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EXISTENCE OF GENERALIZED NEAREST POINTS*

Renxing Ni

Abstract. The relation between directional derivatives of generalized
distance functions and the existence of generalized nearest points in Ba-
nach spaces is investigated. We show that if the generalized function
generated by a closed set has a one-sided directional derivative equal to
1 or -1, then the existence of generalized nearest points follows. We also
give a partial answer to an open problem proposed by S. Fitzpatrick.

1. INTRODUCTION

Let X be a real Banach space of dimension at least 2 and X* be the dual
of X. For a nonempty subset A C X, by int A, A we mean the interior of A,
the boundary of A, respectively. We use B(z,7) to denote the closed ball in
X with center z and radius r > 0. In particular, we put B = B(0, 1).

Throughout this paper, C' will denote a closed bounded convex subset of
X with 0€ intC. Clearly C is an absorbing subset of X but not neessarily
symmetric. Recall that the Minkowski functional Po : X — R generated by
the set C' is defined by

Po(z) =inf{a > 0: 2 € aC}.

For a closed nonempty subset G of X and x € X ,define the generalized distance

function by

da(z) = 11’1612 Po(x — 2).

A point zy € G with Po(x — 29) = dg(x) is called a generalized nearest point
(or generalized best approximation) of x from G. Moreover, if the one-side
directional derivative
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o)) = i, 20 9) = o)
exists,then —Po(—y) < d(x)(y) < Po(y).

Recently, De Blasi and Myjak [8] and Li [9] investigated the well posedness
of the generalized best approximation problems. Their results improve and
extend the corresponding results in [10, 11, 12, 13].

As shown in [1, 2, 3, 4, 5], in the case when Pc(-) is the norm | - |,
or equivalently, C = B, differentiability properties of dg(-) are related to
nonemptiness and continuity of the metric projection Pg, defined by

Po(z)={2€ G: Po(x — z) =dg(x)}.

In the present paper, we will investigate the relationship between directional
derivatives of the generalized distance function and the existence of generalized
nearest points in Banach spaces. It is proved that if the generalized distance
function to a closed set in a Banach space has a one-side directional derivative
equal to 1 or -1 then we have the existence of nearest points, which extends a
result due to S. Fitzpatrick [6]. Moreover, we also give a partial answer to an
open problem proposed by S. Fitzpatrick in [6].

2. PRELIMINARIES AND LEMMAS

First, we recall some well known properties of the Minkowski functional
which follow immediately from the definitions.
Proposition 2.1. Let C be as above. Then for every x,y € X we have
) Pc(x) >0 and Po(x) = 0 if and only if x = 0;
ii) Po(z +y) < Po(z) + Po(y);
i) —Po(y —z) < Po(z) — Po(y) < Po(z —y);
iv) Po(Ax) = /\Pc( ), if A >0;
) Po(—z) = P_c(x);
) Po(z) =1 if and only if x € OC;
vii) Po(z) < 1 if and only if x € intC;
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(viii) pllz]| < Po(z) < vz, where

w= inf Po(x) and v = sup Po(x).
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Proposition 2.2. Define

qe(z*) = Sug(x*,;r),v;v* e X"
re

Then we have
(1) ge(@”™ + ") < g
(1) ge(Az*) = Age(x
(iii) Po(x) = sup{(z

Proposition 2.3. Let G be a closed subset of X. Then for every x,y € X,
we have

() + qc(y*) Va*,y* € X
),VA >0 and z* € X*;
,x) rat e X* qe(a*) < 1}

*
*

—Po(y —z) <dg(z) —da(y) < Po(z —y),
and
| da(z) —da(y) |< vz —yl|.

Definition 2.1. (i) C is said to be compact locally uniformly convex at
y € OC, if every sequence {y,} C 9C with lim, o Pc(y, + y) = 2 implies
that {y,} has a converging subsequence.

(ii) C is said to be locally uniformly convex at y € 9C, if for every sequence
{yn} C 0C, lim;, .o Po(yn + y) = 2 implies that lim,,_,o, Po(y, —y) = 0.

(iii) C is said to be (compact) locally uniformly convex, if C' is (compact)
locally uniformly convex at y for every y € 9C.

Definition 2.2. C is called strictly convex, if for every x,y € 0C, Po(x +
y) = Pc(x) + Pc(y) implies z = y.

