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LIMITING BEHAVIOR FOR RANDOM ELEMENTS WITH HEAVY TAIL
Ping Yan Chen and Tien Chung Hu*

Abstract. We present an accurate description of the limiting behavior for the
partial sums and the weighted sums of independent and identically distributed
random elements with heavy tail. A version of Chover-type law of the iterated
logarithm is deduced.

1. INTRODUCTION

Let (Q,F, P) be a probability space and suppose all random variables and
random elements are defined on this space. Suppose that B is a real separable
Banach space with norm || - ||. A B-valued random element X is defined as a Borel
measurable function from (Q, F) into B with Borel o-algebra. The expected value
of a B-valued random element X is defined by Bochner integral and is denoted by
EX.

Chover [10] proved that

n
S Xy
k=1

where {X, X,,,n > 1} is a sequence of independent, identically distributed and
symmetric stable random variables with index o, 0 < « < 2, i.e., its characteristic
function is

1/loglogn

(1.1) lim sup = el/e

n—oo

a.s.,

Eexp(itX) =exp(—c|t|]¥), V t€e R

for some ¢ > 0.

We call (1.1) the Chover-type law of the iterated logarithm. This result has been
generalized by many authors, see [3-8, 16, 18, 19].

Obviously, (1.1) is equivalent to
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(1.2) P{| ZXk\ > (nlog't°n)V/e i.0} =0
k=1

and

(1.3) P{> Xl > (nlog"™"n)V, o0} =1
k=1

for every 6 > 0, where the symbol “i.0.” denotes “infinitely often” as n tends
to infinity. Equations (1.2) and (1.3) give a description of upper functions of
{>%_ Xx,m > 1} to a certain degree. In fact, Khintchine (cf. Theorem 8.11
in Mijnheeer [15]) earlier proved a characterization of {>"}_, X}, n > 1}’s upper
classes via a more accurate description, i.e.

(1.4) lim sup(f(n)) =1/ anxk\ =0 or o a.s.

according to
*© dx
—— <X or =0
1 (z)
respectively, where f > 0 is a nondecreasing function. By Khintchine’s result, (1.1)
holds immediately.

Since an infinite dimensional Banach space is not local compact, the classical
strong laws of random varaibles can not directly extend to random elements in Ba-
nach setting under same moment conditions. In order to investigate the strong laws
of random elements, we may need to put assumptions on the probability conditions
of random elements or geometrical conditions of the Banach space. Some exam-
ples can be founded in Ledoux and Talagrand [12] such as the strong law of large
numbers and the law of the iterated logarithm. The main purpose of this paper is
to find suitable conditions under which the analogous study of (1.1) and (1.4) for
the sums and the weighted sums of random elements with heavy tail are invested.

In Section 2, we will introduce the concept of regular varying functions and
related properties. Some technical lemmas which will be used to prove our main
results are also given. In Section 3, we will discuss the limiting behavior for the
partial sums and related applications. The limiting behavior for the weighted sums
which do not include the partial sums are given in Section 4.

2. PRELIMINARIES

Throughout the paper, we assume that { X,,, n > 1}, {X,,,n > 0} and { X, —c0
< i < oo} are sequences of independent random elements with same distribution
as X which satisfies

(2.1) 0 < liminf A(z)P{|| X|| > =} < limsup A(z) P{|| X || > 2} < oo,
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where A(z) is a regularly varying function with index o, « > 0, i.e.

lim Altz) =1%, forallt>0.

We say that X has heavy tail with index « if (2.1) holds.
Let B(x) be the generalized inverse function of A(x), i.e.

B(x) = inf{y : A(y) > x}.

From Bingham et al. [2] B(z) is a regularly varying function with index 1/« and
has the following representation:

B(zx) = c(x)z/® exp{/lm @du},

where lim,_,, ¢(z) = ¢ € (0, 00) and lim, .~ b(x) = 0. Moreover

(2.2) 0 < liminfxP{||X|| > B(z)} <limsupzP{||X| > B(x)} < oc.
T—00 T—00

For example, A(x) = z* and A(x) = z*logx are regular varying functions with

index . Their corresponding generalized inverse functions are B(z) = z/* and

B(z) ~ (az)Y*(logz)~"/* as & — +oo.

Suppose X has heavy tail with index «, B(x) is defined as above, and I(-)
denotes the indicator function. Then X and B(x) have the following properties.

