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STRONG CONVERGENCE TO COMMON FIXED POINTS OF INFINITE
NONEXPANSIVE MAPPINGS AND APPLICATIONS

Kazuya Shimoji and Wataru Takahashi

Abstract. In this paper, we first consider an iteration scheme given by an
infinite family of nonexpansive mappings in Banach spaces and then prove a
strong convergence theorem for the family of nonexpansive mappings. Using
this result, we consider the feasibility problem of finding a solution of infinite
convex inequalities and the problem of finding a common fixed point of infinite
nonexpansive mappings.

1. INTRODUCTION

Let H be a Hilbert space, let Cy, Cs, . . . , C. be nonempty closed convex subsets
of H such that the intersection Cy is nonempty, and let I be the identity operator
on H. Given only the metric projections P; of H onto C; (i = 1,2,...,r), find a
point of Cj by an iterative scheme. Such a problem is connected with the feasibility
problem. In fact, let {g1, go2,...,¢g,} be a finite family of real-valued continuous
convex functions on H. Then the feasibility problem is to find a solution of the
finite convex inequality system, i.e., to find such a point x € Cj that

Co={x € H|gi(x) <0,i=1,2,...,r}.

In 1991, Crombez [4] proved the following: Let T' = aol + >, ; o;T; with
T; = I+\(P,—I)foralli,0 < \; <2, >0fori=0,1,2,...,7,> " j0; =1,
where each P; is the metric projection of H onto C; and Cy = (;_; C; is nonempty.
Then starting from an arbitrary element = of H, the sequence {7"x} converges
weakly to an element of Cyy. Later, Kitahara and Takahashi [11] and Takahashi and
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Tamura [21] dealt with the feasibility problem by convex combinations of nonex-
pansive retractions in a uniformly convex Banach space; see also [17, 18]. In [11]
and [21], they proved that an operator given by a convex combination of nonexpan-
sive retractions in a uniformly convex Banach space is asymptotically regular and
the set of fixed points of the operator is equal to the intersection of the ranges of
nonexpansive retractions. Furthermore, using the results, they proved some weak
convergence theorems which are connected with the feasibility problem. Takahashi
and Shimoji [20] and Atsushiba and Takahashi [1] also proved convergence the-
orems for finite nonexpansive mappings in Banach spaces by using the iteration
schemes of Das and Debata’s type [5]; see also Takahashi and Tamura [22]. Re-
cently, Kimura and Takahashi [9] established a weak convergence theorem for an
infinite family of nonexpansive mappings which is connected with the feasibility
problem and generalized the result in Takahashi and Shimoji [20]. On the other
hand, Wittmann [24] considered the following iteration scheme in a Hilbert space
H which has originally been introduced by Halpern [7]:

rn=x€CCH, Tp+1 :ﬂnx—i—(l—ﬁn)Txn

foreveryn = 1,2, ..., where {[3,} is a real sequence in [0, 1] and 7 is a nonexpan-
sive mapping of a closed convex subset C' of H into itself, and showed that {x,,}
converges strongly to the element of the set F/(T) of fixed points of 7" which is
nearest to = in F'(T') if T has a fixed point in C' and {3, } satisfies lim,, .~ 3, = 0,
D ket B =00 and 377 [Bre1 — Br| < oo

In this paper, motivated by Wittmann [24], we first consider an iteration scheme
given by an infinite family of nonexpansive mappings and then prove a strong
convergence theorem for the family of nonexpansive mappings by using the methods
of proofs in Shioji and Takahashi [14] and Atsushiba and Takahashi [1]. Further
more, using the result, we consider the feasibility problem of finding a solution of
infinite convex inequalities and the problem of finding a common fixed point of
infinite nonexpansive mappings.

