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WEIGHTED LIPSCHITZ ESTIMATES FOR COMMUTATORS OF
FRACTIONAL INTEGRALS WITH HOMOGENEOUS KERNELS

Yan Lin*, Zongguang Liu and Guixia Pan

Abstract. In this paper the authors give a sufficient condition such that the
commutator generated by the weighted Lipschitz function and the fractional
integral operator with homogeneous kernel satisfying certain Dini condition is
bounded on weighted Lebesgue spaces.

1. INTRODUCTION

Assume that Ω ∈ Ls(Sn−1) for 1 ≤ s ≤ ∞, where Sn−1 denotes the unit
sphere {x ∈ R

n : |x| = 1} and Ω is a homogeneous function with degree zero on
R

n, i.e., for any λ > 0 and x ∈ R
n,

Ω(λx) = Ω(x).

The fractional integral operator with rough kernel is defined by

(1.1) TΩ,αf(x) :=
∫

Rn

Ω(x− y)
|x − y|n−α

f(y)dy,

where 0 < α < n.
The commutator generated by a suitable function b and the fractional integral

operator TΩ,α is defined by

[b, TΩ,α]f(x) = b(x)TΩ,αf(x) − TΩ,α(bf)(x).
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We say a function Ω satisfying Ls−Dini(s ≥ 1) condition, if Ω is homogeneous
of degree zero on R

n with Ω ∈ Ls(Sn−1), and∫ 1

0

ωs(δ)
δ

ln
1
δ

dδ < ∞,

where ωs(δ) is the integral modulus of continuity of order s of Ω, that is,

ωs(δ) = sup
|ρ|≤δ

(∫
Sn−1

|Ω(x′) − Ω(ρx′)|sdσ(x′)
)1

s

,

here ρ is a rotation in R
n and

|ρ| = sup
x′∈Sn−1

|ρx′ − x′|.

Chanillo [1] proved that the commutator [b, Iα] generated by a function b ∈
BMO and the classical fractional integral operator Iα is bounded from Lp(Rn) to
Lq(Rn) for 1 < p < q < ∞ and 1

q = 1
p − α

n . Then Paluszyński [11] showed that
b ∈ Lipβ(the homogeneous Lipschitz space) if and only if the commutator [b, T ]
generated by b and the singular integral operator T is bounded from Lp(Rn) to
Lq(Rn), where 1 < p < q < ∞, 0 < β < 1 and 1

q = 1
p − β

n . Also Paluszyński
[11] obtained that b ∈ Lipβ if and only if the commutator [b, Iα] generated by b
and the classical fractional integral operator Iα is bounded from Lp(Rn) to Lr(Rn),
where 1 < p < r < ∞, 0 < β < 1 and 1

r = 1
p − β+α

n . Recently Hu and Gu
[9] obtained that b is in the weighted Lipschitz space Lip β,µ, whose definition will
be given in the next section, if and only if the commutator [b, Iα] is bounded from
Lp(µ) to Lr(µ1−(1−α

n
)r), where 1 < p < n

α+β , 0 < α + β < n, 1
r = 1

p − α+β
n and

µ ∈ A1(Rn).
Since the kernel of the fractional integral operator with homogeneous kernel is

more general than that of the classical fractional integral operator and the weighted
Lipschitz space can be regarded as a generalization of the classical Lipschitz space,
inspired by the above results, a question arises naturally. If we consider the com-
mutator generated by the fractional integral operator with homogeneous kernel and
the weighted Lipschitz function, what boundedness properties does this kind of op-
erators have? In this paper, we will focus on its boundedness on weighted Lebesgue
spaces.

