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ROUGH SINGULAR INTEGRALS ASSOCIATED TO SUBMANIFOLDS
Wenjuan Li and Koz0 Yabuta

Abstract. We investigate the P boundedness for a class of singular integral
operators associated to submanifolds, including surfaces of revolution, under the
L(log L)(S™~1) or Block space condition on the kernel functions. Our results
improve known results.

1. INTRODUCTION

Let R™ (n > 2) be the n-dimensional Euclidean space and S™~! be the unit sphere
in R™ equipped with the induced Lebesgue measure do = do(-).

The LP boundedness of singular integrals has attracted the attention of many au-
thors. There are several papers concerning with rough kernels associated to surfaces
of revolution. Kim, Wainger, Wright and Ziesler [15], Chen and Fan [5], Lu, Pan and
Yang [20], Al-Salman and Pan [3], Al-Qassem and Pan [1], etc..

In 2001, Lu, Pan and Yang [20] gave the following theorem.

Theorem A. [[20]]. Let n > 2. Let¢)(¢) : [0, 00) — R be in C'(0, o0o) and satisfy
[(t) —(0)| < Cot® for some o > 0 and small ¢. Let @ € H(S"1), b€ L®(R,).
Then TQ’t7¢7b(f)($, .’L‘n+1) defined by
Q)

ly[™
is bounded on L?(R™**) for 1 < p < oo, provided the maximal function M ,, defined
by

M) Borss D nin) = v [ DT F e = v mia = 0(luD) do

2k+1

1
(1.2) My f(x1, 22) = sup ok
keZ 2k

|f(z1 =tz — (L)) dt,

is bounded on L?(IR?).
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However, for 1 (t) = log(1 + t), M, is not bounded for any 1 < p < oo, as is
noted in Stein and Wainger [23, p. 1291]. So, we cannot apply the above theorem to
this case.

In this paper, we will deal with singular integrals with two parameter functions,
which are essentially singular integrals associated to surface of revolution. As a
byproduct, using Example 1 and our Theorem 1 below, we can show that if Q €
LlogL(S™ 1)U Bg(S™1) (¢ > 1), b(t) = h(log(1 +t)) t/((1 +t)log(1 +t)) with
h e Ay (y > 1), then, for ¢ (t) = log(1+1), the above operator 7¢ ¢  » is LP bounded
provided |1/p —1/2| < min{1/2, 1/4'}. The precise definitions of A, and the block
spaces BY"(S™~1) will be given soon.

We comment the following: Al-Salman and Pan [3], Al-Qassem and Pan [1] gave
LP boundedness results in the case Q € LlogL(S™ 1) U BY?(8™ 1) (¢ > 1), b(t) €
L>(R4), and v (t) is increasing and convex, and satisfy ¢(0) = 0. However, log(1+t)
is concave, and so we cannot apply their theorems to the above case, too.

Now, the singular integrals with two parameter functions are the following ones:

Top06(f) (@, Zni1)
(1.3) ,
. [ M)

= P f(@ = o(yDy', zni1 — v (|yl)) dy.

Here, b € A, Q € LlogL(S" H)UB° (5" 1) (¢ > 1). ¢(t) and (¢) are nonnegative
CY(R.) functions satisfying ¢(t)/(t¢'(t)), ¥ (t)/(t¥'(t)) € L>(R,) and doubling or
convexitylike conditions. Relating to this, we also consider two maximal operators
Mao,gpn and 73 , . f defined by

Ma gy nf(z, Tni1)

(1.4) 1 / |
=swp s | 1= oDy zn = v (D) 196Dl dy,
and
T6=¢=¢,hf(x7xn+1)
(1.5) B / o)
- Oing /E<|y|<A flz = o(yDy's 2 — ¥ (lyl)) [ h(|y]) dy|.

Precise conditions on ¢ and ¢ are the following assumptions (A-1) and (A-2).
(A-1) ¢ is a nonnegative C*(R.) function and ¢(¢)/ (t¢'(t)) € L>(Ry).
(A-2) ¢ satisfies one of the following conditions:

(i) ¢ is increasing, and ¢(2t) < c1¢(t).

(i) ¢ is increasing, and t¢’(t) is increasing.
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(iii) ¢ is decreasing, and ¢(t) < cop(2t).
(iv) ¢ is decreasing and convex.

Remark 1. Under the condition (A-1), if ¢ is increasing and convex, then t¢/'(t)
is increasing. And if ¢ is decreasing and —t¢’(¢) is decreasing, then ¢ is convex.

For 1 <~ < o0, Ay(Ry) is the collection of all measurable functions b : [0, co) —
C satisfying
1 R 1/v
lla, = s (5 [ peorar) <
R>0 0

L*(R4) € Ag(Ry) C Ay(Ry)  for a < g,

We note that

LY (R4, dt/t) C Ay(Ry) for1l <~ < oo,

and all these inclusions are proper.

We also note that our operator T, 4.4 i & singular integral of type in (1.1) with
rough kernel associated to surface of revolution. In fact, by using the polar coordinates,
changing the variable s = ¢(r), and then changing the polar coordinates to the usual
ones, we get

Top06(f) (@, Zny1)

. / n b(\yoj’ﬁf(x () Tnrs — (lyD) dy

= [ [T o )y s — 00 dr o
sn—1 Jo T

- L G ) LNV
_p.v./gn_l/o T o W) = sy = (67 () T
Q)

I -1 \y\
=pov. [ oo WD) S ey Tl

f(@ =y, 1 — (07 (|yl)) dy.

So, setting

(1.6) b(t) = b(¢~ (1)) f _ [b(t) é(s)

o1 ()¢ (o1 (1) s¢'(s) ] smp1(t)
we see that

To,p,00(f)(; Tni1) = To 4 g1 5() (25 Tnt1)

Q)

(1.7) :p_v_/Rng(‘y\) o fle=y, 2o —0(o~ (ly)))dy,
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i.e., To,¢4.p i @ singular integral Totpo-1)p with rough kernel associated to surface

of revolution {1 = ¥ (¢~ (|y|))}. Here, we see that

(1.8) Blla, < (1+ 16t/ (' (1)) lo) [Blla,

However, it seems to be very complicated to study our operator T¢, 4 5 in the form of
Totue b

Example 1. Let ¢(t) = e —1 and ¢ (¢) = t. Then ¢ satisfies (A—1) and (A —2)
(i) and (ii), and + satisfies (A — 1) and (A — 2) (ii). Since ¢~1(¢) = log(1 +t) and
¢'(t) = e, we have

Ta,6,,6(f)(; Tns1) o
(1.9) :p.v./ b(log(1 + |y])) 1yl )

Rr (1+ |y]) log(1 +[yl) |y|™
[z =y, zne1 —log(1 + |y])) dy.

That is, in this case Tq ¢ y.5(f)(2, Tny1) = TQ,t,log(l—f—t),B(f)(x’x”"'l) in (1.1) with
b(t) = b(log(1 + 1)) t/((1 +t)log(1 +1)).