2. PRELIMINARIES

Throughout this paper, we denote by N the set of positive integers and by R the
set of real numbers. Let ' be a real Banach space and let I be the identity operator
on FE. Let C be a nonempty subset of £. Then, a mapping 7" of C into itself is
said to be nonexpansive on C if ||Tx — Ty|| < ||z — y|| for every z,y € C. And
we denote by F'(T') the set of fixed points of 7" and by R(T') the range of 7. A
mapping 1" of C into itself is said to be asymptotically regular if for every x € C,
T"z — T™ 1z converges to 0. Let D be a subset of C' and let P be a mapping of
C onto D. Then P is said to be sunny if

P(Px +t(x — Pzx)) = Px
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whenever Px + t(x — Px) € C for z € C and t > 0. A mapping P of C into
itself is said to be a retraction if P = P?. If a mapping P of C into itself is a
retraction, then Pz = z for every z € R(T). A subset D of C is said to be a
(sunny) nonexpansive retract of C' if there exists a (sunny) nonexpansive retraction
of C onto D. Let E be a Banach space and let Sp = {z € E : ||z|| = 1} be the
unit sphere of E. Then, for every ¢ with 0 < & < 2, the modulus §(¢) of convexity
of a Banach space F is defined by

. r+y
o) = int { 1= VM ol <1, < 1l o1 2 .
A Banach space F is said to be uniformly convex if
5]3(8) >0

for every € > 0. A Banach space is also said to be strictly convex if

)

2

for every x,y € Sg with z # y. A uniformly convex Banach space is strictly
convex and reflexive. In a strictly convex Banach space, we have that if

[zl = Tyl = 111 = Mz + Ayl

for z,y € E and A € (0,1), then z = y. A closed convex subset C' of a Banach
space F is said to have normal structure if for each bounded closed convex subset
K of C which contains at least two points, there exists an element of K which
is not a diametral point of K. It is well-known that a closed convex subset of a
uniformly convex Banach space has normal structure and a compact convex subset
of a Banach space has normal structure. The following result was proved by Kirk
[10].

Theorem 2.1. Let E be a reflexive Banach space and let C be a nonempty
bounded closed convex subset of E which has normal structure. Let T' be a non-
expansive mapping of C into itself. Then F(T) is nonempty.

Let E be a Banach space and let £* be its dual, that is, the space of all
continuous linear functionals f on E. The duality mapping J from E into 27" is
defined by

J(x) = {f € E*|f(2) = ||=|* = I£II*}

for every x € E. The norm of F is said to be Gateaux differentiable if

" o+ tyl — o]
t—0 t
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exists for each x and y in Sg. The norm of F is said to be uniformly Gateaux
differentiable if for each y in Sg, the limit (x) is attained uniformly for x in Sg.
It is said to be Fréchet differentiable if for each x in Sk, the limit (x) is attained
uniformly for y in Sg. If E' is a Banach space with a Gateaux differentiable norm,
we have
lz[* = llyll* = 2{x —y, J(y))

for every z,y € F; see [16]. A Banach space F is said to satisfy Opial’s condition
[12] if z,, — x and = # y imply

liminf ||z, — z|| < liminf ||z, — y||,
n—00 n—00

where — denotes the weak convergence. Let ¢ be a mean on N, i.e., a continuous
linear functional on [*° satisfying ||u|| = 1 = p(1). We know that x is a mean on
N if and only if

inf a, < p(f) <supa,
neN neN

for each f = (a1,aq9,...) € [°°. Occasionally, we use (i, (a,) instead of u(f).
So, a Banach limit p is a mean p on N satisfying p,(a,) = pn(ans1). Let
f = (a1,az,...) € I*® with a,, — a and let p be a Banach limit on N. Then,
w(f) = pn(an,) = a. We also know the following proposition [14].

Proposition 2.2. Let a be a real number and let (a1, as,...) € I°° such that
tn(an) < a for all Banach limits p and limsup,, ., (ant1 — an) < 0. Then,
lim sup,, o @n < a.