2. SOME PRELIMINARIES AND NOTATIONS

A non-negative function µ defined on R
n is called a weight if it is locally

integrable. A weight µ is said to belong to the Muckenhoupt class Ap(Rn) for
1 < p < ∞, if there exists a constant C > 0 such that(

1
|B|

∫
B

µ(x)dx

)(
1
|B|

∫
B

µ(x)−
1

p−1 dx

)p−1

≤ C
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for every ball B ⊂ R
n. The class A1(Rn) is defined by replacing the above

inequality by
1
|B|

∫
B

µ(x)dx ≤ Cµ(x), a.e.x ∈ R
n

for every ball B ⊂ R
n; see[7].

Suppose that ω is a nonnegative locally integrable function on R
n. Define ω ∈

A(p, q)(1 < p, q < ∞), if there exists a constant C > 0, such that for any ball B
in R

n, (
1
|B|

∫
B

ω(x)qdx

)1
q
(

1
|B|

∫
B

ω(x)−p′dx

) 1
p′ ≤ C.

Some usual properties of weights we need in this paper are the following

Lemma 2.1. [5]. If µ ∈ A1(Rn), then there exists a ε > 0 such that µ1+ε ∈
A1(Rn).

Lemma 2.2. [8]. If ω1, ω2 ∈ Ap(Rn)(1 ≤ p < ∞), then for any 0 ≤ α ≤ 1,
ωα

1 ω1−α
2 ∈ Ap(Rn).

Lemma 2.3. [3]. Suppose that 0 < α < n, 1 < p < n
α and 1

q = 1
p − α

n . Then

ω ∈ A(p, q) ⇔ ωq ∈ A1+ q
p′

.

Standard real analysis tools as the Hardy-Littlewood maximal function Mf , the
sharp maximal function M �f , naturally carries over to this context, namely,

Mf(x) = sup
B�x

1
|B|

∫
B
|f(y)|dy,

M �f(x) = sup
B�x

1
|B|

∫
B
|f(y)− fB |dy ∼ sup

B�x
inf
c∈C

1
|B|

∫
B
|f(y)− c|dy,

where fB = 1
|B|

∫
B f(y)dy.

And following [6], we will say that a locally integrable function f belongs to
the weighted Lipschitz space Lipp

β,µ for 1 ≤ p ≤ ∞, 0 < β < 1, and µ ∈ A∞(Rn),
if there exists a constant C > 0, such that for any ball B in R

n,

1

µ(B)
β
n

[
1

µ(B)

∫
B
|f(x) − fB |pµ(x)1−pdx

] 1
p

≤ C.

Modulo constants, the Banach space of such functions is denoted by Lipp
β,µ.

The smallest bound C satisfying the above condition is taken to be the norm of f in
this space, and is denoted by ‖f‖Lipp

β,µ
. Put Lipβ,µ = Lip1

β,µ. Obviously, for the



2692 Yan Lin, Zongguang Liu and Guixia Pan

case µ ≡ 1, the space Lipβ,µ is the classical Lipschitz space Lipβ. Thus, weighted
Lipschitz spaces are generalization of classical Lipschitz spaces.

Let µ ∈ A1(Rn), García-Cuerva in [6] proved that the space Lipp
β,µ coincide,

and the norm of ‖ · ‖Lipp
β,µ

are equivalent with respect to different values of p

provided that 1 ≤ p ≤ ∞. That is, ‖ · ‖Lipp
β,µ

∼ ‖ · ‖Lipβ,µ
for 1 ≤ p ≤ ∞.

A variant of the maximal operator and the sharp maximal operator Mδf(x) =
M(|f |δ) 1

δ (x) and M �
δf(x) = M �(|f |δ) 1

δ (x), will become the main tools in our
paper.

3. MAIN RESULTS

Our main results are as follows.

Theorem 3.1. Let 0 < β < 1, 0 < α + β < n, 1 < p < n
α+β , 1

r = 1
p − α+β

n ,
µ

r
p ∈ A1(Rn) and (ε+1)p

ε(p−1) < s < ∞, where ε is the constant in Lemma 2.1. Let
TΩ,α be the fractional integral operator defined by (1.1) with the kernel Ω satisfying

∫ 1

0

ωs(δ)
δ

ln
1
δ
dδ < ∞.