To state our theorem, we use two function spaces L(log L)(S™ ') and the block

spaces BV (571, Let L(log L)(S™1) (for a > 0) denote the class of all mea-
surable functions © which satisfy

12U L 10g Ly (s7-1) :/ 1Q(y")|1og™(2 + |2(y)]) do(y') < oo.

Sn—1

For g > 1, let Béo’”)(S”—l) denote the block space generated by g¢-blocks (its precise
definition will be given in Section 3).
Now, we can state our main theorem.

Theorem 1. Let h € A, for some 1 < v < oo, and Q € L(log L)(S™ 1) U
(Ur<geoo B0 (S7-1)), satisfying the cancelation condition
(1.10) / Q2! do () = 0.
Sn—1

Let ¢ and v satisfy the assumptions (A-1) and (A-2). Then
(i) for every p satisfying |1/p — 1/2| < min{1/2, 1/~'}, there exists a positive
constant C), such that

(1.11) |Ta,0.0f |l r@n+1y < Cpll fllo@nt)

for every f € LP(R™H1),
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(i) for all v’ < p < oo, there exists a positive constant C',, such that

(1.12) [Ma,ppnfllLo@ntty < Cpll £l Lo@nty

for every f € LP(R™T1).
rEiiih) forall v/ < p <1/(1/2—min{1/2,1/~'}) there exists a positive constant C,
such that

(1.13) 1T6.60.0f | p@nt1y < Cpll fll omn)
for every f € LP(R™*1). We use the convention 1/0 = +oo.

In the case of Llog L, Al-Salman and Pan [3] showed Theorem 1 (i) and (iii) for
¢(t) =t (i.e., in the case of surface of revolution) and ¢ under the condition that it is
nonnegative, increasing, convex and (0) = 0, and (ii) under the additional condition
on h € L>®(R).

In the case of the block spaces, Al-Qassem and Pan [1] showed Theorem 1 (i) and
(iii) for ¢(t) = t and ¢ under the condition that it is nonnegative, increasing, convex
and ¢»(0) = 0, and (ii) under the additional condition on h € L*°(R.).

To understand the relationship in the above results, we remark the following proper
inclusion relations:

(1.14) LY(S™ Y ¢ L(log L)(S™ Y ¢ HY(S™ ) c LY(S™™Y) (¢ >1),
(1.15) L(log L)’ (8™ 1) ¢ Llog L)*(S™™Y) if0 < a < 3,
(1.16) L(log L)*(S™ Y c HY(S™™!) forall a > 1,

where H'(S™~1) is the Hardy space on the unit sphere.
Note that L(log L)1+5(S"~1) does not contain B{"”(S"~1) for any ¢ > 0, and
B (sn=1) ¢ H1(S"1) for any ¢ > 1.

As is easily checked, from the conditions in [2] it follows that ¢(t)/ (t¢/(t)),
¥(t)/(t'(t)) < 1. Hence, our results are improvements of theirs. In particular, we
can cover the case where ¢(-), v (-) are positive, increasing and concave, such as
H(t) = t* and (t) = t* (0 < a,b < 1). We can also cover the case ¢(t) = t
(0<t<1),%t)=at’/b(t>1),where0<a<1<b.

Remark 2. Taking Q(y') = v1/|y|, ¢(t) = log"/™(1 + t) and ¥ (t) = 0, our
singular integral has the form

(1.17) TQ,¢’w71f($, {L‘n+1) =p-. V./R f(x _ y’ logl/n(l + \y\), $n+1) ‘y’le"H dy,

To this operator, LP boundedness does not hold for any 1 < p < oo. In this case, ¢
satisfies (A-2) (i) but ¢(t)/ (t¢'(t)) ¢ L=(R,), i.e., ¢ does not satisfy (A-1). This
gives a reason why we treat the assumption (A-1).
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Finally, we note that unfortunately we could not get similar results for H'(S"~1)
kernels €2, besides L?(R™"!) boundedness.

The main tools in this paper come from Al-Qassem and Pan [2]. Besides their
ideas, we use two observations. One is about relations between monotonic functions
and the directional Hardy-Littlewood maximal function (Lemma 2.2). The other is
about behaviors of the Fourier transform of measures arising from our singular integral
operator (Lemma 3.1).

This paper is organized as follows. In Section 2, we recall some properties of mono-
tonic functions satisfying (A-1) and (A-2), and state Lemma 2.2, and that {®(a*)} ez
is a lacunary sequence. We also give Fourier transform estimates of some measures in
this section. In Section 3, we prepare necessary lemmas to prove our theorems, in the
framework by Al-Qassem and Pan [2], such as Lemma 3.1. In Section 4, we discuss
the proof of Theorem 1 in the case of Q € Llog L(S™!). The proof of Theorem 1
in the case of Q2 € U1<q<ooB((]0’0)(S”—1) is given in Section 5. In the last section, we
shall give a proof of our claim in Remark 2.

Throughout this paper, the letter C' will denote a positive constant that may vary at
each occurrence but is independent of the essential variables.

2. PRELIMINARIES

In this section, we recall fundamental properties between monotonic functions and
the directional Hardy-Littlewood maximal function. All lemmas in this section are
given in our paper [7], [17]. We begin with stating fundamental properties of positive
and monotone C* functions ®(¢) satisfying the condition (A-1), i.e. ®(t)/(t®'(t)) €
L*>(0, 00).

Lemma 2.1. ([7, 17]). (i) Suppose @ is positive and increasing. Then ®(¢)/(t®'(t))
< b (t > 0), if and only if ®(at)/®(t) > a'/’ for all « > 1 and t > 0. Hence, if
a> 1, &) /®(a*) > o'/’ for k € Z, ie. {®(aF)}rez is a lacunary sequence.
Moreover,

o) <d)YY (0<t<1), @) >dW)tY (t>1),
t®'(t) > ?t”b (t>1),

and hence lim;_,o ®(t) = 0, lim;_.o, ®(¢) = +oo. Also, t®’(t) cannot be a decreasing
function on (0, co).

(ii) Suppose @ is positive and decreasing. Then —®(t)/(t®'(t)) < b (t > 0)
if and only if ®(¢)/®(at) > a'/® for all @ > 1 and ¢t > 0. Hence, if a > 1,
O(a= kD) /®(a"F) > o/t for k € Z, i.e. {®(a*)}rez is a lacunary sequence.
Moreover,
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O(t) > ()t (0<t<1), ®@) <V (t>1),
— 19/ (t) > ?t_l/b (0<t<1),

and hence lim; o ®(t) = +o0, limy_,o, ®(t) = 0. Also, —td’(¢) cannot be an in-
creasing function on (0, co).

Now we recall several properties between monotonic functions and the directional
Hardy-Littlewood maximal functions.

Lemma 2.2. ([7, 17]). Let Q € L'(S™1). Suppose @ is a positive function on
(0, 00) satisfying |®(t)/(t®'(t))| < b and satisfies one of the following conditions:

(i) @ is increasing, and ®(2t) < ¢1P(¢).
(i)
(iii) @ is decreasing, and ®(t) < co®(2t).
iv)

(iv) @ is decreasing and convex.