3. LEMMAS

Let C' be a convex subset of a Banach space F. Let 717,75, ... be mappings

of C into itself and let a1, ao, . .. be real numbers such that 0 < a; < 1 for every
i =1,2,.... Then, for any n € N, we define a mapping W,, of C into itself as
follows:
Upny1 = 1,
Upn = onToUpny1 + (1 —ap)l,
Upn-1 = an_1Tp1Upp + (1 —ap_1)l,

Uni = apTUppe1 + (1 —ag)l,
Unj—1 = o 1Tp1Upi+ (1 — 1)1,

Un2 = DhlUpz+ (1—a2)l,
W, = nl = OquUmg + (1 — Oq)[.
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Such a mapping W,, is called the W-mapping generated by T,,, T),—1,...,711 and
Qp, Qp—1, - .., a1; see [18] and [20]. The following lemma was proved in [20].

Lemma 3.1. Let C be a nonempty closed convex subset of a Banach space
E. Let T1, Ty, . .. be nonexpansive mappings of C' into itself such that (\;2, F(T;)
is nonempty and let oy, a, ... be real numbers such that 0 < o; < 1 for every
1=1,2,.... Foranyn €N, let W,, be the W-mapping of C into itself generated
by T, Tp_1,...,T1 and an,cn_1,...,a1. Then W, is asymptotically regular
and nonexpansive. Further, if E is strictly convex, then F(W,,) = (i_; F(T;).

The following two lemmas are crucial in this paper.

Lemma 3.2. Let C be a nonempty closed convex subset of a strictly convex
Banach space E. Let Ty, Ts, ... be nonexpansive mappings of C' into itself such
that (\;2, F(T;) is nonempty and let oy, g, ... be real numbers such that 0 <
a; <b<1foreveryi=1,2,.... Then for every x € C, k € N, lim,,_.c Uy,
exists.

Proof. Let x € C and w € ;2 F(T,). Without loss of generality, we may
assume = # w. Fix k € N. Then, for any n € N with n > k, we have

HUn—l—l,kx - Un,ka

ok TkUns1 k412 + (1 — i) — apTpUp 12 — (1 — o) |

| ThUns1 12 — TpUp 12|

IN

ap|Uns1 k417 — Up 12|
agllor1 Thr1 Ungr g2 + (1 — agyr)x
— 1 Tht1Un o2 — (1 — ) 2|
k01 [ Tht1Ung1 p28 — Th1 Up g2

IN

k41| Unt1 k422 — Up 2|

IN

n
<H ai) HUn—l—l,n—i—lx - Un,n—i—le

H az) Han—l—lTn—f—lUn—i—l,n—l—ZL’ + (1 — Oén+1)(L' — (L‘H

i
(i
i)

’ n+1d — UCH

IN

[To)

(ITn1z = wl + [lw = z]))
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IN

n+1
(H m) (lz = wll + [lw = =[])
e
= 2 (H ai> |z —w].
i=k

Let £ > 0. Then there exists ng € N with ng > k such that

bno—k‘—l—Q < 8(1_1)) )
2[|z — wl]

So, for every m,n with m > n > ng, we have

m—1
Uz = Unzll < > NUjprp2 — Uy

n
-1 J+1
j=n i=k
m—1 ‘
20 —w| > v
j=n
20" R 2|z — w||

<
- 1-b
< e

<

3

(]

IN

Then, {U,, z} is a Cauchy sequence, and hence lim,, .o U, & exists. ]

For k € N, we define mappings U 1 and W of C' into itself as follows:
Usopx := lim Uy, o
n—oo

and
Wz = lim Wyx = lim Uy 1z

n—oo n—oo
for every z € C. Such a W is called the W-mapping generated by 17,715, ... and
1,02, ....

Lemma 3.3. Let C be a nonempty closed convex subset of a strictly convex
Banach space E. Let Ty, T5, ... be nonexpansive mappings of C' into itself such
that (\;2, F(T;) is nonempty and let oy, o, . .. be real numbers such that 0 <
a; <b<1foreveryi=1,2,.... Then F(W) =2, F(T;).

