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COMPACTNESS AND NORM CONTINUITY OF THE
DIFFERENCE OF TWO COSINE FUNCTIONS

Miao Li, B.-Z. Guo and Serguei Piskarev

Abstract. We show that the compactness of the difference of two cosine
functions can be characterized by that of the difference of their resolvents.
We also make some comparisons between such results for Cy-semigroups and
cosine functions.

1. INTRODUCTION

Many linear distributed parameter control systems can be put into the form
(1.1) v'(t) = Av(t) + Bu(t), v(0) = v, t € Ry,

where A generates a Cy-semigroup in the state Hilbert or Banach space £ and B
is the control operator from control space to the state space. When one design a
feedback control u(t) = Fv(t) for some feedback operator from the state space to
the control space, the closed-loop system takes the form

(1.2) v'(t) = (A+ BF)v(t), v(0) = vy, t € Ry

In the context of stabilization theory, one wants to select a feedback operator F' to
force the closed-loop system to possess stability properties that are not enjoyed by
the original system. One important class in physical applications is that of operators
F such that BF' is compact in the state space. When BF' is compact, it was first
proved in [16] that the difference of the semigroup e(AT5F) generated by A+ BF
and e generated by A is compact for any positive ¢. Hence
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(1.3) wess<A) = Wess(A + BF):

where wess stands for the essential growth rate of the associated semigroup. Property
(1.3) holds true for any two Cp-semigroups whenever their difference is compact for
some t > 0 (see Theorem 3.52 in [7]). This is the basis of “compact method” that
was used to study the stabilization of elastic systems (see [ 10]) and spectral property
of neutron transport equation (see [14]). Compact method was first formulated in
[13] for Hilbert spaces and later generalized to Banach spaces in [5], which says
that the compact perturbation can not make the system which is asymptotically but
not exponentially stable to be exponentially stable.

This gives rise to the general study of necessary and sufficient conditions for
compactness of the difference of two Cy-semigroups. A recent result in [6] says
that e* — eB? is compact for ¢ > 0 if and only if R(\, A) — R(\, B) is compact
under the norm continuity assumption on e4* — eB?.

On the other hand, most of controlled hyperbolic systems are more convenient
to be written as the second order instead of the first order evolution equation in
abstract space (see [11], [4]):

(14)  o'(t) = Av(t) + Bu(t), v(0) = vo, v'(0) = vy, t € Ry,

Same problem also occurs for system (1.4). Certainly, one can transfer system (1.4)
into the first order equation (1.1); however, the difficulty with this approach is that
the transformed first order equation does not necessarily produce a Cy-semigroup
(see [12]) on E x E space. It turns out that it is sometimes more convenient to
treat second order system directly by introducing the cosine function, which plays
the same role to the second order system as does Cj-semigroup to the first order
system (see [4]). By definition, a family of bounded linear operators {C(t),t € R}
in a Banach space FE is called a cosine function if

(@) C(0) = I;
(b) C(t+s)+C(t—s)=2C(t)C(s) for t,s € R;

(¢) the function C(-)z is continuous on R for any x € E.

The infinitesimal generator of cosine function C(-) could be defined as Az =
lim; ¢ 2(C(t) — I)z/t* for such = for which the limit exists.

In terms of a cosine function C(t) generated by A, the solution of the second
order equation

(1.5) V" (t) = Av(t), v(0) = vy, v'(0) = vy, t €R,

can be written as
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o (1) =emun( 20) (St sn ), cen

in the energy space £ = E' x E, where S(t) is the sine function associated with
cosine C(t) by the formula S(t) = fg C(s)ds and E! is the Kisynskii space defined
as

L— 1ty :C()x L(R:
wn {E —(ze E:C()x e C\(R; E)},

Izl g = [zl + supo<,<1 IC"'()z]|z Vo € B

(see [12], [2]). If the Cauchy problem (1.5) is well-posed, then operator A generates
Co-group exp(-A) on & space.

In this paper, we are concerned with the general condition on the difference
of two cosine and sine functions. To distinguish different cosine functions, we
use C(t,A) and S(t, A) to denote the cosine and sine functions generated by A,
respectively.