Property 1. For any a # 0, (2.1) holds true for a X.

Property 2. Let X’ be an independent copy of X, (2.1) also holds true for
X -X'

Property 3. For any p € (0, ), E|| X|P < oc.
Property 4. Let p > «, by Feller [11] (see Theorem 1, p.273),
(B(n)PE|IX|PI(| X < B(n)) < en™.

Property 5. For any § > 0,

o B) o B@)
A 17ams = 20 A0 i e =0

Property 6. For any nondecreasing function f(xz) — oo as z — oo, for § > 0,

lim —B(xf(x)) =00 and lim B(zf(2))

% Bla) /o= (z) P B filarh @)
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In the rest of this paper, we denote ¢ as a generic positive number which may
be different at different places.

The following lemma is a version of Lemma 3 of Chow and Lai [9] in the
setting of Banach spaces, and will be used to prove the divergence part of the main
results.

Lemma 2.1. Let {Y,,n > 1} and {Z,,n > 1} be two sequences of random
elements such that {Y;,1 < k£ < n} and Z, are independent for each n > 1.
Suppose Y,, + Z,, — 0 almost surely and Z,, — 0 in probability as n — oo. Then
Y,, — 0 almost surely.

The second lemma is interesting in itself and will be used to prove Corollary
3.4.

Lemma 2.2. Let 0 < a < 2 and f > 0 be a nondecreasing function with

O m?fm) < 00. Suppose sup,,>; (B(nf(n))) || Yy Xkl < oo a.s. Then for
any 0 <p<a
(2.3) Esup I(Bnf(n) ™"~ Xl? < oo.
= k=1

Proof. From Corollary 6.12 in Ledoux and Talagrand [12], (2.3) is equivalent

to
Esup [(Bnf ()X, < oc.

From the representation of the regularly varying function (see Bingham et al. [2]),
there exists a function d(u) with d(u) — 0 asu — +oo (i.e. |d(u)| < d € (0,a—p)
for u large enough) such that

A(z) = l(x)z” exp{/lm @du},

where lim, o l(z) =1 € (0,00). Fixt>1andp < &/ = a—4 < a. From
Eqg. (2.1) and that B(z) is the inverse function of A(x), for n sufficiently large, we
have
P{|X| > t"/7B(nf(n))} < {A('/PB(nf(n)))}
_ —1, _AB((nf(n))
=D B )

t1/PB(nf(n))
< e(nf(n)) "=/ exp{ Ol

du}

B(nf(n)) u
= c(nf(n)) /P . 40/P

= ct™'/P(nf(n))”".
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Hence

Bsup,o | (B f () Xall? = [ Ploup (B ()X, > /7Y
< 1 [ Plsup |(Blnf ()X >0
< 1+§jl [ Pl > 0BG )ar
< 1+an:1 nfl(n) /loo /gt

o0 de,' o0 ’
< 1+c/ —/ =Pt < .
1 xf(x) 1

The following lemma is a version of the well-known Hoffmann-Jgrgensen’s
inequality (see Li et al. [13]), and will be used to prove Theorem 4.1.

Lemma 2.3. Let {Y,,,n > 1} be a sequence of independent symmetric random
elements. Then for each j > 1, there exist positive numbers C'; and D; depending
only on j such that foralln > 1and ¢t > 0

(24) P{IY Yl > 24t} < CiP{ max [[Yil >t} + D;(P{] > Vil >}y
k=1 - k=1

3. MaIN ResuLTs CONCERNING WITH THE PARTIAL Sums

With the preliminaries accounted for, the main result of this section may be
stated and proved.

Theorem 3.1 Let 0 < aw < 2 and f > 0 be a nondecreasing function. Suppose

{(B(n))~t>>F_; Xk,n > 1} is bounded in probability, i.e. for every ¢ > 0, there
exists a constant M such that for every n > 1

P{(B(m) D Xul > M} <e.

k=1
Then
(3.1) lim sup(B(nf(n))) 'Y Xkl =0 or 0o a.s.
n—oo k‘Zl

according to

/OO dx < 00 0Or = 00
1 zf(z) -
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respectively. In particular

