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TWO NONTRIVIAL SOLUTIONS FOR A CLASS OF ANISOTROPIC
VARIABLE EXPONENT PROBLEMS

Denisa Stancu-Dumitru

Abstract. We study an anisotropic problem involving variable exponent growth
conditions on a bounded domain 2 ¢ RY. We prove the existence of at least two
nontrivial weak solutions using as main tool a result due to Ricceri.

1. INTRODUCTION

Equations involving variable exponent growth conditions have been extensively
studied in the last decade. The large number of papers studying problems involving
variable exponent growth conditions is motivated by the fact that this type of equations
can serve as models in the theory of electrorheological fluids (see, e.g. [29]), image
processing (see, e.g. [4]), the theory of elasticity (see, e.g. [35]), biology (see, e.g.
[12]), the study of dielectric breakdown, electrical resistivity, and polycrystal plasticity
(see, e.g. [1, 3]) or in the study of some models for growth of heterogeneous sandpiles
(see, [2]). In this context, we just refer to the survey paper [13] and the references
therein.

In this paper we are concerned with the study of the following class of equations

N
— > Oy, (\8@,7 u\pi(m)_2 8miu) = Mf(z,u)+ pg(z,u) for z € Q,
i=1

1) -
u =0, for z € 9.

where Q ¢ RY (N > 3) is a bounded domain with smooth boundary, f,g € C(Q x

R, R) are two given functions that satisfy certain properties, p; are continuous functions

on Q with 2 < p;(z) for each € Q and every i € {1,2,..., N}, A > 0, p are real

numbers.
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The differential operator involved in equation (1) is an anisotropic variable exponent
operator which represents an extension of the operator Z Or; (|0s, u|P(®)=2 Or;u0)

obtained in the case when for each i € {1,..., N} we have pz( ) = p(z). Even though
different from the p(x)-Laplace operator, i.e. A,gu = div(|VuP®=2Vu), this
last differential operator keeps some of its properties. Thus, the differential operator
involved in this article can be regarded as an extension of the p(z)-Laplace operator
to the anisotropic case. Such kind of operators can be seen as candidates for modeling
phenomena which ask for distinct behavior of partial differential derivatives in various
directions.

In this paper we will prove the existence of at least two nontrivial weak solutions
for problem (1) by using as main tool a three critical point theorem due to Ricceri (see
[28, Theorem 2]). Particularly, our result extends to the anisotropic case some earlier
results obtained for the p(x)-Laplace operator by Mihailescu [17], Fan and Deng [8],
Liu [16] and Ji [14]. The results presented in the above quoted papers are also obtained
by applying different critical points theorems due to Ricceri (from [26], [27] or [28]).

2. A BRrIEF OVERVIEW ON VARIABLE EXPONENT SPACES

Set
C,(Q) ={h; he C(Q), h(z) > 1forallx € Q}.
For any p € C(Q) we define

p" =supp(z) and  p~ = inf p(z).
e zeN

For each p € C (), we recall the definition of the variable exponent Lebesgue space

LPY)(Q) = {u; u is a measurable real-valued function such that/ lu(z)[P@) dx < oo} .
Q

This space becomes a Banach space [15, Theorem 2.5] with respect to the Luxemburg

norm, that is (@)
plx
|ulp() = inf {u > 0; / u(@) dzx < 1} :
0

Moreover, LP0)(Q) is a reflexive space [15, Corollary 2.7] provided that 1 < p~ <
p™ < oco. Furthermore, on such kind of spaces a Holder type inequality is valid [15,
Theorem 2.1]. More exactly, denoting by L2()(Q) the conjugate space of LP()(Q),
where + oy = 1 forany o € Q, for each u € 70)(Q2) and each v € LIV)(92)
the Horéer type mequallty reads as follows

1 1
/uv de| < <——|— )\u\p( \v\q(
Q p

()
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An immediate consequence of Holder’s inequality is connected with some inclusions
between various Lebesgue spaces involving variable exponent growth [15, Theorem
2.8]: if 0 < || < oo and p1, po are variable exponents, such that p; (z) < ps(x) almost
everywhere in ©, then there exists the continuous embedding LP2()(Q) < LP1()(Q),
whose norm does not exceed || + 1.

An important role in manipulating the generalized Lebesgue-Sobolev spaces is
played by the modular of the ZP()(£2) space, which is the mapping p,,(., : LP()(Q) — R

defined by
poto) = [ Jul?® da.

provided that p™ < oo. Spaces with p™ = oo have been studied by Edmunds, Lang
and Nekvinda [5].