® is increasing, and ¢®'(¢) is increasing.

Then there exists C' > 0 such that

‘/ /t/2<|y|<t 20/ e — 2(y)y) dy‘ <C(1+b) /S 1Q(y")| My f(z) do(y),

|ly|™ n-1

where M, f(x) is the directional Hardy-Littlewood maximal function of f, defined by

1
sup o |f(z —ty')| dt.
>0 2T J|t|<r

Remark 3. (i) If @ is positive, increasing, and ®(¢)/(t®’'(t)) is decreasing, then
t®’(t) is increasing on (0, co).

(ii) If @ is positive, increasing and convex, then ¢®’(t) is increasing on (0, co).

(iii) If @ is positive, decreasing, and —t®’(t) is decreasing on (0, c0), then ®(¢) is
convex.

(iv) If @ is positive, decreasing, and —®(t)/(t®’(t)) is increasing, then —t®’(¢) is
decreasing, and hence ®(t) is convex.

Next, we prepare the following estimates about Fourier transforms of some measures
on R™+1,

Lemma2.3. [17]. Let1 < ¢ < oo, 2 € L9(S™1) and + be a real valued function
on (0, c0).
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(i) If @ is positive, increasing, ®(2t) < c;®(t), and ¢(t) := ®(¢)/(tP'(t)) €
L>(0, 00), then it holds for any 0 < o < 1/¢’
5 [@(t/2)¢]

t
/.
(i) If @ is positive, decreasing, ®(t) < co®(2t), and p(t) := ®(t)/(tP'(t)) €
L>(0, 00), then it holds for any 0 < o < 1/¢’

t
/.
Lemma 2.4. ([17]). Let 1 < ¢ < oo, 2 € L9(S™1) and 1 be a real valued
function on (0, co).
(i) If @ is positive, increasing, ¢®'(¢) is increasing, and p(t) := ®(t)/(t®'(t)) €
L*>(0, 00), then it holds for any 0 < o < 1/¢’

/t 2§ . C(X4O‘(1°g2)1‘0‘H¢H§‘OHQH%q(sn—1)
v s = [®(/2)€]

(i) If @ is positive, decreasing and convex, and ¢(t) := ®(t)/(t®'(t)) € L>(0, c0),
then it holds for any 0 < a < 1/¢’

t
/t/2 s = RGN

Finally in this section, we will note the Littlewood-Paley operator for a lacunary
sequence.
Let {a;},cz be a lacunary sequence of positive numbers satisfying

s _ Ca2*(105e0)! @l aqeny

/ Q! )eI@EET+10) o (1)
Sn—1

s = [@@)¢]

2 s _ Ca2°‘(log62)1_°‘HﬂPHooHQ”%Q(S"—l)

/ Q(x/)e—i(¢(8)§~m/+nw(8))dg(x/)
Sn—1

/ Q! )e—I@EET+1E) o (/)
Sn—1

%ds _ Ca8%(l0g 2) || &1 7 4 01y

/ Q(x/)e—i(‘P(S)ém/-FW(S))dg(x/)
Sn—1

a; .
j—HZa>1, j € Z.
a;

Take a non-increasing C>° ([0, o)) function ¢(¢) such that
0<e()<1(te0,00), ¢(f)=1(0<t<1), ¢)=0(=a).
We define functions 1, on (0, co) by

50 = () - o)

We set
2.19) W) = (2n) " [ (e s

Then we can use the Littlewood-Paley theory and get
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Lemma 2.5. ([17]). Letap > 1 and 1 < p < co. Let ¥; be as above. Then there
exists a positive constant C, such that

(S 1w« sP) "

(2.19) l
JEZ

< Gpllfllp, f € LP(RY),
p

where C, is independent of a > ay.
3. SoME DEFINITIONS AND LEMMAS

In this section, we give some definitions and prepare some lemmas to prove our
theorems.

The block spaces originated in the work of Taibleson and Weiss on the convergence
of the Fourier series in connection with the developments of the real Hardy spaces. We

will recall the definition of block spaces on S™~!. For further information about the

theory of spaces generated by blocks and its applications to harmonic analysis, see the
book [21] and a survey article [18].

Definition 1. A g-block on S™~!isan L4(S" 1) (1 < ¢ < o) function b(x) that
satisfies

(i) suppbC I;

(3.1) - o
(i) blly < 12117H9,

where |I| = o(I), and I = B(z},0p) N S™! is a cap on S™~! for some 2, € S™!
and 0y € (0, 1].

Jiang and Lu [13] introduced the class of block spaces Béo’”)(S”—l) (v > -1)
concerning the study of homogeneous singular integral operators.

Definition 2. For 1 < ¢ < oo and v > —1, the block space BE,O’”)(S”—l) is defined
by

32 BPU(sY) = {Qe L") Q=3 Aby, MPV({A}) < oo,
j=1

where each ); is a complex number, each b; is a g-block supported on a cap I; on
S7—1 and

(3.3) MPVENY) = D0 I+ log D (11171

J=1
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= inf{MéO’”)({)\j});Q = ;21 Ajbj and each b; is a ¢-
is a norm on the space

Let (12| g gns
Bgr(sn)
block supported on a cap I; on S"~1}. Then || - ||

0,v n— 0,v n—
B (771, and (B (5%70), 11+l 5oy
The following inclusion relations are known.

By (sn1)
) is a Banach space.

B (877 € BIO(SmY) if vy > g > —1;
BEO(S") € BRY(S™TY) if 1< g2 < qu forany v > —1;

U zresmh ¢ BO(smh) forany ¢ > 1, v > —1;

(3.4) o1
U B s ¢ [ zasmt) forany v > —1;
g>1 >1

0,v n—1 1/ gn—1 1+v/gn—1
B (s"Yy ¢ HY(S" ™) + L(log L)' (S"™1) forany ¢ > 1, v > —1.

Definition 3. For arbitrary real-valued functions ¢(-) and «(-) on (0, o), a mea-
surable function 4 : (0,00) — C and © : S~ ! — C, we define the family {0y p; t €
(0, 00)} of measures and the maximal operator o on R™*! by

_ / Q)
I B L TR LA R

(3.6) oh (2, Tpt1) = Stl;IO)HUt,h‘ * f (@, 2p1),

where |0 5| is defined in the same way as o 5, but with €2 replaced by |2 and h by
|h].

Furthermore, for m € N, we define the family {,, x»; k € Z} of measures and
the maximal operator &7, , on R™*! by

- Q@
en [t [ 7y vily)h(yh 2L ay
Rn+1 2mk<|y|§2m(k+1) ‘y‘
m(k+1)
= Z f dO’Ql’h,

l=mk+1 7R

(3.8) Grnf (T, Tng1) = iu§|‘&m’k’h‘ * f(@, Tng)],
(S

where |G, k.| is defined in the same way as &, k., but with Q replaced by 2| and
h by |h|.
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Lemma3.1. Let1 < ¢ < +4o0, meN,and Q e LIS ) with || Q| 11 (g0-1) < 1,
12| Logsn-1y < 2™, satisfying the cancelation condition [, Q(y') do(y') = 0. Let
1 (-) be an arbitrary real-valued function on (0, co), and h € A , for some 1 < v < oc.
Assume that ¢ is a positive C'1 (0, co) function satisfying the assumptions (A-1) and
(A-2).

