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GLOBAL NONEXISTENCE OF ARBITRARY INITIAL ENERGY
SOLUTIONS OF VISCOELASTIC EQUATION WITH NONLOCAL
BOUNDARY DAMPING

Jie Ma* and Hongrui Geng

Abstract. In this paper, we consider the long time behavior of solutions of the
initial value problem for the viscoelastic wave equation under boundary damping

t
ue — Au+ / g(t — m)div(a(z)Vu(r))dr +u; =0 inQ x (0, 00).
0
For the low initial energy case, which is the non-positive initial energy, based
on concavity argument we prove the blow up result. As for the high initial energy

case, we give out sufficient conditions of the initial datum such that the solution
blows up in finite time.

1. INTRODUCTION

In this work, we are concerned with the following problem

utt—Au—i—/Otg(t—T)div(a(a:)Vu(T))dT—i—ut =0, (z,t)€Qx(0,00),

w1 guz 0, t (x,t) € T'1 x (0, 00),
5—/0 g(t—7)(a(x)Vu(r)) - vdr = f(u), (x,t) € Ty x (0, 00),
u(x,0) = up(x), ut (x,0) = ui (), x €,

where 2 is a bounded domain of R™(n > 1) with a smooth boundary I" := 952, such
that ' = ToUT'y, TN’y = () and 'y, I'; have positive measures, v is the unit outward
normal on 0f).

This problem has its origin in the mathematical description of viscoelastic materials.
It is well known that viscoelastic materials exhibit natural damping, which is due to
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the special property of these materials to retain a memory of their past history. From
the mathematical point of view, these damping effects are modeled by intro-differential
operators. Therefore, the dynamics of viscoelastic materials are of great importance and
interest as they have wide applications in nature sciences. From the physical point of
view, the problem (1.1) describes the position u(x, t) of the material particle  at time
t, which is claimed in the portion I'; of its boundary with its portion I'g supported by
elastic bearings with nonlinear boundary responses, represented by the function f(u).
(see [3, 8, 14, 20, 21]).

The wave equation with memory has been considered by many mathematicians.
Cavalcanti et al. [6] firstly studied

ug — Au+ [ g(t — 1) Au(r)dr + a(z)u + |ulTu =0, (z,t) € Q x (0, 00),
u(x,0) = up(x), ut (x,0) = ui(x), x €,
u(x,t) =0, x € 09,

and obtained an exponential decay rate of the solution under some assumption on
g(s) and a(z). At this point it is important to mention some papers in connection
with viscoelastic effects, among them, Alves and Cavalcanti [1], Aassila et al.[2] and
references therein. Rammaha [19] deals with wave equations that feature two competing
forces and analyzes the influence of these forces on the long-time behavior of solutions.
Cavalcanti and Oquendo [7] considered

uy — koAu + /0 divia(z)g(t — 7)Vu(r)]dT + b(z)h(u) + f(u) =0,

under the restrictive assumptions on both the damping function h and the kernel g.
And then Messaoudi [15] obtained the global existence of solutions for the viscoelastic
equation, at same time he also obtained a blow-up result with negative energy. Fur-
thermore, he improved his blow-up result in [16]. Recently, Wang and Wang [23]
investigated the following problem

t

uy — Au + / g(t — T)Au(T)dT + up = ar|ulP"tu, (x,t) € Q x (0, 00),
0

u(x,0) = ug(x), ut (x,0) = ui(x), x €,

u(z,t) =0, x € 09,

and showed that the global existence of the solutions if the initial data are small enough.
Moreover, they derived decay estimate for the energy functional. And then, in [24]
Wang established the blow-up result for the above problem when the initial energy is
high. Also, in [25] Wang studied blow-up of solutions of the Klein-Gordon equation
with arbitrary positive initial energy. Zeng, Mu and Zhou [26] studied blow-up of
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solutions for the Kirchhoff type equation with arbitrary positive initial energy. Ma,
Mu and Zeng [17] obtained blow-up of solutions for the viscoelastic equations with
arbitrary positive initial energy.