We point out some relations which can be established between the Luxemburg norm
and the modular. If (u,), v € LP()(Q) and pT < oo then the following relations hold

true
lulpy <1(>1,=1) & pu)<l(>1=1)

- +

(3) ‘u‘p(~) >1 = ‘u‘g(.) < Pp(~)(u) < ‘u‘g(.)
+ —

(4) ‘u‘p(~) <l = ‘u‘g(.) < pp(~)(u) < ‘u‘g(.)
(5) [, —ulpy =0 & ppy(un —u) — 0

lulpy =00 & pyy(u) — oo

\u\p(.) -0 & pp(.)(u) — 0.

Next, we define the variable exponent Sobolev space Wol’p(')(ﬂ) as the closure of
C§°(£2) under the norm
lull = [Vuly() -

The space (Wol’p(')(ﬂ), || - ||) is a separable and reflexive Banach space, provided that
1 <p~ <pt < oco. We recall that if €2 is a bounded, open domain in RY, ¢ € C(Q)
and q(x) < p*(z) for all z € Q then the embedding

Wy P(Q) — L10(Q)

is compact and continuous, where p*(z) = ]\],V_plgfa);) if p(z) < N or p*(z) = 400
if p(x) > N. We refer to [22, 5, 6, 7, 9, 10, 15] for further properties of variable

exponent Lebesgue-Sobolev spaces.

Finally, we recall the definition and properties of the anisotropic variable exponent
Sobolev space as they were introduced in [21]. With that end in view, we assume in the
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sequel that © is a bounded open domain in RY and we denote by '(-) : Q — RY the

vectorial function p'(-) = (p1(-),...,pn(+)). We define Wol’m')(ﬂ), the anisotropic
variable exponent Sobolev space as the closure of C§°(£2) with respect to the norm

N
lull 5y = D 10utlpy( -
i=1
In the case when p;(-) € C () are constant functions for any i € {1,..., N} the

resulting anisotropic Sobolev space is denoted by W&’?(Q), where P’ is the constant
vector (p1,...,pn). The theory of this type of spaces was developed in [11, 23, 24,

25, 32, 33]. It was argued in [21] that Wol’m')(ﬂ) is a reflexive Banach space. Also,
W&’?(')(Q) is a separable space.

On the other hand, in order to facilitate the manipulation of the space W&’?(')(Q)
we introduce 1_3>+, P_inRV as

—

H — —
P+:(p1’—7"'7p})7 P_ :(plv"'vp]v)v
and P, Pt P~ e R" as
P_',f = max{p?, ...,p;}, Pt = max{p|,...,py}, P_ =min{p;,...,px}

Throughout this paper we assume that

(6) Zi_>1

Let us also recall a compactness result that will be essential in our approach (see, [21,
Theorem 1] or [20, Proposition 2.1]):

Theorem 1. Assume that Q@ ¢ RY (V > 3) is a bounded domain with smooth

boundary. Assume relation (6) is fulfilled. For any ¢ € C(2) verifying
(7 1< q(r) < P_o forall z€Q,

the embedding .
Wy 7 O(@) = L7O(Q)
is compact.
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For further results, properties and applications regarding anisotropic variable expo-
nent spaces the reader can also consult [18, 19, 30, 31].

3. THE MAIN REsuLT
In this paper, we study problem (1) in the case when f, g € C(Q x R, R) such that
(8) |f(z,t)|, |g(x,t)| < C(1+ \t\p(m)_l) for all (z,t) € QxR

where C'is a positive constant, p : 2 — (1, c0) is a continuous function and
ij <p <pt< P_ .

We seek solutions for problem (1) belonging to WOI’E)(')(Q) in the sense given below.

Definition 1. We say that u € W&’?(')(Q) is a weak solution of problem (1) if it
satisfies

N
) Z /Q |0, u|P @20, u 0,0 d = A /Q f(z,u)v dx + u/gg(x, w)v dx
i=1

forall v € Wol’m')(ﬂ).

