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WEIGHTED LIPSCHITZ ESTIMATES FOR COMMUTATORS OF
FRACTIONAL INTEGRALS WITH HOMOGENEOUS KERNELS

Yan Lin*, Zongguang Liu and Guixia Pan

Abstract. In this paper the authors give a sufficient condition such that the
commutator generated by the weighted Lipschitz function and the fractional
integral operator with homogeneous kernel satisfying certain Dini condition is
bounded on weighted Lebesgue spaces.

1. INTRODUCTION

Assume that Q € L5(S™!) for 1 < s < oo, where S"~! denotes the unit
sphere {z € R™ : |z| = 1} and € is a homogeneous function with degree zero on
R™, i.e., forany A > 0 and z € R”,

Q(Az) = Q(x).

The fractional integral operator with rough kernel is defined by

(L1) Toaf@)i= [ 20 j)ay,

Rn |T — Y|

where 0 < a < n.
The commutator generated by a suitable function b and the fractional integral
operator Tq . is defined by

[0, To,o] f(z) = b(z)To,0f (2) — To,a(bf)(z).
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We say a function €2 satisfying L®— Dini(s > 1) condition, if {2 is homogeneous
of degree zero on R™ with Q € L5(S"~!), and
Luwg(), 1
ZIn=dd <
/0 P e
where w;(9) is the integral modulus of continuity of order s of (2, that is,

1

w0 = s ([ 10 - 9 rasta))

lp| <o

here p is a rotation in R™ and
lpl= sup |pa’ —a'|.
z'esSn—1

Chanillo [1] proved that the commutator [b, I,,] generated by a function b €
BMO and the classical fractional integral operator I, is bounded from L?(R") to
LY(R") for 1 < p < ¢ < oo and % = % — 2 Then Paluszynski [11] showed that
b € Lipg(the homogeneous Lipschitz space) if and only if the commutator [b, T']
generated by b and the singular integral operator 7" is bounded from LP(R") to
LI(R"), where 1 < p < g < o0, 0<f < land i =1—2 Also Paluszynski
[11] obtained that b € Lipg if and only if the commutator [b, I,] generated by b
and the classical fractional integral operator I, is bounded from L?(R™) to L"(R"),
wherel<p<r<oo,0<5<1and%:%—ﬂ%. Recently Hu and Gu
[9] obtained that b is in the weighted Lipschitz space Lip s ,, whose definition will
be given in the next section, if and only if the commutator [b, 1] is bounded from
LP(p) to L' ('~ 73)"), where 1 < p < 25,0 <a+ B <n, + =1 - 2 and
n e Aq (Rn)

Since the kernel of the fractional integral operator with homogeneous kernel is
more general than that of the classical fractional integral operator and the weighted
Lipschitz space can be regarded as a generalization of the classical Lipschitz space,
inspired by the above results, a question arises naturally. If we consider the com-
mutator generated by the fractional integral operator with homogeneous kernel and
the weighted Lipschitz function, what boundedness properties does this kind of op-
erators have? In this paper, we will focus on its boundedness on weighted Lebesgue
spaces.

2. SOME PRELIMINARIES AND NOTATIONS

A non-negative function p defined on R” is called a weight if it is locally
integrable. A weight 4 is said to belong to the Muckenhoupt class A,(R™) for
1 < p < oo, if there exists a constant C' > 0 such that

(ﬁ/Bu(x)daO (ﬁ/Bu(w)_pljdw)p_l <C
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for every ball B ¢ R The class A;(R") is defined by replacing the above
inequality by

x)dr < Cu(x), a.ex € R"
5] J, e < Ot

for every ball B C R™; see[7].
Suppose that w is a nonnegative locally integrable function on R™. Define w €
A(p,q)(1 < p,q < o0), if there exists a constant C' > 0, such that for any ball B

in R™, . N
(o) i f )’ <

Some usual properties of weights we need in this paper are the following

Lemma 2.1. [5]. If u € A;(R™), then there exists a e > 0 such that ;'*+¢ €
Ap(R™).

Lemma 2.2. [8]. If wi,ws € Ap(R™)(1 < p < o0), then for any 0 < o < 1,
wlwy ™™ € Ay (R™).