Definition 2.3. C is said to be (sequentially) Kadec if every sequence
{zp} C OC, with x,, — x¢ € OC weakly, converges strongly to zg.
The following calculation is useful for constructing examples.

Lemma 2.1. Let G be a closed nonempty subset of X,x € X\G, and
y € 0C. Suppose that

i sup 01+ 1) — dof@)
t—0+ t

= 1.

If {zn} is a minimizing sequence for x(i.e{zn} C G satisfies limy_.oc Po(x —
zn) = dg(x)), then lim, o Po(yn +y) = 2, where y, = %.
Proof. Let t, — 07 such that

lim da(z +thy) — da(x)

n—oo tn

= 1.
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We may assume that 0 < t,, < dg(z) < Po(z—2,) and t2 > Po(z—2,)—dg().
Note that the function h(t) defined by

Po(x — zp +ty) — Po(z — 2p)
t

(1) h(t) =
is nondecreasing with respect to ¢. It follows that

de(x 4+ tpy) — dg(z) < Po(x + tay — 2n) — Po(x — 2,) + t2,

tn ty
_ Pola = 20) + Pole = z)y) ~ Polo =) ,
Po(x — zp)

= Po(yn +y) — 1+1t,,

and
2< lim inf Po(y, +v)

n—oo

< lim sup Po(yn + )
n—oo

< lim sup Po(ya) + Po(y) = 2.
n—oo

This implies that
lim Po(yn +y) = 2.
n—oo

Thus we complete the proof.

Lemma 2.2. Let{y,} C 0C,y € 0C, be such that lim,_,oc Pc(yn+y) = 2.

Let )
Yn + Y
Gom {rum (e D)D)
‘ " n PC’(yn"'y)

Then dg, (0)(y) =1 and dg, (0)(—y) = —1.
Proof. For every t > 0, we have
dGo (ty) - dGo (0) = l%f PC(ty - Zn) -1
. 1
= uﬁf {Pc(ty —2zp) — Po(—2zn) + ﬁ}

Let ny € {1,2,---} be such that

. 1 1
inf [Pc(ty — 2n) — Po(=2n) + E] > Po(ty — 2n,) = Po(=2n) + — = t2.
t
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From the last inequality, we have lim, o+ n; = 400, (otherwise the last for-

mula gives 0 > 0 + 1im+ n%’ a contradiction). By virtue of the convexity of
t—0

Pc(+), it follows that

Pol(=t)(=y) — zn] — Po(—2n) < Pelon(—y) — zn] — Po(=2n)
—t - o, ’

1

whenever —t < o, = % and ¢t > 0. Thus

Po(ty — zn) — Po(—2n) > Po(—any — zn) — Po(—2n)
t - —ay, '

It follows that

1 = Po(y) > lim sup daq (ty)—dg, (0)

t—0t

PC(ty_Znt)_PC(_Znt)"'nLt
t - t)

Po(ty—2zn, )—Pc(—2n,)
c\ty tt C + —t)

> lim inf PC(_a"ty__Z"t)_PC(_Z"t) — t)
t—0t Fny

> lim inf (Felemy—n) " PeCon) _ 4y 4 i inf(—t)
nt t—0t

> lim ( Pcl—om, y+an, (Yn, +y)|—Pclom, (yn, +)] )

n¢—00 —Qny

= lim inf(—Po(yn,) + Po(yn, +y)) =2—-1=1,

ng—00

so that d, (0)(y) = 1.
142

Now let us prove that di (0)(~y) = —1. Take a,, = Y=t
the function h(t) is nondecreasing with respect to t. We have

. Note that

h(=zp,t) < h(—2zp, an), Y0 < t < ay,

ie.,
Po(—ty — zn) — Po(—2n) < Po(—any — zn) — Po(—2n)
t - o, '
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It follows that
~1==Pe(y)

< lim inf %60=)7960(©)

t—0+

< lim sup —dGO(ityiidGO(O)

t—0t+

inf,, Po(—ty—zn)—1

= Jim, sup T
< lim inf, w

t—0t 1
1 . Po(—ty—zn)—Po(—2zn)++
N tli%1+ sup inf,, [ P }

. Po(—any—2n)—Po(—2n) ) %

< c 1
o tl—l>r(])a+ Sup an + nhiﬁo =
= lim [Po(yn) = Po(yn +y)] +0 = —1.

This implies that dg; (0)(—y) = —1 and completes the proof.