Then there exist positive constants C' and o < 1/¢’ such that in the case of
increasing ¢

(3.9) [oen(§,m)| < Cllh| A,

. Cllhlla, (T +lelloo)
3.10 < . ;
( ) ‘Ut,h(fﬂ?)‘ = ‘¢(t/2)f‘a/m
(3.11) Gen (& m)| < Cllhl|a, |¢()E[*™,

and in the case of decreasing ¢, ¢(t/2) is replaced by ¢(¢) in (3.10) and ¢(t) is
replaced by ¢(¢/2) in (3.11).
Similarly, in the case of increasing ¢

(3.12) |G e (€:m)| < Cml|h]| A,
~ Cm|h|la, (14 ][¢lloo)
(3.13) Gmin(&,m)] < 1 :
Fm (&M< =) iy glasm
(3.14) |G o (€, m)] < Cm|B]| A, [p(2mETD)g|o/m,

and in the case of decreasing ¢, ¢(2*) is replaced by ¢(2™(*+1)) in (3.13) and
(21 is replaced by ¢(2™) in (3.14).

Proof. From the definition we have

k(o)

- r/gn_l Q)| do(y)) < 2/[hl|a, |9l (sn-1y < 2]hl|a,-

t
Gen(E,m)| < /
t/2

Next, we show (3.10). In the case 1 < ~v < 2, by a change of variable, Holder’s
inequality and [|2[| 1 (gn-1) < 1 we have

dr
r

t A )
Bun(e,m)] < / Ih(r) / Oy e OOW-EREM g (o)
t/2 Sn—1

t

< 21|l (/

t/2

t

< 21, (/
t/2

" ﬁ) 1/

r
2 ﬁ 1/9
, .

[ ol st (y)
Sn—1

| aenienn st (y)
Sn—1
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In the case ~ > 2, using Cauchy-Schwarz’ inequality in place of Holder’s inequality,
we get a similar inequality. Together with, we have

2 dr 1/max{~’,2}
, .

t ) ,
‘atﬁ(f, 17)‘ < QHhHA,Y </ / Q(y’)e—2(¢(r)y ~§+¢(7’)77)d0(y/)
t/2]) g1

So, if ¢ satisfies (A-2) (i), by Lemma 2.3 we have for 0 < a < 1/¢

La(sn—1
lp(t/2)€|*
22m >l/max{'y/,2}

< O, 1+ olko) (i

_ Callgllol22 1max{2)
[Gen(&sm)| < 2yyhym( >)

From this and (3.9) we obtain

92m )1/(mmax{'y/,2})

Fuaeonl < Clils, 0+ el (e

Cllhlla, (1 + o)
= Jolt/2)ge Tty

Taking ar/max{+’,2} newly as «, we get (3.10). The other three cases can be proved
in a similar way, using Lemmas 2.4 (i), 2.3 (ii) and 2.4 (ii), respectively.

Finally we prove (3.11). Using the cancelation property of 2 and the monotonicity
of ¢, we have

t
‘atvh(& n)‘ < / ‘h(?")‘ / Q(y/) (e—i(¢(7’)y/.§+¢(7’)77) _ e—iw(T’)ﬂ)dJ(y/) ﬁ
t/2 Sn—1 T
< C||hlla, max{|p(t)E], |o(t/2)EHI L1(s5n-1)-
Combining this with (3.9) yields the desired estimate (3.11).
Since
/
(3.15) Gmin(E,m) = / e—z‘(§~¢(Iyl)y/+nw(|y|))h(‘y‘)Q(y) dy
2mk <|y|<2m(k+1) ‘y‘n
m(k+1)
- Z 821,/1(57 77)7
l=mk+1
we obtain (3.12), (3.13) and (3.14) from (3.9), (3.10) and (3.11), respectively. |

Remark 4. It is worthwhile to note that in order to get (3.9) and (3.10), we do not
need the cancelation condition on €.
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We next state a variant of the Lemma 3.4 in [2].
Lemma 3.2. Let {ax}rez be a lacunary sequence of positive numbers with

a
B S 04 forsomea>1 and A > 0.

afg

Let {ox}rez be a sequence of Borel measures on R™. Let L : R™ — R™ be a linear
transformation. Suppose that for all ¢ € Z, £ € R", and some o > 0, Cy > 0,
by, ¢1 € NU {0}, and pg > 2, we have

(i) |3(6)] < Comax{1, (arre|L(E))A, (ar—e, |L(E)])~/4},
0 (w0, = Sl
keZ
R

kEZ
n

for arbitrary functions g5 on
0

Then for p(, < p < po, there exists a positive constant C',, such that
IS ana]| <cCollfly
kEZ P

and

[(Stow=s2) ™| < ol

kEZ

for all f € LP(R™). The constant C, is independent of A and of the linear transfor-
mation L.

In Al-Qassem and Pan [2], this lemma is given in the case ¢, = 1 and ¢; = 0, but
one can easily check that the above holds.

For the maximal function &7 , (f), we can show the following lemma in the same
way as in the proof of the corresponding Lemma 3.3 in [2], by using Lemmas 2.2, 3.1,
and 3.2.

Lemma 3.3. Let 1 < ¢ < 400, m € N, h € AY(R") for some 1 < v < oo, and
Q e Lo(S™ 1) with [|Q] p1(gn-1) < 1, [l pa(gn—1) < 2™. Assume that ¢ and ¢ are
positive C'! (0, co) functions satisfying the assumptions (A-1) and (A-2).

Then for every 7" < p < oo, there exists a positive constant C',, independent of m
such that

(3.16) 153m,m (Pl < Com]| £l

for every f € LP(R™H1).
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Proof. ~ We prove this only in the case of increasing ¢. In the case p = oo, we
have clearly

‘&m,k,h‘ * f(fL', xn—l—l)’
|

= ol s = () O

Wor [t o)
Sn—1

mk<|u|<2m(k+1>
m(k+1)

iy [0

l=mk+1
< 2m||hf|a, [ 22 (sn-1) [ f ]l oo-

From this (3.16) follows immediately.
Next, we shall prove the case (a) v = co and 1 < p < co. Fix a ¢ € S(R")
such that ¢(¢) = 1 for [£] < 1 and ¢(&) = 0 for |{] > 2. For each ¢ > 0, let

@1(&) = ¢(a(t)€). Define the family of measures { Yy, +}¢~0 and {Up, i rez by

Yot (6,1) = Tt n (€, 1) — Fint.n (0, M) BH(E),

(317) k(m+1)
mk 5 77 Z Tm 2! 5 77

I=km+1
Where fip, ¢ h = |Omt.n]. Then

k(m+1)