If b ∈ Lipβ,µ, then the commutator [b, TΩ,α] is bounded from Lp(µ) to Lr(µ1−(1−α
n

)r).

If we hope that the index s in the Dini condition of the kernel is independent
of the constant ε of A1(Rn) in Lemma 2.1, then we can obtain that

Theorem 3.2. Let 0 < β < 1, 0 < α + β < n, 1 < p < n
α+β , 1

r = 1
p − α+β

n ,
µ

r
p ∈ A1(Rn) and pr

(p−1)(r−p) < s < ∞. Let TΩ,α be the fractional integral
operator defined by (1.1) with the kernel Ω satisfying

∫ 1

0

ωs(δ)
δ

ln
1
δ
dδ < ∞.

If b ∈ Lipβ,µ, then the commutator [b, TΩ,α] is bounded from Lp(µ) to Lr(µ1−(1−α
n

)r).

4. SOME LEMMAS

First we need some known results about maximal operators and the fractional
integral operator with rough kernel.

Lemma 4.1. ([3]). Suppose that 0<α<n, 1≤s ′ < p < n
α and 1

q = 1
p − α

n . If
Ω ∈ Ls(Sn−1) and ωs′ ∈ A( p

s′ ,
q
s′ ), then there exists a constant C independent of

f such that
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(∫
Rn

|TΩ,αf(x)ω(x)|qdx

)1
q

≤ C

( ∫
Rn

|f(x)ω(x)|pdx

) 1
p

.

Lemma 4.2. ([3]). Suppose that 0 < α < n, 1≤s ′ <p< n
α and 1

q = 1
p − α

n . If
ωs′ ∈ A( p

s′ ,
q
s′ ), then there exists a constant C independent of f such that

(∫
Rn

[Mα,s′f(x)ω(x)]qdx

)1
q

≤ C

( ∫
Rn

|f(x)ω(x)|pdx

)1
p

,

where 1
s + 1

s′ = 1 and

Mα,s′(f)(x) = sup
B�x

(
1

|B|1−αs′
n

∫
B
|f(x)|s′dy

) 1
s′

.

Lemma 4.3. ([10]). Suppose that 0 < α < n, 1 < p < n
α and 1

q = 1
p − α

n . If
ωq ∈ A1(Rn), then there exists a constant C independent of f such that

(∫
Rn

[Mαf(x)ω(x)]qdx

)1
q

≤ C

(∫
Rn

|f(x)ω(x)|pdx

) 1
p

,

where
Mα(f)(x) = sup

B�x

(
1

|B|1−α
n

∫
B

|f(y)|dy

)
.

Lemma 4.4. ([2]). Suppose that 0 < α < n, Ω ∈ L
n

n−α (Sn−1) and Ω is a
homogeneous function with degree zero on R

n. If f ∈ L1(Rn), then for any λ > 0,

∣∣{x ∈ R
n :

∣∣TΩ,αf(x)| > λ}∣∣ ≤ C

(
1
λ
‖f‖L1

) n
n−α

.

Lemma 4.5. ([4]). Suppose that 0 < α < n, Ω is homogeneous of degree zero
and satisfies the Ls − Dini(s ≥ 1) condition. If there exists a constant a 0 with
0 < a0 < 1 such that |x| < a0R, where x ∈ R

n and R > 0, then there exists a
constant C > 0 such that

(∫
R<|y|≤2R

∣∣∣∣ Ω(y − x)
|y − x|n−α

− Ω(y)
|y|n−α

∣∣∣∣
s

dy

)1
s

≤ CRα− n
s′

{ |x|
R

+
∫ |x|

R

|x|
2R

ωs(δ)
δ

dδ

}
,

where 1
s + 1

s′ = 1.