Theorem 2. Assume that

sup F'(z,t) sup F(xz,t)

(10) max < lim sup ze? . lim sup ze? e <0

t—0 ‘t‘ + [t|—+oo ‘t‘ -
and
(11) sup / F(z,u) dz > 0.
Set

N ‘amiu‘pi(m)
v = inf { ELLE pi(®) D uE Wol’?(')(ﬂ), / F(z,u)dz >0
/F(x,u) dx Q@
Q

Then, for each compact interval [a, b] C (v, +00), there exists » > 0 with the following
property: for every A € [a,b] and every function g, there exists 6 > 0 such that, for
each p € [0, d], problem (1) has at least three solutions whose norms are less than r.
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4. ProoF oF THEOREM 2

Let E denote the anisotropic variable exponent space W1 P )(Q). Our idea is to
apply critical point theory in order to show that the energetic functional associated to
problem (1) possesses at least three critical points corresponding to the three solutions
of problem (1).

To be more specific, the corresponding energy functional of (1) is 7 : E — R
defined by

I Sl AL G(z,u)d
(u)—z ) x — /Q (z,u) x—u/Q (z,u) dx

i=1 Y%

for all uw € E, where F(z,u) = / f(z,s)ds, G(z,u)= /u (z,s) ds.
0

Standard arguments assure that 7 € C'(E,R) and its Fréchet derivative is given
by

N
(I'(u),v) :Z / |8, u|P®) 28, 1 D, v dw—)\/f(x,u)v dw—u/g(x,u)v dx,
— Ja ) )

for all uw,v € E. Therefore, the weak solutions of problem (1) are exactly the critical
points of 1.

Further, our idea is to apply a variational principle due to B. Ricceri in order to
show that I has three critical points and consequently problem (1) has three weak
solutions that verify the properties described in Theorem 2. We recall Ricceri’s result
below. In order to do that we start by introducing a notation. If X is a real Banach
space, we denote by Wy the class of all functionals ® : X — R possessing the
following property: if (u,) is a sequence in X converging weakly to v € X and
hnrgiorolf O (uy,) < ®(u), then (u,,) has a subsequence converging strongly to w.

Theorem 3. [28, Theorem 2]. Let X be a separable and reflexive real Banach
space,  : X — R a coercive, sequentially weakly lower semicontinuous C'! functional,
belonging to Wx, bounded on each bounded subset of X and whose derivative admits
a continuous inverse on X*; J : X — R a C! functional with compact derivative.
Assume that ® has a strict local minimum z ¢ with ®(xzo) = J(z¢) = 0. Finally,

setting
: J(x) J(x)
a =max< 0, limsup —=, limsup —= ;,
p= sp 2D
z€P—1(0,+00) (I)((L‘)

assume that « < S.
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Then for every compact interval [a,b] C (ﬁ’_) (with the conventions & =
+o00, +To = 0) there exists » > 0 with the following property: for every A\ € [a, ]
and every C' functional ¥ : X — R with compact derivative, there exits § > 0 such

that, for each p € [0, 0], the equation
d'(z) = \J'(z) + p¥'(x)
has at least three solutions whose norms are less than 7.

Define the functionals ®, J, ¥ : ¥ — R as

pi(z
/\&Clu\ J(u):/F(x u) dz, V(u / G(z,u)
Q

forany w € E. Thus, I(u) = ®(u) — AJ(u) — p¥(u) forall u € E.
Standard arguments assure that functionals ®, .J, ¥ ¢ C'(E,R) and their deriva-
tives are

N
(' (u),v) = / |0, u|P @20, u 8,0 dz, Y u,v € B,

' /fxu Vv dz, (U(u),v) = /Qg(x,u)vdx, Vu,ve B

Proposition 1. Functional ® is coercive, convex and bounded on each bounded
subset of E/. Mapping ®’ : E — E* is coercive, hemicontinuous, uniformly monotone
and satisfies the property: for any sequence (u,) C E and any u € E such that (u,,)
converges weakly to  in £ and lim sup(®’(uy,, ), u, —u) < 0, we have (u,) converges

n—oo

strongly to u in E.

Proof. For every u € E with [[u|5 () > 1, we define

. P, if [0pulp,) < 1
i P, if \8mlu\pl() > 1.
The following inequality

pP-

-

N . pIRLELING i

S ol >N | E | = —Z0

i Ipi(°) N NP_ —1

=1

holds, for all u € E. Taking into account this inequality, for all u € E' with [ju|[ 5, >1,
we get to
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N N
Z; /Q‘amiu‘pi(m) dr > Z; ‘amiu‘f;i(.)
P- P
= Z ‘8”31’“‘171'(') B Z ‘8£iu‘P:(_')

=l {i =P}
lull =,
S Mg
SO
lull=r
(12) /\8 i@ dg > — 70 — N, for all uw€ E with [luf5) > 1.
NPZ-1
Thus

P

By ulPi@) [l .

