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HYBRID METHOD FOR DESIGNING EXPLICIT HIERARCHICAL FIXED
POINT APPROACH TO MONOTONE VARIATIONAL INEQUALITIES

Lu-Chuan Ceng!, Yen-Cherng Lin? and Adrian Petrusel?

Abstract. Let C be a nonempty closed convex subset of a real Hilbert space H.
Assume that F' : C — H is a k-Lipschitzian and 7-strongly monotone operator
with constants x,n > 0, f : C — H is L-Lipschitzian with constant L > 0 and
T,V : C — C are nonexpansive mappings with Fix(T) # 0. Let0 < u < 2n/x?
and 0 <L < 7, where 7 = 1 — /1 — u(2n — ux?). Consider the hierarchical
monotone variational inequality problem (in short, HMVIP):

VI (a): finding z* € Fix(T') such that (I —V)z*, z—2*) > 0, Vz € Fix(T);

VI (b): finding z* € S such that ((uF — vf)a*,x —a*) >0, Vz € S.
Here S denotes the nonempty solution set of the VI (a). This paper combines
hybrid steepest-descent method, viscosity method and projection method to design
an explicit algorithm, that can be used to find the unique solution of the HMVIP.
Strong convergence of the algorithm is proved under very mild conditions. Ap-
plications in hierarchical minimization problems are also included.

1. INTRODUCTION

Let H be a real Hilbert space with inner product (-,-) and norm || - ||, and C be
a nonempty closed convex subset of H. The so-called classical variational inequality
(V1) means to find an element z* € C such that

(1.1) (Az*,x —2*) <0, VreCl,
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where A : C' — H is a nonlinear mapping. If A is a monotone operator, then the VI
(1.1) is also known as a monotone variational inequality. It is well-known that the VI
(1.1) is equivalent to the fixed point equation

(1.2) x* = Po(z* — vAz™),

where v > 0 and P is the metric projection of H onto C; which assigns, to each
x € H, the unique point in C, denoted by Pcx, such that

[ = Pox|| = nf{[lx — y|| : y € C}.

Therefore, fixed point algorithms can be applied to solve VIs. As a matter of fact, if A is
Lipschitzian and strongly monotone (i.e., (Az— Ay, z—y) > aflz—yl|?, Vz,y € C, for
some « > 0), the for small enough v > 0, the mapping Po(I —vA) is a contraction on
C' and so the sequence {x,,} of Picard iterates, given by =, = Po(I—vA)x,—1 (n > 1),
converges strongly to the unique solution of the VI (1.1). Furthermore, whenever A is
inverse-strongly monotone (i.e., there is a constant ¢ > 0, such that (Azx — Ay, x —y) >
C||[Az— Ay||?, Y,y € C), the mapping P (I —vA) is an averaged mapping (i.e., there
are § € (0, 1) and a nonexpansive mapping 7', such that Po(I —vA) = (1—3)1+5T)
and the sequence of Picard iterates, { (Pc (I —vA))"zo}, converges weakly to a solution
of the VI (1.1) (if such solutions exist). Recall here that a mapping 7' : C — C'is
nonexpansive iff | Tz — Ty| < ||z — y|, Vx,y € C.

Very recently, Marino and Xu [10] investigated a special form of the VI (1.1),
where the constraint set is the set of fixed points of a nonexpansive mapping 7" and A
is the complement of another nonexpansive mapping V/; that is, their V1 is of the form

(1.3) 2 eFix(T): ({-V)z*,x—2*) >0, VzeFix(T),

where T,V : C — C are nonexpansive mappings, such that Fix(7") # () with C' being
a nonempty closed convex subset of a real Hilbert space H. It is not difficult to observe
that 2* solves the VI (1.3) if and only if it is a fixed point of the nonexpansive mapping
Prim)V.

Throughout this paper, we use S to denote the solution set of the VI (1.3) (or
S = Fix(Ppixr)V)) and always assume that S # (). Variational inequalities have
extensively been investigated; see the monographs [1-5], and also the articles [23-31]
(and the references therein). Extensions to vector variational inequalities have recently
been made extensively; see [20] and the survey article [21].

Variational inequalities of form (1.3) cover several topics recently investigated in the
literature, including monotone inclusions, convex optimization, quadratic minimization
over fixed point sets; see [11, 14, 17-19, 22], and the references therein. The hierar-
chical fixed point approach was however introduced recently (see [7, 15]) and Marino
and Xu [10] further studied hierarchical fixed point approach to monotone VIs of form
(1.3).

A couple of particular cases of the VI (1.3) have been studied in the literature:
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(a) V is a constant mapping on C': Vz = u for some v € C and all = € C;
(b) V' is a contraction with coefficient p € [0,1); i.e, [|[Vz — Vy| < pllz —
yl, Vz,y € C.

Case (a) is actually the VI:
(1.4) find z* € Fix(T) such that (z* —u,z —2*) > 0, Vz € Fix(T)
and is equivalent to finding the fixed point of T closest to u; that is,
z* := Prix(r)u = argmin, cpiyr)llu — 2.

This problem has extensively been investigated; see [14, 32-42].
Case (b) corresponds to the VI

(1.5) 2 eFix(T): ({—-flz*,z—2") >0, VzeFix(T),

where f is a contraction on H. This VI has been studied recently; see [17, 18].
There are two approaches to the VI (1.3): One implicit and one explicit. The
implicit approach generates a net {zs ; }o<s <1 Satisfying the fixed point equation:

(1.6) st =5f(xst) + (1 —8)[tVass + (1 —t)Tasyl,

where f is a given contraction on H. The behavior of the net {z; .} has recently been
studied in [15, 16]. Essentially these papers prove that, under appropriate conditions,
{zs+} converges in norm repeatedly as s — 0 and ¢ — 0 (in this order), respectively.

