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ON THE CONVERGENCE OF SUPERPOSITIONS OF
POINT PROCESSES

Wen-Jang Huang* and Jyh-Cherng Su*

Abstract. In this work, we give conditions for the superposition of
independent point processes to converge to a nonhomogeneous two-
dimensional Poisson process. Using our results, not only that of Grige-
lionis (1963) and Weissman (1975), but also some limiting results related
to thinned point processes can be obtained. Hence this establishes the
connection between thinnings and superpositions of point processes.

1. INTRODUCTION

For each n > 1, if X,,,---, X,x, are independent and identically dis-
tributed (i.i.d.) Bernoulli random variables with P(X,; = 1) = p, = 1 —
P(X,; = 0), where p, — 0 and k,p, — A > 0 as n — oo, then Zf;l X
converges weakly to Poisson with parameter A. This is known as Poisson con-
vergence theorem. There have been many attempts to generalize the above
result in different directions. Among others, the convergence of superpositions
and thinnings of point processes are two that have been investigated by many
authors, where instead of converging to a single random variable, the limits
are one-dimensional point processes.

About the superpositions of point processes, a famous result is given as
follows. Let Ngi, Ni2, -+, N,k > 1, be a double array of point processes
and let N; be the superposition Ny + -+ 4+ Ny;,. Grigelionis (1963) gave
necessary and sufficient conditions for N, to converge weakly to a (possibly
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nonhomogeneous) Poisson process. Next, an interesting result by Isham (1980)
concerning the thinning of point processes is stated below. Assume a point
process N is thinned by a stationary k-dependent Markov Bernoulli sequence
{Xpisi > 1} with P(xpi = 1) =p=1—P(xpi = 0), 0 < p < 1, and then is
rescaled by the constant factor of p. Isham (1980) proved that the thinned-
rescaled process N, (t) = S NU/P)\ .+ >0, converges weakly to a compound
Poisson process as p tends to 0. Note that N,(¢) can be viewed as a random
sum of Bernoulli random variables. Motivated by Isham (1980), Su and Huang
(1995) considered a model which allows {x,:,7 > 1} to be a fairly arbitrary
k-dependent Markov chain with general state space (hence the concept of
thinning has been dropped). They also indicated that some known results in
the literature about Poisson convergence can be expressed as special cases of
their theorems. On the other hand, Weissman (1975) studied the multivariate
extremal processes generated by independent but nonidentically distributed
random variables. He proved that the limiting process can be represented in
terms of a two-dimensional nonhomogeneous Poisson process. This extends
further the classical Poisson convergence theorem such that the limit becomes
a two-dimensional point process.

Inspired by Weissman (1975), we will prove in this paper that under certain
assumptions, the random sum of point processes will converge weakly to a
two-dimensional compound Poisson process. Using it, not only the results
in Grigelionis (1963) and Weissman (1975), but also some limiting results
related to thinned point processes can be obtained. Hence this establishes the
connection between thinnings and superpositions of point processes, although
they seem to be two different operations.

2. THE RESULTS

Before proving the main theorem, we prove the following simple yet useful
lemma.

Lemma 1. Let p,; > 0, Vn > 1,5 > 1, and hy, hy be two nonnegative
functions defined on [0,00). Assume

() for any u <t < wv, as n becomes large enough,
hi(nu) < hy(nt) < hq(nv).

Also assume
[h1(nt)]

(1) lim > pu=af(t),t >0,

i=1
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where a is a continuous and nondecreasing function with a(0) = 0 and [x]
denotes the integral part of x. Then

[h2(nt)]

i=1

Proof. Since a is continuous, for every ¢ > 0 and € > 0, there exist
tl) tg, tg <t< tlv such that

(3) alt) — % < a(ts) < alty) < alt) + g

Using (1), (3) and condition (x), we have for sufficiently large n,

c [P (nt2)]
a(t) —e < a(tz) — 3 <) P
i=1
[h2(nt)]
S DPni
i=1
[h1(nty)] c
< > pu<alt)+ 3 < a(t) + e.
i=1
Thus (2) follows. ]

It is easy to see that if for some b, ¢ > 0, hy(t) = bt® + 01(t°) and ha(t) =
bt® 4 04(t°) as t — oo, where both o; and oy are the usual little-oh notation,
then the condition (x) holds. The following corollary is immediate.