1
Lemma 2.3. [3]. Suppose that0 < o <n, 1 <p < Z and T=p <. Then

1
P

weAlp,q) o wlc Ajya.
P

Standard real analysis tools as the Hardy-Littlewood maximal function M f, the
sharp maximal function M f, naturally carries over to this context, namely,

M f(x) = sup ‘B‘/\f )dy,

B>z

M (@) = o o [ 17(0) = Faldy ~ sup int o [ 1700) = cla,

B>z

where fg = |BLfB y)dy.

And following [6], we will say that a locally integrable function f belongs to
the weighted Lipschitz space Lipgvu forl1<p<oo,0< <1 and pue Ax(R"),
if there exists a constant C' > 0, such that for any ball B in R",

1

P

B2 [ / |f(x) = fBlPu(z) Pde| < C.

Modulo constants, the Banach space of such functions is denoted by Lipgvu

The smallest bound C satisfying the above condition is taken to be the norm of f in

this space, and is denoted by HfHL@Z . Put Lipg ,, = Lipéu. Obviously, for the
N )
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case i = 1, the space Lipg , is the classical Lipschitz space Lipg. Thus, weighted
Lipschitz spaces are generalization of classical Lipschitz spaces.

Let u € A;(R"™), Garcia-Cuerva in [6] proved that the space Lipgvu coincide,
and the norm of || - HLing are equivalent with respect to different values of p

provided that 1 < p < oco. That is, || - HLz‘pg ~ ||+ || Lipg,, for 1 <p < oo.
M ’
A variant of the maximal operator and the sharp maximal operator M;f(x) =
M(|f]%)3 (z) and Mgf(x) — M*(|£]%)5 (z), will become the main tools in our
paper.

3. MaIN REsuLTS

Our main results are as follows.

Theorem 3.1. Let 0 < 8 <1, 0<a+8<n 1 <p< 2 L=1_ a8

at+B'T  p n
ur € A;(R™) and ii;_l)lp < s < oo, where ¢ is the constant in Lemma 2.1. Let

Tq,« be the fractional integral operator defined by (1.1) with the kernel €2 satisfying

Pwg(), 1
In= .
/0 5 n 5d(5 < 00

If b € Lipg,,, then the commutator [b, T, .| is bounded from LP(p) to L (p!~(1=w)7).

If we hope that the index s in the Dini condition of the kernel is independent

of the constant ¢ of A;(R™) in Lemma 2.1, then we can obtain that
1 1_ ofp
n 1

Theorem 3.2. Let0 < < 1,0 < a+ (8 <mn, 1<p<a”Tﬂ,;:5—
M% € A;(R™) and % < s < oo. Let To, be the fractional integral

operator defined by (1.1) with the kernel 2 satisfying

Luwg(8), 1
In - .
/0 5 n 5d(5 < 00

If b € Lipg,,, then the commutator [b, T, .| is bounded from L (p) to L (p!~(1=%)7).

4, SoME LEMMAS

First we need some known results about maximal operators and the fractional
integral operator with rough kernel.

Lemma 4.1. ([3]). Suppose that 0<a<n, 1<s’ <p < 2 and % = % — 2 |f

Qe L5(S" 1) and w® € A(L, Z), then there exists a constant C' independent of
f such that
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(/ Tt <x>w<w>\qdw)% < C( /. \f(w)w(w)\pdw> '

Lemma 4.2. ([3]). Suppose that 0 < o < n, 1<s'<p< 2 and l = % — 2 |f
w® € A(L, Z), then there exists a constant C' independent of f such that
1 1
q P
([ Mess@utora)” <o [ i)
where 1 + & =1 and
&
Moo = s — [ 1) ay)’
BBJ: ‘B‘l
Lemma 4.3. ([10]). Suppose that 0 < o <n, 1 <p< Zand & = % —a |f

w? € A;(R™), then there exists a constant C' independent of f such that

</"[Maf(x)w(x”qu)% <o [ 1r@etr) g

Mo () () = B%( s [ 116 \dy)

Lemma 4.4. ([2]). Suppose that 0 < o < n, Q € Lwa (S"~ 1)y and Q is a
homogeneous function with degree zero on R™. If f € L'(R™), then for any A > 0,

where

n

o B Taas@) > M < 051012 )

Lemma 4.5. ([4]). Suppose that 0 < a < n, £ is homogeneous of degree zero
and satisfies the L® — Dini(s > 1) condition. If there exists a constant a with
0 < ap < 1 such that |z| < agR, where z € R and R > 0, then there exists a
constant C' > 0 such that

</R<|y|§2R Qy—2) Ay

ly — z|r— [y
1

where 1 + 4 =1.