Very recently, Marino and Xu [10] gave an explicit approach, which generates a
sequence {x, } recursively by the iterative scheme:

(1.7) Tt = A\ f(xn) + (1 = M) (@ Ve, + (1 — ay)Txy,), Vn >0,

where {a, } and {)\,,} are sequencesin (0, 1) satisfying certain conditions. They proved
that {x,}, under certain assumptions, converges in norm to a solution, which solves
another variational inequality.

On the other hand, let F' : H — H be a x-Lipschitzian and »-strongly monotone
operator with constants x,n > 0, and let 7" : H — H be a nonexpansive mapping
such that Fix(7T") # (. In 2001, Yamada [11] introduced the so-called hybrid steepest-
descent method for solving the variational inequality problem: finding z € Fix(T)
such that

(Fz,x — %) >0, VzeFix(T).

This method generates a sequence {z,,} via the following iterative scheme:

(1.8) Tpy1 = Tap — A1 pF(Txy), Yn >0,
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where 0 < u < 2n/k?2, the initial guess zo € H is arbitrary and the sequence {)\,} in
(0, 1) satisfies the conditions:

A =0, > Ap=o00 and > [Anp1— An| < 0.
n=0 n=0

A key fact in Yamada’s argument is that, for small enough X\ > 0, the mapping
Tz :=Tx — \uF(Tx), VoeH

is a contraction, due to the x-Lipschitz continuity and n-strong monotonicity of F'.

In this paper, let C' be a nonempty closed convex subset of a real Hilbert space
H. Assume that F' : C — H is a s-Lipschitzian and n-strongly monotone operator
with constants «,n > 0, f : C — H is L-Lipschitzian with constant L > 0 and
T,V : C — C are nonexpansive mappings with Fix(T) # (). Let 0 < u < 2n/x* and
0 <~L <, where 7 =1— /1 — u(2n — ux2). Consider the hierarchical monotone
variational inequality problem (in short, HMVIP):

VI (a) finding z* € Fix(T') such that ((I — V')z*, z — 2*) > 0, Vz € Fix(7T);

VI (b) finding z* € S such that ((uF — v f)x*,x —x*) > 0, Vz € S. Here S denotes
the nonempty solution set of the VI (a).

Combining hybrid steepest-descent method, viscosity method and projection method,
we design an explicit approach, which generates a sequence {z,,} recursively by the
formula:

(1.9) zp41:= Po[Myf(zn) + (T = AppF) () Va, + (1 — ap)Txy,)], Yn >0,

where {o,, } and {\,,} are sequences in (0, 1) satisfying certain conditions to be made
precisely in Sect. 3. We will prove that {x,}, under certain assumptions, converges
in norm to a solution of the HMVIP. In particular, if we put o = 1, FF = I and
v =7 =1and let f be a contractive self-mapping on C' with coefficient p € [0, 1),
then our results (including our algorithm (1.9) and its strong convergence) reduce to
those in Marino and Xu [10]. There is no doubt that our results improve and extend
the corresponding results in [10].

2. PRELIMINARIES

Let C be a nonempty closed convex subset of a real Hilbert space H. Recall that a
L-Lipschitzian mapping f : C' — H is the mapping on C such that || f(z) — f(y)]| <
L|lz —yll, Yo,y € C, where L € [0, 00) is a constant. In particular, if L € [0, 1) then
f is called a contraction on C; if L = 1 then f is called a nonexpansive mapping on C.
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Below we gather some basic facts that are needed in the argument of the subsequent
section.
The following lemma plays a key role in proving strong convergence of our method.

Lemma 2.1. (see [9, Lemma 3.1] and also [11]). Let A be a number in (0, 1] and let
1> 0. Let F: C — H be an operator on C such that, for some constants x,n > 0, F
is k-Lipschitzian and n-strongly monotone. We sssociate with a nonexpansive mapping
T : C — C the mapping T* : C — H defined by

T ¢ .= Tx — \uF(Tx), VzeC.
Then T is a contraction provided p < 2n/x2, that is,

1Tz —Thy|| < (L= A7)llz —yll, Va,yeC,

where 7 =1 — /1 — u(2n — ux?) € (0,1].

Remark 2.1. Put F' = I, where [ is the identity operator of H. Then k =n =1
and hence p < 2n/k? = 2. Also, put u = 1. Then it is easy to see that

T=1—+/1—p2n—pux?) =1.

In particular, whenever A > 0, we have Tz := Tx — AuF(Tx) = (1 — \)Tz.

It is not difficult to prove the following lemma.

Lemma 2.2. Let C be a nonempty closed convex subset of a real Hilbert space
H, f:C — H a L-Lipschitzian mapping with constant L € [0,c0), and F': C — H
a k-Lipschitzian and n-strongly monotone operator with constants «,n > 0. Then for
0 <~L < pn,

(WF =)z — (uWF —vf)y,z —y) > (un —yL)|z — y||*>, Vz,yeC.

That is, uF' — ~ f is strongly monotone with constant un — vL > 0.

Lemma 2.3. (see [12, Demiclosedness Principle]). Let C' be a nonempty closed
convex subset of a real Hilbert space H and let 7' : C — C be a nonexpansive
mapping with Fix(T) # (. If {x,,} is a sequence in C' weakly converging to x and if
{(I = T)z,} converges strongly to y, then (I — T")x = y; in particular, if y = 0, then
x € Fix(T).

Recall that the metric (or nearest point) projection from H onto K is the mapping

Py : H — K which assigns to each € H the unique point Pxx € K satisfying the

property
|z — Pgz|| = inf ||z —y|| = d(z, K),
yeK
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where K is a nonempty closed convex subset of a real Hilbert space H.

Lemma 2.4. (see [13]). Let z € H and z € K. Then:
(i) z = Pga if and only if there holds the relation
(x —z,y—2) <0, VyeK.
(if) z = Pk if and only if there holds the relation
le = 2l* < llz = yll* = lly — 21, Yy € K.

(iii) There holds the relation
<PK(I,'—PKy,{I,‘—y>ZHPK(I,'—PKyHQ, vayGH-
Consequently, Pg is nonexpansive and monotone.