Corollary 1. Let {N(t),t > 0} be an orderly point process (i.e. forVt >0,
P(N([t,t4+96)) > 1) = 0(d) as 6 — 0), hy(t) = bt® + o(t°) as t — oo, where
b,c > 0, such that (1) holds, where {p,;} and a are defined as in Lemma 1. If
N(t)/bt* — 1, a.s., as t — oo, then lim, o 0T po; = al(t), a.s., Yt > 0.

We now give the definition of compound Poisson process.

Definition 1. Let p be a non-atomic measure in R", N be a point process
defined in R™. Assume for any pairwise disjoint Borel sets A, Ay, -+, A,, in
R™, N(A;),N(As),---,N(A,,) are independent, such that

Z(As)

NA)E Y Xpi=1,---,m,
j=1
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where Z(A;) is a Poisson random variable with parameter p(4;), and {X;,j >
1} are i.i.d. random variables with P(X; = k) = py, where >, pr = 1. Then
N is said to be an (n-dimensional) compound Poisson process with parameter
measure p and compounding distribution {py, k > 1}.

Now for each m > 1 and i > 1, let X,,;;,5 = 0,£1,%2,---, be i.i.d. random
variables with P(X,,;; = 1) = pnu, where >,°; p,y = 1. Next, for each n > 1,
let {A,;,7 > 1} be a sequence of independent orderly point processes each with
index set R and independent of the random variables {X,,;;}. Let A,;(z) =
Ani((0,2]), if . > 0; = —A,i((x,0]), if x < 0. Also for each n > 1 and i > 1,
define the point process N,,; by

Ani (-L

(4) Nu((z,a']) = Y. Xyjz<a

j=Ani(z)+1

Finally, let M = {M(t),t > 0} be an orderly point process with M (0) = 0,
defined on some probability space {Q, F, P} and independent of everything
else. Now we define the two-dimensional point process N,, by

M (nt)

(5) N, ((0,t] x N,i(( )t >0, <.

i=1
We have a generalization of Grigelionis (1963).

Theorem 1. Assume there exists a function f(t) = bt°+o(t°), ast — oo,
where b, ¢ > 0, such that for any t >0 and z < 2/,

(i) lim max P(A,;((z,2']) >1)=0,

n—00 1<i<[f(nt)]

(ii) lim Y0 P(A,((x,2']) > 2) = 0, and

n—oo

(ii)) lim SYC poa P(Ani((2,2']) = 1) = pya((0,4] x (x,2']),V1 > 1, where
>0, 372 =1 and p is a non-atomic measure defined in (0,00) X
(—00,00).

If
(6) M(t)/t° — A, a.s., as t — oo,

then N, converges weakly to a compound Poisson process with parameter mea-
sure i and compounding distribution {p;,l > 1}, where p, satisfies

p1((0,4] x (z,2')) = p((0, (A/b)=t] x (z,2']),Vt > 0,2 < z'.
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Proof. For k =1,2,---,r,m = 1,2,-+-,8, Up,, > 0, and 0 < tg < t; <
Ll e, g <y < -0 < X,

E(exp{— i 25: W Noy (Ee—15 ) X (Tm—1,Tm]) })

k=1m=1
r s M (nty)
= FE(E(exp{— Z Z Ukm, Z Noi (@1, m]) }
(7) k=1m=1 i=M(ntr_1)+1

|M(nty), k=1,2,---,7))

(’I’Ltk)

= E(ﬁ E(exp{— i UkmNni((xmflvmm])})'

k=1i=M (ntp_1)+1 m=1

If we can show that

M(ntk)