(3.2) limsup ||(B(n)) ™" ZX |1/ 1oglogn — o1/ ¢ g

n—oo

Proof. Assume that f°° d”*’) < oco. By Lemma 2.1 in Chen [6], there exists
a function g(x) such that

o) = o0,0(e) < S @) Tmspg(20)fo(a) < o, and [0 < o

Therefore, in order to prove the first part of (3.1), we may further assume that f(z)
satisfies lim sup,_,. f(22)/f(x) < 0o

It is easy to show that f(z) — oc as  tends to infinity, hence {(B(n))~' Y7_,
Xg,n > 1} is bounded in probability implies that (B(nf(n))) ' Y71 Xx — 0
in probability. By standard argument of symmetrization, without loss of generality
to assume that {X, X,,,n > 1} are symmetric (cf. Lemma 7.1 in Ledoux and
Talagrand [12]). We first claim that

(3.3) ;”_lp{lgnn?;{n | I;Xku > eB(nf(n))} < oo, ¥ e > 0.
By Lévy inequality
;n‘lP{lgggn | I;XkH >eB(nf(n))}
<2) 0 P{ ) Xkl > eB(nf(n))}
n=1 k=1
<23 P{IX| > B(nf(n))}
n=1

+2) 0T P{|| D Xk I(| Xk]| < B(nf(n)))l| > eB(nf(n))}
n=1 =
=1 + I5. =

ad 1 *©  dx
“anlnf(msc/l @ =%

For I,, we first note that by Lemma 7.2 in Ledoux and Talagrand [12]

For Iy, by (2.2)

(B(nf(n)""Ell Y XeI (| Xkl < B(nf ()] — 0 as n — oc.
k=1
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And from Markov’s inequality, Theorem 2.1 in Acosta [1] and Property 4

I < Zn lP{\HZX/J 1 Xk]l < B(nf(n))

n=1

—E| ZXkI(”XkH < B(nf(m)lll > eB(nf(n))/2}

k=1
< Czn QE\HZX/J 1 Xk]l < B(nf(n))
—EHZX/J IXkll < Bnf ()
k=1

= CZ ) EIXIPI(IX]| < B(nf(n)))

OO 1 *©  dx
Scnzlnf(msc/l @ =%

Note that for every ¢ > 0,

> Pl 132Xl > Bl ()

o) 21‘H 1
_Z Z n” P{ max HZXI‘“H >eB(nf(n))}
=0 n 21
ZP{I?% H ZXkH > BETER))

By (3.3) and the Borel-Cantelli Lemma

B2t f(2H X 0
(B2 f(2) lglaélHZ kll = 0 a.s. asi— oo.

By the assumption limsup,_, . f(2z)/f(x) < oo, we have

limsup B2 £(277))(B(27£(2))) 7! < .

—00
Hence

B2 F(2)))~ X 0
(B(2'f(2"))) lglaélHZ kll = 0 a.s. asi— oo,

which implies

(3.4) lim sup,, oo (B(nf (n))) 7| Xfoy Xill = 0 a.s.
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Now assume that [ Wﬁlfm) = oo. Suppose that

(3.5) limsup(B(nf(n))) 'Y Xkl = 0o a.s.

n—oo

does not hold, then by Kolmogorov 0-1 law, there exists a constant M € [0, co)
such that

limsup(B(nf(n))) "> Xkl = M a.s.

n—oo

It is easy to show that

limsup(B(nf(n))) | X,|| < 2M a.s.,

n—oo

hence by the Borel-Cantelli Lemma,

Y P{IXall > 2MB(nf(n))} < oo.

n=1

But on the other hand by Property 1 and (2.2),

% g
ZP{HXH>2Man }>cznf /le(wx):oo,

n=1

which leads to a contradiction. Therefore (3.5) holds and (3.1) is proved.
For every § > 0, by (3.4)

n
lim sup(B(nlog'™ n)) 7| ZXkH =0 a.s.

n—oo

By Property 6, we have for any ¢’ > 0

n
lim sup(B(n) log"/@0/a+5" py =1 ZXkH =0 a.s.,

n—oo

which implies
hmsupH( ZX Hl/loglogn < el/oc+6/oc+6/ 0s.
Thus we have
hmsu X ||/ loslogn < ola g g
ssup (Bn) Y Xl

k=1
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By (3.5) and Property 6, using similar argument, we also have

lim sup || (B( ZX |1/ loglogn > pl/a g g

Hence (3.2) holds and prove Theorem 3.1.