Lemma 2.5. (see [14]). Assume that {a,} is a sequence of nonnegative real
numbers such that
An+1 < (1 - P)/n)an + 7n5n + ﬁnv Vn > 07
where {~,,} and {3,,} are sequences in (0,1) and {¢,,} is a sequence in R, such that
() 2020 1 = 00;
(ii) either lim sup,, o, 0, <0 0F Y27 1 Yp|0pn| < 00;
(i) Y02 B < 0.

Then lim,,_,o a, = 0.

It is easy to see that the following straightforward inequality holds.

Lemma 2.6. There holds the following inequality in an inner product space X:
lz +yl? < [lef® + 2(y. x +y), Vr.yeX.

Notation. Let {z,} be a sequence and = be a point in a normed space X . Then we
use x, — x and x,, — x to denote strong and weak convergence to x of the sequence
{z,,}, respectively.

3. STRONG CONVERGENCE OF EXPLICIT SCHEME

Let C be a nonempty closed convex subset of a real Hilbert space H. Assume
that F': C — H is a x-Lipschitzian and »-strongly monotone operator with constants
k,m >0, f: C — H is L-Lipschitzian with constant L > 0 and T,V : C — C are
nonexpansive mappings with Fix(T) # 0. Let 0 < u < 2n/k?> and 0 < vL < T,
where 7 =1 — /1 — p(2n — pux?).
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Consider the variational inequality of finding a point x* with the property
(3.1) 2 e Fix(T): (I-V)z*,z—2a*) >0, VaeFix(T).

The purpose of this section is to propose an iterative algorithm and prove the strong
convergence of the suggested algorithm to a solution of the VI (3.1), i.e., the VI (a) in
Sect 1. Meantime, it is also a solution of the VI (b). Thus, there is no doubt that we
prove the strong convergence of the suggested algorithm to a solution of the HMVIP.
Our algorithm generates a sequence {x,,} through the recursive formula

(3.2) wzpg1:= PoMyf(zn) + (I = AppF) () Va, + (1 —ap)Txy,)], Yn >0,

where the initial guess z( € C' is arbitrary and {\,,} and {«,,} are sequences in (0, 1).
Introducing the mapping W,, = o,V + (1 — o, )T, we can rewrite (3.2) as

(3.3) Tny1 = Pol\yf(zn) + (I — AuE)YWyhxy,]. ¥n > 0.

We will see that the strong convergence of the algorithm (3.2) depends on the choice of
the sequences of parameters, {\,,} and {«,,}. Therefore, for the sake of convenience,
we list the following possible assumptions:

(A1) a, <wv\, for all n and some constant v.

(A2) limy, 00 /Ay =: 0 € [0, 0.

(A3) Ay — 0 (asn —o0) and > > 1 A, = oo.

(A1) 32770 [Antr = An| < oo

(A5) 2020 lams1 — an| < oo

(A6) M1 — Anl/Ang1 — 0506, A/ A1 — 1

(A7) |ant1 — an|/ant1 — 0; ie., an /a1 — 1.

(A8) (| A1 = Al + |ant1 — anl)/(Ant1an41) — 0.

(Ag) There exists a constant /C such that K > 1-| - — 1| for all n > 1.

Note that (Ag) implies both (Ag) and (A7).

Throughout this section, {z,} always stands for the sequence generated by the
algorithm (3.2). We first discuss some properties of {z,,}.

Lemma 3.1. Assume (4;). Then {x,} is bounded.

Proof. Take a point z € Fix(T') (C C) arbitrarily. Utilizing Lemma 2.1 and (A,),
we deduce that
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[2nt1 =zl = [[Po[Anvf(zn) + (I = AppF ) Whan] — Poz||
< Ay f(2n) + (I = AapF) Wiz, — 2|
= Ay (f(@n) = f(2)) + An(1 S (2) = pEWy2)
+(I = N\ YWy zyy — (I = A\pun YWz + Wiz — 2|
< A f (2n) = RN+ Anllvf(2) = nFE W 2|
HII(I = Apun B YWy, — (I — M)Wz || + ||[Whz — 2|
< AvLllzn = 2| + A (Y[ (2) | + pl FWh2]])
+H(1 = A7)z — 2] + an||[VZ — 2|
<1 =2 = vD)lllzn — 2l + AV () + VIVz = 2] + pl FWnz])
= [1 =l =vD)]llen — 2]l + An(T =7 L)

AN+ vV = 2l + pl| FWaz]]
T—~vL ’

where 7 = 1 — /1 —u(2n— us?) € (0,1]. Noticing o, € (0,1) and the x-
Lipschitzian property of F', we have

[EWnz|| < [FWnz = Fzl| + [|[F2]| < £|Waz = z[| + [|[F2]| < &[|[Vz = 2] + [[F2],

and so
|Zn41 — 2|l < [1 = AT = yD)]||2n — 2[| + An(7 — v L)

AN+ (ps+v)[[Vz = 2] + pl F2|
T—~L '
Since A\, € (0,1) and 0 < L < 7, by induction we obtain
I+ (s + )Vz = 2] + pl| Fz]|
’ T —~L
Hence, {x,} is bounded. |

[ = z[| < max{{|zo — |

o ¥n>0.

Lemma 3.2. Assume (A;) and (A4s). Also, assume either “(A4) and As” or “(4g)
and A;”. Then

(a) limp—os [|#n41 — znl| = 0;
(0) limy,— o0 ||25, — Txy|| = 0;
(¢) wy(zn) C Fix(T).