TLILIQO H E(eXp{— Z ukmNni(("Emflv xm])})
(8) =M (ntr_1)+1 m=1
= exp{— Z ul((tk—lu tk] X (xm—lv xm]) Zpl(l - eilu’cm)}a a.s.,
m=1 =1

then, by the Dominated Convergence Theorem,

T B(exp{~ 3 3 Nl (b ] % (s, )

k=1m=1

(9) = exp{— XT: zs_: pa (=1, te] X (Tm—1, Ti]) ipl(l - e_lukm)}

= H H 7}1_)1{.10 E(exp{—trmNpn((tp—1,tx] X (Tm_1,Zm))}).

k=1m=1

Thus N, ((tx—1,tx] X (Tm_1,Tm]) converges weakly to a compound Poisson
random variable with parameter p; ((¢x_1,tx] X (-1, %) and compounding
distribution {p;,! > 1}, and the random variables N,,((tx—1,tx] X (Tm—1,Zm]),
k=1,2,---,7r, m =1,2,---,s, are asymptotically independent as n — oo.
Hence the conclusion of the theorem follows.

Now, we begin to prove (8). First for each vector X = (z¢, z1,-- -, x,)", we
denote the random vectors N,,;(X), A,i(X), n,i > 1, as

Noi(X) = (Noi((z0, 21]), Npi (w1, 22]),5 - -+, Ni (0521, 25]))
Ani(X) = (Ani((zo, 1)), Api (21, 22]), -5 Ani((Ts-1, 75]))',
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and for k =1,---,r, denote
Uk = (up1, gz, - 5 uks)"-
Then the general term of the product on the left side of (8) becomes

E(exp{— i Uy Ni (-1, T ]) })

m=1

= E(exp{—U/N,:(X)})

10— p(N(¥) = (0,00 - Y e TVP(N,(X) =)
V#(0,0,+,0)’
=1- Y (- ")PWNu(X)=V)
V£(0,0,---,0)"

=1- Hniv

where 0, = >y 200,07 (1 — €YV )P(N,;(X) = V). From (6) we have
M (nt)
(11) W — 1, a.s., as t — oo.
Since
0<6, < Z P(NM(X):V)
V#£(0,0,---,0)"

12 — 1= P(Nui(X) = (0,0,---,0))

= 1—-P(A.(X)=1(0,0,---,0))
- P(Anz(($07xs]) Z 1)7
by condition (i), we obtain

(13) lim max 0, =0, as.,Vk=1,2,---,r.

n=>00 M(nty_1)<i<M (nty)
It also can be shown that

Z Z(l - e_ZUMH)P(XniAm(zm) = la Ani((xmflaxm]) = 17

m=11=1

Ani((y_1,2,)) = 0,V1 < v < 5,0 #m)

(14 < Z Z(l — efl“’“")P(Nm((xm_l,xm]) =1, N,i((zy_1,2,]) =0,

Z:i((a:@_l,xv]) =0,V1 <v <s,v#m)+ P(A,((x,z,]) > 2).
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In the following we will use the squeezing principle to find the limit of

Zz‘]\i(z\ifk()tk,l) +1 Oni- First by condition (ii) and Corollary 1, we have

(15) nh~>nolo Mgk) P(A,i((zg,x5]) >2) =0, a.s.
=M (ntp_1)+1
Also
P(Xnianwm) =1 Ani(me1,2m]) =1, Api((xy-1,z,]) =0,
(16) Vl<wv<s,v#m)

:pnzlP(Anz((xmfhwm]) = 17Ani((xv717xv]) = 07
V1l <wv<s,v#m).

Hence it is equivalent to finding the limit of

M(’I’Ltk)

Z Z Z (1—e lukm )Pnit P(Ani (X1, Tm]) = 1,

i=M(nty_1)+1 m=11=1

Ani((@omy,2,]) = 0,1 < v < 5,0 £ m).
The following inequality is obvious:

P(Ani((xmfluxm]) =
(17) < P(Ani((Tm-1, Tm]
< P(Api((@m1, T0n]

—_
~—

- P(Am((mo,ms]) > 2)
1, Api((zy_1,20]) = 0,1 < v < 5,0 #m)

1).