Proof. Let w € (2, F(T;). Then, it is obvious that U, jw = w for all
n,k € N with n > k. So, we have Uy, pw = w for all £ € N. In particular, we
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have Ww = Uy 1w = w and hence
(F(T;) c F(W).
i=1

Next, we prove that

F(W) ﬁ F(T)).
=1

Let x € F(W) and y € (2, F(T;). Then we have

[Waz — Way||

[Un1@ = Unayll

loaTiUp oz + (1 — o)z — a1 ThUp 2y — (1 — a1)y|
ar||TyUn gz — TiUn 2yl + (1 — o)z — y|

393

< on|Un2z = Unpyll + (1 — an)llz -y
k—1 k—1
S <H ai) HUn,kx - Un,kyH + <1 - H ai) HIL' - y”
=1 =1
k-1
< <H ai) o TiUn k12 + (1 — ar)z — axTilUn g1y — (1 — az)y||
=1
k-1
+ <1 - HO@) [l =yl
=1
k-1
= <H ai) ok (TkUnk+12 — TeUne1y) + (1 — ag) (2 — y)|
=1
k-1
+ <1 - HO@) [l =yl
=1
Kk K
< (H ai) 1 TkUn k17 = TiUp g1y + (1 — H%) |z =y
=1 =1
K K
= <H ai) 1Un k412 — Un g1yl + <1 - Haz> lz =yl
=1 =1
< o=yl



394 Kazuya Shimoji and Wataru Takahashi

So, we have, as n — 00,

W — Wyl
k-1
< (H ai) ek (TkUso k12 — TilUso1y) + (1 — i) (z — y) ||
=1
k-1
+ (1 - H%) [l =yl
=1
K K
< (H ai) 1 TkUso,k+17 — TkUso k+1y|| + (1 — H%) |z =yl
=1 =1
<l =yl

Since
Wz — Wyl = ||z -y

and 0 < ; < 1 for all 4 € N, we have, for every k£ € N,

ok (TrUso k17 — TkUso k1) + (1 — ag)(z — y)||
1Tk Uso k412 — TiUso k19|
= [z —yl.

Since F is strictly convex and y € (2, F(T;), we have

r—y = TpUsxrt1® — TpUso i1y
= TilUsk+17—y

and hence
r =TiUx k1.

On the other hand, from
Unjit12 = Q1T 1Up o + (1 — g1,
we have

Usoj1z = lm Uppp12 = app1Thi1Uso pr2® + (1—apqr1)r

g1 + (1 — oy

= .
So, we have, for every k € N,

Tr = Tkao,;ﬁle = Tkx.
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This implies « € (;2, F(7;) and hence F(W) C (2, F(T;). Therefore, we have
o

F(W) = ﬂ F(T;). n
i=1

Lemma 3.4. Let C' be a nonempty closed convex subset of a Banach space F,
let a1, o, . .. be real numbers such that 0 < a; < b <1 foreveryt=1,2,... and
T1,Ts, ... be nonexpansive mappings of C' into itself such that (-, F(T,) # 0.
For each n € N, let W,, be the W-mapping generated by T,,,T,_1,...,1T1 and
Qpy 1, ... ,0q. Let {B,} be a sequence of real numbers such that 0 < (3, <1
Joreveryn =1,2,..., 37 |Bpy1 — Bn| < o0 and 2 B, = oo. Suppose that
{zn} is given by x1 = x € C and

Tn+l = ﬁnx + (1 - ﬁn)ann

for every n=1,2,.... Then, lim, ., ||Tnt1 — zy| = 0.