Lemma 4.6. ([12]). Let 0 < p, δ < ∞ and µ ∈ A∞(Rn). There exists a
positive constant C such that
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∫
Rn

Mδf(x)pµ(x)dx ≤ C

∫
Rn

M �
δf(x)pµ(x)dx,

for any smooth function f for which the left-hand side is finite.

In order to obtain the main results, we still need to state some technical lemmas
step by step.

Lemma 4.7. Let µ ∈ A1(Rn), 0 < β < 1 and the integer k ≥ 1. If b ∈ Lipβ,µ,
then ∣∣bB̄ − bB(x,2k+1R)

∣∣ ≤ Ckµ(x)µ(B(x, 2k+1R))
β
n ‖b‖Lipβ,µ

,

where B̄ = B(x, 2R).

Proof. Write

∣∣bB̄ − bB(x,2k+1R)

∣∣
≤

k∑
j=1

∣∣bB(x,2jR) − bB(x,2j+1R)

∣∣

≤ C‖b‖Lipβ,µ

k∑
j=1

1
|B(x, 2j+1R)|µ(B(x, 2j+1R))1+β

n

≤ Ckµ(x)µ(B(x, 2k+1R))
β
n ‖b‖Lipβ,µ

.

Lemma 4.8. Let µ ∈ A1(Rn), ε be the constant in Lemma 2.1, 0 < β < 1,
0 < α + β < n, s > nε+n

nε−αε−βε and sε
sε−ε−1 < r0 < n

α+β . If b ∈ Lipβ,µ, then there
exists a constant C > 0 such that

|B|α
n

(
1
|B|

∫
B
|b(w)−bB|s′ |f(w)|s′dw

) 1
s′ ≤ Cµ(x)1−

α
n ‖b‖Lipβ,µ

Mα+β,µ,r0(f)(x),

where 1
s + 1

s′ = 1 and

Mα+β,µ,r0(f)(x) = sup
B�x

(
1

µ(B)1−
r0(α+β)

n

∫
B

|f(y)|r0µ(y)dy

) 1
r0

.

Proof. Let r2 = r0
s′ , r3 = ε

s′−1 and 1
r1

+ 1
r2

+ 1
r3

= 1. Since r0 > sε
sε−ε−1 >

s
s−1 = s′ and s > nε+n

nε−αε−βε >
n(1+ε)
(n−α)ε > 1 + 1

ε , then r1, r2, r3 > 1 and 1
s′ − 1

r3s′ −
α
n > 0. By Hölder’s inequality, µ ∈ A1(Rn) and µ1+ε ∈ A1(Rn), we have
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|B|α
n

(
1
|B|

∫
B

|b(w) − bB |s′|f(w)|s′
dw

) 1
s′

= |B|α
n

(
1
|B|

) 1
s′

(∫
B

|b(w)− bB|s′
µ(w)

1
r1

−s′ |f(w)|s′
µ(w)

1
r2 µ(w)s′− 1

r1
− 1

r2 dw

) 1
s′

≤ |B|α
n

(
1
|B|

) 1
s′

(∫
B

|b(w) − bB|r1s′
µ(w)1−r1s′

dw

) 1
r1s′

( ∫
B

|f(w)|r2s′
µ(w)dw

) 1
r2s′

·
(∫

B

µ(w)1+r3(s′−1)dw

) 1
r3s′

= |B|α
n

(
1
|B|

) 1
s′ 1

µ(B)
β
n

(
1

µ(B)

∫
B

|b(w)−bB |r1s′
µ(w)1−r1s′

dw

) 1
r1s′

µ(B)
1

r1s′ + 1
r2s′ −α

n

·|B| 1
r3s′

(
1

µ(B)1−
r2s′(α+β)

n

∫
B

|f(w)|r2s′
µ(w)dw

) 1
r2s′

(
1
|B|

∫
B

µ(w)1+εdw

) 1
r3s′

≤ C

(
µ(B)
|B|

) 1
s′ − 1

r3s′ −α
n
(

µ(x)1+ε

) 1
r3s′

‖b‖Lipβ,µMα+β,µ,r2s′(f)(x)

≤ Cµ(x)1−
α
n ‖b‖Lipβ,µMα+β,µ,r0 (f)(x).