2. COMPACTNESS AND NORM CONTINUITY

Let C(t, A) and C(t, B) be the cosine functions on a Banach space E generated
by A and B, respectively, and satisfying ||C(t, A)||, [|C(t,B)|| < Me“lY, t € R,
for some constants M, w > 0. Let us denote also by A4 g(t) = C(t, A) — C(t, B)
for all t € R and by B(FE) the space of all bounded linear operators on a Banach
space F.

Theorem 2.1. Let A 4 g(t) be norm continuous for t > 0. Then for all X > w?,
the operator R(\, A) — R(\, B) is compact iff Aa p(t) is compact for t > 0.

Proof. The sufficiency follows from the integral representation

)\(R()\Q, A) — R(?, B)) - /0 T e MO, A) — O, B)) dt

and norm continuity (see also [15]).
The proof of the necessity falls naturally into 3 steps. First we show that

1) lim [AR(A, A)C(t, 4) = AR\, B)C(t, B) = A p(t)| =0 for t > 0.
—00
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To this end consider the identity
NR(A\2A)C(t, A) — N2R(\2,B)C(t, B) — A4 p(t)

Y /O T e N[Ot A)C(s, A) — C(t, BYC(s, B)lds — Aan(1)

_ )\/ e [S0( +5,4) + 50— 5,4) ~ LC(t +5,B)
; 2 2 2

—%C’(t — 5. B) ~ Agp(t)]ds

o0 1 1
~ ) / e (SAAn(t+ ) + 5 Ap(t— )~ Aap(t))ds.
A 2 2

Now let A > w. Then for every § > 0 we have
IA2R(A2, A)C(t, A) — N>R(\?, B)C(t, B) — Aa g(t)||
o el 1
< / A Pl5A4B(E+ )+ 5A4R(E—s) — Aap(t)]ds
0
o —As 1 1
+ ’ Ae H§AA,B(2€ +s)+ §AA,B(t —5)— A p(t)|ds

1 1
< sup ||§AA,B(75 +5) + §AA,B(75 — ) — Aa ()]
0<s<é
M DA w(t+6),-A0.
A—w

Since A4 p(t) is norm continuous in ¢, the first term on the right is smaller than
any e if § is small enough. Now take A so large that the second term is smaller
than € too. Since € is arbitrary our statment (2.1) holds.

Second we show that

(2.2) IN2R(N, A)2C(t, A) — N>R(\, B)2C(t, B) — A4 p(t)| = 0.

lim
A—00
By (2.1), we only need to show

lim [[V2R(\, A)2C(t, A) = MR\, B)*C(t, B)]

(2.3)
“[AR(X, A)C(t, A) — AR(\, B)C(t, B)]|| = 0.
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Since for A > w,

NR(N2, A2C(t, A)

2 2 > —As 1 1

= NRO AN [ e (—C’(t +5,A) + =C(t — s,A))ds
A 2 2
o —A\r —As( = ) _
_ )\/0 e C(r, A) [A/O e (50 + 5, 4) + 50(t — 5, 4) )ds]dr
* —Ar > —As 1 1

= e [)\ e <—C(t+s+r,A)+—C’(t+s—r,A)

1 1
+ZC(t —s+rA)+ ZC(t —s—, A))ds} dr,
so we have

[A4R(A2, A)2C(t, A) — XAR(N2, B)2C(t, B)]

~ [A?R(A?, A)O(t, A) — N2R(\2, B)C (¢, B)}
* —Ar * —As 1 1
=\ e {A e (—AAB(t+s+r)+—AAB(t+S—T)
O O 4 b} 4 2l

1 1 1
+ZAA’B(t —s+r)+ ZAA’B(t —s—r)— §AA,B(t+ s)

—%AAB(t - s))ds} dr.

A similar argument as in the first step show that (2.3) holds.
To make up the third step let us note that for o > w, € D(A), one can write
(3], p- 42)

o+ir

i L M Bl )2
(2.4) C(t, A)a:—rlgrolo omi ) AV R(A*, A)z dA.