Proof. Letxz € C and f € (2, F(T,). Setting D = {z € C|||f —z|| <
||f — z||}, we have that D is a bounded closed convex subset of C' such that
T,D C D forall n € N and x € D. So, without loss of generality, we may assume
that C' is bounded. Put K = sup,c( ||z||. Then, we have, for each n € N,

[Znt1 — 2|
= Hﬁnx + (1 - ﬁn)ann - (ﬁn—lx + (1 - ﬁn—l)Wn—lxn—l)H

< 1Bn = Bp—alllzl + (1 = B)Waan — (1 = Ba—1) Wa—12Zn-1]|
< Bn = Baaalllzl + (1 = Bu) [Whatn — Wy—12n|
+(1 = Bu) IWh-12n — Wo1zn—1 | + [8n — Bp-1|[[Whn—12n-1|
< (1 =Bn)llzn — xp-all + 2K[Bn — Bu1| + (L = B)[Wazy — W1z |

and

Wy — Who12y|
= |[Un1%n — Up—1170]|
= JJaxTWUpoxn + (1 — 1)y — {oan TiUp—1 22p + (1 — a1)xn |
= o ||TWUn2xn — T1Up—1 220 ||
< o||Un2xn — Up—122q||
= oq|laeTaUy 32, + (1 — a2)xy, — {a2ToUp—1 32, + (1 — ag)zp }|
= o) TeUn 32y, — ToUp—1 3%,

IN

[65e%] HUn,an - Un—l,anH
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IN

=it

HUnnxn_ n— lnan

| Tnzn — 2nl

Qj

(1)
:< )H%T% T —
1)

I
—

K]
n

< 2K H az>

i=1

So, we have
[Zn+1 — 20l

< (1 - ﬁn)”xn - xn—l” + QK‘ﬁn - ﬁn—l‘ +2K <H ai) .

i=1

Using this inequality, we have, for each m € N,
|Zm+2 — Tmt |

m+1
< (1= Bms)llzmir — zm|l + 2K|Bmy1 — Bl + 2K (H Oéz‘> -

=1

Similarly, we have

| Zm43 — Tma2]]

m—+2
< (1= Bms2)|Tme2 — T || + 2K By — B | + 2K <H Oéz‘>
i1
< (1= Bmg2) (1 = B ) | Tmer — Tl
m+1
+2(1 = Bna2) K|Bms1 — Bm| + 2(1 — Bra2) K <H Oéz‘>
m+2 =
+2K|Bmt2 — Pmy1| + 2K <H Oéz‘>
m—+1 = m+1
< <H (1- ﬁl+1)> |Tmi1 — T + 2K Z |Bre1 — B

l=m

xS (H )

l=m \i=1
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m+1 m—+1 m+1 /141
< 2Kexp <— Z ﬁl+1> + 2K Z 1Bi+1 — Bil + 2K Z (H Oéz‘> :
I=m l=m

l=m \i=1

Thus, we get the following :

| Zmant1 — Tmianll

m—+n—1 m—+n—1
< 2Kexp <— > ﬁl+1> +2K > B — Bl
l=m l=m
m+n—1 /l+1
S (H ai>
l=m i=1
m—+n—1 m—+n—1
< 2Kexp <— > ﬁl+1> +2K > B — Bl
I=m l=m
m4+n—1 /l+1
+2K > (H b>
l=m i=1
m—+n—1 m—+n—1 m—+n—1
< 2K exp (— > ﬁz+1> +2K Y (B - Bl 2K Y Y
I=m I=m l=m
m+n—1 m+n—1 m(l . bn)
= 2K exp <— Z ﬁl+1> + 2K Z |Bi1 — Bil +2Kﬁ
I=m l=m
for each m,n =1,2,.... So, from ) >, /3, = oo, we obtain that
limsup ||zn41 — zn|| = Hmsup [Tmint1 — Tminll
n—oo n—oo
o0 bm
< 2K — 2K——
< > 1B — Bil + -3
l=m
for every m = 1,2,.... Moreover, since Y .~ |Bnt1 — fn| < 00, we obtain
limsup [|n41 — 2|
n—oo
o0 bm
< 2K lim > 1B - B+ 2K lim -—
l=m
= 0
and hence

lim |[zp41 — 2| = 0. |
n—oo
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We have the following lemma from [13]; see also [19] and [23].

