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EXISTENCE AND STABILITY OF SOLUTIONS FOR GENERALIZED
SYMMETRIC STRONG VECTOR QUASI-EQUILIBRIUM PROBLEMS

Bin Chen, Nan-jing Huang and Ching-Feng Wen*

Abstract. In this paper, a class of generalized symmetric strong vector quasi-
equilibrium problems in real locally convex Hausdorff topological vector spaces is
studied. By using the Kakutani-Fan-Glicksberg fixed point theorem, an existence
theorem of solutions for the generalized symmetric strong vector quasi-equilibrium
problems is obtained. Moreover, the closedness of the solution set and a stability
result of solutions for such problem are also derived.

1. INTRODUCTION

The equilibrium problem contains many important problems as special cases, such
as optimization problems, problems of Nash equilibrium, fixed point problems, varia-
tional inequalities and complementarity problems. In recent years, there has been an
increasing interest in the study of vector equilibrium problems. A lot of existence
results of solutions for vector equilibrium problems and vector variational inequalities
have been established (see, e.g.,[2, 4, 10, 17] and the references therein).

In 1994, Noor and Oettli [34] introduced and studied the symmetric quasi-equilibrium
problem which is a generalization of equilibrium problem proposed by Blum and Oettli
[7]. In 2003, Fu[19] introduced the symmetric vector quasi-equilibrium problem which
is a generalization of the symmetric quasi-equilibrium problem proposed by Noor and
Oettli [34] and gave an existence theorem for weak Pareto solution for the symmet-
ric vector quasi-equilibrium problem in Hausdorff locally convex spaces. Farajzadeh
[16] supplied a further extension to Hausdorff topological vector spaces with several
assumptions being relaxed. Anh and Khanh [2] extended the problem considered in
Noor and Oettli [34], Fu [19] and Farajzadeh [16] from the single-valued case to the
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multivalued case in Hausdorff topological vector spaces. Gong [23] introduced the
symmetric strong vector quasi-equilibrium problem and gave an existence theorem of
strong efficient solution for symmetric vector quasi-equilibrium problem in Hausdorff
locally convex spaces. It is well known that a strong efficient solution of a vector
equilibrium problem is an idea solution. It is better than other solutions such as ef-
ficient solution, weak efficient solution, proper efficient solution and supper efficient
solution(see [24]). Hence, it is important to study the existence of strong efficient
solution and properties of the strong efficient solution set. Recently, Hou, Gong and
Yang [26] derived an existence theorem of strong efficient solution for generalized
strong vector quasi-equilibrium problem and discussed the stability of strong efficient
solutions. Long, Huang and Teo [33], Yu and Gong [37] extended the main results of
Hou, Gong and Yang [26] from single-valued mappings to set-valued mappings.

On the other hand, one of important problems of vector equilibrium is to investigate
the stability of solutions. For the stability of symmetric equilibrium problems, there
have been limited number of works in the literature. Recently, Anh and Khanh [3]
derived various kinds of semicontinuity for the solution sets of parametric multivalued
symmetric vector quasi-equilibrium problems. Chen and Gong [12] studied the stability
of the solutions set for symmetric vector quasi-equilibrium problems. To the best of
our knowledge, no paper has been devoted to the study of stability for generalized
symmetric strong vector quasi-equilibrium problems.

Motivated and inspired by the research works mentioned above, in this paper, we
consider a class of generalized symmetric strong vector quasi-equilibrium problems
in real locally convex Hausdorff topological vector spaces. We establish an existence
theorem of solutions by using Kakutani-Fan-Glicksberg fixed point theorem and discuss
the closedness of the solution set for the generalized symmetric strong vector quasi-
equilibrium problems. Moreover, we also show a stability result for such problem.

2. PrRELIMINARIES RESULTS

Throughout this paper, unless specified otherwise, we suppose that X, Y and Z be
real locally convex Hausdorff topological vector spaces and C C Z be a closed convex
cone. The convex cone induces a partially ordering in Z, defined by

21 < Zg(Or 29 > 21) if and only if 290—21 €C.

Let £ be a a nonempty subset of X, and D be a nonempty subset of Y. Let S :
ExD—28T:ExD—2P°, F:ExDxE—2?andG:DxE x D — 2%
be four set-valued mappings.

In this paper, we consider the following generalized symmetric strong vector quasi-
equilibrium problem(in short, GSSVQEP): finding (z,y) € E x D such that z €
S(z,y), yeT(z,y) and
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F(z,y,2z) C C\Vx € S(Z,7),
G(y,z,y) C C,Vy € T (Z,7).

For our main results, we need some definitions and lemmas as follows.

Definition 2.1. ([1]). Let X and Y be two topological vector spaces, and T : X —
2Y be a set-valued mapping.

(i) T is said to be upper semicontinuous at = € X if, for any neighborhood U of
T(x), there is a neighborhood V' of « such that

T(t) CUNteV.

T is said to be upper semicontinuous on X if it is upper semicontinuous at each
z e X.

(if) T is said to be lower semicontinuous at x € X if, for any y € T'(x) and for
any net {x,} converging to z, there exists a net {y,} such that y,, € T'(z,) and
{ya} converges to y.