Proof. Utilizing (3.3) and Lemma 2.1, we have
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[#n+1 — |
= [1PelAny f(@n) + (I = AppF) Wiy
—PoA—1vf(@n-1) + (I = Ay pl )Wy 21|
S Ny f(@n) + (I = AppF) W]
—[An—1vf(@n-1) + (I = Mg pF YW1y ||
= [An(vf(@n) = v f(@n-1)) + (An = An—1)7f (2n-1)
+(I — MuE YWy, — (I — Ay F )Wy
(3.4) +(I — M E YWy — (I — Ay pF )Wy 12— 1 ||
< AV (2n) = 7 f(@n-1)) + (A = A1)V (@1
(I = AnpF )Wy — (I = ApptF )Wy tn 1 ||
(= AnpF)Woap—1 — (I = Ao ptF )W @1 |
< AvLl|@n—2n—1 [ +7[An= At || f (@n-1) |+ (1 = AnT) 2 — 201 ||
(= AnpF)Wran—1 — (I = Ao ptF )Wy @1 |
= [1= (7 = vD)l[|2n = 2n1ll + 7| An = Ana ||| f (@n-1) ]
+H(I = A EYWpxp—1 — (I — My pl YWy 11 ).
Again, utilizing Lemma 2.1, we get

|(I = AppF)Wpn—1 — (I — A1 pF YW1 g1 ||
= (I = MpF YWy — (I — ApF)Wy_12p—1
+(I = M E YW1y — (I = Ay plF )W 1 21 ||
< (I = AqpuE)YWyzn—1 — (I = Aqpu ) Wy12n1||
(3.5) H[(T = N YWy 12p—1 — (I — My a o)W1 1 ||
< (1= A [Wazn—1 = Wnr@n1 || + pAn = At [[ FWn 12 |
<Nl Vp—1 + (1 — an)Trp—1 — [an-1Vn_1
+(1 = ap—1)Tzn1]ll + plAn = An-a [ FWh 1201
<lan = ap-1|[([[Vn-1ll + |[Tp-1l]) + plAn = A1 [[[FWhn—125-1]-
Combining (3.4) and (3.5), we derive

[#n41 = 2l < [1 = AnlT = yD)|[|on — naa | + Y[ An = Anca || f (@n-1)]
Flan = ana|([Van-| + [[Tozn-1l]) + plAn = Ant [ FWn1 @1 ||
= [ = (T =yD)lllzn — 0l
HAn = Ana| (VI f (@n-1) | + p [ FWny2n 1))
Han = an1|([Vani|l + 1 Tzn-1))-
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Since V' and T' are nonexpansive mappings, and f and F' are Lipschitzian mappings
with constants L > 0 and < > 0, respectively, and also since {z,,} is bounded (Lemma
3.1), we can find a constant M > 0 big enough so that

[Zn+1 — nl
< [L= AT =yD)lllen = @n—all + [An = Ana|M + o — a1 |[M
(3.6) = [1 = A7 = vD)ll|zn — w1l + (| A0 — Anea| + | — 1| )M
3.6
)‘n - )\n—l Qp — Qp—1
— (1= Al = YD) = ] + . DA
)‘n - &n— n _” n—
< (1= Alr = AD)] 70 = 2| + (. oy plon =0l ar

An oy,
Using the assumptions (A4) and (As) or (Ag) and (A7) and applying Lemma 2.5 to
(3.6) we obtain that ||z,+1 — x| — 0, which together with the following estimate
(noticing a;, — 0 and \,, — 0)
|Zn+1 — Tanl| = [[PelMy f(wn) + (I = AMpF)YWyry] — PoTx,||
< H)‘n')’f(xn) + (I - )‘nMF)ann - Tan
< AN F @) || + [[Wazn — Tap|| + Anpl|FWyay||
= MY f(@n) || + anlVan — Tagl| + Aapl| FWyzn || — 0

immediately implies part (b). Part (c) follows from part (b) and Lemma 2.3. |

We will see that the convergence of the sequence {z,,} depends on the limit of the
ratio in (As); i.e., on o = limy, o @,/ Ay. Our first result treats the case where o = 0.

Theorem 3.1. Assume (Ay) with o = 0 and (As). Also, assume either “(Ay)
and (As)” or “(A4g) and (A7)”. Then {z,,} converges in norm to the fixed point ¢ of
the contraction Ppiy7)(I — uF' +7f), ¢ = Ppixry({ — nF +7f)q, i.e., the unique
solution of the variational inequality

(3.7) geFix(T): ((WF—~f)g,x—q) >0, VzeFix(T).

Proof. It is easy to obtain the uniqueness of a solution of the VI (3.7). Indeed,
note that 0 < vL < 7 and

pn > 7 m>1—/1— p(2n— pk?)
& V1 —p2n—pk?) >1—
& 1=2un+ p?? > 1= 2un + p’n?
& k>0’
=

K> 1.
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It is clear that

((uF =y f)z = (uF = f)y,x —y) > (pn — L)l = y|*, Vz,yeC.
Hence it follows from 0 < ~vL < 7 < un that uF" — ~ f is strongly monotone. Since
wF — ~ f is Lipschitzian, the VI (3.7) has only one solution. Let ¢ be the unique
solution of the VI (3.7). Then the VI (3.7) can be rewritten as

geFix(T): (¢q— I —-pF+~f)g,x—q) >0, VaeFix(T).
According to Lemma 2.4 (i) we conclude that
q = Prixcr)({ — pF +f)q.
By assumption (As) with o = 0, we can write a,, = e, A, Where lim,, .o &, =0
(thus we may assume 0 < g, < 1 for all n > 0). Since {z,} is bounded, we can take
a subsequence {z,, } of {z,} such that

(3-8) limsup((vf — uF)q, vn — q) = lim ((vf — pF)q, 2n; — q)
J—00

n—oo

Without loss of generality, we may assume xz,,;, — z’ € Fix(T') (Lemma 3.2 (c)). Now
from (3.8) and (3.7) it follows that

(3.9) lii8£p<(vf — uF)q, xn —q) = ((vf — pF)q, 2’ — q) <0.

Let us show that z,, — ¢ as n — oo. Indeed, set
Yn = My f(xn) + (I = \ppF)Whay,, ¥n > 0.

