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THE LIL FOR THE ESTIMATES OF THE PARAMETERS IN
A PARTLY LINEAR REGRESSION MODEL*

Hua Liang

Abstract. Consider the partly linear regression model YV; = X8 +
g(T;) +e&; (i=1,...,n), where (X;,T;) are i.i.d. random design points,
0 is a p-dimensional unknown parameter, ¢g(-) is an unknown function
on [0,1], &; are i.i.d. random errors with mean 0 and variance 0. This
paper is concerned with the LIL of the estimators of 3 and o2.

1. INTRODUCTION

One of the attractively interesting models in statistical theory and appli-
cation recently is the partly linear regression model, which is defined by the
function relation

(1.1) Y, =X"B+g(T;)+ei, i=1,...,n,

where T' denotes transposition, X; = (x;1,...,z,)" (p > 1) and T;(T; € [0,1])
are i.i.d. random design points, 8 = (f1,...,8,)" is an unknown parameter
vector, g is an unknown function, and €4,...,&, are i.i.d. random variables

with mean zero and unknown variance o2. This model was introduced by Engle
et al. [4] to study the effect of weather on electricity demand. More recent work
has dealt with the estimation of 3 at a root-n rate. Chen [1], Heckman [5], Rice
[8], Robinson [9] and Speckman [11] constructed /n-consistent estimates of 3
under various conditions. Cuzick [2] constructed efficient estimates of 5 when
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the error density is known and has finite Fisher information. Cuzick [3] and
Schick [10] constructed efficient estimates of 5 when the error distribution is
unknown. Liang and Cheng [7] considered second-order asymptotic efficiency
for model (1.1).

The aim of this paper is to establish the law of the iterated logarithm
(LIL) for some estimates of the parameters 3 and o? when (X;,T;) are i.i.d.
random design points. First we construct the estimators of 3 and o2 by using
nonparametric fitting and least squares methods. In order to establish the
results for the proposed estimators, we investigate nonparametric estimators.
We derive a uniformly consistent result for the general linear combination of
errors in the case of independence (Lemma 2.3), which is then specialized to
the case of nonparametric estimators (2.6) and (2.7) and then used repeatedly.

Assume {X; = (w1, ...,2,) ", T;,Y;,i = 1,...,n} satisfies the model (1.1).
It follows from Fe; = 0 that ¢(T;) = E(Y; — X} 8|T;), which motivates us to
define, for known S,

= iwnj(t)(yj - XJTﬂ)

as the estimator of g(t), where w,;(t) = wn;(t;T1,...,T,),t = 1,..., n, are
probability weight functions depending only on the design points 77, ...,T,.

Replacing ¢(T;) by g.(7T;) in model (1.1), and then getting the following
modified model

(1.2) Y, = X'"B+3.(T) +ei, i=1,...,n,

one can establish the two-step estimator of 3 as follows,
B, =(XTX)'XTY,

where X7 = (X1,...,X,), X; = X, = Y wy(T)X;, Y = (V1,...,Y,)7,
Y, =Y, — Z;'L:1 wy; (T7)Y;. Consequently, an estimator of 0% can be defined as

— L@ xray
i=1

since (1.2) is equivalent to e; = ¥; — X7 (i = 1,...,n) formally.

As pointed out at the beginning of this section, the asymptotics of 3, and
o2 have been greatly considered in literature. See Chen [1], Cuzick [2,3], Heck-
man [5], Liang and Cheng [7], Rice [8], Robinson [9] and Speckman [11]. Liang
[6] studied the Berry-Esseen bounds of the distribution of some estimator of
o? when (X;,T;) are known design points, and obtained the optimal bound
O(n~Y?). To establish the (LIL) forms the core of this context.
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Now we present an example to explain how to select the weight functions.

Take
wn 1 h /

where s = 0, s, = 1 and s; = 1/2(T(i) + Tlity) (1 <4 < n—1) for the
ordered statistics T(y),..., T(ny of T1,...,T,, h, is a sequence of bandwidth
parameters which tends to zero as n — oo and K (+) is a kernel function, which
is supposed to satisfy

ds 1<i<n,

supp(K) = [-1,1],sup |K(z)| < C < oo,/K(u)du =1and K(u) = K(—u).

Other weight functions can be found in Liang [6].