S

||

1
A n f|z] /fws(é) }
dy) < CR“™ { + —2dd ¢,
R % 0

Lemma 4.6. ([12]). Let 0 < p,d < oo and u € A (R™). There exists a
positive constant C' such that
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Msf(z)Pp(e)dz < C | Mif()Pp(x)ds,
R™ R™

for any smooth function f for which the left-hand side is finite.

In order to obtain the main results, we still need to state some technical lemmas
step by step.

Lemma 4.7. Let p € A1(R™), 0 < 3 < 1 and the integer k£ > 1. If b € Lipg ,,
then

8
bg — bB(m,2k+1R)| < Ckp(z)p(B(w, 25 R))» 16l Lipg.,.»

where B = B(z,2R).
Proof. Write

|bB - bB(a:,Qk‘HR)‘
k

< Z |bB(q;,2jR) - bB(m,2j+1R)|
j=1

k

1 . 8

) E +1 148

< CHbHszﬁ’H mﬂ(B({L‘,QJ R)) n
Jj=1 ’

B8
< Chp(z)u(B(z, 2" R)) 7 ||b]| L, -

Lemma 4.8. Let u € A;(R™), £ be the constant in Lemma 2.1, 0 < 3 < 1,
O0<a+pB<n s> 50 and 5 <o < ;5. If b€ Lipg,, then there

ne—ae—3

exists a constant C' > 0 such that

1% (g [ 0w -bal ) a0 )

where 1 + & =1 and

s

L
S7

< Cﬂ(x)l_% HbHLipﬁ,uMOC‘f'ﬂanrO(f)(x)v

B>z

Mo g,pro (f) () = sup <W /B \f(y)\rou(y)dy> %.
M n

) — _E&_ 11 i 8
Proof. Let ro = 33, r3 = 755 and - + ;- + .- = 1. Since rg > == >
n(l+e) 1

s o ne+n
- =4"and s > e

- ne e > e > L+ L thenry o, rg > Tand 5 —
> 0. By Holder’s inequality, 1 € A;(R") and p!'*¢ € A;(R™), we have

/

«

3R
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1
s’

uﬂ%(—l- ) ~ ol | )|

-l (éﬂ>g</iw ) = bal" plw %_yl()ﬁu()%u&wy‘%—%dw>%

o) e )
'(/Bu(w)””“ _l)dw>

L 1
=|B w L ) bB Tls,u w l_rls,dw " 12 B 7‘1%—’_7‘218’_%
B

M n

B
1 Y 72;9’ 1 - 73;9’
| Blrs’ W | f(w)[™** p(w)dw — [ p(w) o dw
M(B)l_ n B |B| B

w(B e =
< C<Q> (u(x)p“e) 161 Lips. . Mot 8,05 (f) ()

@

< CM( o HbHLtm “ Mot8,1,70 (f)(x)

Lemma 4.9. Let 0 < 8 < 1, 0<a+ﬁ<n l<p<giz i
s > Lo s(r—p) <1 < Gtz and pr € Aj(R™). If b € Lipg,,, then

(r—p)(n—a—p8)" s(r—p)—r

there exists a constant C" > 0 such that

L
7

5% (7 [ )00l 70w ) < )t 510l Masors(F)(0),

where —+—/ =1.