T is said to be lower semicontinuous on X if it is lower semicontinuous at each
reX.

(iif) 7T is said to be continuous on X if it is both upper semicontinuous and lower
semicontinuous on X.

(iv) T is said to be closed, if Graph(T') = {(z,y) : € X,y € T(x)} is a closed
subset in X x Y.

Definition 2.2. Let W be a topological vector space and D C W be a nonempty
set. A set-valued mapping G : D — 27 is said to be C-upper semicontinuous on z
if, for any neighborhood U of 0 in Z, there exists a neighborhood U (1) of z such
that

G(x) C G(x0)+U+CVx €U (z9) N D.

Definition 2.3. Let W be a topological vector space and D C W be a nonempty
set. A set-valued mapping G : D — 27 is said to be C-lower semicontinuous on z if,
for each z € G (x), and any neighborhood U of 0 in Z, there exists a neighborhood
U(z) of zo such that

G(2)N(2+U—C)#0,VYz € U(xg) ND.

Definition 2.4. Let W be a topological vector space and D C W be a nonempty
set. A set-valued mapping G : D — 27 is said to be C-quasiconvex if, for any z € W,
1,9 € D, t € [0,1], 21 € G(21),22 € G(x2) and z1 < z,29 < z, there exist
zt € G(tzy + (1 — t)x) such that z; < z.
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Definition 2.5. Let W be a topological vector space and D C W be a nonempty
set. A set-valued mapping G : D — 27 is said to be C-properly quasiconvex if, for
any z,y € D, t € [0,1], u € G(z), v € G(y), there exists z € G(tx + (1 — t)y) such
that either z < w or z < v.

Lemma 2.1. ([1]). Let X and Y be two Hausdorff topological vector spaces and
T :X — 2" be a set-valued mapping.

(i) If T is upper semicontinuous with closed values, then 7" is closed.
(ii) If T"is closed and Y is compact, then T is upper semicontinuous.

Lemma 2.2. (Kakutani-Fan-Glicksberg [25]). Let X be a locally convex Hausdorff
topological vector space and K be a nonempty compact convex subset of X. Let
T : K — 2K be a upper semicontinuous set-valued mapping with nonempty closed
convex values. Then there exists z € K such that z € T (z) .

Lemma 2.3. Let D be a nonempty convex subset of Z and G : D — 27 be
C-upper semicontinuous mapping with compact values such that for every x € D,
there exists zop € G(x) such that z9 < z for all z € G(z). Then G is C-properly
quasiconvex if and only if the following conditions hold:

(i) For any z,y € D, there exists ty € [0,1] such that for all v € G(x) and
v € G(y), there exists z € G(tox + (1 — t9)y) with z < u and z < v;

(ii) G is C-quasiconvex.

Proof. The necessity see the Lemma 2.1 of [37]. Next we prove the sufficiency,
i.e. if the conditions (i) and (ii) are satisfied, then G is C-properly quasiconvex.

If to = 1, then by (i), for u € G(x), v € G(y), there exists z € G(x) such that
z <w and z < v. By the assumption, there exists z; € G(y) such that z; < v. By
(i), there exists z; € G(tx + (1 — t)y) such that z; < v.

If to = 0, then it follows from (i) that, for v € G(z), v € G(y), there exists
z € G(y) such that z < w and z < v. By the assumption, there exists zo € G(z) such
that zo < w. The condition (ii) implies that there exists z; € G(tz + (1 — t)y) such
that z; < u.

If o € (0,1), then for u € G(z), v € G(y) and t € [0,1], when ¢ > t,, take
a = (t—ty)/(1—ty) € [0,1]. Letting x, = toz + (1 —ty)y, the condition (i)
implies that there exists z € G (xy,) such that z < w and z < v. By the assumption,
there exists z; € G(z) such that z; < w. It follows from (ii) that there exists z; €
G(arx+ (1 —a)xy,) = G (tr + (1 —t)y) such that z; < u. When t < ¢, take a =
(to —t)/to € [0, 1]. Letting zy, = toz+(1 — to) y, by (i), there exists z € G (z,) such
that z < w and z < v. By the assumption, there exists zo € G(y) such that zo < v. The
condition (ii) implies that there exists z; € G (ay + (1 — ) x4,) = G (tz + (1 — t) y)
such that z; < w.



Generalized Symmetric Strong Vector Quasi-equilibrium Problems 945

Hence, for v € G(z), v € G(y), t € [0,1], there exists z € G (tx + (1 — 1) y)
such that either z; < w or z; < v. Thus, G is C-properly quasiconvex.

3. EXISTENCE OF SOLUTIONS

In this section, we establish an existence theorem of solutions by using Kakutani-
Fan-Glicksberg fixed point theorem and discuss the closedness of the solution set for
the generalized symmetric strong vector quasi-equilibrium problems.