Z/ | “‘ vz — 1;(_) N, for all ue B with [z > 1,
Pf NP--

+

that implies ® is coercive.

It is obvious that @ is convex since function & : [0,00) — R, h(t) = t* with s > 2
IS convex.

Using inequalities (3) and (4) it is easy to see that ® is bounded on each bounded
subset of E.

Next, we show what properties ®' has. By relation (12) we have

lull %,
(®' (), u 1. P @ de >~ PO for all we E with fJufw > 1,
N -1 p()

that implies ®’ is coercive. The fact that ®’ is hemicontinuous can be verified using
standard arguments.
Next, we show that @’ is uniformly monotone. It is known that the following inequality

(13) (In]"n = lo|" 20) (n — 0) > 27" |n — o, for all n,0e R",

is valid for all ¢ > 2. Thus, we deduce that

(14)  (¥'(u) - ¢'(v),u

'MZ

/ L (u— ) [P dx, ¥ u,v € E.

=1

We define function © : [0, 00) — [0, 00) by
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plf-1 .

521:1_ , if s < 1,
O(s) = P -1

st -

T, if s Z 1.

2+

It is easy to check that © is an increasing function with ©(0) = 0 and tlim O(t)
Relation (3), (4) and (14) yield that

(' (u) = @'(v), u—v) = Olu—vllz() lu—vllze), ¥V uveE,

oQ.

that means @’ is uniformly monotone.
Let w € E and (u,) C E such that (u,) converges weakly to » in E and
lim sup(®’(uy), up, —u) < 0. Since @ is continuous, bounded, strictly monotone,

n—oo
(uy,,) weakly converges to « in E and lim sup(®’(u,,), u, — u) < 0, it follows that

n—oo

lim (®'(uy,), up, — u) =0,

n—oo

thus N
lim Z / \ﬁmiun\pi(m)_Q O, Up, O, (U, —u) = 0.
i=1 Q

n—00 4

Using the fact that (u,,) weakly converges to « in E, by this equality we obtain

N
=1 79

n—oo

Applying inequality (13) we deduce that

N
lim Z / |0, U, — ﬁmiu\pi(m) dx =0,
i=1 Q

n—o0 4
and, consequently, (u,) strongly converges to « in E. [ ]

Proof of Theorem 2. From Proposition 1 we deduce that ® is a coercive, sequentially
weakly lower semicontinuous C'* functional, belonging to Wy and bounded on each
bounded subset of E. Since &’ is coercive, hemicontinuous and uniformly monotone on
E, using [34, Theorem 26.A (d)] we deduce that the inverse of ®’ is continuous. It is
easy to see that J’ and W’ are strongly continuous. Using Proposition 26.2(a) in [34] it
follows that J’ and U’ are compact. Thus, J, ¥ are C* functionals that admit compact
derivative. Functional ® has a strict local minimum at « = 0 with ®(0) = J(0) = 0.

We fix e > 0 arbitrary. By relation (10) we deduce that there exist ry, 73, 0 <

r1 < 1 < rg such that F(x,t) < e]t]ﬂT for all (z,t) € Q x [—ry,r] and

(15) F(x,t) < €|t~ for all (z,t) € Q x (R\ [—ry,73]).
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Thus, we have that F(z,t) < eWﬂT for all (z,t) € Q x (R\ ([—re, —r1] U[r1,ra])).
Since F' is bounded on each bounded subset of 2 x R, we can choose a constant
Ce > 0and s with P} < s < P_ ,, such that

(16) F(z,t) < elt|PF + CJtf* for all (z,t) € Q x R.

By relation (4), for all u € E with [lul|5.) < 1, we obtain

P+
N +
P 0,
A pRL AL ¥
NP1 N
Pf N + N
D LNHIED DILRTANES Dy UTTELRE
i=1 i=1 i=1 Y8
S0
P+
17 D(u) > I3 for all u € E with 1
( ) (U) = P_:’ ij___l, or all u & W1 HuH?() < 1.