Lemma 3.5. Let E be a uniformly convex Banach space with a uniformly
Gateaux differentiable norm, let C be a nonempty closed convex subset of E and
let T be a nonexpansive mapping of C' into itself with F(T) # (0. Then, there is
a unique sunny nonexpansive retraction P from C onto F(T). Further,let x € C
and suppose that {u} C C' is given by

1 1
uk:Ex+<1—E>Tuk

for every k =1,2,3,.... Then, {uy} converges strongly to Px € F(T).
Using Lemma 3.5, we have the following:

Lemma 3.6. Let E be a uniformly convex Banach space with a uniformly
Gateaux differentiable norm and let C' be a nonempty closed convex subset of E.
Let oy, o, ... be real numbers such that 0 < a; < b < 1 for every i =1,2,...
and T1,Ts, . .. be nonexpansive mappings of C'into itself such that (\,_, F(T},) #
(0. For each n € N, let W,, be the W-mapping of C into itself generated by
Tn,Tn-1,...,Th and o, 1, ..., 1. Let {B,} be a sequence of real numbers
such that 0 < B, < 1 for every n = 1,2,..., limpoo B = 0, >, o0 |Bnt1 —
Bn| < 00 and Y77 By = co. Suppose that {x,} is given by 1 =z € C and

Tn+l = ﬁnx + (1 - ﬁn)ann

for everyn =1,2,.... Then, limsup,,_, .. (x — Pz, J(x, — Pzx)) <0, where P is
a unique sunny nonexpansive retraction from C onto F(W) = (>, F(T,,), where
W =limy, oo Up 1.

Proof. As in the proof of Lemma 3.4, without loss of generality, we may assume
that C' is bounded. For each k € N, let u; be a unique element of C such that
up = (1/k) + (1 — (1/k))Wuy. From Lemma 3.5, we know that u, — Px €
FW) =2, F(T,) as k — oo, where P is the unique sunny nonexpansive
retraction from C' onto (°; F(T},). Put K = sup, ||z||. We have, for every
n,keN,

[#n41 — W

18n + (1 = Br)Wnan — W]

Bullz = Wugl| + (1 = Bn) [[Whan — Wy

Bulle = Wug| + (1 = Bn) {[[Wnan — Whugl| + [[Wnur — W ||}
Bnlle = Wur| + (1 = Bn) {llzn — urll + [[Wour — W}

20, K + ||z, — ug|| + ||Whur — Wug]|.

(VAN VAN VAN VAN
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Since lim,,_, o, B, = 0 and Wuyg = lim,,_, Wyug for each k € N, for any Banach
limit u, we obtain

|| Tn — WukH2 = fn||Zni1 — WukH2 < pnllTn — ukH2

From (1 — (1/k))(zp, — Wug) = (x5 — ug) — (1/k) (2, — ), we also have

1\° 2
(1=3) o= Wal? 2 Yo~ P = 3o = 2 I~ )

2
= lan —ugll* = =(vn — ugp +up — 2, J (2 — ug))

k
2 2
= (1= 2 ) llzn —wll® + 7 (2 — wp, T(@n — up)).
k k
So, we have
1\2 1\?
1—- Mn”xn_ukH2 > 1—=— Mn”xn_wukH2
k k
2
> (1= 2) allon - wl?
2
+Eun<x — ug, J(Tn — ug))
and hence ) 9
tinllzn = url? > Zpinle =, (2, = w)):
This implies
ﬂﬂn”xn - ukH2 > Mn<x — Uk, J(xn - ’U,k)>

Since u, — Px € F(W) = (2, F(T;) as k — oo, from the uniform Gateaux
differentiability of the norm of E and the above inequality, we get

OZMn<x_Px7J(xn_Px)>'
On the other hand, from Lemma 3.4, we have

lim |[(z — Pz, J(2n41 — Px)) — (x — Pz, J(x, — Px))| = 0.

n—oo

Hence, it follows from Proposition 2.2 that

lim sup(x — Pz, J(z, — Pz)) < 0. -

n—oo



400 Kazuya Shimoji and Wataru Takahashi

4. STRONG CONVERGENCE THEOREM

Now, we can prove a strong convergence theorem which is connected with the
feasibility problem.