Theorem 3.1. Let X,Y, Z be real locally convex Hausdorff topological vector
spaces, F C X and D C Y be nonempty compact convex sets. Let S : E x D — 2F
and T : E x D — 2P be continuous set-valued mappings with nonempty compact
convex values. Let F: Ex D x E — 2% and G : D x E x D — 2% be C-upper
semicontinuous and C-lower semicontinuous mappings with nonempty compact values.
Assume that

(i) For each (z,y,2') € E x D x E, there exists z € F(z,y, z') such that

2 <2V e F(x,y,2);
For each (y,z,y') € D x E x D, there exists z € G(y, z,y’) such that

z <2V e Gy, x,y);

(ii) Forall (z,y) € E x D, F(z,y,xz) C C and G(y,z,y) C C,

(iii) Forall (z,y) € ExD, F(z,y,u) is C-properly quasiconvex in v and G(y, x, v)
is C-properly quasiconvex in v.

Then GSSVQEP has a solution. Moreover, the solution set of GSSVQEP is closed.

Proof. Forany (z,y) € E x D, define A: Ex D —2F and B: E x D — 2P

by
A(z,y) ={v e S(x,y): forany u € S(z,y),z € F(z,y,u),

there exists w € F(x,y,v), such that w < z},
B(z,y) ={a € T(x,y):forany b € T(x,y),e € G(y,x,b),
there exists d € G(y, x,a), such that d < e} .
(I) For any (z,y) € E x D, A(z,y) is nonempty.
Indeed, for every u € S(z,y), set
H(u) ={ve S(z,y):forany z € F(x,y,u),
there exists w € F(z,y,v),such that w < z}.
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Then u € H(u) and so H (u) # 0.

Now we show the family { H(u) : u € S(x,y)} has the finite intersection property.
Letting uy,us € S(z,y), by the assumptions and Lemma 2.3, there exists ¢ € [0, 1]
such that for any z; € F(x,y,u1) and zo € F(x,y, us), there exists z € F(x,y, tu; +
(1 — t)’LLQ) with

z <z and z < z9.

From the convexity of S(x,y), we know that v := tw; + (1 — t)ug € S(x,y) and so
v € H(up) N H(uz). Let uy,ug, -+, u, € S(z,y)and () H(u;) # 0. Then, there
i=1

n
exists v € () H(u;). By the definition, v € S(z,y). For any z € F(z,y,u;),i =

i=1
1,2,---,n, there exists w; € F(x,y,v) such that
(3.1) w; < Zi.
By the assumptions, there exists w € F(z,y,v) such that w < w; fori =1,2,--- | n,

It follows from (3.1) that
(3.2) w<z,i=1,2,---,n.

Let up+1 € S(z,y). For any z,+1 € F(x,y,uns1), by the assumptions and lemma
2.3, there exists t € [0, 1] and zp € F(x,y, tv+ (1 — t)up,41) such that

(3.3) zo <w and zp < zpy1.
From (3.2) and (3.3), we have
20 < 2,1 =12,--- n+1.

By the convexity of S(x,y), we have tv + (1 — t)u,+1 € S(z,y) and so

n+1
tv+ (1 —t)upyr € ﬂ H(u;).
i=1
Next, we show that H (u) is closed. Let {v, : @ € I} C H(u) be a net such that v, —
v. Then {v,} C S(x,y) and for any z € F(x,y,u), there exists w, € F(z,y, v,)
such that

(3.4) Wo < Z.

It follows from the closedness of S(x,y) that we have v € S(z,y). We claim that, for
any z € F(x,y,u), there exists w € F(z,y,v) such that w < z. If not, there exists
29 € F(x,y,u) such that for any w € F(x,y,v),

zo—w ¢ C.
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Hence,
(ZO —F(fI,',y,’U))ﬂC:@.

Since C is closed convex cone and F'(z,y, v) is compact, there exists some neighbor-
hood U of 0 such that

(3.5) (20 — (F(z,y,v)+ U+ C))NnC =10.

Since v, — v and F(z, y, v) is C-upper semicontinuous in v, there exists oy € I such
that for all o > ayp,
F(xvyvva) - F(fI,',y,’U)—f—U—f—C

It follows from (3.5) that,
(36) (ZQ—F(III,y,’l)a))mC:@,VOCZOéo.

Because zy € F(z,y,u), by (3.4), there exists w, € F(x,y,v,) suchthat zo—w, € C.
This contradicts (3.6) and so H (u) is closed.
Since S(z, y) is closed and E is compact, we know that S(z, y) is compact. Hence,

(| H(uw) #0.

ueS(z,y)

Letingv € (] H(u), thenv € S(x,y), and for any u € S(x,y), z € F(x,y,u),
ueS(z,y)

there exists w € F(z,y,v) such that w < z. Note that v € A(z,y). Thus, A(x,y) is
nonempty.

(1) For any (x,y) € E x D, A(x,y) is closed subset of E.

In fact, letting {v, : @ € I} C A(z,y) withv, — v € E. Then {v, : a« € I} C
S(z,y). For any u € S(z,y) and z € F(x,y,u), there exists w, € F(z,y,v,) such
that

(3.7) Wo < Z.

By the closedness of S(x,y), it follows that v € S(x,y). If v ¢ A(x,y), then there
exists ug € S(x,y)and zg € F(z,y,up) such that for any w € F(x,y,v), zo—w ¢ C.
Hence,

(3.8) (20 — F(z,y,v))NC = 0.