We then have z,+1 = Pcoyy,, and
(3.10)

Tny1 —q¢ =Poyn —yn+yn — ¢
= PCyn —Yn + An(Vf(xn) - MFQ) + (I - )‘nMF)ann - (I - )‘RMF)Q-

Since P is the metric projection from H onto C, we have

(Pcyn = Yn, Poyn — q) < 0.
Utilizing Lemma 2.1, we deduce from (3.10) that

|ns1 —all?
= (Poyn — Yn, Poyn — @) + (I — M F)Wyap

—(I = ApF)q, tng1 — ) + Ay f(2n) — pFg, Tni1 — q)
<A = Mp YWy — (I = AptF)q, Tng1 — q)

A (v f(@n) = Fq, Tpi1 — q)
= (I = MpEYWyozp, — (I — My F)Wig, pi1 — q)

(I = ApE)YWng — (I = ApF)q, Tng1 — q)

A (v f(@n) = Fq, Tpi1 — q)

< = Aap YWy — (I = At FYWog|l| 2041 — 4l
(I = AptFYWig = (I = AppF)q, 21 — q)

(3.11)
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Ay f(2n) = nFq Tp1 — q)
< (L= 27|20 = glll|ns1 — gll + (T = AopF)Wig
—(I = MpF)q, xpy1 — Q)
A (Y (@n) =V (@), Tng1 — @) + Al{(Vf — F)q, &ng1 — @)
< (1= A7) |zn — qll|zng1 — qll + Ay Ll|zn — gl |2ns1 — |
M {(Vf = pF)q, Tng1 — @) + (I — Mo F)Wig
—(I = MpF)q, g1 — Q)
= [1 = Mum = vD)llzn = alllzntr — gl + Ml{(Vf = #F)q, 2ni1 — @)

1
+)\_<(I - )‘nMF)qu - (I - )‘nMF)%xn—I—l - Q>]

< 1= Anlr =1L (Glln — all? + G lznss — all?)
+Al{(Vf = 1F) g, Tng1 — q)

1
+)\_<(I - )‘nMF)qu - (I - )‘nMF)%xn—I—l - Q>]

1 1
< 5[1 — AT —yD)][lan — q|” + §H$n+1 —q|
A\ [((Vf = 1F)q, Tpg1 — q)

1
+)\—(1 = MT)anl|Va = qlll|lzn1 — qll]
1" 1
< 5[1 — AT = yD)][l2n — q|” + §H$n+1 —q|
+M (v f = nF)q, g1 — q)
+enllVa = qllllzns1 — qll]-

This implies that
st = qI2L)en — all? + 22al((7f = 1F)q, 2ns1 — )
< [L= 2l =y +enlVa —qll[znsr — gl
Setting an = Hxn - QH27 Tn = )‘n(T - VL)' and

2
on = ——enllVa — qllllzns1 — qll + {(Vf — uF)q, i1 — @),
T —7L

we then have
(312) An+1 < (1 - Vn)an + Vnén

In terms of (3.9) and the fact that £,, — 0, we have limsup,,_, ., d, < 0. Therefore,
by Lemma 2.5, we conclude that a,, — 0; hence x,, — ¢ in norm. This completes the
proof. |
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Remark 3.1. By Lemma 2.5, assumption (A3) and the estimate (3.11), we find
that the following two conditions are sufficient to guarantee the strong convergence of

{zn}:

(3.13) limsup((vf — pF)q,2n —q) <0
and
1
(3.14) tim sup <=((I = AnptF)Wag = (I = AaptF)g; 21 = q) < 0.

Condition (3.13), proved in (3.9), is easily seen to satisfy due to the fact that ¢ is
the fixed point of the contraction Ps(I — uF + - f) together with the demiclosedness
of nonexpansive mappings (Lemma 2.3). Condition (3.14), is however hard to verify
unless an additional condition relating the growth of the displacement ||z — T'z|| of
the nonexpansive mapping T to its fixed point set Fix(7") is given (see Theorem 3.3
below).

We also see that under the assumptions of Theorem 3.1, the limit ¢ of {z,,} solves
the VI (3.7), instead of (3.1). This is due to the fact that 0 = 0 makes {«a,,} tend to
0 ‘much’ faster than {\,} do. Consequently, the term ‘), f(z,,)" dominates while the
term ‘o, Vx,,” looks ‘negligible’. However, if we assume o € (0, o], the situations
differ, as shown below.

Theorem 3.2. Assume (Az) with o € (0,00), (43), (Ag) and (Ag). Then {x,}
converges strongly to the unique solution Z of the variational inequality

1
(3.15) T eFix(T): (=(uF—~f)i+(I-V)i,z—2")<0, V' eFix(T).
g

Proof. Since (As) with o € (0, 00) implies (A1) and since (Ag) implies both (A4g)
and (A7), we still know that {z,,} is bounded and the conclusions (a)-(c) in Lemma
3.2 hold.

As proven in Theorem 3.1, uF' — ~ f is strongly monotone with constant un — v L
and is also Lipschitzian (because F' and f are Lipschitzian). Since V' is nonexpansive,
I — V is monotone and Lipschitzian. Thus, the mapping %(MF —vH+T=V)is
strongly monotone with constant (un — vL)/o due to the fact that

1 1
(CZWF =7f)+ T =V)lz = [=(uF =7f) + T =V)ly,z—y)

(o (o

= §<(MF —vf)x— (pF =vf)ly,z—y) +{(({ = V)z = (I - V)y,z —y)
> (um —~yL)/o.

Meantime, it is clear that the mapping %(MF —~f)+ (I —V) is Lipschitzian. Con-
sequently, the VI (3.15) has only one solution. Let & be the unique solution of the VI
(3.15).
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Let us show that z,, — Z asn — oco. Indeed, we still write W,, = o, V+(1—a,,)T;
then z,,+1 = Pcoy, Where

Yn = MV f(xn) + (I = \pu YWy, ¥ > 0.
Now take a point z € Fix(T') arbitrarily. Since P is the metric projection from H
onto C, utilizing Lemma 2.4 (i) we have
(Pcyn — Yn, Poyn — 2) < 0.
Also, observe that
Yn — 2 = MY f(2n) + (L — AuE YWy, — 2

=M (Vf(zp) — puFWyz) + (I — A\puF)Wyha,
(3.16) —(I = MpuF YWz + Wz — 2

= AV (f(2n) = F(2)) + An(Vf(2) — pFWy2)

+(I = MuE YWy, — (I — Mg FYWyz + apn(V —1)z.