The paper is organized as follows. In the following we give the conditions
on the X; and T}, and the main result. Section 2 proves some lemmas. Section
3 presents the proof of the main result. For the convenience and simplicity,
we shall employ C' (0 < C' < 00) to denote some constant not depending on
n but may assume different values at each appearance. Some notations are
introduced: ¢ = (€1,.. ety E=(E1,...,e)T, & =& — S Wi (Th)e s
9ni = g( ) Zk 1 ( ) (Tk) G ( (Tl) fjn(Tl)a s 7g(Tn) gn(Tn))T;
h;(t) = E(z;|T; =t), u”—:rlj—h( Jfori=1,...;,nand j=1,...,p

Condition 1. supy.,«, E(||X1|?|T = t) < 0o and B = Cov(X,—E(X,|T}))
s a positive-definite matriz.

Condition 2. ¢(-) and h;(-) are all Lipschitz continuous of order 1.

Condition 3. The weight functions w,;(-) satisfy the following:

n

(i) 11;1?5%2_:@0”1(7’]) =0(1) as.,

. _ _ —2/3
(ii) 121?)<(nwm(Tj) O(b,) as., b, =n"23

(iii) 1121&3%Zw"j(ﬂ)‘[(|Tj_Ti\>Cn) =0(c,) as., c¢,=n"12
<n i

log ™' n.

The following theorem gives our main result.

Theorem 1.1. Suppose conditions 1-3 hold. If Elei|*> < oo, then

1/2
(1.3) lim sup ) 1B — B4 = (02 a.s.

< n
n—oo \2loglogn
Furthermore, if Ee} < oo, then
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1/2
(1.4) lilgls;}p <2logriogn) lo2 — 0% = (Vare?)'?  a.s.,

where (3,;, B; and b’ denote the j-th element of B,, B and the (j,j)-th element
of B™1, respectively.

Now, we outline the proof of the theorem. First we decompose /n(3, —
B3) and /n(c? — o?) into three and five terms respectively. Then we will
calculate deliberately the tail probability value of each term. We have from
the definitions of 3, and o2,

V(B — B) = Vn(XTX) 1{szgm Zx(zwm 5])+ZXEZ}

(1.5) C(XTX) " (H, — Hy + Hy),
Ji(o? — 0%)= \}H?T{f _X(XTX) XYY — Vo
1

= eTe Vo' - }ETX@TX'W?TE
n n
1 - e e
+ﬁGT{}" - XX"TX)"'X"yGq

D 9
——GTX(XTX)"'XT —G"e.
T ( ) 5+\/ﬁ £

C{(I, — 02) — I + Iy — 21, + 213},
where F denotes the identity matrix of order p.

In the following sections we will prove that each element of H;, and H,
converges almost surely to zero, and /nl; also converge almost surely to zero
for i« = 2,3,4,5. The proofs of the first assertion will be finished in Lemmas
2.4 and 2.5. The proofs of the second assertion will be arranged in Section 3
after we complete the proof of (1.3). Finally, we use Corollary 5.2.3 of Stout
[12], and Hartman-Winter theorem, and complete the proof of the theorem.

2. SOME LEMMAS

In this section we prove several lemmas required. In Lemma 2.1 we think of
the boundedness for h; (T;)—> " _; war (T3)h; (Ty) and g(T;)—> 5y war (Ti)g(Tk).
The proofs are implied by Lipschitz continuity and Condition 3 (iii). Lemma
2.2 states that n = X7 X converges to B. Its proof can be referred to Speckman
[11] and Chen [1], and is therefore omitted.
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Lemma 2.1. Suppose that conditions 2 and 3 (iii) hold. Then

max
1<z<n

ank )G,(T3)| = Olea)  for j=0,....p,

where Go(+) = g(+) and Gi(-) = ly(-) forl=1,....p
Lemma 2.2. If conditions 1-3 hold, then lim,,_, l/n)z'T)N( = B a.s..

Next we shall prove a rather general result on strong uniform convergence
of weighted averages in Lemma 2.3, which is applied in the later proofs re-
peatedly. First we give an exponential inequality for bounded independent
random variables, that is,

Bernstein’s Inequality. Let Vi,...,V, be independent random variables
with zero means and bounded ranges: |V;| < M. Then for each n > 0,

P11 > ) < 2espl ot {23 var viwm))]

Lemma 2.3. Let Vy,...,V, be independent random variables with means
zero and finite variances, i.e., sup,<;, E|V;|" < C < oo (r > 2). Assume
api, k,i=1...,n, is a sequence of positive numbers such that sup,<; <, |ari| <
n=Pt for some 0 < p; < 1 and Z;;l aj; = O(n??) for py > maX(O, 2/r —py).
Then

max
1<i<n

Zalek) = “logn) for s=(p1—p2)/2. a.s.