)
) =
Now condition (ii) implies

M (nty)

Z Z Z 1—e lukm )Pnit P(Ani((20, 25]) > 2)

i=M(ntr_1)+1m=11=1

M(nty)

(18) < Z Z melp ni 1307555]) > 2)

i=M (ntp_1)+1m=11=1

M (nty)
=s Z P(A,i((zo,xs]) > 2) — 0, a.s., as n — 00,

i=M (ntp_1)+1
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and condition (iii) implies

M (nty)

nh—>n<30 Z Z Z lukm ilP(Ani((afm—laan]) = 1)

i=M(nt_1)+1m=1 =1

s [e%s} M (nty)
= Z(l — eilukm) ILm Z pnilP(Ani(($m—17m’m]) = 1)
(19) m=1 [=1 " Ooi:M(ntk,l)—‘rl
= > > (= e (/D)1 (/D) ] X (21, 2]
m=1 [=1
— /Jll((tkflatk] 'Im 1amm Zpl lukm 7 a.s.
m=1

In view of (17)-(19), it follows that

M(ntk)
(20) nee i:M(ntk,1)+1

= Z pr((te—1, tr] X (Tm—1, T Zpl lukm ), a.s.

Finally, (8) follows from (10), (13) and (20). This completes the proof of this
theorem. |

In the above theorem, by letting ¢ = 1 in (5), under weaker conditions,
the one-dimensional point process Z,, where Z,((z,2']) = > N,.((x,2]),
x < x', converges weakly to a one-dimensional compound Poisson process.
The result is given below.

Corollary 2. Let {k,,n > 1} be a sequence of integers with k, — oo as
n — oo. Assume for any r < x/,

(i) lim max P(A4,:((z,2']) >1) =0,

n—oo 1<i<k,

(i) lim ¥, P(An((x,2']) > 2) =0, and

(i) Tim 5, poaP(Ani((@,2) = 1) = pd((@,2]), V1 > 1, where p, > 0,

Sy =1, and A is a non-atomic measure in R.

If

(21) Mn)/k, — 1, a.s., as n — oo,



On the Convergence of Superpositions of Point Processes 219

then Z, converges weakly to a compound Poisson process with parameter mea-
sure A and compounding distribution {p;, 1 > 1}.

On the other hand, in Theorem 1 assume the index set of i is replaced
by {0,+£1,---}, and the index set of M is replaced by R. By letting M(z) =
M((0,z]), if x > 0, = —M((x,0]), if z < 0, the point process N, can be
extended to be defined in the whole plane, namely,

(22) N, ((t,t] x (x,2']) = Z Nm((az,x']), t<thx<a

=M (nt)+

Then after a suitable modification, the conclusion of Theorem 1 still holds.
Furthermore, we have the following more general result which allows the point
process N,, to be defined in any region 7" in R%. The proof is essentially the
same as in Theorem 1, hence is omitted.

Theorem 1'. For a given region T in R?, assume there exists some
function f(t) = blt|° + o(|t|°) as t — oo, where b,c > 0, such that for any
(t,t'] x (z,2'] C T,

(i) lim max P(A,i((z,2']) > 1) =0,

n—0 [f(nt)]<i<[f (nt")]

(i) lim SV P(Au((2,2']) > 2) =0, and

n—0o0

(111) lim E[f([f(nt)] pmlP(A (( /]) = 1) :plﬂ((t7tl] x (l’,l”]),Vl Z 1; where

n—oo

>0, 572, =1 and p is a non-atomic measure defined in T .

If

(23) IM@E|/IH = A, a.s., as [t — oo,

then N, (defined as in (22)) converges weakly to a compound Poisson process
in the region T with parameter measure p; and compounding distribution
{pi,1 > 1}, where T" = {((b/\)w,v)|(w,v) € T} and py is a measure in T’
satisfying

pa((t 4] x (2,2]) = u(((A/b) 8, (A/B) 8] x (a,2']), V(t, ¢'] % (2,2'] C T".