Remark 3.1. Assume that B is of Rademacher type p, 1 < p < 2. It is easy
to show that {(B(n))~' >_7_, Xk, n > 1} is bounded in probability if (2.1) holds
for any 0 < a < p and further assume EX = 0 for 1 < a < p. In particular, all
Banach spaces are of Rademacher type 1, hence when 0 < o < 1, (2.1) always
implies that {(B(n)) ™' >"}_, Xx,n > 1} is bounded in probability. See Ledoux
and Talagrand [12] for the details of the Rademacher type Banach space.

The following are corollaries of Theorem 3.1.

Corollary 3.1. Let 0 < o < 2, f > 0 be a nondecreasing function and
{mn,n > 1} an integer subsequence with sup,~, m,/n < oo. Suppose that
{(B(n))~'>°F_, Xk, n > 1} is bounded in probability. Then

n+mn

(3.6) lim sup(B(nf(n))) ™| Z Xkl =0 or c© a.s.

n—oo
k=n

according to

/OO dx < 00 0Or =00
1 zf(z)

respectively. In particular

mn —+n

(3.7) limsup ||(B Z Xy ||/ leelogn — ol g g,
n—oo
and
mn—f—n
(3.8) hmsup”( Z X}/ (oglogntlog(n/mn)) — 1/ g o
— 00

k=n

Proof. It is enough to prove (3.6), the proofs of (3.7) and (3.8) are similar to the
proof of (3.2). W first prove the convergent part. Assume that [, d“” y < 00 By

Lemma 2.1 in Chen [6], without loss of generality, we assume that hm supg,),_,OO f(2x)
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/f(xz) < oco. Hence sup,,~; my/n < oo implies that sup,,~; B((n + m,)f(n +

my))(B(nf(n))~! < oco. By (3.4)

n+mn

{hoes

< limsup B((n + my,) f(n + mn))

n—oo

(B(nf(n) " (B((n +mp) f(n +m)) "

S
e da:

Now assume that || @ = % by Lemma 2.2 in Chen [3], there exists a
nondecreasing function g(z ) > 0 such that

lim sup(B(
n—oo

n+mn

> X
k=1

+ lim sup(B( =0 a.s.

n—oo

o dx
lim g(zr) =00 and / ——— = 0.
A5 9) L P @)
Suppose that
n+mn
hmsup( )7Ll Z Xi|| = o0 a.s.

does not hold. Then By Kolomogorov 0-1 law, there exists a constant M € [0, co)
such that

n—+mny
hmsup( N7 Z Xkl =M a.s.
Hence by Property 6
n—+mny
limsup(B(nf (n)g(m)) | Y Xill = 0 a.s.

n—oo

Let {X’, X/,n > 1} be an independent copy of { X, X,,, n > 1}, then we also have

n+mn
limsup(B(nf (m)g(m) || > Xkl =0 as
Hence N
timsup(B(n (mg(m)) | Y (X = Xp| =0 as

k=n
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By Lemma 2.1, we obtain
lim sup(B(nf(n)g(n))) | X, — X,)|| = 0 a.s.

n—oo

Therefore, from the Borel-Cantelli Lemma, we have
> P{|| X, — X]|| > B(nf(n)g(n))} < .
n=1

But on the other hand by Property 2 and (2.2)

X

/ > d o
ZP{HX — X!||>B(nf(n }>cznf zc/l @@ =

which leads to a contradiction. This completes the proof.

We only state Corollaries 3.2 and 3.3 without proofs. The proofs of the con-
vergence parts is due to the method of Abel’s summation, and the proofs of the
divergence parts are similar to the proof of Corollary 3.1.

_ Corollary 3.2. Let 0 < a < 2 and f > 0 be a nondecreasing function. Set
3= (1-p)"" for |8| < 1. Suppose {(B(n))~' S_7_s Xk, n > 1} is bounded in
probability. Then

(3.9) li;n Slgp(B(Bf(B)))_lH > 85Xy =0or 00 as.