Lemma 4.9. Let 0 < β < 1, 0 < α + β < n, 1 < p < n
α+β , 1

r = 1
p − α+β

n ,
s > rn

(r−p)(n−α−β)
, s(r−p)

s(r−p)−r
< r0 < n

α+β and µ
r
p ∈ A1(Rn). If b ∈ Lipβ,µ, then

there exists a constant C > 0 such that

∣∣B∣∣ α
n

(
1
|B|

∫
B
|b(w)−bB|s′ |f(w)|s′dw

) 1
s′ ≤ Cµ(x)1−

α
n ‖b‖Lipβ,µ

Mα+β,µ,r0(f)(x),

where 1
s + 1

s′ = 1.

Proof. Let r2 = r0
s′ , r3 = r−p

p(s′−1)
and 1

r1
+ 1

r2
+ 1

r3
= 1. Since r0 > s(r−p)

s(r−p)−r
=

s′(r−p)
r−ps′ > s′, s > rn

(r−p)(n−α−β) > rn
(r−p)(n−α) > r

r−p , then r1, r2, r3 > 1 and
1
s′ − 1

r3s′ − α
n > 0. By the similar computation techniques used in Lemma 4.8, we

have

∣∣B∣∣ α
n

(
1
|B|

∫
B

|b(w)−bB|s′ |f(w)|s′dw

) 1
s′ ≤ Cµ(x)1−

α
n ‖b‖Lipβ,µ

Mα+β,µ,r0(f)(x).

Lemma 4.10. Let µ ∈ A1(Rn), 0 < β < 1, 0 < α + β < n, s > n
n−α−β and

the integer k ≥ 1. If b ∈ Lipβ,µ, then there exists a constant C > 0 such that

∣∣B(x, 2k+1R)
∣∣α

n
∣∣bB̄ − bB(x,2k+1R)

∣∣( 1
|B(x, 2k+1R)|

∫
B(x,2k+1R)

|f(w)|s′dw

) 1
s′

≤ Ckµ(x)1+β
n ‖b‖Lipβ,µ

Mα+β,s′(f)(x),
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where 1
s + 1

s′ = 1 and B̄ = B(x, 2R).

Proof. By Lemma 4.7 and µ ∈ A1(Rn), we have

∣∣B(x, 2k+1R)
∣∣α

n
∣∣bB̄ − bB(x,2k+1R)

∣∣( 1
|B(x, 2k+1R)|

∫
B(x,2k+1R)

|f(w)|s′dw

) 1
s′

≤ C
∣∣B(x, 2k+1R)

∣∣α
n kµ(x)‖b‖Lipβ,µ

µ
(
B(x, 2k+1R)

)β
n
∣∣B(x, 2k+1R)

∣∣− 1
s′

·
(∫

B(x,2k+1R)
|f(w)|s′dw

) 1
s′

≤ Ckµ(x)1+β
n ‖b‖Lipβ,µ

(
1∣∣B(x, 2k+1R)

∣∣1− (α+β)s′
n

∫
B(x,2k+1R)

|f(w)|s′dw

) 1
s′

≤ Ckµ(x)1+β
n ‖b‖Lipβ,µ

Mα+β,s′(f)(x).

Lemma 4.11. Let µ ∈ A1(Rn), 0 < β < 1, b ∈ Lipβ,µ, 0 < α + β < n,
s > nε+n

nε−αε−βε , 0 < δ ≤ 1
2 < sε

sε−ε−1 < r0 < n
α+β , where ε is the constant in

Lemma 2.1. If TΩ,α is the fractional integral operator defined by (1.1) with the
kernel Ω satisfying ∫ 1

0

ωs(δ)
δ

ln
1
δ
dδ < ∞,

then there exists a constant C > 0 such that

M �
δ

(
[b, TΩ,α]f

)
(x)

≤ C‖b‖Lipβ,µ

(
µ(x)1+β

n Mβ(TΩ,αf)(x) + µ(x)1−
α
n Mα+β,µ,r0(f)(x)

+µ(x)1+β
n Mα+β,s′(f)(x)

)
.