Since C is closed convex cone and F'(z,y, v) is compact, there exists some neighbor-
hood U of 0 such that

(3.9) (20 — (F(z,y,0v)+ U+ C))NnC =10.
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Since v, — v and F(z, y, v) is C-upper semicontinuous in v, there exists oy € I such
that for all o > ayp,

(3.10) F(z,y,v,) C F(z,y,v)+ U+ C.
By (3.9) and (3.10), we have
(3.12) (20 — F(z,y,v0)) NC = 0,YVa > ayp.

On the other hand, by (3.7), there exists w, € F(z,y,v,) such that zg — w, € C.
This contradicts (3.11). Hence, v € A(x,y) and so A(x,y) is closed.

(1) For any (z,y) € E x D, A(x,y) is convex.

In fact, letting vy, ve € A(x,y), then vi,ve € S(z,y) and for any u € S(z,y),
z € F(x,y,u), there exist z; € F(z,y,v1) and z2 € F(x,y, ve) such that

(3.12) z1 < zand z9 < 2.

By Lemma 2.3, F(x,y,u) is C-quasiconvex in w. Thus, for any ¢ € [0, 1], there exists
zt € F(z,y,tv; + (1 —t)ve) such that z; < z. Since S(z,y) is convex, we know that
tvy + (1 —t)vy € S(z,y) and so tvy + (1 —t)vy € A(z,y). Hence, A(x,y) is convex.

(IV) A(z,y) is upper semicontinuous on E x D.

By the compactness of £ x D, we only need to show that A is a closed mapping.
Let {(za,Ya): @« € I} C E x D be a net such that (z,,vy.) — (z,y) € E x D. Let
Vo € A(Z oy Yo) With v, — v. We will show v € A(z,y).

Since S is upper semicontinuous mapping with nonempty closed values, it follows
that S is a closed mapping. Since vy, € S(Za, Yo) and (4, Yo, Vo) — (z,y,v), then
v € S(z,y). Next we show v € A(z,y), i.e.,

for any u € S(z,y), z € F(x,y,u), there exists w € F(z,y,v),such that w < z.

If not, then there exists vy € S(z,y) and zo € F(x,y,up) such that for any w €
F(z,y,v), 20 —w ¢ C. Then

(20 — F(x,y,v))NC = 0.

Since C is closed convex cone and F'(z,y, v) is compact, there exists some neighbor-
hood U of 0 such that

(20 — (F(z,y,v) + U+ C))NnC =0.
There exists a balanced neighborhood U; of 0 such that U; — U, € U, and so

(3.13) ((zo+U1—C)—(F(x,y,v)—i—Ul—i—C))ﬂC:(Z).
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Since uy € S(z,y), (za,Ya) — (z,y), S is lower semicontinuous, there exists u, €
S(Za,Ya) such that u, — ug. Hence, (za, Yo, Ua) — (z,y,u0) aNd (Zqa, Yo, Vo) —
(z,y,v). Since F' is C-lower semicontinuous and C-upper semicontinuous, for zy €
F(z,y,uo) and Uy, there exist neighborhood U (x, y, ug) of (z,y, ug) such that, when
(2 y,u') € Uz, y,up),

F@' g, )Nn (20 + Uy — C) # 0.

Further, there exist neighborhood U (z, y, v) of (z,y,v) such that, when (z/,¢/,v") €
Uz, y,v),
F(xlv ylv ’U/) - F(II), Y, ’U) + Ul + C.

Hence, there exists g € I such that, when o > «y,

(3.14) F(xa, Yos ua) N (20 + U — C) # 0.

and

(3.15) F(Za, Ya,va) C F(z,y,v)+ Uy + C.

Let z4 € F(Za, Yo, ua) N (20 + U — C). (3.13) and (3.15) implies that
(3.16) ((za — (F(Ta, Yo, va)) N C = 0.

Since v, € A(xa,Ya), fOr uy € S(za,ya) and zo € F(xq, Yo, ua), there exists
Wo € F(za, Yo, va) such that

(3.17) Wey < 2.

This contradicts (3.16) and so A is a closed mapping.

Similarly, we can prove that, for any (z,y) € E x D, B is upper semicontinuous
on E x D with nonempty closed convex values.

(V) Define the set-valued mapping H : E x D — 2E*P py

H((L‘,y) - (A((L‘,y),B((L‘,y)),V((L‘,y) € ExD.

Then for each (x,y) € E x D, H(z,y) is a nonempty closed convex subset of £ x D
and H is upper semicontinuous on E x D. By Lemma 2.2, there exists a point
(z,y) € E x D such that (z,y) € H(z,y), i.e, £ € A(z,y) and g € B(z,7).
It follows from the definition of A that for any v € S (z,y) and z € F(z,y,u),
there exists w € F(z,y,z) such that w < z. Similarly, for any v € T'(z,y) and
e € G(y,z,v), there exists d € G(y, z,y) such that d < e. By (ii), we have w € C
andd € C. Thus, z € C and e € C. It follows that z € S (z,y), y € T (z,y) and

F(z,y,z) C C,\Vx € S(Z,7),
Gy, z,y) C C,Vy e T (Z,7).
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Next we show that the solution set of GSSVQEP is closed. Let {(zq,¥ya) : @ € I}
be a net in the set of solutions of GSSVQEP such that (z.,y.) — (Z,7). Then
To €5 (TayYa), Yo €T (Ta,ya) and

(3.18) F(za,Ya,z) C C,Vx € S (T, Ya) s

(3.19) G Yo, Ta,y) C CVYy € T (Tay Yau) -

Since S and T are upper semicontinuous set-valued mappings with nonempty compact
values, by Lemma 2.1, S and T are closed mappingsand so z € S (z,9), y € T (&, y).
Since S and T are lower semicontinuous set-valued mappings, for any z € S(z,y),
there exist z,, € S(xq, ya) such that z, — 2. By (3.18), we have

(3.20) F(as Yo ) € C,

We claim that
F(z,y,2z) Cc C.

