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A NOTE ON WEIGHTED NORM INEQUALITIES FOR FRACTIONAL
MAXIMAL OPERATORS WITH NON-DOUBLING MEASURES

Weihong Wang, Chaogiang Tan and Zengjian Lou*

Abstract. Let ;2 be a non-negative Borel measure on R? which only satisfies some
growth condition, we study two-weight norm inequalities for fractional maximal
functions associated to such p. A necessary and sufficient condition for the
maximal operator to be bounded from I?(v) into weak L?(u) (1 < p < g < o)
is given. Furthermore, by using certain Orlicz norm, a strong type inequality is
obtained.

1. INTRODUCTION

Let 1 be a non-negative “n-dimensional” Borel measure on R? which only satisfies
the following growth condition: there exists n € (0, d] such that

(1.1) nw(@) < 4(Q)"

for any cube Q C R?, where £(Q) stands for the side length of Q. Throughout this
paper, by a cube @ C R? we mean a closed cube whose sides are parallel to the
coordinate axes and we shall always denote the side length as above. For A > 0 and
any cube @, AQ is a cube concentric as @ and with £/(AQ) = M/(Q). Moreover,
Q(z, r) will be the cube centered at = with side length 7.

The classical theory of harmonic analysis for maximal functions and singular inte-
grals on (R, 1) has been developed under the assumption that the underlying measure
1 satisfies the doubling property, i.e., there exists a constant C' > 0 such that for
r € RYand r > 0, u(B(z,2r)) < Cu(B(z,r)), where B(z,r) stands for the open
ball centered at = with radius r (see [1, 2, 4, 7, 12, 15]). However, it seems that this
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doubling condition can be removed and many classical results of Calderon-Zygmund
theory have been proved to continue to hold (see [5, 6, 8-11, 17-19). The motiva-
tion for developing the analysis on non-homogeneous spaces and some examples of
non-doubling measures can be found in [20]. For a complete account of this topic the
reader is referred to [3] (Chapter 5, pp. 137-147).

For 0 < o < 1, define the non-centered fractional maximal function

1
(12) Maf(@) = sup oo /Q £ du(y).

where the supremum is taken over all cubes that contain x. The purpose of the paper
is to consider two-weight norm inequalities for the maximal function M,. We shall
investigate that for which pairs of weights, M, satisfies a weak or a strong type
inequality. A weight w will be a nonnegative and locally integrable function. For
any measurable set £, we shall write w(E) = [, wdp and LP(w) = LP(wdp) for
0<p<oo Ifl1<p< oo, as usual, p’ will be the exponent conjugate to p, that is,
the one satisfying p’ = p/(p — 1).

Garcia-Cuerva and Martell in [5] introduced the following radical fractional max-
imal functions: for 0 < a < n,

1
13) Maf(@) =swp 5o [ 7] duty),
( S gy e Q\ W) duly)
where the measure p just satisfies the growth condition (1.1). As we can see in many
papers (e.g. [13] and [16]), it is more natural to define the fractional maximal operators
as showing in (1.2), which can be seen from the following example in the case of R.

Example 1. Given a non-doubling measure du = x|, 1jdz, i.e. p(Q) = fQ X[o,1] 42,
for @ C R. Obviously, the measure . satisfies the growth condition (1.1), for
0 <n <1 |Infact, let {(Q) =r > 0. When r > 1, then p(Q) < 1 < ™.
When 0 < r < 1, then u(Q) < r < r™. So, for any n € (0, 1], the measure p
satisfies the growth condition. As a conclusion, there are infinite maximal functions
for a same measure . according to the definition of M, defined in (1.3). This fact
causes difficulties in studying properties of the measure space. However, the maximal
function M,, defined in (1.2) is unique in some sense.

Definition 1.1. Let1 <p <g< oo and 0 < a < 1. We shall say that the pair of

weights (u, v) € A5, if for every cube Q

(i) m (/Q u(z) du(x))E </Qv(x)1_p/ du(x)) " <0, when 1<p<oo,

(i) /@éﬁ (/ u(x) du(x)> ’ < Cwv(x), for u-almost every z € ), whenp=1.
Q
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Here and afterward, C' denotes a constant independent of functions, whose value may
differ from line to line.

Remark 1.1. In Definition 1.1, we are implicitly assuming that u, v* " € L} (w)
and so u < oo, v >0 p-almost everywhere.

The main results of the paper can be stated as follows. Theorem 1.1 concerns with
the problem of finding pairs of weights such that the maximal operator M,, satisfies
a weak type inequality; Theorem 1.2 characterizes those pairs of weights for which
M, satisfies a strong type inequality, which can be achieved by certain Orlize norm
localized in cubes. Their proofs are given respectively in Sections 2 and 3.