S

Proof. Let ro = %}, rg3 = ) and —I— —|— = = 1. Since ro > s(r—p) —

s(r—p)—r
Sr(f;;j) > s, s> = p)(fl a=p) > = p)(n R , then r1, 79,73 > 1 and

1_1,_a = > (. By the similar computation technlques used in Lemma 4.8, we

(/1

B|%<L/ \b(w)—bB\S/\f(w)\s/dw> = Cpa(a)' 10l i, Mot .o () ()
1Bl /s

Lemma 4.10. Let p € A;(R"),0<g8< 1, 0<a+p<n, s> n—Z—g and
the integer £ > 1. If b € Lipg ,, then there exists a constant C' > 0 such that

o 1 /
|B(x, 28 R) ™ [bg — bp(yont1py] (\B( |f(w)]* dw)

[B(, 2571 R)| Jp( o011
B
< Chp(@)™ w|bl| Lips , Matp,s (f) (),

|~

S
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where 1 + L =1 and B = B(z, 2R).
Proof. By Lemma 4.7 and n € A;(R™), we have

1

a 1 / s
k ol - s

|B(, 257 R) ™ [bg — bp(y ot+1 )] (\B(m, 9FHIR)] /B(m . [f(w)] dw)

a B 1
< O|B(z, 28 R) [ k() 10| Lipg 1t (B(x, 281 R) ) » | Bz, 261 R) |7

1

([ 1))
B(x,2"1R)

I3
< Chp(z)" 5 (10l Lipg, <

L

S/

1 y
= [ )] dw)
|B(x, 2t+1R) |1— n B(x,2k1R)

s
< Cku(z)' 10/l Lipgs,, Mat s, (f) ().

Lemma 4.11. Let p € A;(R"), 0 < B < 1,be€ Lipg,, 0 <a+f <n,
s> e 0 < § << £ <y < . where ¢ is the constant in

ne—ae—fe’ se—e—1 a4+

Lemma 2.1. If T, is the fractional integral operator defined by (1.1) with the

kernel € satisfying
1
ws(d) 1
In=dé
[l e,
then there exists a constant C' > 0 such that

ME([b, To,al f) (z)

< O8]l 2ins. (u(w)”%Mﬂ(Tsz,af)(w) ()" E Mo (F)(2)

8

() W,s/(f)(w)).

N =

Proof. Taking A = b, the average of b on B, where B = B(x,2R), we have

[b; To,lf () = (b(z) — bg) Toef(z) — Toa((b—bp)f)(2).

We fix x € R™ and denote B = B(z, R) with R > 0. Decompose f = fi + fo,
where f; = fxp. Let c be a constant to be fixed along the proof.
Since 0 < § < %, we have

<ﬁ /B 15, Tl £ ) - \c\‘5|dy>%

1

< (ﬁ [ 10T - cy‘sczy)‘s
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|

(\B\ / |(6(9) = b5) T f(y) = Toa (b= b5)F) () - c|6dy>

(i / 0035t
+C<‘B‘/ ’Tg’a((b_bB)fl)(y)lédyf

!
+C<® [ 1Taa(to b)) (w) + dy)
=T+ IT+111.

To deal With I first, for 0 < 6 < 3, we can take a [ such that ;25 <1 < %, so

1 >1and 51/ > 1. By Holder’s inequality we have

1

1= (g f o ool (g, et “an)
( / ) vty ) (57 [ 1700101

(57 B‘ ) bl M (T )2

I/\
U:J|

Cp) (1] Lip,,, Mp (To0f) (),
where zl/ +7=1
For I, we make use of Lemma 4.4 and Kolmogorov’s inequality, then

I < C‘B‘%%/B!((b— bp)f1) (y)|dy

SC‘B‘%%</B!b(y)—bB!réu(y)l‘rédy> (/ [F )] uuly dy)

:C\B\L% <;>%< B) /“’ )~ bal Pty ”Ody) WBYeu(B)

m (G
(e AL N

j(B)
B
)

< C( )" 1Bl iy, Mot .m0 (f) ()
" HbHLzm HMOH'ﬂMT’O(f)(x)v

1 1 _
Where%+%—1.