Theorem 4.1. Let E be a uniformly convex Banach space with a uniformly
Gateaux differentiable norm and let C' be a nonempty closed convex subset of E.
Let oy, o, ... be real numbers such that 0 < a; < b < 1 forevery i =1,2,...
and Ty, Ty, . .. be nonexpansive mappings of C' into itself such that (\,__; F(T,) #
(. For each n € N, let W,, be the W-mapping of C into itself generated by
Tn,Tn-1,...,Th and o, 1, ..., 1. Let {B,} be a sequence of real numbers
such that0 < 3, <1 foreveryn =1,2,... limy_o0 B = 0,37 |Bny1—0nl| <
oo and ) 07 B = oo. If {xy} is given by x1 =« € C and

Tn+l = ﬁnx + (1 - ﬁn)ann

foreveryn=1,2,..., then {x,} converges strongly to Px € (), F(T},), where
P is the unique sunny nonexpansive retraction from C onto (> F(T},).

Proof. Since Px € ()2, F(T;), we obtain
Whwn — Pa|| < [z, — Pzl

for all n € N. From (1 — 3,,)(Wyx,, — Px) = (2441 — Pz) — B (x — Px), we also
have

(1- ﬂn)2Hann — PwH2 > ||t — PwH2 — 2Bp(x — Pz, J(xp1 — Px)).
This implies that, forn = 1,2, ...,

(1 = )| Wazn — Pa||* + 2B,(z — Pz, J(zn1 — Pz))
(1= Bn) [Whan — PwH2
+2(1 = (1= Bn)){x — Pz, J(xp41 — Px)).

lenr = Pz <
<

Let € > 0. From Lemma 3.6, there exists m € N such that

(x — Px, J(x, — Px)) <

O™

for all n > m. Then, we have
|Zmi1 = Pa)|? < (1= Bu)|em — Pzl
121~ (1- Bu)){@ - Pa, J(emi1 — Pa))
< (1= Bp)llzm = Pzl + (1 = (1 = Bn))e.
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Similarly, we have

m+1 m—+1
|2 — Pz||? < { [Ja- ﬁl)} | @ — Pz + {1 - TIa- ﬁl)} €.

l=m l=m
In the same manner, for all n = 1,2, ..., we have
m—+n—1 m—+n—1
|Zmyn — Pz||? < { IT - ﬁl)} |zm — Pz||® + {1 - II - ﬁl)} €.
l=m l=m

We know that »,° 3 = oo implies [[;°, (1 — ;) = 0. Therefore, we get

lim sup ||z, — Pz||? = limsup ||z, 1n — Pz||* <e.
n—oo n—oo

Since ¢ > 0 is arbitrary, we have lim sup,,_, . ||, — Pz||?> < 0. So, {z,,} converges
strongly to Pz € (.2, F(T5). ]

As a direct consequence of Theorem 4.1, we obtain the following result.

Corollary 4.2. Let E be a uniformly convex Banach space with a uniformly
Gateaux differentiable norm and let C be a nonempty closed convex subset of E. Let
a1, Q2, . .., o be real numbers such that 0 < a; < 1 forevery i =1,2,...,r and
T1,Ts, ..., T, be nonexpansive mappings of C' into itself such that (\;_, F(T;) #
(. Let W be the W-mapping of C' into itself generated by T,,T,_1,...,T, and
Qpy Qp_1, ..., 0q. Let {B,} be a sequence of real numbers such that 0 < 3, < 1 for
everyn =1,2,...,1limy o0 B, =0, > |Bnt1 — Bn| <00 andy | By = 0.
If {x,} is given by 1 = x € C and

Tpy1 = Bz + (1 — Bp)Way,
for everyn=1,2,..., then {x,} converges strongly to Pz € (\;._; F(T;), where

P is the unique sunny nonexpansive retraction from C onto (\;_; F(T;).