Theorem 1.1. Let 1 <p<g< oo, 0<a<land 0 < A < oo, u and v are two
weights. Then the maximal operator f — M, f is of weak-type (L?(v), L9(u)), i.e.,

0o Rt agm > < ([ epe )’

if and only if the pair of weights (u, v) € Ay .

Theorem 1.2. Let 1 <p<g<ooand 0 < a < 1. Let (u, v) be a pair of weights
such that for every cube @

(1.5) (Q)" ) u(Q)* u(3Q) v e < C,

where @ is a Young function whose complementary function ® € B,. Then

(16) ( / (Mo f(2))" u(x) du(w)f <c ( / @) Pu() du(w)f

for f € LP(v) which is bounded with compact support.
The definitions of Young function ®, norm | - ||, ¢, and B,, condition are given in
Section 3.

2. PrRooOF oF THEOREM 1.1

To prove Theorem 1.1 we need the following lemma which provides an equivalence
for the pair of weights in A7 .

Lemma 2.1. Let 1 < p < g < oo and 0 < o < 1. The pair of weights (u, v) €
A7, if and only if for every cube @ and every f >0,

q

ey (mo [ s anta)) @) = | i) (o))
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Proof. When p =1, for (u, v) € Af"q,

(W /Q f(@) du(w))q u(Q)

- ( /Q 1) ( /Q u(y) du(y)f du<x>>q
<o JREES du(w)>q-

When 1 < p < oo, by Holder’s inequality, we obtain

(-oo= [ 1@ (@) (@
SW(/f Po(z) du(z ) (/Q D dpu(a )ﬁ/Quu)du(x)
- ( [ s@pote) dutr )’ ( (/Q ) duto) ( / ole)' ¥ () _>

q
p

<o [ ryute) nta))"

To prove the converse, for any S C @, apply (2.1) to fxs,

(2.2) (W /S f(x) du(w)>qu(Q) <c ( /S F(@)Pu(a) du(w)>% .

Take f =1, (2.2) gives

A

n(s) \*
23) () @) = cu(s)t.
From the inequality above it follows that w € L], (x) (unless v = co u-almost ev-
erywhere) and that v > 0 p-almost everywhere (unless © = 0 p-almost everywhere).
Now, we are going to show that (u, v) € Ay .
For p = 1, note that (2.3) can be written as

1

L @ _ o o(S) _
L(5Q)i— (/Q u(z) du(x)> <C 5 forany S cQ with pu(S) > 0.

Fix @ and consider

a> essigfv = inf{t > 0: u(S;) > 0},
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where S; = {x € Q: wv(z) <t} C Q. Then p(S,) > 0, and

m ( /Q u(z) du(x))% < % / o(z) dulz)

< C(Ca.

Let a — essinfg v, we get

m (/Q u(x) du(x)>5 < C essinfv < Cv(x)  for p-ae. z€Q.

That is (u, v) € AT .
For 1 < p < oo, take f(z) = f(x)Pv(z), that is f(z) = v(x)'*. Fix Q and

define .
Si={re@: v(x)>3}, i=1,2,---

Then, f is bounded in every S; and ij fdu < oo (fix j and Q). Applying (2.2) for
S =5;and f(zx) = v(x)' " gives

(W /Sjv(x)l_p/ du(x))qu(Q) <C (/S
s (o) (/]

J
Since S C Sy C---CSj---,and U;S; ={r€Q: v(x) >0} =Q. Letj — oo,

we get 1
W (/Q u@) d’“”) E ( /Q o(@)' 7 du(w)) <c

That is (u, v) € Aj . The lemma is proved. |

So

1
7

v(z)t du(m)) ’ <C.

Q=

Y e

Proof of Theorem 1.1. Suppose that (1.4) holds. For f > 0 and a cube @, Take A
with

0< A< maolf) = M(M;ﬁ/cgf(x) du(z).

Note that
ma,@(f) < Ma(fxo)(z), z€Q,
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we have Q C {z € R?: M,(fxq)(z) > A}. Using (1.4),

@) < ({o € B Malfra)(o) > M) < 55 ( [ sarete) du )’

That is,

A

ANu(Q) < C ( /Q F(@)Po(z) du(m)) for 0 <A< maolf).

Let A — mq g(f), then

q

(.0 0@ < /Q F)Pol) du(w)) ’

Hence (u, v) € A7 , by Lemma 2.1.
In proving the converse, we still invoke Lemma 2.1. For fixed A > 0 and A > 0
large enough, set
E{={z eRY: Myf(z)> ), |z| < A}.