Remark 2.1. Set

1 Yn — Y
Go={znz—(1+—)7:n:1,2,---},
n PC(yn_y)

where {y,} C C and —y € 9C. If limy, 00 Po(yn — y) = 2 then dg (0)(y) =
—1 by Lemma 2.2.

Remark 2.2. In the case when Po(-) is a norm, Lemma 2.2 was given
by S. Fitzpatrick [6], but the author did not show that df; (0)(~y) = —1. In
Lemma 2.2 of [7], the authors gave a proof of this fact using the homogeneity of
dg, (0)(y) with respect to y. However, d;, (0)(y) is not homogenous, in general.
Hence we could not deduce dg, (0)(—y) = —1 directly from dg (0)(y) = 1.

3. MaIN RESULTS

Theorem 3.1. Let X be a Banach space, y € 0C. Then the following
statements are equivalent:

(i) for any nonempty closed subset G of X and x € X\G, if

o a4 19) — (@)
t—0+ t

=1,

then G is approzimatively compact for z, in the sense that any sequence
{zn} C G satisfying limy—.ooPo(x — 2z,) = dg(x) has a converging sub-
sequence;
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(ii) for any nonempty closed subset G of X and x € X\G, if d(x)(y) = 1,
then G 1is approzimatively compact for x;

(iii) C is compact locally uniformly convex at y.

Proof. (i)=(ii). It is obvious.

(ii)=-(iii). Suppose (iii) does not hold. Then there exists a sequence {y, } C
0C such that limy, oo Po(yn+y) = 2, but {y,,} has no converging subsequence.

bt Golo_ (1o mty o
{x < +n>PC(yn+y)'n T }

Then G is closed and

1
do(r) = inf Po(z —2) =1 <1+~ = Po(z —
a(x) ZlgG c(x — 2) <1+ - c(r — 2)

for every n and z € G so that x has no nearest point in G. From Lemma 2.2
we have that di(7)(y) = d,(0)(y) = 1, which contradicts (ii).
(iii)=-(i). Assume that (iii) holds and x € X\G satisfies

d _
o s 000+ 1) = d ()
t—0t t

=1.

Then by virtue of Lemma 2.1, it follow that lim, . Po(yn + y) = 2 exists
for any minimizing sequence {z,} for x, where y, = %. Observe that
C' is compact locally uniformly convex at y. Then {y,} has a converging
subsequence, again denoted by {y, }. Hence {z,} has a converging subsequence

too because limy, o Po(z — z,) = dg(x) > 0. Thus we complete the proof.

Corollary 3.1. The following statements are equivalent:

(i) For each closed nonempty subset G of X and x € X\G, if there isy € 0C
with dy,(x)(y) = 1, then G is approzimatively compact for x;

(i) C is compact locally uniformly conver.

Theorem 3.2. Let y € 0C. The following statements are equivalent:
(i) For each nonempty closed subset G of X and x € X\G, if

b sup 46+ 1) ~ do()

= 17
t—0+ t

then G is approzimatively compact for x and Pg(z) = {z — da(z)y};
)

(ii) For each nonempty closed subset G of X and x € X\G, if di,(z)(y) =1,
then G is approzimatively compact for x and Pg(z) = {z — da(z)y};
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(iii) C is locally uniformly convex at y.

Proof. (i)=-(ii). It is obvious.

(ii)=-(iii). Suppose C is not locally uniformly convex at y. Then there is
{yn} C OC such that

lim Po(y, +y) =2 and Po(y, —y) > >0
n—oo

for all n. By virtue of Theorem 3.1, {y,} has a converging subsequence,
again denoted by {y,}. Let yo € 9C such that Po(y, — yo) — 0. Clearly,
Po(yo —y) > 6 and Po(yo +y) = 2. Let

G={z—y,x—yo}

Thus, for each t > 0, we have Po(ty + yo) = 1 + t. Indeed, by Hahn-Banach
Theorem, we may choose z* € X* with ¢.(z*) < 1 such that

<x*7?/0;y> :P(;<y0;y) —1,

and so (z*,yp) = (z*,y) = 1. It follows that

1+t=tPc(y) + Po(yo)
> Po(ty + vo)
Z <$*7 ty + ?JO>
= (=", yo) + t{z*,y)
=1+t
This implies that
Pel(x +ty) — (x — yo)] = Pe(ty +yo) = 1 + 1,
and
Pel(z+ty) — (z —y)] = Pe((t+1)y) = 1+4,
so that dg(xz +ty) = 1 + t,dg(z) = 1. From this, we have

Hao)ly) = Jim L) 2 AGT)

= 1.