(3.18) Gkl = > Mot
l=km+1

and
D * f(T, Tny1) = |Tmpe,nl * f(T, Tngr)

(3.19) k(m+1) 20|
= _Z /Rn</211§|u|<21f(x_y’xn+l ([u))|h(u]) | —7— " du><p21(y)dy.

l=km+1

Now, let

— % f|2 12 * = *
= (X s £2) L 0(h) up| [V /1

kEeZ

My f(x, Tpy1) = sup
t>0

/t S, 21 — () ds .

t/2 S

By (3.19) we have
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G nf (T, Tpi1) = 2up||5m kohl % f| (@, 2ng1)

k(m+1)
<sup||19mk|*f|+sup Z /
l km~+1 ,
(/ e —— AL (n)'du>|¢gz<y>|dy
3.0 91-1<|u|<2! |ul
(' ) E(m+1)
< (Dl z) + W@y sp S [
l km—+1
c fx_yaxn _w T)
(sup/ A U )|d7“>|<pzz(y)|dy
>0 5/2 r

< g ()@, Tni1) + Cm|[hl|oo Q] L1 (sm—1) (Mrn @ idg1) 0 My) f(, Tns1)-
Hence, by (3.19) we get
U5 ()@, Tnga)

< gm (F) (@, Tni1)+20m| ]| oo || L1 (sn-1) (Men @ idgs ) 0 My) f(2, Zpi).-

(3.21)

On the other hand, we have

(322) Tm,t(f;n) — //2<| |<t{e—i¢(|y|)y/.§ _ @( )}6 W (ly|) n‘h(‘y‘)“ ‘;‘n)‘ dy
)

So, if |p(t)¢] > 1, we get

Toeml<2 [ P [ jw)1dow)

t/j2 T
< Af|hllay [ rsn-1y < 4llhlla [ r(sn-1)l(E)E]-

And, if [p(t)¢| < 1, we have

!
|Tm,t(fa77)| = e~ie(lyDy’ & _ 1}e—i¢(|y|)n‘h(‘y‘)‘ 122y dy
t/2<]y|<t ly|™

o [ 1)
< [ 10000 [ 1oty € dote)

< 2[|hfla, 1920l L1 (sn-1) 9 ()E]-

Hence, in any case, we have

(3.23) Tt (&,m)| < 4l1Rl| Ay 1] L1 (sm-1) D (E)E].
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Also, by (3.22) we have

|Tm,t(£7n)| < ‘y‘

’/ h(lyl) n( )‘dy.
tj2<yl<t 1Yl

Using Lemma 3.1 to the first part and the assumption ¢ € S(R™) to the second part,
we see that there exist C' > 0 and 0 < a < 1/¢ such that

/ =0+l ) [ L2WL 4,
t/2<y|<t

1

(3.24) Y& < O e

From (3.22) it is clear that

(3.25) Tt (€,1)] < 4Rl Ay 192 1 ggn-1y.

By (3.23), (3.24), (3.25) and the definition of 9,, 1, we see that there exist C > 0 and
0 < o < 1/g such that

(3.26) D i (€,m)| < Cmlh] A,

N Cmllh]|a, (1 +[l¢lle)
3.27 Imik(&m)| < - ;
(3.28) O i(&, )| < Cmlh]|a, | $(2™FFD)g[2/m,

By (3.26), (3.27), (3.28), the lacunarity of {#(27%)} ez (Lemma 2.1), and Plancherel’s
theorem, we get

(3.29) lgm (£)ll2 < Cm[ f]l2-

By the boundedness of the Hardy-Littlewood maximal function on LP(R") (1 < p <
o0), Lemma 2.3 and (3.29) we get

(3.30) [T (N2 < Cm[ fl2-

By (3.29), (3.30) and applying the proof of the lemma in [9, p. 544] with py = 4 and
g = 2, we obtain

(3.31) H(%‘ﬁm’k*gk‘ ) H <CmH<Z\gk\ )1/2H

for arbitrary functions {gx }xez on R**1. By (3.26), (3.27), (3.28), (3.31) and applying
Lemma 3.3 we get
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(3.32) lgm (F)llp < Cm £l

for all p € (4/3, 4) and f € LP(R"*1). By replacing p = 2 with p = 4/3 + ¢ with
e — 0 in (3.29) and repeating the preceding arguments, we obtain (3.31) for every
p € (8/7,8) and f € LP(R™*!). By continuing this process we finally get

(3.33) lgm (P)llp < Cm[ £l

for all p € (1, 00) and f € LP(R™*!). Therefore, by (3.33) and (3.20), we obtain
(3.16), which completes the proof of the lemma in the case v = cc.

Now, we shall treat the case 1 < v < oo and " < p < oo. By Holder’s inequality
we get

||Gmkn| * (2, Tns1)|

NQ() 1/~
< (/ Ay D[] (y)\dy>
2mk<|y|§2m(k+1) ‘y‘n

8 </2mk<|y|§2m(k+l) |f (z = o(ly))y', ngr — v (|y]))]”

/ 1/
\Q(yn)\dy)
|
m(k+1) ol 1/~
h(r)|[Y ~ , L/
S < Z / ‘ ( )‘ d’l") HQH}//l’ZS"—l)(‘vak’l‘ * ‘f"y ($,$n+1)) /v
1 k

2l—1 T
~ / 1/~
< @ml| QU agsn) Whlla, (Gl L7 @5 2011)) 7
and hence
~x ~x / 1/+'
(338) G50 (F) (@ zns1) < (2m)| Q| Lr(sn-1) Y Blla, (G0 (1)@, 2ng1)) 7
Thus, applying the case (a) to &;fn,l(\fh/) for v/ < p < oo, we get
e . '\ l/y
1550 (Dllp < @ml|Q Lrsn-1) 2l ay 1751 (1F]7 )Hpﬂ/
< Cml|hfla, [ £1lp-
This completes the proof of the lemma. |

Lemma 3.4. Let h € A, forsome 1 <y <2and 2 <p < 2vy/(2— ). Again let
m, €, ¢, ¢ be as in Lemma 3.3. Then there exists a positive constant C',, such that

(3.35) H (Z |G ko, b * gk\z>1/2Hp < Cpm1/2H(Z \9k\2)1/2Hp
kEZ

kEZ

for any sequence {gx} of functions on R"+1,
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Proof. By duality there exists a nonnegative function f € L(®/2)'(R"+1) with
1 f1l(p/2)r = 1 such that

B 1/2)2 B
H (Z |G fe,h * 9k\2> H = Z |Gt * 9 (T, o) |2 f (2, 2py) doda, .
keZ P kez
By Schwarz’s inequality
|Gk * Gk (@, Tng) |

om(k+1)

= /Sn_1 gk (& = ()Y, Tngr — ()| P12 [R(F) > do (i)

omk

dr
-

Thus, by a change of variable we have

(3.36) H (3" 15mn « gk\z>1/2H

kEZ

2

p

< C _— (Z ‘gk‘(fﬂ, $n+1)‘2> 5';_‘;1’“1'2_,Y (f)(—{I,‘7 —$n+1) dxdxn_,_l,
" keZ

where f(x, 1) = f(—x, —n41). By Lemma 3.3 and noting |A(-)]>~ € Ay ja—)
(Ry) and (p/2) = (v/(2—~))" we obtain

(3.37) H5:fn,|h|2—v (f)”L(p/2)/(Rn+1) < Cpme”L(p/2)/(Rn+1) = Cpm-

Therefore, by (3.36), (3.37) and Holder’s inequality we get (3.35) for 2 < p < 2v/(2—
) u

4. PROOF OF THEOREM 1 IN THE CASE OF Q € L(log L)(S™~ 1)

Using Lemma 3.2 and Lemma 3.4 in the case ¢ = 2, we shall show our Theorem
1 in a quite similar way in the proof of Theorems 1.1 in [2].