*  dx B
/1 xf(x)<ooor = 00

according to

respectively. In particular

(3.10) limsup || (B 125’0{ |}/ loglog B — g1/ g g
pB—1—

Corollary 3.3. Let 0 < o < 2, f > 0 be a nondecreasing function and
{ank, 1 <k <n,n > 1} be an array of real constants such that

(a) Suanl(ZZ;i lank — ang—1| + [ann|) < 00 if 1 < a < 2 and sup,,»;
maxi<g<n ‘ank‘ <xoif0<a<l,

(b) there exist two strictly increasing sequences {n(k), k > 1} and {m(k),k >
1} such that
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(3.11) sup(n(k+1) — n(k)) < co and lirlgiflf\an(k),m(k)\ > 0.
k>1 Z

Suppose {(B(n))~!>"7_, Xk, n > 1} is bounded in probability. Then

(3.12) lim sup(B(nf (1)) 1> ankXxl = 0 or 0o a.s.

/OO dz < 00 0or = o0
1 zf(z) B

according to

respectively. In particular

(3.13) lim sup ||(B( Za R X1/ loslosn — ol/a g 5.

e k=1

Corollary 3.4. Let 0 < o < 2, f > 0 be a nondecreasing function and
{ai, —00 < i < oo} be a sequence of real constants with

o
0# Y lail’ < o,

I=—00

where § = 1if 1l < a < 2and 0 < 6 < aif 0 < o < 1. Suppose that
{(B(n))~t>°F_, Xk, n > 1} is bounded in probability. Then

(3.14) hmsup( N7 Z Z a; X,—i]| = 0 or oo a.s.

n— k=11i1=—00
according to
/OO dx <
— o0 or = oo
1 xf(x)

respectively. In particular

(3.15) hmsup” Z Z a; Xpp_i| /1081087 — 1/ ¢
k=11i=—00

Proof. We only prove the convergence parts and the divegence part is similar

to Theorem 3.1. Suppose f°° m?fm < 00. Set

Yon = (Bnf ()3 Y aiXis

k=1i=—m

m
a’m:(),&i: E aj,i:O,---,m—

j=itl
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U =0, a5 = Y aj, i=-m+1,-m+2,-0,

Jj=—m
Xk —Zasz 9 Xk— Z asz -
Then
Yin = 1 B f - X
(3.16) <iz_:ma>( (nf(n))) )/; k
+(B(nf(n) "M (Xo — Xp + Xpp1 — X1)
and
n )_lzn: i @i Xp—i
(3.17) h=li=—o
_Ymn+ lzzaszz
k=1 |i|>m

For every 4, by Property 1 and (2.2) for all ¢ > 0

*© dx
ZP{ermu>ean }<cznf <o <

hence by Borel-Cantelli Lemma

lim (B(nf(n))) | Xn_i] = 0 a.s.

n—oo

Thus we have _
lim (B(nf(n)))""[|Xa] =0 a.s.

and ~
Tim (B(nf(n) ™| Xl =0 a.s.

And it is obvious that

Tim (B(nf (n)|oll = lim (Bnf () 1%l = 0 as.
Hence
(318) T (B(nf(n)) Ko~ Xy + Xpr — Xa| = 0 s,

By (3.16)-(3.18) and Theorem 3.1
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lim sup(B( 1”2 Z a; Xp—i|

n—oo

k=1i=—o0
n
= limsup Vi + > ai(B(nf(n) ™ Xiil|
n—oo ‘
[i|>m k=1
m n
(3.19) <limsup| Y a||(B(nf(n)) ™" > Xull
n—oo i—m 1
n
limsup > Jailll(Bnf (1) > Xl
[i|>m k=1
n
<> \az\sup nf(n) D Xl a.s.
[i|>m k=1

Using Theorem 3.1, sup,,>;(B(nf(n))) | >p_; Xkl < oo almost surely, and
note that {X;, —oo < i < oo} is stationary, by Lemma 2.2

o0

E(Y \az\sup( 1HZXk i)’
Z*—OO
< Z |a;|* B( sup 1HZXk i)’
i=—00
o0
= > \az\"E(sup( 1HZXkH
i=—00
< Q.
Hence
o0 n
> Jail sup(B(nf (n)) M D Xl < oo a.s.
. n>1
1=—00 = k=1

Let m — oo in (3.19), we have

hmsup( lHZ Z a; Xk—il| =0 a.s.

n= k=11i1=—00

Remark 3.2. Theorem 3.1 and Corollaries 3.1-3.4 extend and generalize the
results of [3-8, 10, 16, 18, 19] respectively.