To finish the proof we are going to show that A2 R(\, A)2C(t, A) — \2R(\, B)?
C(t, B) is compact for A large enough. To do this fix z € E and 0 > w. Using
(2.4) one gets

A2R(\, A)2C(t, Az — A2R(), B)2C(t, B)x

2 n
e R [R((0 + i), AR(, 47

27T n—oo n

—R((c +ir)2, B)R(), B)2] z dr.
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Let
Sz 1= / (0 +ir)e" " [R((o +ir)?, AR, A

—R((o +ir)2, B)R(\, B)2] wdr,

then for n > m, by integration by parts we have

(Sn = Sm)z = (/mn - /_nm) (o + ir)etotin)

: [R((a +ir)2, A)R(N, A)? — R((0 +ir)2, B)R(\, B)? |z dr

etlo+ir)
= (o +ir) | R((o +ir), A)R(A, A)?

it
—-m
)

~R((o+ i) BYRO, B (| +
+</” N /__m> etlo+ir) {2(0 +ir)? [R((a +ir)2, A2R(\, A)?

m
t

~R((o +ir)%, B)?R(\, B)?|
. [R((cr +ir)2, A)R(\, A)? — R((0 +ir)%, B)R(), B)2] }wdr.
Since
Ri(o +in VRO A) = s (RO 4) = Rl + )2, 4)
and
(o +ir)R((o +ir)?, ) < =,

we have for |r| — oo

(0 4+ir)?R((0 +ir)2, A)’R(\, A)?
and
R((c +ir)%, A)R(\, A)?
-1

=T |R((0 +ir)%, 4) = RO\ A)| RO, A) = O(r|2).
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Since the same holds for A replaced by B, one obtains
I|Sn — Sml|| — 0, n, m — oo.
On the other hand, for any X\, u > w?, o, we get that
R(p, A)R(\, A)? — R(u, B)R(\, B)?
— |R(1, 4) = R(n, B)| R\ A + R(u, B)|[ RO\, A)? = R(\, B)?
— |R(1, 4) = R(u, B)| R(\, A + R(u, B)| RO\ A)(R(), A) = R(\, B))
+(R(\ A) = RO\, B)R(A, B)|

is compact. So the uniform limit of operators S, is equals to

N

lim [ (oir)et@+i (R((U+ir)2, AR, A= R((o+ir)2, B)R(), 3)2) dr
N—oco J N

and it is compact. Therefore from (2.2) it follows that A4 p(t) is compact. ]

We can characterize the norm continuity in Hilbert space analogous to Theorem
2.5 in [6] and the proof is just a simple modification.

Proposition 2.1. Let A and B generate cosine functions C(t, A) and C(t, B),
respectively, on a Hilbert space H, and ||C(t,A)|, ||C(t, B)|| < Me“* for some
constants M > 1, w € R. Then C(t, A) — C(t, B) is norm continuous for t > 0 if
and only if for every o > w,

lim ||(¢ +ir)[R((o + ir)?, A) — R((c +ir)?,B)]| =0

|r]—o0
and
nh_}ngo h (o £ ir)[R((o +ir)?, A) — R((c0 +ir)?, B)]z||*dr = 0,
im [ (o +ir)[R((o i), A%) — R((o & ir)2, B)y|2dr = 0

uniformly for x € H,y € H* with ||z, ||y| < 1.
The case for sine functions is easier to treat.

Theorem 2.2. Let S(t, A) and S(t, B) be the corresponding sine functions of
C(t, A) and C(t, B), respectively. Then S(t,A) — S(t, B) is compact for t > 0 if
and only if R(\, A) — R(\, B) is compact for A > w?.
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Proof. Since sine functions are norm continuous, the identity

R(\%,A) — R()2,B) = /0 sy (S(t, A) - S(t, B)) dt

is valid in the uniform topology, and so the compactness of the resolvents follows
from that of S(¢, A) — S(¢t, B).

Conversely, since S(t, A)— S(t, B) is norm continuous, similarly as in the proof
of Theorem 2.1, we can show that the compactness of R(\, A) — R(\, B) implies
that of S(¢, A) — S(¢, B). ]

Now we show a similar result for cosine as in [6], Proposition 2.7.