Proof. Taking λ = bB̄, the average of b on B̄, where B̄ = B(x, 2R), we have

[b, TΩ,α]f(x) =
(
b(x)− bB̄

)
TΩ,αf(x) − TΩ,α

(
(b − bB̄)f

)
(x).

We fix x ∈ R
n and denote B = B(x, R) with R > 0. Decompose f = f1 + f2,

where f1 = fχB̄. Let c be a constant to be fixed along the proof.
Since 0 < δ ≤ 1

2 , we have
(

1
|B|

∫
B

∣∣∣∣[b, TΩ,α]f(y)
∣∣δ − |c|δ∣∣dy

)1
δ

≤
(

1
|B|

∫
B

∣∣[b, TΩ,α]f(y)− c
∣∣δdy

)1
δ
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=
(

1
|B|

∫
B

∣∣(b(y)− bB̄

)
TΩ,αf(y)− TΩ,α

(
(b − bB̄)f

)
(y) − c

∣∣δdy

)1
δ

≤ C

(
1
|B|

∫
B

∣∣(b(y)− bB̄

)
TΩ,αf(y)

∣∣δdy

)1
δ

+C

(
1
|B|

∫
B

∣∣TΩ,α

(
(b − bB̄)f1

)
(y)

∣∣δdy

)1
δ

+C

(
1
|B|

∫
B

∣∣TΩ,α

(
(b − bB̄)f2

)
(y) + c

∣∣δdy

)1
δ

:= I + II + III.

To deal with I first, for 0 < δ ≤ 1
2 , we can take a l such that 1

1−δ ≤ l ≤ 1
δ , so

1
δl ≥ 1 and 1

δl′ ≥ 1. By Hölder’s inequality we have

I ≤ C

(
1
|B̄|

∫
B̄

∣∣b(y)− bB̄

∣∣δl
dy

) 1
δl

(
1
|B|

∫
B

∣∣TΩ,αf(y)
∣∣δl′

dy

) 1
δl′

≤ C

(
1
|B̄|

∫
B̄
|b(y)− bB̄|dy

)(
1
|B|

∫
B
|TΩ,α(f)(y)|dy

)

≤ C
(µ(B̄)

|B̄|
)1+β

n ‖b‖Lipβ,µ
Mβ(TΩ,αf)(x)

≤ Cµ(x)1+β
n ‖b‖Lipβ,µ

Mβ(TΩ,αf)(x),

where 1
l′ + 1

l = 1.
For II , we make use of Lemma 4.4 and Kolmogorov’s inequality, then

II ≤ C
1

|B|1−α
n

∫
B

∣∣((b − bB̄)f1

)
(y)

∣∣dy

≤ C
1

|B|1−α
n

(∫
B̄

∣∣b(y)− bB̄

∣∣r′0µ(y)1−r′0dy

) 1
r′0

(∫
B̄

∣∣f(y)
∣∣r0µ(y)dy

) 1
r0

= C
1

|B|1−α
n

1

µ(B̄)
β
n

(
1

µ(B̄)

∫
B̄

∣∣b(y)− bB̄

∣∣r′0µ(y)1−r′0dy

) 1
r′0

µ(B̄)
β
n µ(B̄)

1
r′
0

·
(

1

µ(B̄)1−
(α+β)r0

n

∫
B

∣∣f(y)
∣∣r0µ(y)dy

) 1
r0

µ(B̄)(1−
(α+β)r0

n
) 1

r0

≤ C
(µ(B̄)