Proof. Denote V) = V;I(|V;| <n'/") and V' = V; = V] for j =1,...,n.
Let M = Cn~P'n'/" and n = n~°logn. By Bernstein’s inequality,

> 0177}

Cin~*log’n >
2) a3, EV}? +2CCn " logn

=1
< 2nexp(—C?Clogn) < Cn=%?  for some large C; > 0,
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where the second inequality is from
n n
2 2 < g g g 2 _ ,,—pitpe —p1+l/r—s —p1+p2
E a;, BV < sup|ay| E a;; EVy =n and n logn <n .
Jj=1 j=1

By Borel-Cantelli Lemma,

S W, (T)(V! — EV))

Jj=1

(2.1) max

1<i<n

=0(n"’logn) as.

Let 1 < p <2, 1/p+1/q =1 be such that 1/¢ < (p1 +p2)/2 — 1/r. By
Holder’s inequality,

n

IIE?LX Z aji(vj” . EV;-N) < lrga%x (Z ’aji’q> 1/q (Z ‘V;—H . EV]-”’p) 1/p

< On~(Pra—1)/q (i |Vj// _ EVj//|p)1
j=1

/p

Observe that
(2.3) ijz:;(\v;” — EV/')P - E|V] - Evj"|p) —0 as.
and E|V/'|P < E|V;|"n="*?/" and then
(2.4) iEWj” — EV/P <Cn?" as.
=1
Combining (2.2), (2.3)Jwith (2.4), we obtain

< O PHVatlr — o(n=%)  as..

(2.5) 1121352

> au(Vi = EVY)

k=1

Lemma 2.3 follows from (2.1) and (2.5) directly. [
Let r = 3, Vi, = ey, or uy, a;; = W,;(T;), p1 = 2/3 and ps = 0. We obtain

the following formulas, which will play critical roles in the process of proving
the theorem:

Z Wnk(Ti)ek’ =0O(n Y?logn) a.s.

(2.6) max

i<n

and
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(2.7) max

i<n

ZWnk(Ti)ukl’ =O(nY3logn) forl=1,...,p as.
k=1

Lemma 2.4. Suppose conditions 1-3 hold and E|e,|* < co. Then
(2.8) VnHy; =0 ?log™*n)  forj=1,...,p.

Proof. Denote hy;; = hj(T;) — >4 wak(Ti)h;(T}). Notice that

n

n n n n
\/ﬁHlj = Z'}Ezggnz = Z ul]gnl + Z hnmgnz - Z anq(ﬂ)uq‘jgnz
i=1 i=1 i=1

i=1 g=1
By Lemma 2.1,

’2": hm‘jgm'

=1

< nmax|g,;| max |hni;| = O(ncy,).
i<n i<n

In Lemma 2.3, we take r = 2, Vi, = up, aj; = gnj, 1/4 < p1 < 1/3 and

po =1 —p;. Then
‘Z UijGni
i=1

By Abel’s inequality and (2.7),

n n

‘Z Z Wnq(T5)Uq;Gni

i=1 q=1

— O(n~Cr—/2),

< nmax gl HgaTlX‘Z_; wWng (T )ty
= 0(n?*3c, logn). '
The above arguments entail that
VnHy; = O(n'/? log™*?n) forj=1,...,p.

Thus we complete the proof of Lemma 2.4. [

Lemma 2.5. Suppose conditions 1-3 hold and E|e,|*> < co. Then

VnHy; =o(n'?) forj=1,....p a.s.
Proof. Observe that

VnHy; = i{z": fkjwm(Tk)}&

i=1 k=1
:i{i“kjwm(Tk)}&‘Fi{ 3 hnk;jwni(Tk)}ﬁi
=1 k=1 =1 k=1

n n n
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We now handle these three terms separately. Let r = 2, V, = &, ay =
ore g Ukiwni(Th), 1/4 < p1 < 1/3 and py = 1 — p;. Using Lemma 2.3, we have

(2.9) ‘2":{2": ukjwni(Tk)}Ei

i=1 k=1

=O0(n~@=Y21ogn) as..

By Lemma 2.1 and (2.6), we get

S b (@)},
=1 k=1

n

zwnz‘(Tk)€i

1=1
= O0(n*3¢c,logn) a.s..