Proposition 2.2. Suppose that A 4 g(t) is compact for t > 0 and norm contin-
uous at t = 0. Then

25)  lim [Agp(t+h) = 2845(t) + Aap(t — )| =0 for any t > 0.
Proof. We have
AA7B(t + h) + AA7B(t — h) — ZAAyB(t)
= (C’(t A+ C(t— h, A)) - (C(t +h,B)+C(t—h, B)) —2A4 5(t)
= 2C(t, A)C(h, A) — 2C(t, B)C(h, B) — 2A 4 B(t)
- 2(0(t, A)C(h, A) — C(h, A)C(t, B))
+2(C(h, A)C(t, B) - C(t, B)C(h, B)) — 24 5(!
= 2C(h, A)A p(t) + 284 5(R)C(t, B) — 284 (t)
=2[C(h, A) — I|Aa,B(t) + 244 5(h)C(t, B)

— 0 as h — 0. [ ]

Remark 2.1. In the proof of Theorem 2.1 we used actually (2.5), but not the
norm continuity of Ay p(-).

Theorem 2.3. Let Ay p(t) be norm continuous in t at 0. Then Ay p(t) is
compact for t > 0 if and only if R(\, A) — R(\, B) is compact for X\ > w?* and
(2.5) holds.

Now we can deal with unbounded perturbations. For B € B(E) define the
function F(t) = (A\> — A) [7 S(s, A)Bds and also

SVECL0) = swp { | SIF) — -0,

D € X, ||lzy]| < 1} < 0,
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where the supremum is taken over all subdivisions of [0, ¢].

Theorem 2.4. [9] Let C(t, A) be the cosine function and SV (F(t),t) — 0 as
t — 0 for some A\ > w. Then operator A(I + B) generates the cosine function and

|IC(t,A) — C(t, A(I + B))|| < cSV(F(t),t) as t — 0.
Theorem 2.5. [9] Let C(t, A) be the cosine function and
t
55(t) = sup {/ |BS(t, 4)Ax|ds : 2 € D(A), o) < 1} = 0 as t 0.
0

Then (I 4+ B)A generates a cosine function and
|C(t,A) — C(t,(I + B)A)|| < cdp(t) ast — 0.

Most of all known perturbation’s Theorems could be obtained [9] as a consequence
of Theorem 2.4 and Theorem 2.5 including M. Watanabe unbounded perturbation
P ¢ B(E', E), which is exactly the case of ||C(t,A) — C(t, A+ P)|| = O(t) as
t— 0.

Proposition 2.3. Suppose that the assumptions of Theorem 2.4 (resp. Theorem
2.5) are satisfies. Then Ay a14+B)(t) (resp. Aa 14Bya(t)) is compact for t > 0

if and only if Ay ar+B)(t) (resp. An (14p)a(t)) satisfies (2.5) and R(A, A) —
R(\, A(I+ B)) (resp. R(\,A)— R(\, (I + B)A)) is compact for X large enough.

3. COMPARISON OF THE FIRST AND THE SECOND ORDER EQUATIONS

First we consider bounded perturbations. It is well known that when A generates
a Cp-semigroup e'4, then A + B, B € B(E), also generates a Cp-semigroup
e!(A+B) 1t was shown in [17] that e?(4+5) — ¢4 is norm continuous for ¢ > 0
if it is compact for ¢ > 0. As for the cosine case, the compact hypotheses can be
removed.

Theorem 3.1 Let A be the generator of the cosine function C(t, A), B € B(E).
Then A a1, a(t) is norm continuous in t € R.

Proof. Note that for all t > 0 and =z € E, we have

t
Auspalt)e = C(t, A+ Bl — C(t, Az = — / S(t— s, A+ B)BC(s, A)wds,
0
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SO

Aaypa(t) —Aayp.a(s) =— /Os[s(t —r, A+ B)—S(s—r,A+ B)|BC(r,A)dr

t
- / S(t—r, A+ B)BC(r, A)dr

and the first term on the right converges to 0 in norm as ¢t — s since S(¢t, A+ B) is
norm continuous. The convergence of the second term to 0 is due to the boundedness
of all operators under the integral. [ |

Combining Theorems 2.1 and 3.1, we have

Theorem 3.2. Let B € B(FE) and A generate a cosine function. Then
Ay A(t) is compact for t > 0 if and only if R(A\, A+ B) — R(\, A) is compact
for X large enough.