Proof of Theorem 1. We first show (i). Assume that €2 satisfies (1.1) and belongs
to Llog L(S™Y). For m € N, set E,, = {y/ € "1 : 2m~1 < |Q(y)| < 2™}, and
Ey = {y' € S" 1 |Q(y)| < 1}. For m € NU{0}, set A, = [|Qxg,, |11 (sn-1), and
A={meN: A, >27™}. For m € A define the sequence {2,,,}mea Of functions
by

1

Qn(y) = - (Q(y’)XEm () !

|S™=1 Jg,,

i Q') da(x’)) ,

and

() =) = Y Ann(y).
meA
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Then it is easy to verify that for all m € A U {0} and some positive constant C,

(4.1) HQmHLQ(Sn—l) < CQm, HQWHLl(S’"—l) < C,
(4.2) Ao+ Y m Ay < ClQ Liog r(sn-1);
meA
@3 | ondot) =0, 2=+ 3 4u0.
Sn—l
meA
From the above, we see that
(4.4) I To6.00f o < 1Topwnfllp+ Y Aml Tongwnfllp,
meA
where

Qo
Tt @,200) = 0. [ F = o) ss = (1) =2 bl
However,
Tin,g,0,0f (T, Tny1)

= T — ! x )
‘Z/mmmmwf( S zsr — 0l ey

kEZ 2

-3 Z e = (s = o) 2 k()

(k+1)m

S Y ot fann).

kEZ i=km+1

Since A, C Ay for v > 2, we may assume that 1 < v < 2 and y— — 1 <

1575

. For

k€ Zand m N, let 0, = $(2F). From Lemma 2.1, we easily see that {Gm,k} is
a lacunary sequence With 0,,, x41/0m % > 2™/ > 1, where b = ||(t)/(t¢' ()] oo- Let
{\T/m,k, k € Z} be a smooth partition of unity in (0, c0), defined in Lemma 2.5, and

set (T i f) (€, n) = Uk (1) F(€, 1), (€,7) € R™ x R. Then

T, nf (@, Tni1)
(k+1)m

_Z Z Z Uinjrk @ 0g0y) * Opy 0y * f(T, Tpg1)

k€Z i=km+1 jEZ
(4.5) (k+1)m

- ZZ Z Uinjrk @ 0g0y) * Opy 0y * f(T, Tpg1)

JEZ kel i=km+1

= Qujif(@,z011),

JEZ
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where d;y is the Dirac’s delta at the origin in the z,, 1 space, and Qp ; f(z, Tni1) =

k+1)m
ZkEZ ZE km—l—l( myj+k & 5{0}) * O 2ip * f(fL', xn—l—l)-
From Lemma 3.1, we have the following estimates:

(k+1)m
(46) Z am,Zi,h(fan)l < Cm;
i=km+1
(k+1)m
(4.7) Z am,w',h(f,??)‘ < Cm|p(2mF)g| =™,
i=km+1
(k+1)m
i=km+1

First, we compute L? norm of Q,, ; f. By Plancherel’s theorem, Fubini’s theorem and
(4.7), (4.8), we obtain

Qs 18 = /

(k+1)m

Z Z mj+/€ ® 5{0}) * O 2i b ¥ f(fL', xn—l—l)

k€Z i=km—+1

(k+1)m
/IR"+

SN Uik (T n(Em) € )
R (k+1)m
SEl DDLU (D i )

2
dx dz,4+1q

2
d& dn

kEZ i=km+1
i=km—+1

1 (k+t+1)m X
{zwm,j+k+t<s> ) am,zi,h(ff—,n)}\f(f,n)\Qdfdn

t=—1 i=(k+t)m—+1

(k+1)m
/R_HZ‘\IIWJ‘H“ Z Jm2l 577)
keZ

i=km+1
Z / /‘
<|§|<¢9

F(&,m)|*d€ dn

F(€,m)|%d¢ dn.

Z Jm2l 5 77)

i=km—+1

(k+1)m
kEZ m,k+j+1 m,k+j—1

For j < —2and 61 <l <ot we get, using (4.7),

mk+j+1 m,k+j—1

1Qmjfllz < Crn (2Tl < Cm2P/? f]l2.

Forj >2and 6! < ¢l <6, Y, ;_1 we get, using (4.8),

m,k+j+1

1Qum.jfllz < Cm(2™) 79| £l < C2 79| £ .
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For -1 < j <1land@ ! <l <6t we get, using (4.6),

m,k+j+1 m,k+j—1

1Qm.ifll2 < Cml[fll2-

Hence, we obtain

(4.9) 1Qum.j fll2 < Cm271/b| £,

Next, as for IP estimate, by using Lemma 3.4, Lemma 3.2 and Lemma 2.5, we have

1 1 1
(4.10) Qnsfllp < Cmllflp— for |~ 5] < 5.
Interpolating between (4.9) and (4.10), we can find a number 0 < 6 < 1 such that

, 1 1 1
_ , < —13l0a/b S O
@) Qusflp < Cm2 P fl, for |- ol <
Hence, combining (4.5), (4.11), (4.4) and (4.2), we complete the proof of Theorem 1
(D).
Next, we show (ii). We first note that for any Q € L1(S™ 1), Mq ¢y nf (2, Tni1) <
2"(2" — 1)"Lo} f(z, 7,41), and hence for any m € N

2n+1

T @ 2ns)

(4.12) Maogpnf (@, Tny1) < on

where o} and o, , are defined by (3.6) and (3.8), respectively.
Now, by (4. 3) and (4.12) we have

Ma gy nf (T, Tnyr)

(4.13) < MQO’¢’w7hf(x, Tni1) + Z AmMQ"L’¢’¢7hf($, Tnt1)

meA
2n+1

< on 1 [Uo Qo.bint (T Tng1) + Z Am0 0 bond (T Tny1) |
meA

where o7, o 44 n = Oy, Which is defined by (3.8) for Q = €,,,. Then, using Lemma
3.2, Mmkowskl S mequallty and (4.2), we obtain for 7' < p < 0o
IMagunflle < Cliflp+ D CAnml fllp < ClIflp.

meA

This completes the proof of Theorem 1 (ii).
Finally we show (iii). It suffices to show that