3. EXAMPLES
Now, we give some examples of the applications of Theorems 1 and 1'.

Example 1. Suppose

219
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(a) A,; can only have a point at x = 1 with probability 6,,; > 0, Vn,i > 1;
(b) P(Xyij =1) =pni(1)/0ni, Vn,i,0 > 1, j = 0,£1,%2, - - -, where p,,;(l) > 0
and Y72 pui(l) = O,

Assume f(t) =t and

(A) hmn_wo maxlgig[m] 97” = 0, Vt > O,
(B) lim,, zi’j} Pni(l) = pra(t), vl > 1, where p; >0, >)°,pp =1 and a is
a continuous and nondecreasing function.

Then it can be seen easily that conditions (i)-(iii) of Theorem 1 hold and

if 1 € (z,2],

p((0, 8] x (x,2']) = { g,(t), if 1¢ (z,2'].

If the point process M satisfies (6) with ¢ = 1, then from Theorem 1, N,,((0, ¢] x
(z,2']) = XM N,i((z, 2']) converges weakly to a compound Poisson process
with parameter measure p; and compounding distribution {p;,I > 1}, where
p1((0,¢] x (x,2']) = p((0,At] x (z,2']). Now let (z,2'] be a fixed interval
which contains 1. Then N, (t) = N, ((0,t] x (z,2']) = XM N, ((2,2']) =
Zi]\i(lm) Y,.; converges weakly to a compound Poisson process with parameter
measure @ and compounding distribution {p;,[ > 1}, where a(t) = a(At),
Vvt > 0. Note that
Y, = Npi((z,2]), i>1,

are independent random variables with P(Y,,; = 1) = p,;(1),1 > 1, and P(Y,,; =
0) =1 —6,,;. Hence we obtain a generalization of Westcott (1976).

Example 2. For eachn > 1, let {X,;,i =1,2,---} be a sequence of inde-
pendent random variables. Assume there exists a family of distribution func-
tions {Gy,t > 0}, not all identical, such that as n — oo, max{X,1, -+, Xymy}
converges weakly to Gy, Vt > 0. Let T = {(t,z)|t > 0,2 > z(t)}, where x(t)
is the left end of the support of GG;. Following from Lemma 1 of Weissman
(1975), the random variables {X,;} are right-negligible as n — oo, i.e., for
each (t,z) € T,

(24) lim max P(X,;, >z)=0.
n—00 1<i<[nt]
Now let X,;; = 1, Vn,i,j, f(t) =t, Vt > 0, and for each n, define A,;,
i=1,2,---, to be

0, ift< X,;,
Anilt) = { 1, it > X
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Then it is easy to see that N,; = A,; and the condition (ii) of Theorem 1’
holds. Also for any (¢,¢] x (z,2'] C T, by (24) and

(25) 0< P(A,((z,2']) > 1) =Pz < X,; <2') < P(X,; >z),

the condition (i) of Theorem 1’ follows. As max{X,, -, X[y} converges
weakly to Gy, Vt > 0,

[nt] [nt]
(26) ]:[(1 - (1 - HFm - Gt )

where F),; is the distribution function of X,,;. From (24) and (26), we have

[nt]

(27) > (1 = Fui(x)) — —log Gy(x).

i=1

y (27), it follows that

[nt']
lim Y P(Au((z,2]) =1)

i=[nt]+1
[nt']
— n]g& Z ((1 — Fm(l’)) - (1 - Fm(x/)))
i=[nt]+1

=1
& Gi(2) Gy (z)’

so the condition (iii) of Theorem 1’ holds with

Gy (2)Gy(x')

pu((t, ] x (z,2]) = —log m

Now if M(t)/t — A, a.s., as t — oo, then N,, converges weakly to a Poisson
process in 7" with parameter measure u, where 77 = {(w/\,v)|(w,v) € T}
and N, ((t,] x (z,2']) = Sy | Nuo((z,2']), V(t,¢'] % (z,2'] € T". Note that
if we choose M (¢ ) [t] and define I (t,x) = #{Xn; > z,i = 1,2,--- [nt]},
V(t,z) € T, then T' =T,