Utilizing Lemma 2.1, we obtain from (3.2)

|1 — 2|
= (Poyn = Yn, Poyn — 2) + (Yn — 2, Tnt1 — 2)
< (Yn — 2, Tpt1 — 2)
= Ay (f(@n) = f(2) Tn1 — 2) + A7 f(2) = pEWnz, &ng1 —2)
+H((I = M F YWy, — (I = MuF YWz, i1 — 2) + an{(V—=1)z, xpi1—2)
<Al f(n) = FE[ener = 2l + Al f(2) = pEWnz, Znga — 2)
N = ApFYWnan = (I = At )Wz |ansa — 2l + 0 {(V =1)2, 2pq1—2)
<Ay Llzn = 2||#na = 2l + AV f(2) = pFEWnz, 2nga — 2)
+( = AT [zn = 2|l #ng1 = 2l + nl(V = D)z, 2ng1 = 2)
= [ =7 = yD)lllzn = zllllznsr = 2l + Aal(vf (2) = pEWnz, 2ng1 = 2)
+%<(V — 1)z, Zp41 — 2)]

A
1 1

< S = An(m =D an = 2l + 5 lwnss — 2|
a1 f(2) = HE Wz + SV = )2, 2y = 2),

which hence implies that
lzns1 = 2[|* < [1 = An(r = L))l — 2|

F20n(1f(2) = EWoz + SV = D)2, 2y = 2).

(3.17)
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In particular, whenever z = z, we have
|1 — &2

<L = M7 = yD)]|l2n — Z)) + 22 (Y f(F) — pF Wi + %(v — D)E, Tns1 — ).

Since {x,,} is bounded, we can take a subsequence {z,,} of {x,} such that

limsup(yf(#) — pFWad + SV = D), 201 — 7)

(3.18) e an ) )
= lim (vf(Z) — pF Wy, T + 3 LV =1)Z, 2n;11 — T).
j—oo n;

Without loss of generality, we may assume that x,,, — 2’ € Fix(T) (Lemma 3.2 (c)).
Observe that

V(&) = pF W, &, 2,11 — 7) — (Vf(Z) — pFT, 2" — 7)]
< [(Vf(Z) = pE Wy, & — (v f(E) — pFE), 2py41 — T))
(v f(@) = pFZ, 2p,01 — 7 — (2 — 7))
= pl(FWn,& — F&, an 11 — T)| + [(Vf(Z) — pFT, 20,41 — 7))
< i [[VE = Elll|zn;+1 = 2| + 17 (&) — pFE||||2n, 11 — 2, |
+{(vf(@) = pFE, xn; — )| = 0 as j — oo,
and

< 52 = ol{(V = 1), 2,1 = )| + 01((V = Dm0 = )

Qn .
nj

< U—n], —o|[{(V = D&, ;41 — T)| + o|((V = )&, 2,41 — Tnj)|
+ol|((V = 1)z, Tp,; — )|

Qi -
nj

< Ixo = ollV = Daflllon;+1 = 2 + o (V = Dall[lzn;+1 = 2n,l
+o|(V = 1)Z,zn; —2')] = 0 as j — ooc.

Therefore, by virtue of the fact that Z is the unique solution of the VI (3.15), we
conclude from (3.18) that

limsup(yf(&) — uFWyd + SV — 1), 2qs1 — &)

=((vf—pF)z+o(V-1)z,2' - ) <0.
Setting a,, = ||z, — Z||%, Yn = An(7 — L), and
2

(%
= ) — F e -n _ I bt B~
5” T — ,YL <’)’f(fI,') 12 an + )\n (V )TI,', Tn+1 {I,'>7
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we then have
An+1 < (1 - P)/n)an + 7n5n

By means of (3.19) we have lim sup,,_, . 6, < 0. Therefore, by Lemma 2.5, we deduce
that a,, — 0; hence x,, — & in norm. This completes the proof. |

Finally we consider the case where o = co. This case is more delicate.

Theorem 3.3. Assume (Ag) with o = oo (i.e., \,/ay, — 0), (A4s), (Ag) and (Ay).
Assume also that {x,,} is bounded. Then every weak limit point of {x,,} is a solution
of the VI (3.1). If, in addition, there are constants £ > 0 and # > 0 such that

(A10) ||z — Tz|| < ¢[dist(z, Fix(T)))? for all z € C,

then {x,} converges strongly to a solution ¢ of the VI (3.1), which is also the unique
fixed point of the contraction Ppiy 1y (I — uF" +~ f), or the unique solution of the VI
(3.7).

Proof. Observe first that the boundedness of {x,} and (Ag) together ensure that
the conclusions of Lemma 3.2 still hold. Now let us show that

(3.20) lim ||zp41 — 2nl|/an = 0.
n—oo

Indeed, utilizing (3.6) and (Ag) we have

Hxn-i—l_an
o Ay — A
<11 = an(r — ypyLEn=Znmill | PAn = A Flan = analy
I iy |, 1,1 1"
Tp — Tp—1
<M= A (r— D) T Tt 2 2 2\ gy —
<[ = dar = AL - | Ol = @)

+‘)‘n - )\n—l‘ + ‘Oén - Oén—l‘M

(3.21) mee

<[1—= M7 — fyL)]M + A\ — Ty ||

n—
+‘)‘n - )\n—l‘ + ‘Oén - an—l‘M
an
— [ A(r — ) Iz =l
Qp—1

‘)\n - )\n—l‘ + ‘Oén - Oén—l‘

+\(Kl|zn — zp—1]] + M).