If not, then there exists m € F(z,y, z) such that m ¢ C. Thus, there exists some
neighborhood U of 0 such that (m + U) N C = () and so

(3.21) (m+U-C)nC = 0.

Since F: E x D x E — 2% is C-lower semicontinuous mapping, there exists a such
that when o > «ay,
F(ZayYar 2a) N (m+U = C) £ 0.

Taking my € F(za, Yo, 2a) and my, € (m + U — C), by (3.21), we have m,, ¢ C.
However, by (3.20), we have m, € C, which is a contradiction. Therefore, by the
arbitrariness of z € S (z,y), we have

F(z,y,2z) c C,\Vz € S(z,7).
Similarly, we can prove that
G(y,2,y) CC,Vy e T (2,7).

This shows that (z, i) is the solution of GSSVQEP and so the solution set of GSSVQEP
is closed. This completes the proof.
Now we give an example to explain that Theorem 3.1 is applicable.

Example 3.1. Let X =Y =Z =R, C =[0,+00),and E = D = [0, 1]. For each
x€ E,ye D, S(z,y)=1[0,1] and T'(x,y) = [0, 1]. Define the set-valued mappings
F and G as follows:

F(z,y,2z) =2z +y — 2,10],Y(z,y,2) € EX D x E,
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Gy, z,2) =[x+ 2y — 2,5],Y(y,x,2) € D x E x D.

It is easy to check that all conditions in Theorem 3.1 are satisfied. Hence, by Theorem
3.1, GSSVQEP has a solution. Let H be the solution set of GSSVQEP. Then,

H={z,9) e ExD:2x+9y>1,7+2y>1}.
It is easy to see that H is a closed subset of £ x D.
4. STABILITY

In this section, we discuss the stability of solutions for generalized symmetric strong
vector quasi-equilibrium problems.

Let (X, d) be a metric space. Denote by K (X ), BC(X), and CK (X) all nonempty
compact subsets of X, all nonempty bounded closed subsets of X, and all nonempty
convex compact subsets of X (if X is a linear metric space), respectively. Let By, By C
X and define

h(Bi, Bz) = max {h" (B1, By) ,h° (B2, B1)} ,

where hY (B, Bs) = sup d (b, By), and d (b, Bo) = ,,iné d (b,b'). It is obvious that
be By '€ Bo
h is a Hausdorff metric on K (X)), BC(X), CK(X) respectively.

Lemma 4.1. ([32]). Let E be a nonempty compact subset of (X, ||-|| ) and D be a
nonempty compact subset of (Y, ||-||y). Let S: Ex D —2F and T : E x D — 2P be
two set-valued mappings with nonempty compact values. Then S and 7" are continuous
if and only if, for any (z*,y*) € E x D, (z,y) — (z*,y*), implies

S (@,y) = S (2%, y )and T (z,y) == T (2, "),
where h is a Hausdorff metric on K (E) and k' is a Hausdorff metric on K (D).

Lemma 4.2. ([32]). Let (X,d) be a metric space and h be Hausdorff metric on
X. Then

(i) (BC(X), h) is complete if and only if (X, d) is complete;
(if) (K(X),h) is complete if and only if (X, d) is complete;
(iii) If X is a linear metric space, then (CK (X)), h) is complete if and only if (X, d)
is complete.

Lemma 4.3. ([36]). Let W be a metric space, A, A,, C W (n=1,2,---) be
compact subsets. If for any open set O with A C O, there exists n such that
A,, C O for all n > ng, then any sequence {z,}, satisfying z,, € A,, has a convergent
subsequence with limit in A.
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Throughout this section, let X, Y and Z be Banach spaces. Let £ C X and
D C Y be nonempty compact convex sets. Let

M ={(5,T,F,G):S: ExD—2Fand T : E x D—2"are continuous set-valued
mappings with nonempty compact convex values, F : Ex D x E—2%and G :
D x E x D — 2% are C-upper semicontinuous and C-lower semicontinuous
mappingswith nonempty compact values such that for every fixed (z,y) € E
x D, F(x,y,u) is C-properly quasiconvex in v and G(y, z,v) is C-properly
quasiconvex in v}.