We give a sufficient condition under which the compactness of the difference
of two Cp-semigroups implies that the perturbating operator is a compact one.

Proposition 3.1. Suppose that the Cy-semigroups ¢4 and e'B commute and
D(B) C D(A). Assume also that €'B is a Cy-group. If O(t) := et — e'B is
compact for all t > 0, then A = B + K, where the operator K is compact.

Proof. One can write e *5O(t) = e *Be!4 — I, t € R,. By assumption the
operator e *Bet4 — T is compact for any ¢t > 0 and, moreover, e *Be4 is a Cp-
semigroup with generator A — B. From [1] it follows that operator A — B is
compact. |

For cosines with bounded generators, we also have

Proposition 3.2. Let operator B € B(E). Then A4 p(t) is compact for t > 0
iff A— B is compact.

Proof. Compactness of A4 p(t) for any ¢t > 0 implies (see [15]) that R(u, A) —
R(u, B) is compact for some p. In such a case the operator I — (i — B)R(p, A) is
compact. This means that (u — B)R(u, A) is Fredholm operator with index 0, i.e.
it has closed range R((u — B)R(u, A)) = E. Since . — B is one to one on E we
get that R(R(u, A)) = E. By Closed Graph Theorem p — A is bounded. Since the
operator A is bounded we have Ht% f(f S(s,A)ds—1I|| — 0ast — 0. Hence operator
f(f S(s, A)ds is invertible. If A4 p(t) is compact, then B fot(S(s, B)—S(s,A))ds
is also compact. Now from

Aup(t) = (A— B) /Ot S(s, A)ds — B /Ot(S(s, B) — S(s, A)) ds
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it follows that the difference A — B is a compact operator.
Conversely, if A — B is a compact operator, then A is bounded and

R(M\A)— R(\,B)=R(\A)(B—-A)R(M\ B)
is compact, so the compactness of A4 g(t) follows from Theorem 2.1. [ ]

In the following example both A and B generate Cy-semigroup and cosine
function. The operator e*4 — e*B is compact for all ¢ > 0, but C(t, A) — C(t, B)
is not compact.

Example 3.1. Let E = [! and {e,} be the standard basis for it, i.e. e, =
(0,...,0,1,0,...,0,...), where 1 is in the n'" coordinate. Let

oo o
Az = Z —n(z,ep)en, Bz := Z —(n +n?)(z, en)en,
n=1 n=1

where z = (z!,2%,...,2",...), (z,en) = 2", ||z||pn = D22, |2¢|. Then the Co-
semigroups generated by them are

o o
E e " (z,en)en, By = E e~ (ntn?)t (z,en)en.
n=1 n=1

And the cosine functions are given by the formula

C(t,A)x = Zcos(nt) (z,en)en, C(t,B)x = Zcos(n + 02t (z,e,)en.

n=1 n=1

. 2 .
Since e~ — e~ (7))t _, (0 as n — oo, the operator !4 — !B can be approximated

in norm by a sequence of operators with ranges of finite dimension Sy (t)z =
SN (e —e ) (2, e,y So the operator e — etB is compact for ¢ > 0.
However, C(t,A) — C(t, B) is not compact. Indeed, take ¢ = 7/2 and choose
It O {ye} = {(62¥*1)}, where &/ is the Kronecker delta. Now for n = 2k + 1
one gets nt = km + 7/2 and (n + n?)t = 2k?7 + 3k7 + 7. So we have cos(nt) —
cos((n +n?)t) = £1, when k can be divided exactly by 2 we choose +; otherwise

choose —. Thus
(C(n/2,A) — C(7/2,B))yx, = ([cos(nt) — cos(n + nZ)t]éik“) = (i 53’““),

which means ||[C(7/2, A) —C(7/2, B)|(yx — Ym)|;n = 2 for k # m. So we cannot
choose convergent subsequence from the sequence {[C(7/2,A) — C(7/2, B)|y}.
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Also we can see that C'(t, A) — C(t, B) is not norm continuous in ¢. In fact, for
each t > 0, let us define s, =t + ﬁ Then s;, — t as k — oo and

[l )~ e B - [0k, 4) ~ Ol B,

= H{[cos(nt) — cos(nsg)] — [cos(n + n?)t — cos(n + n?)sk] 12, Hloo
k2 k+k?