(4.14) 176, 0,00 || Lo @nt1y < Cpml| £l Lo @nt1y-
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To show this, since for every 0 < e < A < oo there exist ko, k1 € Z with 20 < ¢ <
gm(kot1) gand 27mk1 < A < 2m(k1+1) e see by Lemma 3.1 that it suffices to show
(4.15) | T, b0 n | Lo @ntry < Cpml| £l Lo@ntry,

where

Tszfn@,w,hf(x’ Tpy1)

Qon(y’
=l [ o= ol e — 0 )huy\)dyl
kez ||y >2mk |y
(416) | - ;o Quly') '
ez ;/zqumﬂm(mf(w B9y w1 = V(D) hyl)dy
::ﬁg§:5mmh%ﬂ%$wu)=*ﬁ§ﬁﬂfﬂﬁwwuﬂ

J=Fk

We take a radial function ¢ € S(R") such that ¢(¢) = 1 when |¢| < 2-™/% and
©(€) = 0 when [¢] > 2™/, where b = llo(t)/(td' (t)]|oo- We also assume [|¢||o = 1.
Let (&) = ¢(¢(2™k)€) and @k (€) = pr(€). Then it is easily seen that

Co
927" (1 + || /g(2mk))" !

for some Cy > 0. Let § be the Dirac delta function in R™*! and as before, d(0) be the
1-dimensional Dirac delta function in x,1. Now

(4.17) |k (x)] <

Ik(f) = (5 —Pr® 5(0)) * Z&m’j x [+ Pr® 5(0) * TQm’¢’w’hf
ik

k-1
— O ® b(g) * Z Gmjx [ = Tea(f) + Ir2(f) + Ira(f).

j=—oc

Clearly, by using (4.17) we see that

[Ik2(f)| < CMgn @idr(Tq,,,¢.,1f)-

Hence, by the LP boundedness of the Hardy-Littlewood maximal function and the fact
| Tam.é.00fllp < Coml| fl|, for pwith [1/p—1/2] < min{1/2,1/+'} in (i), we obtain

(4.18) [Isup [ Tr2(f)llp < Cpml| flp
kEZ

when [1/p —1/2| < min{1/2,1/~'}.
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Next

sup [ I 3(f)| = sup‘z Gm,k—jh * (Pr © d(g)) * f‘
kEZ kez!i

< Z(iugﬁm,k—j,h * (P ® d(0)) * f’) =3 G(f).
j=1 "¢ j=1

Since we see by using (4.17)

G;i(f) < sup|Gmp—jnl * (Mge ®idg) f,

keZ

we have by Lemma 3.3
(4.19) 1G5 (Nl < Cm|[(Mpn @ idg) fll, < Cml|f]l,
for p > +/. On the other hand, it holds

/
G;(f) < (Z |G k—jn * (P @ 0y) * f\2>1 2-

kEZ

So, by Plancherel’s theorem, Lemma 3.1, the support property of &, and Lemma 2.1,
we see that

1G5z = €[ (3 Fms-snle ML) F(E )

keZ
mk—j+1)\ ¢ 2a/m) /2 ¢
) ScmH<¢(2mk%9m/b‘¢(2 HOeflm) T f e

<comrea (e )|,

} p(2mk) || <2m/b
< Cm27 UV f]l2.

.

For any fixed p > +/, we take pg > p when p > 2 and 7' < pg < p when p < 2, and
interpolate between (4.19) for py and (4.20), and get for some 6 > 0

(4.21) 1G5 (D)l < Cm277| £,

which leads to

4.22) Jsup Les(h)|| < cmilsl,
keZ p

for p > 4.
As for I, 1(f), we have
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up [T, (/)] = sup| (6 = @ @ 8(0)) % D Gt * f|
keZ keZ §=0

<> sup| (5 — Bk @ §g)) * Fmkersin * f| = Hi(f).
=0 keZ
As before, we get
(4.23) HH; (Nl < Cmll £l
for p > +/. On the other hand, it holds

Hj;(f) < (Z |G kg * (0 — Pp @ 0(0)) * f\2>
kEZ

1/2

So, by Plancherel’s theorem, Lemma 3.1, the support property of &, and Lemma 2.1,
we see that

1Pl = €] (3 omsrantem 1 = i) e mi) ],

kEZ
1 1/2
(4.24) - CmH <¢(2mk)%£2_m/b ¢(2m(k+j))€12°‘/m> f/(j ?7)”2
<omret|( Y i) e,

O g(amk) gz
< Cm2 | f2.

Thus, as in the estimate for I, 3, we obtain
(4.25) [sup Lt (0| < Cmlflly
keZ P

for p > +/. Combining (4.18), (4.22), (4.25) and (4.16), we obtain the desired estimate
(4.15), i.e.,

| Tey, 600l Le@nt1y < Coml| £l Lo@nt1y,
for p satisfying p >~/ and |1/2 — 1/p| < min{1/2,1/7'}, ie, v <p <1/(1/2—
min{1/2,1/+'}). This completes the proof of Theorem 1 (iii). ]

5. ProoF oF THEOREM 1 IN THE CASE OF Q) € U1<q<OOBC(,0’O)(S”_1)

Let ¢ > 1. Then if Q € Béo’o)(S”‘l) and satisfies the cancelation condition, it
can be written as Q = >~,°, A/, where A\, € C and € is a g-block supported on a
cap By = B(xy, 7)) NS™ ! on S ! and

(5.1) ; Xl {1+ log(|Be| ")} < 20192l 0.0 gn-1y < 00
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To each block €2, we define

v 1

Q) =) - o (') do ().
‘STL ‘ Sn—1
Let A={l e N; |By| <1/2} and set
(5.2) Qo=0-> Al

LeA

Then there exists a positive constant C' such that the followings hold for all £ € A:

(53) fs (&) do(at) =0,
(5.4) 192 pasn-1y < C|Be| 77,
(5.5) 1€l L1 (5n-1) < 2,
(5.6) Q=0+ > Al

LeA

Moreover, from (5.1) and the definition of € it follows that

(5.7) Q0 Lagsa-1y < C > 27HT A < ClIl g0 (gn-1y
LEN\A
(5.8) / Q0(a) do(z’) = 0.
Sn—l

For ¢ € A, define a family of measures o(9) = {o040;0 <t < oo} on R™L as in
Definition 3, by
Q(y')
Foan= [ 5@ v a)h(s) S dy
Rn+1 t/2<|y|<t |y

We only discuss the case of increasing ¢ in the proof of Theorem 1 in the case of
Qe u1<q<ooB§,0’0)(S”‘1), since decreasing case can be proved in the same way.

Fork € Z and ¢ € A U0, we set wy = 2%, 6, = [logy |Be|~*/7] + 1, where /]
denotes the greatest integer function.