For any w; = (Sl,Tl, Fl, Gl) and Uy = (SQ,TQ, FQ, Gg) e M, define

p(ur,uz) =  sup  hi(S1(2,9), S (z,9)+ sup ho(T1(2,y), T2 (2, 9))
(z,y)EEXD (z,y)€ExD

+ sup h3 (Fl (xvyvu)vFQ (x,y,u))
(z,y,u)EEXDXE

+ sup h3 (Gl (y,fIf,'U) 7G2 (y,fI,','U))-
(y,z,v)EDXEXD

where hy, he and hg are Hausdorff metricson CK (E), CK (D) and C(Z), respectively.
Proposition 4.1. (M, p) is a complete metric space.

Proof. It is clear that (M, p) is a metric space. Now, we show that (M, p) is
complete.
Let {u,} be any Cauchy sequence in M, where w, = (Sy, Ty, Fr, Gn), n=1,2, ...
Then, for any ¢ > 0, there exists N such that

4.1) p (Un, um) < &g, Vn,m > N.

It follows that, for any (x,y,u,v) € E x D x E x D,

42)  ha(Sn (@), Sm (2,y) <g o2 (Tn(z,9), T (2,9) <y

and

4.3)  hs (Fy(z,y,u), Fin (2,5,u) <%, hs(Gn (y,2,0),Gm (y,2,0)) <y

Then, for any fixed (z,y,u,v) € E x D x E x D, {S,(z,y)} is a Cauchy se-
quence in CK(E), {T,(z,y)} is a Cauchy sequence in CK (D), and {F,(z,y,u)},
{Gn(y,z,v)} are two Cauchy sequences in K(Z). By Lemma 4.2 and assump-
tion, (CK(E), h1), (CK(D), hg) and (K(Z), hs) are complete spaces. It follows
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that there exist S(z,y) € CK(FE), T(x,y) € CK(D), F(z,y,u) € K(Z) and
G(y,z,v) € K(Z) such that

(4.4) S (@) 25 S (z,y),  Tn(z,y) 22 T (2, 1),
and
(4.5) Fy (z,y,u) 22 F(z,y,u), Gn(y,2,0) 22 G (y,z,0).

Since hq (-, ), ha (+,-) and hg (-, -) are continuous, by (4.2) and (4.3), for any fixed
n > N and any (z,y,u,v) € E x D x E x D, letting m — oo, we get

(46) hl (Sn ((L‘, y) ,S((L‘, y)) < 6/47 h2 (Tn ((L‘, y) ,T((L‘, y)) < 6/47
and
(47) hs (Fn (x,y,u),F(x,y,u)) S6/47 hs (GTL (y,(L‘,’U),G(y,(L‘,’U)) S6/4

Now we show that S is continuous.
By Lemma 4.1, we need to prove that, for any fixed (m,y0) € E x D and any
e > 0, there exists a neighborhood N (o, yo) of (z0,yo) in E x D such that

hi(S(z,y), S(xo,y0)) < &,V(z,y) € N(z0,y0) N E x D.
Since
h(S(z,y), S(xo, yo))
(4.8) < hi(S(z,y), Su(@, y)) + hi1(Sn(, ), Sn(@o, yo))
+h1(Sn(z0, y0), S(x0, Y0)),
by (4.6), there exists N such that, for any n > N,
(4.9 h1(S(z,y), Sn(z,y)) <e/4,V(z,y) € Ex D

Taking a fixed n > N, by the continuity of S, and Lemma 4.1, there exists a neigh-
borhood N (zg, yo) of (o, yo) in E x D such that

(4.10) h1(Sn(,y), Sn(zo, Y0)) < */4,V(2,y) € N(z0,90) N E x D.
By (4.6), (4.8)-(4.10), we have
hi(S(z,y), S(xo,y0)) < &,V(z,y) € N(zo,y0) N E x D.

Hence, S is continuous on E x D.
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Similarly, we can prove 7' is continuous on E x D.

Now we show that F' is C-upper semicontinuous.

Pick any (xo,yo,ug) € E x D x E. For any neighborhood V' of 0 in Z, there
exists » > 0 such that

(4.11) rBy CV,
where By is the open unit ball of Z. Taking a fixed ng > N, by (4.7), we have
(412) h’3 (Fno (fI,'Q, Yo, ’LLQ) ) F (fI,'Q, Yo, ’LLQ)) S 8/4

By the C-upper semicontinuity of £, there exists some neighborhood U (o, yo, uo)
of (o, yo, uo) such that

(4.13) Fyy (2,9, u) C Fyy (20, Y0, wo)
+/4Bz + C.V (z,y,u) € U (z0,y0,u0) NE x D x E
It follows from (4.7) that, we have
(4.14) F (z,y,u) C Fy (2, y,u) +5/4Bz,Y (z,y,u) € U (x0, Y0, u) N E x D x E,
where By is the closed unit ball of Z. From (4.12), (4.13) and (4.14), we get
F(z,y,u) C Fy, (x,y,u) + 5/4§Z
(4.15) C Fuy (20, Yo, uo) + g/EBZ + 5/4§Z + C_
C F (20, Y0, u0) + 4Bz +/yBz + 4Bz + C
C F (z0, Y0, uo) + 35/4§Z + C.

Due to the arbitrariness of ¢, we can pick e such that 35/4 < r. By (4.11) and (4.15),
for all (z,y,u) € U (x0,y0,u0) N E x D x E, we have

F (z,y,u) C F(x0,y0,u0) + Bz + C C F (x0,y0,u0) + V + C,

and so F' is C-upper semicontinuous on (zg, yo, ug). Since (xg, yo, up) is arbitrary, F
is C-upper semicontinuous on £ x D x E.