An Qi

Using Lemma 2.5, Lemma 3.2 (a) and assumption (Ag), we deduce that (3.20) is valid.
Furthermore, utilizing (3.17) we have for all z € Fix(T)
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(I =V)z,xpt1— 2)

2 2
x, — 2| = ||z —z A
<l 5 loner =207 An ) py © EWaz, g — 2)
o o
Ty — X Ty — 2| + ||Tnt1 — 2 A
< o = ot = 2 R =2y Aoy ) e - 1.
n

2a,
Since ||zp4+1 — xy]| /o — 0 and 2—2 — 0 as n — oo, We arrive at

limsup((I —V)z,x, — 2) <0, VzeFix(T),

n—oo

which implies that, for any & € wy,(z,) C Fix(T),
(I-V)z,2—2) <0, VzeFix(T)
which, in turns, implies that, for ¢t € (0,1) and x € Fix(T),
(I-V)(z+tx—2)),z2—x) <0, VzeFix(T).
Upon letting t — 0™, we immediately find that & solves the variational inequality
FeFix(T): ((I-V)&,&—2)<0, VzePFix(T).

This is the VI (3.1).

Finally, we prove that, under the additional conditions (A1) and (A1), the full
sequence {x,,} converges in norm to ¢, the unique fixed point of the contraction Ps (I —
wF + ~f). We have already seen that the relation (3.13) holds and so, according to
Remark 3.1, we need to verify the relation (3.14). To see this, we use the fact that
g € S solves the VI (3.1) to get

(Vg—aq, PFix(T)$n+1 -q) <0.
This implies that

(Vg—q,2n41—q)
(Vg — g, zn41 — PrixryTn+1) + (Va4 — ¢, Prix(m)Tnt1 — Q)
(

(3.22) < (Vg —q,2n+1 — Prix(r)Zn+1)
< ||Vq — q||dist(zp+1, Fix(T))
1
< Ve =dll(gllen = Tani ).

However, it is easy to see that there holds, for an appropriate constant £&; > 0,

|21 = Topi1 |l < M[Tng1 — Topll + |2041 — 20|l < &1(an + An) + [T041 — 24|
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It follows from (3.22) that we have another appropriate constant & > 0 such that

(Vg —q, 201 — q) < Eaan + A + |2ns1 — za])V/?

Hence
1+1/6
Qo n A Znt1 — | 1/0
_ _ < — (1 - _ .
)\nw q— ¢ Tnt1 —q) < & n (1+ o + o )

Now by conditions (A45) with o = oo and (A7) and (3.20), we derive

lim sup %Wq — ¢, Tngp1 —q) < 0.

n—oo n

Further, we get

, 1
limsup ~—((I = Ay )Wnq — (I = ApuF)q, Tyt — q)
n—oo n

, 1

= lim sup[~—(Wnq — ¢, Tns1 — @) — ({FWyq — Fq, 2n 41 — q)]
n—oo én

<limsup[~=(Vq = ¢, Znt1 — @) + pl FWnqg = Fqll|zns1 — gl
n—oo én

< 1imsup[A—”<Vq — ¢, Tny1 — q) + pran |V — gl |z — qll]
n—oo
. (679 .

< limsup ==(Vg = g, 2n1 = ¢) + p||Vg = gf| - limsup ag 241 — g
n—oo n n—oo

< 0.

That is, (3.14) is fulfilled.
Notice that we still have the inequality (3.11) and hence from (3.11) we obtain

41 — ql|”
(3.23) < [1= (7 = vD)llwn = all* + 22 [((Vf — 1F)a, @nt1 — q)
1
+)\—<(I = MptFYWiq — (I = Ao F)q, Tng1 — q)]-

So setting 5, = A, (T — L) and

Yy = 2<(7f - MF)(an—I—l - Q> )%«I )‘nMF)qu - (I - )‘nMF)%xn—I—l - Q>

T—vL

we can rewrite (3.23) as

(3.24) |zn41 = al® < (1= Ba)llzn — all* + Bum.

Noticing (3.9) and (3.14), we can apply Lemma 2.5 to conclude that ||z, — ¢||*> — 0;
namely, x,, — ¢ in norm. This completes the proof. ]
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Remark 3.2. As given out in [10, Remark 3.2], the sequences {«,,} and {\,,} can
be appropriately chosen such that they satisfy the requirements of Theorems 3.1-3.3,
respectively.

Remark 3.3. Recently, Mainge and Moudafi [7] also obtained a strong convergence
result of Marino and Xu [10, Theorem 3.3] type under some stronger assumptions than
those in [10, Theorem 3.3]. For instance, the following assumption in [7]

(P3) |an — an_1]/(a2X,) — 0 and | A, — An_1|/(anAy) — 0

is slightly strongly than (Ay).

Meantime, Marino and Xu [10, Theorem 3.3] completely removed the condition
Fix(T) N intC' # ( in [7] and they did not use any graph convergence (see [8])
argument.

4. APPLICATIONS IN HIERARCHICAL MINIMIZATION

Let H be a real Hilbert space and let pqg, 1 : H — R be lower semicontinuous
convex functions. Consider the following hierarchical minimization

41 i '
(4.1) gggtpo(w)v gelg;tm(w),

where Sy := argmin, ¢ o (z) # 0.
Let Sy := argmin, g, ¢1(x) # 0. Suppose that o and ¢, are differentiable and
their gradients are Lipschitz continuous:

[Voo(x)=Veo(y)|l < Lollz—yl| and |[Ve1(z) =Ver(y)|| < Lillz—yl, Y,y € H,
where Ly and L; are constants. Let
(4.2) T=1-v%Vey, V=I-vVe,

where vy > 0 and v; > 0.

It is easily seen that Sy = Fix(T'). It is also known that 7" and V' are both
nonexpansive, if 0 < vy < 2/Lg and 0 < 1 < 2/L; (we always restrict v, and ~;
to such ranges). To see this, we need a result of [6], which says that the Lipschitz
continuity of Vo implies that it is inverse strongly monotone; that is, the following
inequality holds:

1
(z =y, Veole) = Vipo(w) 2 7-IIViola) - Vo) Va,y € H.