Recently, boundary dispassion problems for wave equation have been considered
by many authors. Vitillaro [22] considered the following problem

uy — Au =0, (x,t) € Q x (0, 00),

u =0, (x,t) € T'1 x (0, 00),

ou

£ + Jug) ™ 2y = |ulP" 2, (x,t) € Ty x (0, 00),
[ u(z,0) = up(x), ut (z,0) = uy (), z€Q,

and proved the local existence of the solutions in energy space when m > ﬁ
2(n—1)

n = 1,2, where r = =-——, and global existence when p < m or the initial data
was chosen suitably. The authors in [4] considered a semilinear wave equation with
a nonlinear boundary dissipation and nonlinear boundary/interior sources and establish
a general decay estimate of the energy. Cavalcanti et al. [5] studied a problem of the
form

or

u — Au+ [f g(t —7)Au(r) =0, (z,t) € Q x (0, ),
u =0, (x,t) € T'1 x (0, 00),
ou

t ou
M —i—/o h(t — T)gd’i‘ + h(uy) =0, (x,t) € Ty x (0, 00),

L u(x,0) = up(x), ut (x,0) = uy (), x €,

for g, h specific functions and established uniform decay rate results under quite re-
strictive assumptions on both the damping function h and the kernel ¢g. Li ,Zhao and
Chen [13] studied a problem of the form

uy — Au —i—/o g(t — 7)div(a(z)Vu(r))dr + |u["u =0, (z,t) € Q x (0,00),

u=0, (x,t) € T'1 x (0, 00),

% — /0 g(t — 7)(a(x)Vu(r))  vdr + g(us) =0, (x,t) € Ty x (0, 00),
L u(2,0) = uo(x), us (x,0) = ui(x), x €,

They proved the existence and uniqueness of its global solution by means of the Galerkin
method and showed the uniform decay rate of the energy. In [12] Li studied the
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following system

utt—kOAu—i—/Ot g(t—m7)div(a(z)Vu(r))dr + b(z)h(ur) =0, (x,t)€Qx(0,00),

u=0, (x,t) €l x(0,00),

—%—i—/otg(t—T)(a(x)Vu(T)) -vdr = f(u), (z,t) €Ty x(0,00),
 u(z,0) = up(z), u (x,0) = up (), x € Q,

and established the uniform decay estimates of solutions of the above problem. How-
ever, they did not give a sufficient condition for the initial data such that the corre-
sponding solution blows up in finite time with arbitrary positive initial energy.

Motivated by the above work, we intend to employing the so called concavity
argument which was first introduced by Levine (see [10, 11]), our main purpose is to
establish some sufficient conditions for initial data with arbitrary initial energy such
that the corresponding solution of (1.1) blows up in finite time.

In the paper, we denote

V={uec H(Q)|u=0o0onT},

and give the assumptions on ¢g(s), a(x) and f(s):

(A1) g: Rt — R* is a bounded C" function and non-increasing function satisfying
g(0) > 0.

(A2) The function e g(¢) is of positive type in the following sense:

S—T

/ot v(e) /0 e = g(s — 7)v(r)drds > 0

for all v € C([0, 00)) and ¢ > 0.
(A3) a:Q — RT is a nonnegative bounded function and a(z) > ag > 0 on Q with

o0
Ha(a:)HLoo/ g(s)ds =k < 1.
0
(A4) There exists a positive constant & > 0 such that
sf(s) > (2+ a)F(s),s € R,
where

F(s) = /O C f(n)dr.

Remark 1.1. We note that Assumption 1.1 is also used in [12, 13]. For the
definition of b(¢) of positive type in detail, we refer the readers to [18]. And an
example of b(t) of positive type is positive, decreasing, convex b(t) (see [9]). Thus, it
is obvious that g(t) = ee™? (0 < € < 1) satisfies the assumptions (A1), (A2) and (A3).
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Remark 1.2. It is clear that f(s) = |s|Ps, p > 2, a < p satisfies the assumption
(A4).
Our result are based on the following existence and uniqueness theorem of solution

to the problem (1.1).

Theorem 1.1. Under the assumptions (A1)-(A4), let the initial data (ug,u1) €
(H>(Q)NV(Q)) x V(Q), and f satisfying the following conditions: f(0) = 0 and

[f(w) = F)] < c(lulP ™ + [0 |u — |

for all u,v € R, some constant ¢ > 0 and
n—1

l<p<—— when n>3
n—2

then there exists a unique solution u(¢) to (1.1) satisfying
u € L (0,00; V() N H?(Q), up € Lig (0,005 V(2)), us € L (0, 005 L*(2)).
Moreover, we have

u € C([0,00); Hy(2)), u € C([0, 00); L*(12)).

Proof.  The proof can be obtained by the Faedo-Galerkin method and calculus
theorem in an abstract (c.f. [12, 13]).

Our main blow-up result for the problem (1.1) with arbitrarily initial energy is
stated as follows.