B̄

)1−α
n ‖b‖Lipβ,µ

Mα+β,µ,r0(f)(x)

≤ Cµ(x)1−
α
n ‖b‖Lipβ,µ

Mα+β,µ,r0(f)(x),

where 1
r0

+ 1
r′0

= 1.
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Finally, for III we first fix the value of c by taking c = −TΩ,α

(
(b−bB̄)f2

)
(x),

then by Hölder’s inequality and Lemma 4.5, 4.8, 4.10, we have

III ≤ C

|B|
∫

B

∣∣TΩ,α

(
(b − bB̄)f2

)
(y) − TΩ,α

(
(b − bB̄)f2

)
(x)

∣∣dy

≤ C

|B|
∫

B

∫
Rn\B̄

∣∣∣∣ Ω(y − w)
|y − w|n−α

− Ω(x − w)
|x− w|n−α

∣∣∣∣
∣∣b(w) − bB̄

∣∣∣∣f(w)
∣∣dwdy

=
C

|B|
∫

B

∞∑
k=1

∫
2kR≤|x−w|<2k+1R∣∣∣∣ Ω(y − w)

|y − w|n−α
− Ω(x − w)

|x− w|n−α

∣∣∣∣∣∣b(w) − bB̄

∣∣∣∣f(w)
∣∣dwdy

≤ C

|B|
∫

B

∞∑
k=1

(∫
2kR≤|x−w|<2k+1R

∣∣∣∣ Ω(y − w)
|y − w|n−α

− Ω(x − w)
|x− w|n−α

∣∣∣∣
s

dw

) 1
s

·
(∫

|x−w|≤2k+1R

∣∣b(w) − bB̄

∣∣s′∣∣f(w)
∣∣s′

dw

) 1
s′

dy

≤ C

|B|
∫

B

∞∑
k=1

(
2−k +

∫ |x−y|
2kR

|x−y|
2k+1R

ωs(δ)
δ

dδ

)

·
[∣∣B(x, 2k+1R)

∣∣α
n

(
1

|B(x, 2k+1R)|
∫

B(x,2k+1R)

∣∣b(w)−bB(x,2k+1R)

∣∣s′∣∣f(w)
∣∣s′

dw

) 1
s′

+
∣∣B(x, 2k+1R)

∣∣α
n
∣∣bB̄−bB(x,2k+1R)

∣∣( 1
|B(x, 2k+1R)|

∫
B(x,2k+1R)

|f(w)|s′
dw

) 1
s′

]
dy

≤ C

|B|
∫

B

∞∑
k=1

(
2−k +

∫ |x−y|
2kR

|x−y|
2k+1R

ωs(δ)
δ

dδ

)
dy

·[µ(x)1−
α
n ‖b‖Lipβ,µMα+β,µ,r0 (f)(x) + kµ(x)1+ β

n ‖b‖Lipβ,µMα+β,s′(f)(x)
]

≤ C

( ∞∑
k=1

k2−k +
∫ 1

0

ωs(δ)
δ

ln
1
δ
dδ

)
‖b‖Lipβ,µ

·
(

µ(x)1−
α
n Mα+β,µ,r0 (f)(x) + µ(x)1+ β

n Mα+β,s′(f)(x)
)

≤ C‖b‖Lipβ,µ

(
µ(x)1−

α
n Mα+β,µ,r0 (f)(x) + µ(x)1+ β

n Mα+β,s′ (f)(x)
)

.