[nt]

I.(t,x) ZNM ((x,00)) = N, ((0,1] x (x,00)),
and Weissman’s conclusion follows immediately.
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Example 3. In Bai and Huang (1995), they considered the regression
model:
Y =0(X)+e,

where 6 is a continuous real function defined on [0, 1], with a unique global
maximum at xy € [0,1]. The objective is to determine z, based on n obser-
vations (X1,Y7), -+, (X,,Y,) with Y; = 0(X;) + ;. Here {¢;} is a sequence
of ii.d. random variables, and {X;} are uniformly chosen from the interval
[0,1] (nonrandom case) or are i.i.d. and uniformly distributed over [0, 1]. Let
Ya) < -+ <Y, be the order statistics of {Y;} and Y{;) =Y, i =1,---,n.
Now 1z is estimated by Zo(r) = >2/—5 X,,_./r, the average of those X’s corre-
sponding to the r largest order statistics Y(;’s. Under the assumption that e
belongs to the class of domain of attraction D(g) with normalizing constants
{A,.},{B,}, they proved that () is consistent to ¢ if and only if B, — 0 as
n — oo. Their proof is based on Weissman (1975), namely the limiting joint
distributions of B, ' (e(n) — An), -+, By (E(n—k) — A)) can be derived through
Poisson process.

Now by Corollary 2, it is not difficult to extend Bai and Huang’s result to
the situation that {e;} are nonidentically distributed, and the sample size n is
replaced by M (n), where {M (n),n > 1} is a suitable point process. Under this
setup, some other interesting problems such as the waiting time of obtaining
enough sample sizes for the estimator to be more useful can be discussed.

4. CONCLUSION

In order to have a Poisson distribution as the limit of the sum of a se-
quence of random variables, the independence of those random variables are
not necessary. For example, as stated in Section 1, Su and Huang (1995) con-
sidered the model where the random variables {x,:,? > 1} are assumed to be
Markovian. It can be seen that our theorems hold under the conditions that
both the process {4,;} and the random variables {X,,;;} are independent. So
it is worth investigating how to relax the independence assumption so that
some convergence results still hold.

REFERENCES

1. Z. D. Bai and M.-N. L. Huang, On Consistency of the Best-r-points-average
Estimator for the Mazimizer of a Nonparametric Regression Function, Techni-
cal Report, Department of Applied Mathematics, National Sun Yat-sen Univ.,
Kaohsiung, Taiwan, R.O.C.; 1995.

2. B. Grigelionis, On the convergence of sums of random step processes to a Pois-
son process, Theory Probab. Appl. 8 (1963), 177-182.



On the Convergence of Superpositions of Point Processes 223

3. V. Isham, Dependent thinning of point processes, J. Appl. Probab. 17 (1980),
987-995.

4. J. C. Su and W. J. Huang, Compound Poisson Approzimations Through Re-
newal Processes, Technical Report, Department of Applied Mathematics, Na-
tional Sun Yat-sen Univ., Kaohsiung, Taiwan, R.O.C., 1995.

5. I. Weissman, Multivariate extremal processes generated by independent non-
identically distributed random variables, J. Appl. Probab. 12 (1975), 477-487.

6. M. Westcott, Simple proof of a result on thinned point processes, Ann. Probab.
4 (1976), 89-90.

Wen-Jang Huang
Department of Applied Mathematics, National Sun Yat-sen University
Kaohsiung, Taiwan, 80424, R.O.C.

Jyh-Cherng Su

Department of Mathematics, Chinese Military Academy
Fengshan, Kaohsiung, Taiwan, 830, R.O.C.

223



