld)Kl_l(kV)}‘

|d i~ k)L La—rYy g L
> ALy —rd) ZQ(%—I—ZL)(ll—rld) [272*;%(’%)”121}‘

=1 l

IN

{Z +lL +mZ:169m '<Cl\— (k)]

l/
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with some positive constants ¢, ¢’ and ¢;. This completes the proof of (c). ]

Proof of Proposition 1.4. By Lemma 5.1 — 5.2, we have

|G (k)]

3|kj|2L(L — 1
7T2

<[1- %L\kj\] [1—0.156(L — 1)*k7] + ) [1.2 — log | Lk;|]

<1—0.6Lkj]

for k € {k: [[kllooc < 7755} By Lemma 5.4 (a), there exists L; > 0, for any
L > L,

0.12L
[D(k)| < 1= 0.6L||kjlloc + 0.48LIkjloo = 1 = 0.12L k]l < 1 — — Il

Similarly, by Lemma 5.4 and Lemma 5.3,

~ 3 6
D(k < sup Gk)|+—-—+—=
DWI < s 1G]+ gt
V2 \/_
1 = 1 1— %= 3 6
S(—)[%%——]—i—o.(ﬂl(w )+ + — < 0.95
27 2(1— #) 2L 21— LL) Ln?2 73

with k € {k: ;755 < ||klls < £}, and

BRI < GUMloe)l + 5 < |folkll)] + Fa(lEllo0) + ~ g

2 1 6 9
<

nr oL " nnd = 10n

with ||k|| oo € (25, E0T) ) — 1 L — 1. This completes the proof. ]

6. ESTIMATES FoR 11y (k, 2)

Proof of Proposition 1.5. We use the the following propositions to prove Propo-
sition 1.5.

Proposition 6.1. For any dimension d > 2, there exist constants L, c1, ¢
and c3 such that for L > Lo and n = 1, 2, we have

|D(k)| ¢ log L
oY [ a BT
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D(k)|?
(6.2) /—J—;&—%kgg.
(1= |D(k) )" L
Proof. Let Ry = [~/ i57]% Rz = [-F, F]% by Proposition 1.6, for
d > 2 there exists o € (0, 1) such that
k 1 D(k k
/7‘ (A)‘ dk:(—)d{/ D) (A)‘ dk+/ 7‘ (A)‘ dk}
[D(k)] 2 Ukere 1—|D(k)] ke[—mm\Ry 1 — | D(k)]
1 1 1 ~
< —)d{/ dk + / D(k)|dk
(27T kery 222k 1-0.95 keRz\R1‘ (&)l
L—-1 (l+ )™
27T d—1
+ ———)dk
EZLL 1m1—mﬂ)“}
log L
L )
and
AN L-1
|D(k)| c log L
————dk — + <c .
/(1— |D(k)|)2 = ZZ; 101(1 1)2L L

By above argument, we obtain the inequalities (6.2) for d > 2. This completes the
[ |

proof.
Proposition 6.2. For any dimension d > 2, there exists L, > 0 and universal
constant ¢ such thatfor L > Ly, r >1n=1,2and v € {1, 2, ...,d}, we have

9 N r 5 A
/ ak,?(k)‘ dk<£ / ‘m?(k)‘ ik < clog L
(L= |D())" L (1= [D(R)[)" L
nr (n+l)7 ] c {0,1,...,L— 1}’ we have

Proof. By (5.6)-(5.9), for |r| € [2F, "¢

£;(r) <1 with j = 2,4
C

e /
‘fj(r)‘ < mm{L_r’ 1}, ‘fj(r)‘ < W7
A <Ly F0)] <L+ LllogL(r— )|
(r)| < ¢1 + co| log Lr| with some constants

Therefore, for |r| < T, we have [-£G(r
(n+1)w d c s |log L(r—2F)|
c1, Co For%grS—LL,wehave\%()\<1+ f,ne
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{1,...,L—1}. Then by Lemma 5.4 (c) and Proposition 1.6, for d > 2, there exists
o1 > 0, such that

0 D(k)|" 1 log Lk, |)"
‘ak‘u /\( )‘ ‘dkS - d/ (Cl+c2‘Lokg V‘) dk
1—|D(k)| T Jrelo,z)d DLl

(W i
+CZ/ T [c} + chllog L(k, — )] ik
I r(1- )

I
< E{/ 19-2((1) + (cz)| log ] dt+2/ (¢ + <l Ogt‘) dt}
L Lo (1= 1q7)

L—-1 1
-1
=cC Z Z_T(L)
1=1
By above argument, this lemma follows. ]

Let S(x,n) denote the two-point function of the random walk on Z? with 1-
step transition function D(xz) for n € N, S(z,n) = 0 for all z € Z%, n < 0 and
So(z,n) = S(x,n)+ dé(x,n). For A = X\g, we have, by Hélder’s inequality,

sup Oy QE;; (0,0) = sup Z |z oz —y,n—m)pr(z,n)

(y:m) (y,m) (z,n)
< llealz; n)llsllzppa(z, n)ls
< [150(; n) [ [lzuSo(z, ) |3.