But Pg(z) ={x —y,x — yo} = G, contradicting (ii).
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(iii)=-(i). Suppose that x € X\G and

i sup €01+ 1) — do(@)
t—0+ t

= 1.

By Lemma 2.1, it follows that any minimizing sequence {z,} for z satisfies
lim, oo Po(yn +vy) = 2, where y, = %. Observe that C is locally
uniformly convex at y. We have lim,, o Po(yn —y) = 0 so that z, — x —
dg(z)y because lim, oo Po(x — 2,) = dg(x). Therefore (i) holds and we
completes the proof.

Corollary 3.2. The following statements are equivalent:

(i) For each closed nonempty subset G of X and v € X\G, if there is
y € 0C

such that di(x)(y) = 1, then G is approzimatively compact for x and
Pa(r) = {z — da(z)y};
(ii) C is locally uniformly conver.

Theorem 3.3. Let —y € dC. The following statements are equivalent:
(i) If G is nonempty closed subset of X and x € X\G with lim+ inf w
t—0
= 1, then Pg(z) # 0;

(ii) If G is nonempty closed subset of X and x € X\G with di(x)(y) = —1,
then Pg(z) = 0;

(iii) C is compact locally uniformly conver at —y

Proof. (i)=-(ii). It is obvious.

(ii)=-(iii). Suppose C' is not compact locally uniformly convex at —y,
then there is {y,} C OC such that lim, o Po(yn, —y) = 2, but {y,} has no
converging subsequence. Let

1 Yn — Y }
G=lo (14}) )
{ n PC’(yn_y)
Then G is closed and

1
a(x) inf c(x — 2) <1+ c(r — z),

for every n and z € G so that Pg(z) = 0. However Remark 2.1 yields that
dg()(y) = dg,(0)(y) = —1, contradicting (ii).
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(iii)=(i). Let tn, — 0F with limy,_o 6461 — 1 Choose {2,} C
G such that
Po(x 4ty — 2n) < da(z + tay) + o,

Note that h(t) given by (1) is nondecreasing with respect to ¢ and ¢, >
—Po(x — z,). We have

Po(x 4+ thy — zn) — Po(z — 2z) S Polx — Po(x — zn)y — zn] — Po(x — 2p)

tn - —Po(x — zp) ’
and so
da(z + tpy) — da(x)
tn
> Po(z +thy — in) —Po(x—z) ‘
Po(x — zn) — Pol(x — zn) — Po(x — 2n)y]

>—tp +
=—t,+1 _PC(yn —y),
where y, = 55-22—~. Thus {y,} C 9C and lim,—ccPc(yn — y) = 2, which

Po(z—2zpn) "
implies that {y,} has a converging subsequence, say, {y,}. Observe that

Po(x — zp)

dg(z) < Po(z — zp)
< Po(z + thy — 2) + Po(—tay)
< (dg(x + toy) +t2) + ty,
< da(z) + vin|lyl + 63 + ta.

We have
lim Po(z — z,) = dg(x).

n—oo

Thus lim,—o0zn, = 20 € G and Po(x —29) = dg(x). (i) holds and we complete
the proof.

Corollary 3.3. The following statements are equivalent:
(i) for each closed nonempty subset G of X and x € X\G, there is —y € 9C
with dy(x)(y) = —1, if and only if Pg(z) # 0;
(ii) C is compact locally uniformly conve.

Proof. By virtue of Theorem 3.3, it suffices to show that there is —y €
9C with di,(z)(y) = —1, if Pg(z) # 0. For this purpose, choose gy €
Pg(x),ie., 0 < dg(z) = Pc(x — go). Then go € Pg(go + t(z — go)) for
every t € (0,1]. Put y = ch(ox:xgo). We have dg(z + ty) = Po(x — go) — t and
—y € 0C.
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Thus

_ da(z +ty) — da(x)
d, =1
cl@)(y)= lim ,
— Jim Felz—go)—t)—Fc(z—go)
t—0+ t
=1,

and we complete the proof.

Corollary 3.4. Let G be a closed nonempty subset of a Banach space
X and C be compact locally uniformly convex. Then G is proximinal set
(i.e., Pg(xz) # 0 for every x € X) if and only if for every x € X\G, there is
—y € 9C with d,(z)(y) = —1.