Lemma 4.12. Let 0 < β < 1, 0 < α + β < n, 1 < p < n
α+β , 1

r = 1
p − α+β

n ,
µ

r
p ∈ A1(Rn), b ∈ Lipβ,µ, s > rn

(r−p)(n−α−β) and 0 < δ ≤ 1
2 <

s(r−p)
s(r−p)−r < r0 <

n
α+β . If TΩ,α is the fractional integral operator defined by (1.1) with the kernel Ω
satisfying ∫ 1

0

ωs(δ)
δ

ln
1
δ
dδ < ∞,

then there exists a constant C > 0 such that
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M �
δ

(
[b, TΩ,α]f

)
(x)

≤ C‖b‖Lipβ,µ

(
µ(x)1+β

n Mβ(TΩ,αf)(x) + µ(x)1−
α
n Mα+β,µ,r0(f)(x)

+µ(x)1+β
n Mα+β,s′(f)(x)

)
.

Proof. Since µ
r
p ∈ A1(Rn), by Lemma 2.2 we have µ ∈ A1(Rn). Making use

of Lemma 4.5, 4.9, 4.10, similar to the proof of Lemma 4.11, we have

M �
δ

(
[b, TΩ,α]f

)
(x)

≤ C‖b‖Lipβ,µ

(
µ(x)1+β

n Mβ(TΩ,αf)(x) + µ(x)1−
α
n Mα+β,µ,r0(f)(x)

+µ(x)1+β
n Mα+β,s′(f)(x)

)
.

5. PROOF OF THEOREMS

Proof of Theorem 3.1. Since µ
r
p ∈ A1(Rn), by Lemma 2.2 we have µ ∈

A1(Rn). By s >
p(ε+1)
(p−1)ε , we get sε

sε−ε−1 < p. Thus there exist δ and r0 such that
0 < δ ≤ 1

2 < sε
sε−ε−1 < r0 < p < n

α+β . Since p > sε
sε−ε−1 > s

s−1 = s′, we

get µ
r
p ∈ A1(Rn) ⊆ A

1+
r(p−s′)

ps′
(Rn). By Lemma 2.2 we have µ

q
p ∈ A1(Rn) ⊆

A
1+ q(p−s′)

ps′
(Rn). By Lemma 2.3 we have (µ

1
p )s′ ∈ A( p

s′ ,
r
s′ ) and (µ

1
p )s′ ∈ A( p

s′ ,
q
s′ ).

Making use of Lemma 4.1, 4.2, 4.3, we get
‖Mβ(TΩ,αf)‖

Lr(µ
r
p )

≤ C‖TΩ,αf‖
Lq(µ

q
p )

,

‖TΩ,αf‖
Lq(µ

q
p )

≤ C‖f‖Lp(µ),

‖Mα+β,s′‖Lr(µ
r
p )

≤ C‖f‖Lp(µ),

where C is a constant independent of f and TΩ,α, and 1
q = 1

p − α
n , 1

r = 1
p − α+β

n .
Thus by Lemma 4.6 and Lemma 4.11 we obtain∥∥[b, TΩ,α]f

∥∥
Lr(µ1−(1− α

n )r)

≤ ∥∥Mδ

(
[b, TΩ,α]f

)∥∥
Lr(µ1−(1−α

n )r)

≤ ∥∥M �
δ

(
[b, TΩ,α]f

)∥∥
Lr(µ1−(1−α

n )r)

≤ C‖b‖Lipβ,µ

(∥∥Mα+β,µ,r0(f)
∥∥

Lr(µ)
+

∥∥Mβ(TΩ,αf)
∥∥

Lr(µ
r
p )

+
∥∥Mα+β,s′(f)

∥∥
Lr(µ

r
p )

)

≤ C‖b‖Lipβ,µ
‖f‖Lp(µ).

Proof of Theorem 3.2. Since s > pr
(p−1)(r−p) > r

(r−p)
n

(n−α−β) , we get s(r−p)
s(r−p)−r <

p. Thus there exist δ and r0 such that 0 < δ ≤ 1
2 < s(r−p)

s(r−p)−r < r0 < p < n
α+β . By
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Lemma 4.6 and Lemma 4.12, similar to the proof of Theorem 3.1, we get [b, TΩ,α]
is bounded from Lp(µ) to Lr(µ1−(1−α

n
)r).
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