(6.3)

Since ), S(z,n) =1 for all n

Zan%:Z[ZS(x,nis <Z{suprn 2} = Z{suprn)}

(z,n) n=1

s

by Hausdorff-Young’s inequality, let R, = [— YA 4L+1] and Ry = [—7, %]d,
we have, for d > 2,

stn%<2{/u} )["dk}2

(z,n)

_ - L d i3 n N n
(6.4) -3 G { / RLCRS / LCRT

n=

+ / \f)(k)\”dk}
kye[—m,m]4\ Ry
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L 1
61(0.95)n Cco 9 nl?
< = -
Z{ (n+d)+ I +Ll:1(10l)
c |1 dlogL. 1 logL. 1
Sz(w)gﬂL( i )z < ¢ I )2

with universal constants c. From (6.3), (6.4) and Hausdorff-Young’s inequality, we
have

~(A1 log L
s 80,2 0.0) < {17y (E5) }|xuso<x mla

<{i ()} i)

for some universal constants 73. By the same argument, we also have
2

A, log L
(6.6) (sup) (5;.%@(1/;1 (0,0) < T3 < ) {//‘ﬁk (k,it)| 2dkdt}

with j = 2, 3.

(6.5)

Q) (0,0) which is

different from the upper bound of ¢ Q(A L) (0, 0) in Lemma 3.5. If we follows this
method, we have

Remark 6.1. In (6.5), we obtain the upper bound of &, Q

s 1,007 (0.0) = sup e or () < [ 1@ah it indra,
y,m y,m

where ¢} (z, n) |z, pa(x,m). We can not control @ (k,it) since @4 (k,it) is
not equal to o 9 5\ (k,it) for any p € {1,2,...,d}. If we use Hausdorff-Young
inequality

Sup(5 (“ ,(0,0) <{//m (k, it)|2dkdt} 2 {//\—w (k, it)|2dkdt} 2,
(y.m

this right hand side is divergence for the dimension d = 3.

Proof of Proposition 1.5 For A = g, by Proposition 6.2, (6.5)-(6.6) and Lemma
3.4—3.5, for any d > 2 there exists an L; (depending on d) and universal constant
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¢ such that
A1) P!
SUP (g, m) ngm (0,0) <eg, (zup) T(( ))(0 0) <
su J Q(/\l (0,0) < cg sup Oy Q(/\l (0,0) <
Pm) 8:Qymy (0.0) < e=7 = sup 6,Q0)(0.0) < 7.
A, log L A c
sup(ym) @y (0,0) < ==, s up T7)(0,0) < 7
ALY c (AJ) log L L)s
SUP(y,m) 0 Q(ym (0,0) < T (iurg) 5kHQ(y,m)(070) T
and
~ (0 D(k)? 1
sup T((’\’j))((),()) < c/#dk < ‘< =,
(ym) ™ [1 — D(k)]? Ly 2

for j € {2,3}. By Lemma 3.1 — 3.3, we obtain Proposition 1.5. This completes
the proof. [ |

Proof of Proposition 1.6

__Since (P) is satisfied, from (1.5), (2.7) and (6.3), |Pa(k, ma — s +it)| <
c|So(k, —s + it)| and [Pr(k,my — s + it)] < c\S( —s + it)|, moreover, from
(1.17), we have

i[l—i—ﬁ,\(k,m,\— s—l—it)M
Ok, ' F(k,my— s+ it)

‘%@A(lﬂ,mk — S +’L't)‘ =

C
(6.7) < = -
‘ _ ( ) s+zt‘2
0 5 ,
< | =S5k, —s +it)|

ok,
with universal constant ¢ for any k € [, 7] and s € (0, 1). By Hélder’s inequal-
ity,

SUP(y,1m) (5;%@8”2)(0, my — )

(6.8) = o > lzulea(z —y,n — m)pa(a, n)e™ "

y»m) (z,n)

loaz, ) sllzupa(e, )™= 5.

IN

Since my > 0 for A € (0, \.), from (6.4),
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3

Z Ya(z,n)2 hm Z{w,\ z,n)e™~ 8)”}

(z,n) (a:n
< c lim S(z,n)e "}2
- STm/\(a,Zn:{ }
6.9
(69) —CZ{S(L‘TL m*”}%
(z,n)
<cXistam)! < o(EE),

By (6.7)-(6.9), we have

~(\1) log L 3 0
supé;€ Qo (0,my—s) <314 73 ( > {/ |
) (y,m) { 2} L ok

~() i log L
sup 5k”Q§27’2)(0,m>\—s) <7 ( o8 > {// |8k: So(k,it)|? dkzdt}
(y,m) (Z

with 7 = 2,3. By Lemma 3.4 — 3.5, (6.7)-(6.9) and Proposition 6.2, for any d > 2,
we have

Sol(k, z’t)|%dk:dt}§
"

(6.10)

A1) Al

SUD (y,m) ngm (0,0) <e, (zurg) T((y m))(() 0) <
5Q(“oo<% 51, QL)) (0,0) < <

Sup(ym (y,m) ( ) ) =C I’ (Sup) (y,m)\ L%

A, C \,j c
Sup(ym ng;n (07 0) S Zv (zurg) T((y’rjn))(ov 0) S Zv

1

A, c ~(\j (logL)s

Sup(y ) - Q[ 7)) (0,0) < 7 sup 5, QD) (0,0) < B2

with j € {2,3} and = 1,2, ...,d. Let Ly > L; sufficiently large such that

forany L > Ly and j = 2,3. From Lemma 3.1 — 3.3, we have

C1
Y2 < T <_
E [TIx(z,n)e™| E [nIly(z,n)e \_L,

(z,n) (z,n)

1
log L)3
S fo (@, m)e™| < %

(z,n)
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where ¢, c¢1 and ¢, are constants which are independent of 7/, 71, 7} for any » < my
and A € (0, \.). Let

Co C1 €2
74 = max{o, 5},7{ = max {7y, 5}7 and 75 = {7, 5}7

where ¢; as in the Proposition 1.6. Therefore (P;) implies (P,). This completes
the proof. m
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