Next we show that F' is C-lower semicontinuous.

Pick any (z1,y1,u1) € E x D x E. For any z € F (x1,y1,u;) and for any
neighborhood V' of 0 in Z, there exists ¢ > 0 such that

(4.16) tBy C V.
Taking a fixed n; > N, by (4.7), we have

(4.17) h3 (Fr, (1,91, u1) 5 F (21,91, u1)) < &/4
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Since F,,, (x1,y1,u1) and F(x1,y1,u;) are compact sets, there exists z,, € Fy,, (z1,
Y1, uq) such that

(4.18) |2n, — 2|l < hg (Fn, (z1, 91, w1) , F (21,91, u1)) < &y

Since F),, is C-lower semicontinuous, there exists some neighborhood U (1, y1,u1)
of (z1,y1,u1) such that

Foy (2, y,u) N (20, + 4Bz — O)

(4.19)
# 0,V (z,y,u) € U (x1,y1,u1) NE x D x E.

By the arbitrariness of ¢, we can pick ¢ such that 35/4 < t. We claim that

F(x,y,u)ﬂ(z—f—tBZ _C)
(4.20)
# 0,V (z,y,u) € U (x1,y1,u1) NE x D x E.

Indeed, by (4.19), there exists d € F;,, (z,y,u) and d € z,, +/4Bz — C. It follows
from (4.7) that
(421) Fn1 (fIf,y,’UI) - F(fI,',y,’U,) +€/4§Z7

Hence, for d € F,, (z,y,u), there exists a € F (z,y,u) and b € €/;B such that
d=a+b. By (4.18),

a=d-—>b ¢ Znq +€/4Bz—c—€/4§2
C z+ €/4§Z + €/4BZ —C - €/4§Z

(4.22) _
C z+ 35/4BZ - C
C z+tBy —C.
and so
(4.23) F(xz,y,u)N(z+tBz; —C) # 0.

From (4.16) and (4.23), we get
F(z,y,uyNn(z+V =C) # 0,V (x,y,u) € U (z1,y1,u1) NE x D x E.

Hence, F' is C-lower semicontinuous on (z1,y1,u1). Since (z1,y1,uy) is arbitrary, F'
is C-lower semicontinuouson E x D x E.

Next we show that, for any fixed (z,y) € E x D, F (z,y,u) is C-properly quasi-
convex in .
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Indeed, for any wj,us € E, z1 € F (z,y,u1), 22 € F (z,y,u2), t € [0, 1], since
F(z,y,u1), F(x,y,u2), F,(x,y,u1) and F,, (x,y,us) are compact sets, by (4.7),
there exist a,, € F), (z,y,u1), by, € F, (x,y, uz) such that

(4.24) lan — 21| < hs (Fn (z,y,w1), F (2, y,u1)) <4
and
(4.25) |bn, — 22| < hs (Fy, (2, y,u2), F (2,9, u2)) < /4.

By the C-properly quasiconvexity of F,, there exists ¢,, € F, (z,y, tus + (1 — t) ug)
such that

(4.26) either ¢, < a,, or ¢, < by,

Since F, (z,y,tu; + (1 — t) ug) and F (z,y,tu; + (1 — t) uy) are compact sets, by
(4.7), there exists d,, € F' (z,y, tu; + (1 — t) ug) such that

len — dall

(4.27)
< hg (Fy (z,y,tus + (1 —t)ug), F (z,y, tug + (1 —t) ug)) < ‘5/4.

By the compactness of F'(z,y,tu; + (1 — t) ug), there exist a subsequence {d,, } of
{d,} such that d,,, — d € F(z,y,tu1 + (1 —1t)uz). Hence, by (4.27), we have
Cp,, — d. From (4.24), (4.25) and (4.26), we have

either d < z1 or d < 2.

Hence, F' (z, y, ) is C-properly quasiconvex in w.

Similarly, we can prove that G is C-upper semicontinuous and C-lower semicon-
tinuous mappings with nonempty compact values. For every fixed (z,y) € E x D,
G(y,z,v) is C-properly quasiconvex in v. By (4.6) and (4.7), for any fixed n > N
and any (z,y,u,v) € Ex D x E x D, we have

sup ha (STL (IL', y) ;S (IL', y)) < 6/47 Sup ha (Tn (IL', y) ,T((L‘, y)) < 6/47

(z,y)EEXD (z,y)eEXD
sup h‘3 (Fn (fIf,y,’U,),F(III,y,U,)) S 5/47 sup h‘3 (GTL (y,fI,','U) ’
(z,y,u)EEXDXE (y,z,v)EDXEXD

G (yv z, ’U)) < 6/4‘
Setu = (S, T, F,G). We know that w € M and p (up,u) < e forall n > N, ie,
Uy, — u. Hence, (M, p) is a complete metric space. This completes the proof.
Forany u = (S,T, F,G) € M, Theorem 3.1 implies that GSSVQEP has a solution.
Denote by « (u) the solution set of GSSVQEP respect to w. Then, v defines a set-
valued mapping from M to C' x D and ¢ (u) # 0 for each u € M.
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Theorem 4.2. ¢ : M — 2E*P is a upper semicontinuous mapping with compact
values.