Then, for any = € E{, there is a cube @, containing = such that

W/Q [F (W)l duly) > X

By Besicovitch covering lemma, there exists a countable collection of quasi-disjoint
cubes {Q;}; = {Q(z;, rj)}; with z; € E{ and r; = r,, such that

Ef clJo;,  xo,(@) < B(),
j

(2.4)

where B(d) > 1 is usually called the Besicovitch constant. Recall the equivalence of
(2.1) and (u, v) € A5, along with (2.4), we have

u(Ef) < 3 u(@)

chjj(M /\f )| dp(x > (/ | f(2)Po(z du())
: % ; </Q]-‘f(x)‘p”($) du(w)>p
C , »
N (Zj: /Q]_ | f(2)[Po(x) du(x))

([ e du<x>)% 7

IN

IN
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where the constant C' is independent of A. Letting A — oo, the Monotone Convergence
Theorem leads to the desired weak-type inequality (1.4). This completes the proof of
Theorem 1.1.

3. PrRoOOF oF THEOREM 1.2

We first recall some definitions and basic facts related to Orlicz spaces (see [14]).
Let @ : [0, o) — [0, co) be a Young function, i.e. a continuous, convex, increasing
function with ®(0) = 0 and ®(t) — oo as t — oco. The Orlicz space Lo(RY, 1)
consists of measurable functions f such that

/ P <M> du(xz) < oo,  for some A > 0.
Rd )\

The space Lo (R?, 1) is a Banach space if it is endowed with the Luxemburg norm

I£la =inf(x >0 [ @ (‘fg—”‘) dn(z) < 1}

Each Young function & has associated to it a complementary Young function ® which
satisfies B
t< oo t(t) < 2t, forall t>0.

Let us define the following localized version of the Orlisz norm: for every cube
Q C R with 4(Q) < oo

. o £(@)
Ifla. = inf(r>0: o /Q cp( : )du(x)él}.

By the properties of Young function, it is easy to check that || - ||, o provides a norm
over Ly (Q, p): the space of all measurable functions on @) such that there exists A > 0

for which 1 o
o oo (L) aute) <

From [14], the following generalization of Holder inequality holds

1
TG [, V@@ dut) < Clla. ol o

For 1 < p < oo, itis said that a Young function ® satisfies 53, condition (® € Bp),

 O(t) dt
/ Q—< oo, for some ¢ > 0.
. Pt

For the proof of Theorem 1.2, we also need the following lemma.

if
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Lemma 3.1. Let 0 < a < 1 and f > 0 be a locally integrable function. If

@W /Q F(y) du(y) > ¢

for some cube @ and ¢ > 0. Then there exists a dyadic cube P such that P C 5Q,
@ C 3P and

ﬁ /P F(w) dpu(y) > 271,

Proof. Take s € Z such that 2571 < ¢(Q) < 2%, there exist dyadic cubes
Py, ,Pj,---, Py (1 < N < 29 which intersect Q with the side length 2%, and
P; C 5Q, Q C 3P;, j € [1, N], and for at least one of them, say P, the following

estimate holds
2d

Otherwise,

d d
/Qf(y) u(y) < ;/P] f(y) du(y)

N t 5Q l1—a
< Z 1( Qd)
j=1

< tu(5Q)'

which contradicts the hypothesis. Note that P C 5Q), we get

tu(5Q) —d
T R B 22

Lemma 3.1 is proved. |

Proof of Theorem 1.2. We will employ the ideas in [5] with modifications. Let

MO}? T sup / F)lduly
fle) = Q32,6Q)<R M 5Q )l

First, we will prove (1.6) with M, f(x) replaced by M f(x). Decompose R? in the
following way

=% with Q={zeR?: 2" < MIf(a) <2}
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Then, for k € Z and = € €y, there exists a cube Q¥ containing z, such that

1 / k
—_— d > 2%,
WO o [f ()] dp(y)
By Lemma 3.1, there exists a dyadic cube P* with Q% c 3P*, P¥ c 5Q¥, such that
1
— e d 2792,
e [, W)l dntw) >

x

(3.1)

From the definition of M %, every cube @ has bounded size, and so has every dyadic
cube P¥. Then, for fixed k, there is a sub-collection of maximal dyadic cubes {Pf}jeN

satisfying that every Q% is contained in 3P} for some j. We can write

=J CUBP’“

kEZ

Next, notice that these Pf are the maximal cubes for which (3.1) holds. However, for
prtt
7 1
1

- —dok+1 o o—dok
P o () > 2702441 > 272k

Hence, for every i, there exists j = j(i, k) such that P**" c P¥. In short, for a fixed

k, the cubes {Pf}jeN, kez are pairwise disjoint and they are strictly nested for different
k.
Let K > 0 be a large integer, Ax = {(j, k) e Nx Z: |k| < K}. Then