Theorem 1.2. Under the assumptions (A1)-(A4), if k£ < 37 and either one of the
following states is satisfied:
(1) E(0) <0;
(2) E(0)=0and [,uouidr > 0;

224«
(3) B(0) >0, fquowdz >0, I{ug) < 0and [ugl} > ;2Z4C2E(0),

then the solution of the problem (1.1) blows up at a finite time 7', upper bounds for 7" is
estimated by 0 < 1" < %, here G(t) and 3 are given in (3.1) and (3.6) respectively.
where Cp is the constant of the Poincaré’s inequality on €2, the energy functional F/(t)

and I(u,v) are defined as

(1.2) I(u, ) = ||Vul}} - / uf (u)T”,
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E(1) =—Hut( I3 + —HVu(tw)H%

(1.3 - 5IVal@Vu(t. )1 | a(s)ds-+ (g0 Tu)()

— / F(u)dT,
and (g ov)(t) = J¢ g(t = 7)|v/a(@) (v(t, -) = v(r,-))|Fdr

The rest of this paper is organized as follows. In section2, we introduce some
Lemmas needed for the proof of our main results. The proof of our main results is
presented in section 3.

2. PRELIMINARIES

In this section, we introduce some Lemmas which play a crucial role in proof of
our main result in next section.

Lemma 2.1. E(t) is a non-increasing function.

Proof. By differentiating (1.3) and using (1.1) and (A1), we get

@) ()=~ ul ~ 5ol Va@Vult, )3+ 56’ 0 Vu)(t) <0,

thus, Lemma 2.1 follows at once. At the same time, we have the following inequality
! 2
22) B(0) < B©)~ [ JusBr
0
Lemma 2.2. Assume that g(t) satisfies assumptions (A1) and (A2), H(t) is a

twice continuously differentiable function and satisfies

23) H"(t)+H'(t) > 2f0 (t —7) Jqa(x)Vu(r, ) Vu(t, z)dzdr,
' H(0)>0, H'(0)>0,

for every ¢ € [0, 7)), and u(z, t) is the solution of the problem (1.1). Then the function
H (t) is strictly increasing on [0, Tp).

Proof. Consider the following auxiliary ODE

(2.4) { R'(t) + 1 (t) = 2f0 (t —7) Jqa(z)Vu(r, z)Vu(t, z))dzdr,
h(0) = H(0), R'(0) =0,

for every ¢ € [0, Tp).
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It is easy to see that the solution of (2.4) is written as follows

t ¢ &
(2.5) h(t) = h(0) + 2 /O /O et /O g(&—1) /Q a(x)Vu(¢, ©)Vu(r, v)dzdrdéd

for every t € [0, Tp).
By a direct computation, we obtain

t 3
' (t) :2/0 ege_t/o g(f—T)/Qa(a:)Vu(f,x)Vu(T,a:)dxdef

t (655 g6 — )(&3 Vulr, o) )drdeds
— 2 /Q () /O ($Vu(, 2) /0 (€ g(€ — 7)) (eEVu(r, 2))drded

for every t € [0, Tp).

Because ¢(t) satisfies (A2) and a(z) satisfies (A3), then h/(¢) > 0, which implies
that h(¢) > h(0) = H(0). Moreover, we see that H'(0) > h/(0).

Next, we show that

(2.6) H'(t) > h'(t) for t>0.
Assume that (2.6) is not true, let us take
to =min{t > 0: H'(t) = W'(¢t)}.

By the continuity of the solutions for the ODES (2.3) and (2.4), we see that ty > 0
and H'(tg) = h/(to), and have

H"(£) — K'(t) + H'(t) — K'(t) > 0, t € [0, Tp),
{ H(0) — h(0) =0, H'(0)— K(0) >0,

which yields
H'(to) — W (to) > e "(H'(0) — W' (0)) > 0.

This contradicts to H'(ty) = h/(tp). Thus, we have H'(t) > h'(t) > 0, which implies
our desired result. The proof of Lemma 2.2 is complete.

Lemma 2.3. Suppose that (ug, u1) € (H(Q2) NV (2)) x V(Q) satisfies

2.7) / upuirdz > 0.
Q

If the local solution u(¢) of the problem (1.1) exists on [0,7") and satisfies

(2.8) I(u(t)) <O,
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then H (t) = |lu(t,-)||3 is strictly increasing on [0, T').

Proof. Since I(u) := ||Vul|3 — fro uf(u)dl' < 0, and u(t) is the local solution
of problem (1.1), by a simple computation, we have

1dH
5@ = Quutda:,

1d*H / 5 /
—— = u|“dr + | wupdx
2 dt? Q‘ t 0

_ HutHQ—/Quutda:—i—/ wf (u)dl — ||Vl

o

—i—/otg(t—T)/Qa(a:)Vu(T, x)Vu(t, x)dzdr
> —/Quutda:—i—/otg(t—T)/Qa(a:)Vu(T, x)Vu(t, x)dzdr,

which yields

1, d*H  dH !
§(W+E> >/0 g(t—r)/Qa(a:)Vu(T,x)Vu(t,a:)da:dT.