< Cp(z
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Finally, for 711 we first fix the value of ¢ by taking ¢ = =Tt o ((b—b3) f2) (2),
then by Holder’s inequality and Lemma 4.5, 4.8, 4.10, we have

IH<£/|TM (b—bp)f )()—Tﬂa((b—be2) )|dy

Sw/ﬂw e

|b bB||f(w)|dwdy

ly— wl"‘* |z — wl"‘*

|B| /Bk 1/2"R<|3L w|<2‘+1R

B Q(Jc

‘Iy wl"‘* |z — wl"‘*

|b(w) — bp|| f(w)|dwdy

S—/Z(/ Q(y—ui) B Q(x—ui) dw)‘g
1Bl Jp = \ ok p<jz—wi<zrrir | [y —w[*=* [z —w[r=e
(/ |bw —bB|s |f(w)|6dw> dy
|z—w|<2E+1R
(6)
. gy [T il
—wﬁz< o 25 )
2k+1R .
o 1 7 7 7
A|B(z, 281 e — ortip |’ §
1862 B (s [ oy 0Bt 000 )
o 1 ’ %
2k+1 " B— - 9k+1 7/ s
+|B(3Ua R)| |bB bB(z, 25+ R)|<|B(x,2k+1R)| B(%%HR)V(U’” dw dy
i w,(9)
< 2~k u
—wﬁz< o[ S )
2kt1lR ;
L) 16 L, Mot 5,0 () (@) + k(@) (10l Lips,, Mat .5 () ()]
Nt Lugd) 1
< 27k ws(9) 1, L ;
<o(Sws [ m s ) bl
_a B8
. (M(x)l " Ma46,u,m0 (f)($) + M(x)l—’_n Ma+ﬁ,s'(f)($)>
<

CHbHLimw (M(x)l_% a+B,u,m0 (f)(z) + M(x)1+§Ma+B7S’ (f)($)> '

Lemma 4.12. Let0< B <1, 0<a+8<n, 1<p<m,l—§—#,
/w € A1(R"), b € Lipgu, s > gy @nd 0 <6 < 5 < S(ifpflr <o <

a+ . If Tq o is the fractional integral operator defined by (1 1) with the kernel Q

satlsfymg X
ws(d), 1
In=
/0 5 n 5d(5 < 00,

then there exists a constant C' > 0 such that
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ME([b, Ta,) f) (z)
< O|bllLipg,. (M(m)H%Mﬁ(Ta,af)(w) + 11(2) % Moo (f) ()

() W,s/(f)(x)).

Proof. Since u7 € A (R™), by Lemma 2.2 we have p € A;(R™). Making use
of Lemma 4.5, 4.9, 4.10, similar to the proof of Lemma 4.11, we have

ME([b, Ta,) f) ()
< O|bllLipg,, (M(m)HgMﬁ(Tsz,af)(w) + 11(2) % Moo () ()
() Moy (9(2) )
5. PROOF OF THEOREMS

Proof of Theorem 3.1. Since ,u,% € A;(R™), by Lemma 2.2 we have u €
A1 (R™). By s > pEtD) e get < p. Thus there exist § and r( such that

(p—1)e’ 3551
1 se n i se s o
0<5§§<Se_e_1<r0<p<a+ﬂ.SInCEp>661>8_1—s,we

get uv € A (R™) C A1+“p‘s/> (R™). By Lemma 2.2 we have /w € A;(R™) C
ps’

A1+q“’ . (R™). By Lemma 2.3 we have (v )* € A(%, L) and (ur)* € AL, %),

Maklng use of Lemma 4.1, 4.2, 4.3, we get
IMp(Toaf)ll 5y < CliTaafl
Toafll,, 2 < CHfHLP(u )

Li(uP)

HMOH-ﬂ,S/HLr(Mﬁ) S CHf”Lp(u)v

P

LQ( 17

where C'is a constant independent of f and T, and % =
Thus by Lemma 4.6 and Lemma 4.11 we obtain

H[b7 TQ,a]f’ Lr(pt=0-%)r)
< HM‘S([bv Tro]f)’

< M (1t Toolf)|

Lr (=08

L (u=0-5)

< cubuupﬁ,u(uMw,u,mm!
< O8] 2ins . 1 Lo

+[M5(To.0f)]

ity M ()

Lr(u%)>

- pr T n S(T’_P)
Proof of Theorem 3.2. Since s > TN =p) > =) ima—p)» We g8t sr p) <

p. Thus there exist § and ro such that 0 < § < 1 < # <ro<p< iz By

L ()
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Lem

ma 4.6 and Lemma 4.12, similar to the proof of Theorem 3.1, we get [b, Tt o]

is bounded from L?(p) to L™ (p~(=%)).

N =
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