= R x q’Ll,fI,' x
To= [ (ME@) () o)

k=—K"k
= (MEf(@))" u(x) du(x)
(j, k)EAK 3Py
< 3 u(spp) ()
(J, k)eAk
q
<C ), “<3Pk> ( (Phyi—a /Pk \f(y)\du(y)>
(4, k)eAK J : J
(a—1 q n 1 1
<c Y <3Pf)u<Pf) <ij> quva%’Pva Pl
(J, k)eAk

where we used the generalization of Holder inequality. From (1.5), we have

62 Te<C Y (BT I =0 [ (Tutroh))

(4, k)eAK



1418 Weihong Wang, Chaogiang Tan and Zengjian Lou

here Y = N x Z, v is a measure on ) given by v(j, k) = e(Pf)% and the operator
Tk is defined by
Trg(s k) = llglla, prxa (G, F)-
We next to show that T : LP(R?, u) — L9(Y, v) is bounded independently of
K. For a bounded function g with compact support and A > 0, take
Fx=A{0: k) € Y : Tkg(j, k) > A} = {0, k) € Ak = |lgllg pr > A}
Without loss of generality, we may assume that ®(1) = 1. Write

g9(x) = g(x)X{m;|g(m)|>§}($) +9(x)X{m;|g(m)|<%}($) = g1(2) + g2().

g(é)n/Q@@ga(x)‘) du(z) < g(é)n/Q@(l)du(x)

)
uQ)r —
So, forevery Q, [|&lls, ¢ < A/2. For @ such that ||lg||¢ o > A, the triangle inequality
gives

Then

A<|glls, o = llor + g2lls,¢
< llgills o + llg2lls. ¢

A
< llgille,q + 5

ie. loillg, g > A/2. Thus

. . A ~
Fr={G, K) € A+ llgllg,p > A} C {0 B) € A= llgnllg, p > 51 = Fi

If (j, k) € F), then
1 % 2\91\)
S —— ) du>1.
((PFyr /Pf ( X )

- (2
P </ d <M> du.
Pk A
It follows that

V(Fy) < v(F))

So

IN
~
3
/~
L
S~—
\
I
KA
7N
N
y\m
=
N
oY
=
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Notice that the dyadic cubes {Pf}jeN, kez have bounded size, so we can extract a
maximal sub-collection {P;} to get

) < Y3 ek / @(@) dpe

i Prch b
Yy Y e(Pf“)”(%‘1>/ P (M) d
T 0 Prcr, Pk A

Z(P]].“):Q—mZ(PZ-)

v
>

Furthermore, for every i, there exists (j, k) € F) such that P; = Pf . Consequently

v(F)) < CZ(/J(%) du)%

co(sh o))
(Lo (%) )
(o))

q

3) [ ot wyravti < ([ lat@pdn) )

where the constant C' is independent of K.
To see this, we begin by using the formula of distribution function

hS RS

IN
Q

Now we can verify

[ TkoG R k) = a [ X (G0 € 9 TieolG 8 > 2D T
_ q/ooo Nw(F) S
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By the calculation of v(F)), we have

25+l »
= (2lg] dA
Trg(j, k)?dv(j, k) < C / < / ® (—) du) —~
/ Z {oeRd|g(@)|>3}  \ A A
- (2|g] ’
< C (2571)” / <1>< ) du>
2 ( {zeRd: [g(2)[>Z ) \ 2°

SEZ .
- (2]g| v
<C (28+1)p/ <I>< ) du> :
(% {veRe: [g(2)[>Z ) \ 2°
Note that
- (2|lg(x
seZ {zeR%: |g(2)|> %}
s+1
_ 2/2 23+1 p/ < ) )@
po=r {z€Re: |g(2)[> 2} 2
</ 2)\p/ <4\g(m ) 2d)\
B {z€R: |g(z)|>2}

o I/Rd/‘”g(m (4\9( \) ~ dul@)
o () o0
— i+l (/Rd \g(w)\pdﬂ($)> (/100 % %>

<0 [ lole)P duta)

where we used the fact that & € B,. We have proved the estimate (3.3) with the
constant C' independent of K. Combining (3.2) and (3.3) leads to that

IKSC/)}TKUU%)C]duSC(/Rd\f\pvdu>%

The uniformity in K of this estimate and the Monotone Convergence Theorem imply
that

o W) ) o) < € ( [ @) dm))% |

where the constant C' is independent of R. Letting R — oo, using the Monotone
Convergence Theorem again, we complete the proof of Theorem 1.2.
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