Therefore, by Lemma 2.2, the proof of Lemma 2.3 is complete.

Lemma 2.4. If (ug, u1) € (H*(Q)NV(2)) x V(1) satisfy the assumptions (3) in
Theorem 1.2, then the solution u(z, t) of problem (1.1) satisfies

(2.9) I(u(t,x)) < 0,

2(2+ ) C2E(0).

2
(2.10) lult: 2)l2> S5

for every t € [0, 7).

Proof. We will prove the lemma by a contradiction argument. Firstly we assume
that (2.9) is not true over [0, T"), it means that there exists a time ¢; such that

(2.11) t1 =minf{t € (0,T) : I (u(t,z)) =0} > 0.

Since I (u(t,z)) < 0 on [0,¢1), by Lemma 2.3 we see that H(t) = ||u(t, -)||3 is strictly
increasing over[0, t1), which implies

2(2+ )

H(t) = flu(t, )3 > lluoll3 > — CyE(0).

—24a)k P
By the continuity of H(t) = ||u(t,-)||3 on ¢, we have

2(2+ ) C2E(0).

2.12) H(ty) = [lu(ty, )3 > P CpmyAS
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On the other hand, by (2.2) we get

@13) 3I9u(t )5 [ oeaslVa@u(ts, )i Pu(t))dr < B(O)

It follows from (A3), (A4) and (2.11) that
1-k 1

2.14 — t1,-)||3 < E(0).

(214) (5= ~ 572 IVults, )IB < E©)

Thus, by the Poincare’s inequality and k < 35, we see that
2(2+ )

2.15 H(t) = |lu(ty, )3 < —————~--C2E(0).

2.15) (1) = Nuts, VI < = 5 7 g OB

Obviously, (2.15) contradicts to (2.12). Thus, (2.9) holds for every t € [0, T).
By Lemma 2.3, it follows that H(t) = ||u(t,-)||3 is strictly increasing on [0, T,
which implies

22+a) o
s ar e PO

for every ¢t € [0,T). The proof of Lemma 2.4 is complete.

H(t) = [lu(t, ) |3 > [luoll3 >

3. THE PrROOF OF THEOREM 1.2

To prove our main result, we adopt the concavity method introduced by Levine,
and define the following auxiliary function:

t

G.D  Gt)=ult, )5+ / lu(r, )l3dr + (t2 = t)|luoll3 + alts + )%,
0

where t9, t3 and a are certain positive constants determined later.

Proof of Theorem 1.2. By direct computation, we obtain

t
(3.2) G'(t) = 2/ uurdx + 2/ (u, ur)dr + 2a(ts + 1),
) 0

and

1
SG" = Jlugl3 - HVU\!2+/ uf(u)dl
To

2
—i—/o g(t_T>/Qa(x>vu(77x>vu(t,x)dxdr+a

(3.3) = ol — [Vl + / uf (u)dT

o

—i—/o g(t—T)/Qa(x)Vu(t,a:)(u(T,a:)—Vu(t,x))da:dT—i-a
—i—/o g(t — 7)dr||/ a(z)Vu(t, z)|3.
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By the Young’s inequality, for any € > 0, we have
t
/ gt —7) / a(2)Vu(t, )| Vu(r,z) — Vult, )| dzdr
0 Q

< o [ otdrlVa@@Vult, )3 + (g 0 Vu) (1)

_260

Taking € = % into the above inequality, by (A4), (1.3), (2.2), (3.3), Lemma 2.3 and the
Poincaré’s inequality, we obtain

6" = (a+ aul + ol Vall = (¢ +0) [ g(r)ir] Val@ ul}
+24+a—¢)(goVu)(t) —2(2+ a)E(t) + 2a
> (44 0)ul + (o~ (o + DR Vul + 2+ a = g0 Vu)()
12(2+ ) /tHuTH%dT—Q(Q—i—a)E(O)—i-Qa
0 1
> (4 a)ful3 +22+0) [ mar%m%ﬂuuu%
+(24+a—e¢)(goVu)(t) —2(2+ a)E(0) + 2a