< nmax
k<n

max ||

(2.10)

Using Abel’s inequality and (2.6) and (2.7), we obtain

’zn: {i{i UgjWng(T) }wnz(Tk)} o

i=1 k=1 g¢=1

(2.11) " k
< nmax X;wni(Tk)ei rggag)z; quwnq(TD\
1= q=
= 0(n'?log’n) = o(n'/?) as..
A combination of (2.9)—(2.11) yields Lemma 2.5. ]

Lemma 2.6. Assume that conditions 1-3 hold. If Ec? < oo, then
I, = o(n'/?),
where I, = Y70 35 wai(Th) (€ — E€)) (€] — Eep) with € = ;11.,1<n1/2)-

Proof. In Lemma 2.3, we take r = 2, Vi, = &} — Eej, ap; = 2.1, wn; (T3) (€ —
Ee’). As for (2.1), we have sup, |ay;| = o(n™*/?log n). Furthermore, note that
I, =Y | ari(e; — Eel). We adopt the same technique as for (2.1) by letting
1/4 < p; <1/3, po =1 — py, and have

I, = o(n'/?).

This completes the proof of Lemma 2.6. ]

3. PROOF OF THE THEOREM

In this section we shall complete the proof of the main result. At first, we
state a conclusion, Corollary 5.2.3 of Stout [12], which will play an elementary
role for our proof.
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Conclusion S. Let Vi,...,V, be independent random variables with means
zero. There exists a8y > 0 such that max,<;<, E|V;|*"% < oo and liminf,_ .., %
Sy Var(V;) > 0. Then

; Ex
im sup

n—oo /252 loglog s2 -

where S, =Y. V; and s2 = | EV?2.
From (1.5) and Lemmas 2.4 and 2.5, we know that in order to complete
the proof of (1.3), it suffices to show

(B-1Xe),\
1 Ii = =)l — (22 4.4,
(3:1) P <2n log logn) (o70%) s

By calculation, we get
(B_l)?s)j = {Wk + — Z{ZL‘Qk }6 :|

Z (Z bjkuqk) Eq)

TTM@THTM@

q 1 k=1
where
1 n n
Wk = — hk(ﬂ) — Wn (T‘Z)l‘ k|Eq for 1 < k < p.
\/ﬁ ;( ; q q )
The classic LIL implies that
nl/2
(3.2) max Z &; logn) a.s.,

which, by Lemma 2.1, Abel’s inequality and (2.7), yields that

k
Vil < O/ g 35 i ) = DT
< C’/f max ‘Zgz {max hi (T; anq ‘

Z wWnq (T3t }

= O(logn) . (log n)=o(l) as.

+ max
1<i<n
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Denote w;; = Y7 _. b’ u,;,e;. Then Ew;; =0fori=1,...,n,
J k=1 J

Blw;|*t% < C max Elg;|*™ < oo,
1<i<n
and

2 — i1 inyd 1 TV it ip\T
hﬁi}){}fnZEw =o?(V*,...,b >{nhj§o;u’ uz}(b o, UP)
=o2(b, ... V7)) B, ..., bP)T = o2 > 0.

It follows from Conclusion S that (3.1) holds. This completes the proof of
(1.3).

Next, we prove the latter part of Theorem 1.1, i.e., (1.4). We show /nl; =
o(1) (i = 2,3,4,5) firstly, and then deal with \/n(l; — 02). It follows from
Lemma 2.1 and (2.6) that

1<i<n

VD] < € g (10T) = Yo gD + [ wuTa )

It follows from Lemma 2.1, (2.8) and (3.1) that

vnl, =o(1), /nl; =0(1) as..

Now, we decompose I5 into three terms and prove that each term tends to
zero. More precisely, we have

~ 12 gt = 3 wnilTi)ei = D0 wnilTi)eien
i=1 k=1 i=1 ki

d—ef Isy + I5o + I5s.

From (3.2) and Lemma 2.1, we know
(33) \/’EI51 = 0(1) and \/’EI52 < bnn_l/Q 2812 = 0(10g72 n) = 0(1) a.s..
i=1

Observe that

def

1
‘;%&:wnk EEk \/ﬁ(Jln"i_In)
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Similar manipulation as in Lemma 2.3 shows that

(S I+ Eledl”)
=1
3wy (T (e — Ee)

i=1

n

Jin, < max

1<j<n

wn;(Ti)ei
1

1=

+ max
1<j<n

(DLt + Elef])
i=1
=o0(1).
It follows from Lemma 2.6 and (3.4) that

(3.5) Vnlsz =o(1)  as..

A combination of (3.3)—(3.5) leads tp /nls = o(1) a.s..
To this end, using Hartman-Winter theorem, we have

1/2
lim sup (210griogn) |, — 0| = (Vare?)V/?  as.

n—oo

This completes the proof of Theorem 1.1. [
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