From Lemma 3.1, we have the following estimates:

(k+1)0,

Z 3@,22’,/1(57?7)‘ < Coy;

’iik‘@[—}—l

(5.9)
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(k+1)8,
Z 8(,21',]1(5777)‘ < C@g‘(ﬁ(wéf)f‘—a/ﬁg;
i=k0,+1
(k+1)6;

Z 3@,21’,/1(57?7)‘ < COp|p(wphyg| /e

’iik‘@[—}—l

(5.10)

(5.11)

Moreover, we can use Lemmas 3.3 and 3.4, taking m = 6,. Now, we begin to
prove Theorem 1 in the case of 2 € U1<q<ooB((JO’O)(S”—1). By (5.6), we have

(5.12) Togmnf (@ ng)| < D el [ Trgpn (@, 2n11)],
£eAUO
where
_ ), .
Topnt@an) =30 [ SO = (s =)

kez i <lyl<wy

So, we have only to show the boundedness of 7j ¢ . 1 f.
Togpnf (5 Tg1)

=X o h(ul) f(z = o(lul)u’s 2pi1 = ¥ (Jul))du
wé<|y|<w +

keZ ‘u‘n
(k:+1 6, )
-y v / ‘ () = () s = ()
heZ jkp41 Y 2 <Y< U
(k:+1 6
=" Y o f@ ).
keZ j—kOp+1

Since A, C Ay for v > 2, we may assume that 1 <y <2 and |1/p—1/2| < %
For ¢ € Z, let 6, ; = ¢(w;). From Lemma 2.1, we easily see that {6, ,,7 € Z} is a
lacunary sequence with 6, ;11/60, ; > wl/b > 1. Let {\ng,j,j € Z} be a smooth partition
of unity in (0,00), defined in Lemma 2.5, and set (T,;7)(€,n) = W, (I€])F (€, n),
(&,m) € R" x R. Then

(k:+1 6,

Tpppnf (@ tni) = > > (Vujpr @ Sgoy) * 0pmip * £ (2, Tnp1)
KEZ i=kO,+1 jEL
(k:+1 6,

(5.13) = ZZ Z (Ve ik @ 0q0y) * 0p i p * f(2, Tny1)

JEZL KET i=kO,+1

= Quif(w,wnp1),

JEZ
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where &y is the Dirac’s delta at the origin in the z,,11 space, and Q¢ ; f(x, Tpi1) =

k+1)0
> kez ZE k;GZ-}—Zl(\ij,j'f'k‘ ® 610y) * Tpoi p * (T, Tny1).
First, we compute L? norm of Qe,;f. By Plancherel’s theorem, Fubini’s theorem
and (5.10), (5.11), we obtain

(k‘-f—l)@[ 2
1QesfIE = / S (W 60)) * 0pap x| dodon
R 7 i—k,+1
(k‘+1 0, 2
/ SN T n(OFean(& )6 m)| dedn
R e imkp+1
(k:+1 6,
=(27T)”/ D (¢ { > Guoin 5?7}
Rt ez i—kp+1
1 (k+m+1)6’g
S S T )
PILTTIEEDS Uz,zi,h(fi,n)}\f(fi,n)\ dedy
m=—1 i=(k+m)0,+1
(k+1)9£
sen) [ S Wn©F Y dua €| I midedn
Rt ez i—kp+1
(k+1)0,
s> [ [ S Gusn(en)| (€ ) acdn.
keZ Z_k+ +1<|§|<9m+] 1'9=k6,+1

Forj<—2and 6, ., <I[¢ <0, ., weget using (5.10),

1Qei flla < COI™ ) £112 < Clog | Be|~1)27/| ]2,

For j > 2 and GZH 1

<€ <0 M+ | We get, using (5.11),
1Qesfllz < COwo /| £l < C(log | Bl )27 2.
For -1 <j<1land, /i+ L <lEl<e Mﬂ | We get, using (5.9),
1Qe;fll2 < Ch < Clog [Be| )| fll2-
Hence, we obtain
(5.14) 1Qesfll2 < Cllog| Bel )27/ £,
Next, as for LP estimate, by using Lemma 3.4, Lemma 3.2 and Lemma 2.5, we have

_ 1 1 1
(5.15) Qe lp < Cllog Bl for |~ 5] < .
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Interpolating between (5.14) and (5.15), we can find a number 0 < 6 < 1 such that
: 1 1 1

(5.16) 1Qe;fllp < Clog [ Be|~1)27 11078 £, mq5—5<7.
Hence, combining (5.12), (5.13) and (5.16), we complete the proof of Theorem 1 (i)
in the case of Q € U1<q<ooB£,0’0)(S”—1).

We can prove Theorem 1 (ii) and (iii) in the case of Q € U1<q<ooB§,0’0)(S”—1)
in the same way as those of the proofs of Theorem 1 (ii) and (iii) in the case of
Q € L(log L)(S™1), respectively. So, we omit the details. n

6. APPENDIX

We state the claim in Remark 2 as a lemma.
Lemma 6.1. Let ®(¢) = log™(1 +¢) (0 <a<1/n)and

Then T is non-bounded on any L?(R") for 1 < p < cc.
Proof.  Set

X{mER"; 1<0, |Z|<—z1 }
xXr) = s
T ==l
where & = (x2,...,z,). Then f € LP(R™) forany p > 1. Letz € R*withz; > 0and
|#| < 1/3. Note first that, if y; < 0, we have z; — y1|y| ! log®(1 + |y|) > 0, and so

. 1/a B
fz—yly| " log®(1+]yl)) = 0. Also, if [y| < e*1' 1, f(z—yly| " log*(1+]y])) =
0. Next, for y € R with y; > 1, [§] < v1/3 and |y| > e®*)"" we have

B o_ Y1 S 3
vl VyE+1g2 " V10

2 3
201 < 3log"(1+ lyl) < —==log" (1 +[y]) < - log" (1 + 1yl

V10
and hence
71— 1o (14 Jyl) < 0
(6.2) Y

Y1 ly
mloga(lﬂy\) > - 21y ‘10g (1+ Jy])-

From these we obtain

- Y a r1 1y
- Letog (41| < a1+ Do (14 ) < 5+ 5 o™ (14 1)
(6.3) y

<—3mfu+wo<ﬂmfu+wo—x

|y
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We also have

y
Ty log®(1 + [y|)| < |=| 4 log™ (1 + |y|)

V10

<z log®(1+ [y|) < 2log™(1 + |yl).

(6.4)

Thus, using (6.2), (6.3), (6.4) and the definition of f, we have for 0 < e < 1

Y1 / Y1 /
) dy = e — -0 d
/| o (z—2(y))y’) dy /{|y|>max{e’e$1/ ) ‘y‘nﬂf(x (ly)y') dy

y|>e ‘y

3 dy
>/ = +00.
{y1>1,|y|>e(3’“1)1/a, l7l<y1/3} V10 ‘y‘n(l +2 1Oga(1 + ‘y‘))n
This implies that 7" is not bounded on any LP(R™). |

Remark 5. For ®(t) = log™(1+t) (o > 0) we have ®(t)/(t®'(t)) = (l“)lofw

¢ L°°(0,00), and ®(2t) < 2°®(t), t > 0, since log(1 + 2t) < log(l +t)? =
2log(1+1t).
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