4. MAaIN ResuLts ABouT THE WEIGHTED Sums

In this section, the analogous studies of (1.1) and (1.4) are investigated for the
weighted sums which do not include the partial sums. Meanwhile the index «
maybe greater than or equal to 2.
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Theorem 4.1 Let & > 0, 0 < 6 < min{1,2/a}, f > 0 be a nondecreasing
function and {anx, 1 < k < k,,n > 1} be an array of real constants such that

kn < Mn, Vn>1,

kn
< d > ay =0
Sup max |ank| < oo an 2 anp = O0(n%),

where the constant M > 0 does not dependent on n and there exist two strictly
increasing sequences {n(k),k > 1} and {m(k),k > 1} such that (3.11) holds.
Suppose {(B(n))~' 32k, anx Xg,n > 1} is bounded in probability. Then

kin
(4.1) lim sup(B(nf (n)) Y ank Xkl = 0 or 0o a.s.
according to
’ /OO dx < T o0
o0 or =
1 xf(x)
respectively. In particular
kin

. 1m su n)) a =e a.s.

(4.2) limsup [|(B(n)) ™' ank Xy ||/ 1818 = !/

Proof. We only prove the convergence part of (4.1), the proof in the rest part
is similar to Theorem 3.1 and Corollary 3.1. Suppose ff’o #@) < oo. Then by
Lemma 2.1 in Chen [6], we assume that lim sup,_,. f(2z)/f(x) < co. Hence by
the same argument as Li et al. [13], we assume that &, = n. So it is enough to

prove that

(4.3) lim (B(nf(n)) 7> ank Xkl = 0 a.s.

n—00
k=1

Note that {(B(n))™* > }_; anx X, n > 1} is bounded in probability implies that
(B(nf(n)))~t>°p_; ank Xk — 0 in probability, hence by standard argument of
symmetrization, without loss of generality to assume that { X, X,,,n > 1} are sym-
metric.

Choose an integer j > 2 with j(min{1,2/a} —§’) > 1 for some ¢',d < ¢’ <
min{1,2/a}. Set My = sup,,~; maxj<k<p |ank|. Then (4.3) holds if we can show
that for every ¢ > 0 -

(4.4) lim sup(B(nf(n))) 1) ank Xk < 2 - 2Moe a.s.

By (2.2)
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* dzx
ZP{HXH>5an }<cznf /le(x)<oo.

Then by the Borel-Cantelli Lemma, >} _; anx X3 I(|| Xk| > eB(nf(n))) is bounded
almost surely. Therefore

lim (B(nf(n)) " ) aneXil (| Xkl > eB(nf(n))] =0 a.s.

n—00
k=1

Thus to prove (4.4), it is enough to prove that

(4.5) lim sup(B(n.f(n)))

< 2j5-2Mjye a.s.

ST X1 < eB(nf(n)))“
k=1

By the Borel-Cantelli Lemma, it is enough to prove that

>rf

n=1

> ank XiI (|| Xk|| <eB(nf(n)))
k=1

> 2j-2MogB(nf(n))} < 00.
In view of Lemma 2.3, (4.6) follows from

> P { e XT 1 < 2B )]
(4.7) n=l -

> 2M05B(nf(n))} < 00

w o EUE
> 2M05B(nf(n))}>j < .

and

> an X150 < B0f )|

k=1

Since maxj<k<p ||ank XKl (| Xk| < eB(nf(n)))|] < MoeB(nf(n))), for every
n > 1, we know that

P{ max {|ane Xpl (| Xk|| < eB(nf(n)))l| > 2MoeB(nf(n))} =0,
S0 (4.7) holds true. By Lemma 7.2 in Ledoux and Talagrand [12]

lim (B(nf(n))) ™" Bllan Xl (| Xxl| < eB(nf(n))] = 0.

n—oo
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Hence by Markov’s inequality, Theorem 2.1 in de Acosta [1], when n large enough,

P{II Y ane XuI (I Xkl < eB(nf(n))]| > 2MoeB(nf(n))}
k=1

< P{IIY_ ane XuI (I Xk]| < eB(nf(n)))]
k=1

—E|l Y ameXil (IXk]| < eB(nf(m))l| > MoeB(nf(n))}
k=1

< e(B(nf(n)) *E|IX|PI(IX]| < eB(nf(n) Y lan|*
k=1
< en’(B(nf(n) *E|IX|PI(| X[ < eB(nf(n))).
When 0 < a < 2, by Property 4

n’(B(nf(n) EIXPI(I1X] < eB(nf(n) < en’~t < en”

When a = 2, let p = 2(1 +§ — &)1, hence p > 2. By Jensen’s inequality and
Property 4
n’(B(nf(n))) 2E|X|PL(| X < eB(nf(n)))
< n’((B(nf(n))) PE|X|PI(|X|| < eB(nf(n))))*?