5. APPLICATIONS

In this section, using Theorem 4.1, we consider the feasibility problem of finding
a solution of a countable convex inequality system and the problem of finding a
common fixed point for a countable commuting family of nonexpansive mappings
in Banach spaces.

Theorem 5.1. Let E be a uniformly convex Banach space with a uniformly
Gateaux differentiable norm and let C' be a nonempty closed convex subset of
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E. Let ai,as,... be real numbers such that 0 < «; < b < 1 for every i =
1,2,.... Let {Cy} be a sequence of nonexpansive retracts of C such that (,__; Cy,
is nonempty. Forn € N, let W), be the W-mapping generated by P,,, P,_1,..., P}
and oy, 1, - . . , a1, where Py is a nonexpansive retraction of C onto Cy, for each
k € N. Let {B3,} be a sequence of real numbers such that 0 < (3, < 1 for every
n=12...,lmy o fBn =0 >0 |0nt1 — Bn| <o0and > ", By, =00 If
{zn} is given by x1 = x € C and

Tn+l = ﬁnx + (1 - ﬁn)ann

forevery n=1,2,..., then {x,} converges strongly to Pz € (\°_, C,,, where P
is the unique sunny nonexpansive retraction from C onto ﬂzozl Ch.

Proof. If Wu = lim,, .o, Wyu for every u € C, then it follows from Lemma
3.3 that F(W) = (,2; F(P,) = (),—; Cn. So, using Theorem 4.1, we can prove
that {x,} converges strongly to Pz € ()72 Ch,. [

We remark that if C' is a nonempty closed convex subset of a uniformly convex
Banach space F and T is a nonexpansive mapping of C' into itself with F/(T") # (),
then, it follows from Bruck [2, 3] that F/(T) is a nonexpansive retract of C; see
also [8]. We also know that every nonempty closed convex subset of a Hilbert
space H is a nonexpansive retract of H and the norm of H is uniformly Gateaux
differentiable.

Theorem 5.2. Let E be a uniformly convex Banach space with a uniformly
Gateaux differentiable norm and let C' be a nonempty bounded closed convex subset
of E. Let ai,as,... be real numbers such that 0 < a; < b < 1 for every
i=1,2,.... Let{T,} be a sequence of nonexpansive mappings of C' into itself such
that T;T; = T;T; for all i, j € N. Then (,__; F(T},) is nonempty. Further, for n €
N, let W,, be the W -mapping generated by T,, T},—1, ... ,T1 and oy, ap—1, ..., 01
and let {3,} be a sequence of real numbers such that 0 < (3, < 1 for every
n=12..., im0 fpn =0, > 07 |Bnt1 — Bn| < o00and Yy 2 By = o0 If
{zn} is given by x1 = x € C and

Tn+l = ﬁnx + (1 - ﬁn)ann

foreveryn =1,2,... then {x,} converges strongly to Px € (), F(T}), where
P is the unique sunny nonexpansive retraction from C onto (\,, F(T},).

Proof. From Theorem 2.1, we have that F'(T},) is a nonempty closed convex
subset of C for every n € N. We also know from the commutativity of {7,,}
that {F(T),)} is a sequence of weakly closed convex subsets of C' which has the
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finite intersection property; for more details, see [11] and [16]. Since C' is weakly
compact, we have (.2, F(T,) # (0. Therefore, by Theorem 4.1, {z,} converges
strongly to Pz € (°° | F(Ty,). [
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