Proof. Since E x D is compact, it suffices to prove that ¢ is a closed mapping.
Let a sequence {(un, (xn,yn))} C Graph (i) be given such that (un, (xn,yn)) —
(u, (z,79)) € M x (E x D), where u,, = (Sy,, Ty, Fy,, Gy,) and uw = (S, T, F, G).

For each n, since (z,, y,) € ¥ (uy), We have

(4-28) Tn € Sy (xnv yn) yYn € T, (xnv yn) )
(4.29) Fo (Zp, Yn, ) C C,Va € Sy (T, Yn) ,
and

(4.30) G (Yns Tnyy) C C,Vy € Ty (T, Yn) 5

For any open set O with S (z,y) C O, since S (z,y) is a compact set, there exists
e > 0 such that

(4.31) {x e E:d(z,S(z,y) <e} CO,
where d (z, S (7,7)) = inf sy llz—2'l|. Since p ((Sp, T, Fn, Gn) , (S, T, F, G))
(

— 0, (zn,yn) — (Z,y) and S is upper semicontinuous at (z, y), there exists N such
that, for any n > N,

(4.32) sup  hy (Su(w,y), S(z,y)) < 1
(z,y)EEXD 2
and
1
(4.33) S (@, yn) C {x €EFE:d(z,S(z,9)) < 55} .

From (4.31), (4.32) and (4.33), we have

1
Sp (n, yn) C {x €EE:d(x,S(xn,yn)) < 55}

(4.34) C{zxeFE:d(z,S(z,y) <e} CO,¥Yn> N.

Noting that S (z,y) C O, (4.34) and z,, € Sy, (zn, yn), We can apply Lemma 4.3 to get
a subsequence {x,, } of {z,} which converges to zy € S (z,y). Since {z,,} — Z,

(4.35) =z € S(z,7).
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Similarly
(4.36) geT(z,y).

From the lower semicontinuity of S at (z,y) and (z,,y,) — (Z,7y), for any z €
S (z,y), there exists z, € S (zn,yn) such that z,, — x. Since p ((Sn, Tn, Frn, Gr) ,
(S,T, F,G)) — 0, we can choose a subsequence {S,, } of {S,} such that

sup hl (Snk (xvy)vs(xvy)) <
(z,y)EEXD

| =

Thus,
hl (Snk (xnk 9 ynk) 9 S (xnk 9 ynk)) <

| =

This implies that there exist z;, € Sy, (n,,, yn,) such that

2, = el < 7

Since .
25, = 2l < [l20 = 2ne ]| + 2ms = 2]l < 7+ ll2n, = 2ll =0,

we have z, — x. Since z,, € Sy, (T, Yny )y Tny € Sy (Tnys Yny,) AN Yy, €
Ty (g, Yny, ), DY (4.29), we have

(4.37) Fope (Zngs Yny> 2n,) C C.

We claim that
F(z,y,z) C C.

If not, then there exists z € F (z,y,x) such that z ¢ C. Hence, there exists some
neighborhood U of 0 in Z such that (z + U) N C = () and so

(4.38) (z+U—-C)nC = 0.

Thus, there exists » > 0 such that B, c U. Since F' is C-lower semicontinuous
mapping, when & is sufficiently large, we have

F (xnkvynk7z7l-bk) N <z+ gBZ _ C) £ 0.

Let s,, € F (wnk,ynk,z;k) N (z + 5Bz — C). Since p ((Sn, T, Frn, Gn), (S, T,
F,G)) — 0, for any € > 0(e < %), there exists N such that, for any n > N,

(439) sup h3 (Fn(xvyvu)vF(xvyvu)) <e.
(z,y,u)EEXDXE
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When £ is sufficient large such that ny > N, by (4.39), we have

sup h3 (Fnk(x,y,u),F(x,y,u)) Sg
(z,y,u)EEXDXE

and so
(4.40) ha (Fnk (@ny s Yngs z;%), F(Zp,, Yny, z;%)) <e.
For s,, € F (&, Yny,, 21, ), by (4.40), there exists t,,, € Fy, (n, , Yn, . 2z, ) such that
Hsnk - tnk” <e
and so
tny, € Sny, +eBy Cz—i—ng—C—i—eEZ Cz+rBz;—-CcCcz+U-C.

From (4.37), we have
th, €CN(z+U-C0C),

which contradicts (4.38). By the arbitrariness of = € S (z, 3), we have
(4.41) F(z,y,z) C C,Vx € S (z,7),

Similarly, we can prove that

(4.42) G(y,z,y) C C,Vy € T(z,7).

By (4.35), (4.36), (4.41) and (4.42), we know that ((S, T, F,G), (z,y)) € Graph(y).
Hence, Graph(v)) is closed. By Theorem 3.1, we know 1 (u) is closed. By the com-
pactness of £ x D, itis easy to see that ¢)(u) C E' x D is compact. Therefore, ¢ is a
upper semicontinuous mapping with compact values. This completes the proof.
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