Now it follows that
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1Tz — Tyl = ||(z — y) — v0(Veo(z) — Vo (y))|?
= |lz — y||* = 2v0(z — y, Vipo(x)
Vo)) + 151 Veo(x) = Veo(y) 12

2
<l —yll* - (7 = 0)IVeo(z) - Veo(y)lI?
< |l —yll*.

Hence, T is nonexpansive. Similarly, V' is nonexpansive.
The optimality condition for z* € Sy to be a solution of the hierarchical minimiza-
tion (4.1) is

(4.3) e Sy: (Voi(z*),x—2*) >0, Vze Sp;
equivalently, the variational inequality
(4.4) 2 eFix(T): ({-V)z*,x—2") >0, VzeFix(T).

Therefore, our results obtained in Sect. 3 apply. In particular, for any fixed point
u € H, taking the Lipschitzian mapping f to be the constant mapping f(x) = w for all
x € H, we have the following results (see [10, Theorems 4.1-4.3] fory =1, u =1
and F =1).

Theorem 4.1. Initializingwith (o € H, we define a sequence {x,, } by the recursive
algorithm:

Tpt1 = M yu+ (I — AppF) (2n, — 70(1 — @) Voo ()

(4.5)
—mnanVei(zy,)), Yn>0.

Assume that the sequences {«,,} and {\,} satisfy the assumptions (45) with 7 = 0,
(As), and either “(A4) and A5” or “(A4¢) and A7”. Then {z,,} converges in norm to
the fixed point «* of the contraction Pg, (I — uF +~vyu), z* = Ps,(z* — pFz* +~yu),
i.e., the unique solution of the variational inequality

xreSy: (uF(z*) —~yu,z—2%) >0, VieS.

In particular, if we additionally restrict v = = 1 and F' = I, then {z,,} converges
in norm to the u-minimal norm solution z * of the hierarchical minimization (4.1);
namely, * € S; satisfies the property: |u — z*|| < |lu — z| for all z € S;. In
other words, z* is the (nearest point) projection of « onto the solution set S; of the
hierarchical minimization (4.1).

Proof. Let C = H, f(x) = w and T,V be given by (4.2). Then L = 0 and so
0<~+L<r7forall y>0where 7 =1—/1— pu(2n— pux?), 0 < u < 2n/k% Thus
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it is found that the algorithm (3.2) generates a sequence {x,,} given by

Tn41
= Po[Ayf(xn) + (I — ApF)(anVa, + (1 — ap)Txy)]
= )\n7u + (I - )\nMF) [Oén(xn - 'YIVQOI(xn)) + (1 - O‘n)(xn - 'YOV‘PO(xn))]
= A yu+ (I = AppF) (@5 — 70(1 — o) Vpo (@) — 1100 Vo1 (zn)).

Consequently, we can apply Theorem 3.1 to conclude that the sequence {x,,} converges
in norm to the unique solution =* of the variational inequality:

(4.6) x*eSy: (uF(z*) —yu,z—2*) >0, Ve
which is equivalent to the fact that z* = Pg, (z* — pFz* + yu). [ |

Theorem 4.2. Initializingwith (o € H, we define a sequence {x,, } by the recursive
algorithm:

Tny1 = apyu + (I — anpuF) (2 — v0(1 — ay) Voo (zn)

(4.7)
—mna,Vei(z,)), ¥Yn>0.

where the sequence {«,, } satisfies the assumptions:
(1) limp oo iy =0 @nd > ° ) iy, = 00;
(i) limy, oo [ny1 — an\/aiﬂ =0;
(iii)) there exists a constant K > 0 such that -"—[ -~ — ;-| < K for all n > 0.
Then {z,,} converges in norm to a solution z* of the hierarchical minimization
(4.1) which is also the solution of the variational inequality:

(4.8) e So: (uF(a*)+mVei(z*) —yu,z —z%) >0, VielS.

In particular, if we additionally restrict v = 4 = 1 and F = I, then {z,}
converges in norm to a solution x * of the hierarchical minimization (4.1) which
is also the solution of the variational inequality:

x*eSy: (¥ +mVei(z*) —u, & —2*) >0, ViesS.

Proof. Taking \,, = «,, for all n > 0, we find that algorithm (4.5) reduces to
algorithm (4.7). By virtue of the assumptions (i)-(iii), we can apply Theorem 3.2 to
conclude that the sequence {z,,} converges in norm to a solution z* of the hierarchical
minimization (4.1) which is also the solution of the variational inequality (see (3.15)
with o =1 and f = u):

(4.9) xreSy: (WF(*)—~yu+ (I =V)z", 2 —2") >0, Viebl.



1552 Lu-Chuan Ceng, Yen-Cherng Lin and Adrian Petrugel

Since V =1 — 1 V1, we see that the variational inequality (4.9) reduces to (4.8). m

Theorem 4.3. Let {z,,} be generated by the algorithm (4.5). Assume that the
sequences {ay, } and {\,,} satisfy the assumptions (A2) with o = oo, (As), (4s), and
(Ag). Assume also lim,, o @2/, = 0. Then {x,,} converges in norm to a solution
x* of the hierarchical minimization (4.1) which solves the VI (4.6). In particular, if
we additionally restrict v = = 1 and F' = I, then {z,} converges in norm to the
u-minimal norm solution x* of the hierarchical minimization (4.1).

Proof. Observe that assumption (A1¢) of Theorem 3.3 holds with £ = ~¢Lg and
0 = 1. As a matter of fact, for any x € H and = € Sy (hence Vgo(z) = 0), we
deduce that
IVeo(z)|| = Vepo(z) — Vo (&) < Lollz — 2],

and hence ||Vyo(z)|| < Lodist(z, Sp). As T = I — Vo, we have
(I = T)z[| = vl Veo(2)]| < voLodist(z, So).

Now we can apply Theorem 3.3 to conclude that {x,,} converges in norm to a solution
x* of the hierarchical minimization (4.1) which solves the VI (4.6). ]
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