Remark 3.1. In the case when Po(-) = || - ||, it is easy to show that C
is compact locally uniformly convex at —y € 9C' if and only if C is compact
locally uniformly convex at y € 9C.

Remark 3.2. In Theorem 3.1 and Corollaries 3.3 and 3.4, the assumption
that G is proximinal cannot be replaced by the condition that G is approxi-
matively compact Furthermore, even in the case that C is locally uniformly
convex, we cannot obtain that G is a Chebyshev set. For example, let X be an
arbitrary locally uniformly convex infinite dimensional Banach space, and let
C be the closed unit ball in X. Define G = {z € X;||z| > 1}. Obviously, G
is a proximinal set, but G is neither a Chebyshev set nor an approximatively
compact set. But, from Corollary 3.4, there is —y € 0C with di;(z)(y) = —1
for any z € X\G.

Theorem 3.4. Let G be a nonempty closed subset of Banach space X .
If G is approzimatively compact for x € X\G and Pg(z) = {go}, then there
exists y € OC with d(z)(y) = 1.

Proof. Let xy = x +t(x — go),t € (0,1). By virtue of definition of dg(x¢),
there is g; € G with Po(zy — g1) < dg(xy) + 2. Clearly, z; — x as t — 0%
and Po(z — gt) — Po(x — go) > 0. Choose z; € X* with g.(z}) = 1 satisfying
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xf,x — gt) = Po(x — g¢+). We have
t

dg(z¢) — dg(x)

: — Po(x — go)
ch(q;t—gt)t—Pc(ﬁ—QO) — Po(x —go) —t

_ (@ ze—ge) t_ Pe(z — 9) — Po(x —go) — t
ez o) Pelomg) Pl ) _py, g g

> (xf, 2t — go) — Po(z — go) — ¢
((zf — gt) + (77,9t — go0)) — Po(z —go) — t

> (Pe(z — gt) — Po(z — g0)) — Pe(ge — go0) —

> —Pc(gt — g0) —
Thus
(2) do (@) —do(a) Po(z — go) — Pe(ge — go) —
e do(w) < oo — g1

(
Pelze —t(z — go) — g4
Po(zy — g¢) + tPo[—(z — go)]

IN

< dg(xt) + 17 + tv]lz — gol|
<dg(z) +vt|z — gol +t* + tv|z — gol
=dg(x) + 2vt||z — gol| + ¢,

it follows that

th%l+ Po(z — gt) = dg(x) = Po(x — go) > 0.

Note that G is approximatively compact for x and Pg(x) = {go}. Then
lim, g+ Po(xy
— go) = 0. From this and (2), we have

dg(zs) — dg(x)

im inf > Po(x — go).
tEISl+ n 7 > Po(x — go)
Obviously,
d —d
lim sup a(z) a(®) < Po(x — go).

t—0+t t
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Thus di;(z)(z — go) = Pco(x — go). By virtue of the positive homogeneity of
dy:(z)(u) with respect to u, we have di(z)(y) = 1 for y = %. This
completes the proof.

Corollary 3.5. Let C be locally uniformly convexr and G nonempty closed
subset of X. Then for every x € X\G there exists a y € 0C such that
d(z)(y) = 1 if and only if G is approzimatively compact and Chebyshev
subset of X.

Proof. This follows from Corollary 3.2 and Theorem 3.4.

Theorem 3.5. Let G be a nonempty closed subset of X. If X is reflexive
and C' is both strictly convex and Kadec, then the set

D = {z € X\G;3y € C with dg(z)(y) = 1}
is residual in X\G.

Proof. Let Xo(G) be the set of all point x € X\G such that problem
minc(z, G) is well posed, by which we mean that there exists a unique point
z € @G satisfying Po(x — z) = dg(x) and every minimizing sequence for z
converges strongly to z. From Theorem 3.3 in [9], Xo(G) is residual in X\G.
Furthermore, for every z € Xy(G), G is approximatively compact for z and
Pg(x) has exactly one element. Thus, by Theorem 3.4, there exists y € 0C
with df,(z)(y) = 1. It follows that Xo(G) C D. This completes the proof.

Remark 3.3. In the case when Po(:) = | - ||, S. Fitzpatrick [6] put forth
the following open problem:

Problem F. If G is a closed subset of reflexive Banach space X, is the
set D residual in X\G? Our Theorem 3.5 gives a partial answer to the above
problem when C' is both strictly convex and Kadec. We do not know whether
it remains true without this assumption.
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