(sk—i-t)) sin ( i

> 2‘ sin <§(sk —|—t)) sin (g(sk—t)) — sin (k+ (Sk_t))‘

= 2‘ sin (g(sk + t)) sin (%(1 + k)) —sin((k + k¥t 4+ 1/2)) sin%).

It is clear that sin ﬁ — 0as k — oo. Butsin((k+k?)t+1/2)) does not converge
to 0 as kK — oo for every ¢ > 0! To prove this suppose contrary to our claim that
sin((k + k)t +1/2)) — 0 as k — oo. Then sin((k + 1+ (k+1)?)t +1/2) = 0
k — oo. Now, since

sin((k+ 1+ (k+1)%)t +1/2) = sin(((k + k*)t + 1/2) + 2(k + 1)t)
= sin((k + k%)t + 1/2)) cos(2(k + 1)t) + cos((k + k*)t + 1/2)) sin(2(k + 1)t),

we obtain that sin(2(k + 1)t) — 0 as k — oo because cos((k + k%)t + 1/2) can
not converge to 0 according to the relation sin? z + cos? z = 1. Hence sin(2(k +
1+4+1)t) — 0 as k — oo. Thus from sin(2(k + 1+ 1)¢) = sin(2(k + 1)¢) cos(2t) +
cos(2(k+1)t) sin(2t) we obtain sin(2t) — 0 as k — oco. So we have that t = n/2
for some n € N. But for such ¢ one finds that sin((k + k?)t +1/2)) = £sin(1/2),
which contradicts our assumption of convergence to 0. This means that C(t, A) —
C(t, B) is not norm continuous.

The converse does not happen, we have

Proposition 3.3. Suppose that A and B generate cosine functions C(t, A) and
C(t,B). If C(t,A) — C(t,B) is compact for t > 0, then e — e'B is compact.
Moreover, if C(t, A)—C(t, B) is norm continuous for t > 0, then C(t, A)—C(t, B)
is compact for t > 0 iff e — etB is compact.

Proof. Since C(t, A) — C(t, B) is compact, it follows from [15] that S(¢, A) —
S(t,B) = fOt(C(s,A) — C(s,B))ds is also compact, which implies R(\, A) —
R()\, B) is compact by Theorem 2.2. Moreover, since both e*4 and e'? are ana-
Iytic, €4 — e'B is norm continuous, and compactness of e*4 — e'B follows from
Theorem 2.3 of [6]. If, in addition, C(¢, A) — C(¢, B) is norm continuous, then the
compactness of e*4 — e*B implies that R(\, A) — R(\, B) is compact. Now the
compactness of C(t, A) — C(t, B) follows from Theorem 2.1. ]
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The following extends Proposition 2.7 in [6].

Proposition 3.4. Suppose that D(A) C D(B), where A generates an analytic
semigroup e and B is the generator of Cy-semigroup e'B. If O(t) := et4 — etB
is compact for t > 0, then O(t) is norm continuous for t > 0.

Proof. Since !4 is an analytic semigroup, it maps E into D(A), and thus

(A — A)et4 is a bounded operator, and we can write
O(h)ett = O(h)R(\, A)(X — A)e!4.
Moreover,

O R(), A) = /O ' %(e(h_s)BeSA)R()\, A)ds

h
=— / eh=9B(B — A)R(), A)e? ds
0
—+0 as h—0

since (B — A)R(\, A) is bounded. Therefore, ||©(h)e!4|| — 0 as h — 0. One can
write
Ot +h) — O(t) = (" — 1O(t) + O(h)e'.

Since O(t) is compact and e*® is strongly continuous, we have ||(e"Z —~1)O(t)|| — 0
as h — 0. Thus ||©(t + h) — O(t)|| — 0 as h — 0 for every ¢ > 0. ]
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