(3.4)

t
> (4 )l +22+ a) [ urlar
0

— (a+2)k
%Hu\]% ~2(2+ a)E(0) + 2a
p

Case(I): £(0) < 0. From (3.4) it follows that
t
G" > (4+a)uell3 + 202+ ) / lur 3dT — 2(2 + a) E(0) + 2a.
0
which means that G”(t) > 0 for every t € (0,7'). Since G'(0) > 0 and G(0) > 0,
0,

thus we obtain that G’(¢) and G(t) are strictly increasing on [0, T").
We now let the constant a satisfy

0<a<—2E(0).
And set
t
A= lut, )3 + /0 lu(r, ) 3dr + alts + )%
1
B:=-G¢
a0,

t
C = Juslt, )3 + /0 e (7, )2 + a.
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By (3.2) and a simple computation, for all s € R, we have

As®* —2Bs+C = / suta:)—ut(ta:))d

/ Isu(,-) — ur (r, )27 + a(s(ts + 1) — 1)° > 0,

which implies that B2 — AC < 0.
Since we assume that the solution u (¢, x) to the problem (1.1) exists for every
t €[0,T), then for t € [0,T), one has

Git)y> A, G"(t) > (4+a)C

and
4+ «

G (G(H) -

(G'(1)% > (4+ a)(AC — B?),

which yields A
G ()G(t) - ZQ(G’( )% > 0.

Let 3= > 0. As ‘LTTO‘ > 1, we see that
d
el -3 — _pB—B-1v
= (G (t)) BG01a! < o,
d? e _ nGa-8-2a"2 Ga8-1q
(3.5) ETo) ( (t>> =—0(=5-1) -
_ _/BG—,B—Z [G//G_ (1 +/8>G/2:|
<0

for every ¢ € [0, T'), which means that the function G~ is concave.
Let t5 and t3 satisfy

4 1
ty > max{—HugH% — 5/ upuidz, 0},
)

o > 1+ t3,
| ng

from which, we deduce that
G(0)
BG'(0)

Since G~ is a concave function and G(0) > 0, we obtain that

to >

5 _ G(0) - BG(0)t
(3.6) G < =)
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thus
Gl—}—,@ 0 1//6
3.7 G > (0)
G(0) — BG'(0)¢
Therefore, there exists a finite time 7' < % < t9, such that

t
lim [ul2 +/ ur (, @) [3dr = oo,
t—T— 0
e. i 3 = o0.
e, lim [lul = oo
Case(Il): E(0) = 0. By (A3), (1.3) and (2.2) we have
(3.8) (1—Fk)||Vul3 - 2/ F(u)dl < 0,
o
for every t € [0, 7).
By (A4) and k < 33, we obtain
I(u(t,z)) <0,

for every t € [0, 7).

Thus, by [, upuidz > 0 and Lemma 2.3, we see that H (t) = ||u(t,-)||3 is strictly
increasing on [0, 7).

As (3.4) we also have

t a—(a+2)k
6" = (a-+ )l + 22+ ) [ Jurldr + 22 ul + 20
G2 r (@ + 2)k
a—
> (4 ) unlf + 22 +-a) [ fur By + 20D g + 20
0 p

which means that G”(t) > 0 for every t € (0,7'). Since G'(0) > 0 and G(0) > 0,
thus we obtain that G’(¢) and G(t) are strictly increasing on [0, T").
We now let the constant a, to, t3 satisfy

a—(2+a)k 2
e

4 1
ts > max{—|luo|3 — =~ [ uouda,0},
ao a Jo

2+ a)a <

2
lg > 1+ —ts,
o

Then by the same argument as Case I, we can claim that the corresponding local
solution of the equation (1.1) blows up in finite time.
Case (III): £(0) > 0. By (3.4), Lemma 2.3 and Lemma 2.4, we have
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t
G > (4+a) i+ 22+ o) / Jur |3
0

— 2
00 ER 03— 2(2 + )B(0) + 20
(3.10) P ¢
> ()l +2(2+) [ lurlar
0
a— (a+2)k
#H%Hg 224 a)E(0) + 2a

which means that G”(¢t) > 0 for every ¢ € (0,7). Since G'(0) > 0 and G(0) > 0,
thus we obtain that G’(t) and G(t) are strictly increasing on [0, 7).

It follows from the assumptions (3) in Theorem 1.2 and k < 3% that, we can
choose a, to, t3 to satisfy

oa—(a+2)k
=0 ) - 22+ @) E(0).
p

4 1
ts > max{—|uo[l3 — = | wourdz, 0},
ao a Jo

2+ a)a <

2
ty > 1+_t37
«

As the proof of Case I, by a concavity argument we can obtain that, there exists a finite
time 1" < oo, such that
lim ||Jul? = .
i Jul

The proof of Theorem 1.2 is complete.
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