Using Theorem 1 we obtain by relation (16) that there exist two positive constants
C1, Cy such that
pt
J(w) < Crllull e + Callully, Ce
and taking into account relation (17) this yields
: J(u) + arPH-1
(18) hril_s)élp w <Cp Pl N+ e

By relations (15) and (12), for all u € E with ||u[| ) > N we have

F(z,u) dz / F(z,u) dx
éiu; < Pi NP Qﬂ{|u|§;g_} +Qﬁ{|u|>;2_}
u - P = NPT
lully = N lul, = N
so using Theorem 1 we get
J _
(19) lim sup ﬂ < Cs P_'t NP-le,
lull () —oo P(1)

where Cj is a positive constant.
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Since e > 0 was arbitrary fixed, taking into account relations (18) and (19) we

conclude that
max < lim sup M, lim sup M <0
u—0 (I)(u) llull5 (.y—o0 (I)(u)

So, «, defined in Theorem 3, is equal to 0. By assumptions we deduce that 5 > 0. All
the assumptions of Theorem 3 are satisfied, thus we can apply this theorem. Taking
= % the proof of Theorem 2 is complete. m

5. AN APPLICATION OF THEOREM 2

Corollary 1. Let Q2 c RY (N > 3) be a bounded domain with smooth boundary, p ;
continuous functions on Q and 2 < p;(z) for each 2 € Q and every i € {1,2,..., N},
A > 0, u real numbers, C, Cy two positive constants, a, b, ¢, d, h : 2 — R continuous
functions such that

(20) a(z) > 0 for every = € Q,
(21) Pr<b <bh<d <d' <P
and

Pl <c(z) < h(z) < P-

N |9, u|Pi(®)
Zid
R
Cl\u\b(m) Cg‘u‘d(m)
. d
/gz“(x)( ba)  dw )"

Crlul’™  Cylul?®)
/Qa(x)< @) d() >dw>0},

where E = Wolj(')(ﬂ). Then, for each compact interval [a, b] C (v, +00), there exists
r > 0 with the following property: for every A € [a, b] and for functiong : O xR — R
defined by

for every z € Q. Set

~v = inf ru€e R,

t]@) =2t for |t| <1,
(22) g(z,t) = {

[t]M®) =2t for |t| > 1,

there exists 0 > 0 such that, for each p € [0, d], problem

N
— Z; O, <\5q;l u‘pi(m)_Q aa:i“) for z € Q,

=a(z) (C; [ult@ =2y — Cy|u|*®~20) + g (z, )
u =0, for x € 09).

(23)
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has at least three solutions whose norms are less than 7.
Proof. We consider f : Q x R — R defined by
flx,t) = a(z) (C1]t]P® 72t — Co|t|*®=2¢) forall (z,t) € X xR

It is clear that f and g defined by relation (22) verify condition (8). We will show that
function f satisfies conditions (10) and (11) by Theorem 2.
t

Function F(z,t) = / f(z,s)dsis
0

b(x) d(z)
FuJ):au><Cﬁg -Gt ).

For each ¢ > 0 there exists 2; € Q depending on ¢ such that sup F(x,t) = F(xy,1).

meﬁ
We evaluate
sup F'(z,t)
mEﬁ _ F(xtvt)
#|7% #|7%
(o (GO ol
= a(x —
! b(wy) d(y)

d(ze)—b(z¢)
smmww*ﬁ<%—9&%r——>

Since relations (20), (21) hold, for |¢t| small enough, we have

sup F(z,t)
. [SY)
(24) hrtn _?Oup QC‘T =0
Also, we evaluate
sup F'(z,t)
J?Eﬁ _ F(fI:t, t)
|7~ |7~
Cl‘t‘b(a:t)—P__ C2‘t‘d(a:t)—P__
= a(z) —
b(wt) d(wt)

I o N LCORLCD)
sammmﬂﬂ<ﬁ—4wqr——-

Since relations (20), (21) hold, for |¢| large enough, we get
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_ d(xt)—b(wt)
a(xt)‘t‘b(mt)_P— <ﬁ — —CQM > <0,

b~ d+
thus
sup F(x, 1)
(25) lim sup S U <0
lt|—+o0  [t|F-

By (24) and (25), we deduce that condition (10) is true.
Taking into account the assumptions of our corollary, for ¢ small enough and con-

stant, we obtain o) i)
Cy [t Colt| ™
— dx > 0.
/gz“(x)( ba)  dw) )"

Thus, function f satisfies the hypothesis in Theorem 2 and the conclusion holds. The
proof of Corollary 1 is complete. ]
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