/_
cn‘s 1.

IN

When o > 2, by Property 3, E| X |[* < oo, hence by Property 5
n’(B(nf(n) *E|X|PI(|IX|| < eB(nf(n))) < en® 2/,

Hence we always have

|

Since j(min{1,2/a} —¢") > 1, (4.8) follows at once. Hence (4.5) holds true.

> ankXpI(| Xl <eB(nf(n)))
k=1

>2MQ€B(nf(n))} Scn(s/_min{l, 2/04}'

By Theorem 4.1, we have the following corollaries.

Corollary 4.1. Leta>0,0<~vy< 1,2y —-1<2/a and f > 0 be a nonde-
creasing function. Suppose that {(B(n)) ' Y}, Cg:,iXk,n > 1} is bounded in
probability, where for any 5 > —1, Coﬂ =1 and C’f =(B+1)---(B+yj)/g! for
every j > 1. Then
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n
(4.9) lim sup(B(n.f(n))) || Y C) =3 Xl = 0 or 00 a.s.
according to ~
/ du <0 or =0
) ) 1 xf(x)
respectively. In particular
n
(4.10) limsup [|(B(n)) ™" Y I, X ||/ o8lo8™ = e/ g5,

Proof. Let a,), = C7~, for 0 <k <nand n > 1. Note that for v > —1

lim n7CY =T (y +1),

n—oo

where T'(-) is a gamma function. Hence it is easy to show that {a,;, 0 < k <
n,n > 1} satisfies the conditions of Theorem 4.1. So by Theorem 4.1, we have
Corollary 4.1 at once.

Corollary 42. Let0 < aa < 4,0 < q < 1 and f > 0 be a nondecreasing
function. Suppose that {(B(n)) ~'v/n >_}_, Ck¢*(1—¢)"* X}, n > 1} is bounded
in probability. Then

(4.5)  limsup(B(nf(n)))"'vnll Y Cr¢*(1— ¢)" " X4/ = 0 or o0 a.s.

n—oo

according as

* dx
< 00 Or = 00.
1

n—oo

zf(x)
In particular
n 1/loglogn
(4.6)  limsup ||(B(n)) 'vn Y _ Cke*(1—q)" "Xy = el q.s.
k=0

Proof. Let anx = /nC¥q*(1 —q)" % for 0 <k <nand n > 1. By Lemma
1 in Maejima [14] and the Stirling’s formula, it is easy to show that {a,;,0 < k <
n,n > 1} satisfies the conditions of Theorem 4.1. So by Theorem 4.1, we complete
the proof.

Corollary 4.3. Let0 < « <k4 and f > 0 be a nondecreasing function. Suppose
that {(B(n)) " 'v/ne ™ > 32 % Xj, n > 1} is bounded in probability. Then
(4.7) limsup(B(nf(n))) " vne™ Z =0 or oo a.s.
k=

n—oo
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according as

/OOd—x<ooor = 0
1 zf(z) T

In particular

o 1/loglogn
_ _ n
B~ (n)y/ne™ Z HXk
k=0

(4.8) lim sup = el q.s.

n—oo

Proof. Let ¢ € (0,min{l,a}). By Theorem 16 of Chapter 7 in Petrov [17],
there exists a constant A/ > 1 such that Z@M”H(\/ﬁe—”%)t < cn~t. Hence
for some ¢’ € (0, ¢), by Morkov inequality, ¢.-inequality and Properties 3 and 5, for
every e > 0

al

By the Borel-Cantelli Lemma

k
—n n
\/Ee Z FX]{;

k>Mn+1

> €B(nf(n))} < en~ (/@)

k
n
Z HXk =0 a.s.

k>Mn+1

Jim (B(nf(n)~ Ve~

Let a, = \/ﬁe‘”’,g—lf for0 < kK < Mn and n > 1. It is easy to show that

{ank,0 < k < Mn,n > 1} satisfies the conditions of Theorem 4.1. So we

complete the proof. [ ]
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