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SEVERAL ANALYTIC INEQUALITIES IN SOME Q—SPACES

Pengtao Li and Zhichun Zhai*

Abstract. In this paper, we establish separate necessary and sufficient John-

Nirenberg (JN) type inequalities for functions in Q@ (R™) which imply Gagliardo-
Nirenberg (GN) type inequalities in Q. (R™). Consequently, we obtain Trudinger-
Moser type inequalities and Brezis-Gallouet-Wainger type inequalities in Q , (R™).

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

This paper studies several analytic inequalities in some @ spaces. We first es-
tablish John-Nirenberg type inequalities in QQ(R”)(n > 2). Then we get Gagliardo-
Nirenberg, Trudinger-Moser and Brezis-Gallouet-Wainger type inequalitiesin @, (R™).
Here QQ(R”) is the set of all measurable complex-valued functions f on R”™ satis-

fying

_ 2 1/2
11) | f|]Qg(Rn)251}p ((zu))mw—n—n /I /I ‘x‘f;ﬁiw{il—/)ﬂ‘ﬂ)dwdy) <00

for a € (—o0, 8) and g3 € (1/2, 1], where the supremum is taken over all cubes I
with edge length /() and the edges parallel to the coordinate axes in R™. Obviously,
QL (R") = Q,(R™) which was introduced by Essen, Janson, Peng and Xiao in [9].
It has been found that Q. (R™) is a useful and interesting concept, see, for example,
Dafni and Xiao [6, 7], Xiao [19], Cui and Yang [5]. As a generalization of Q ,(R"),
QQ(R”) is very useful in harmonic analysis and partial differential equations, see
Yang and Yuan [20], Li and Zhai [14, 15] and Zhai [23] in which QQ(R”) was
applied to study the well-posednes and regularity of mild solutions to fractional
Navier-Stokes equations with fractional Laplacian (—A)%.
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JN type inequality is classical in modern analysis and widely applied in theory
of partial differential equations. In [10], John and Nirenberg proved the JN inequal-
ity for BMO(R™). In this paper, we establish JN type inequalities in QQ(R”) a
special case of which implies Gagliardo-Nirenberg (GN) type inequalities meaning
the continuous embeddings such as L™ (R"™) N Q. (R™) C LP(R™) for —co < a < 1
and 1 < r < p < oco. Moreover, from GN type inequalities in Q. (R"), we get
Trudinger-Moser and Brezis-Gallouet-Wainger type inequalities. See, for example,
[1, 2, 8, 11, 12] for more information about Trudinger-Moser and Brezis-Gallouet-
Wainger type inequalities. To achieve our main goals, we need the characterization
of QQ(R”) in terms of the square mean oscillation over cubes.

We recall some facts about mean oscillation over cubes. For any cube I and an
integrable function f on I, we define

(1.2) 1) = ﬁ /I f(x)dz

the mean of f on I, and for 1 < ¢ < oo,

(L3) W1 = o [ 11@) = fD)da

the g—mean oscillation of f on I. Recall the well-known identities

1
(1.4 7 [ e) =P = (1) + 170 of
for any complex number «, and

(1.5) I //\f y)[Pdedy = 20%(I).

Moreover, if I C J, then we have

(1.6) OHI) < “ﬁ@Q(J)
and
) (1)~ FF < a3

Let Dy = Dp(R™) be the set of unit cubes whose vertices have integer coor-
dinates, and let, for any integer k € Z, Dy, = D(R") = {27 : I € Dy}, then
the cubes in D = U, D;, are called dyadic. Furthermore, if I is any cube, Dy (1),
k > 0, denote the set of the 2*™ subcubes of edge length 2—%I(I) obtained by &
successive bipartitions of each edge of 7. Moreover, put D(I) = U3°Dy(I). For any
cube I and a measurable function f on I, we define
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\Pf,oz,ﬂ(l) 45 42 Z 2(2(04 B+1) —n)k(I)2(J)
(1.8) . OJEDkEEJ) n—2(a—B+1)
)t Y (Z(—I)) 22().
JED(I)

We can prove the following proposition by a similar argument applied by Essen,
Janson, Peng and Xiao for the case 8 = 1 in [9, Theorem 5.5]. The details are
omitted here.

Proposition 1.1. Let —co < a < 8 and 8 € (1/2,1]. Then Q4(R™) equals
the space of all measurable functions f on R™ such that sup; ¥ ¢, 5(I) is finite,
where I ranges over all cubes in R™. Moreover, the square root of this supremum
is a norm on Q2 (R™), equivalent to HfHQg(Rn) as defined above.

Using this equivalent characterization of QQ(R”), we can establish the following
JN type inequalities.

Theorem 1.2. Let —oo < a < 3, B € (1/2,1] and 0 < p < 2. If there exist
positive constants B, C and ¢, such that, for all cubes I Cc R™, and any ¢ > 0,

(1.9) (1(1))*~4 i p(2a=ft)=mk § ™ m‘f](‘t) < Bmax {1, (%) p} exp(—ct),

then f is a function in QQ(R”). Here m;(t) is the distribution function of f — f(I)
on the cube I :

(1.10) my(t) = {z € I:[f(x) = f(I)] > t}].

Theorem 1.3. Let —oo < o < 3, B € (1/2,1] and f € Q5(R™). Then there
exist positive constants B and b, such that

4/3 422(2(04 B+1)—n)k Z mJ‘

JeD (1)

1l iy
<Bmax{1,< ; > }exp <HfHQ§>

holds for t < HfHQg(Rn
I C R™ with (I(1))%%=2 > 1. Moreover, there holds

(1.11)

and any cubes I C R"™, or for ¢ > HfHQg(Rn) and cubes

(1.12) (1([))45—4§:2(2(a—ﬂ+1)—n)k Z m,(t) <B

k=0 JeD(I) 1l



2046 Pengtao Li and Zhichun Zhai

for ¢ > || fl| g ) @nd cubes I < R™ with (I(1))%2 < 1.

For 5 = 1, the JN inequality in Q. (R™) was conjectured by Essen-Janson-Peng-
Xiao in [9] and finally a modified version as in Theorems 1.2-1.3 was established
by Yue-Dafni [21].

According to Essen, Janson, Peng and Xiao [9, Theorem 2.3] and Li and Zhai
[14, Theorem 3.2], we know that if —co < a and max{a, 1/2} < 8 < 1, Q2 (R™)
is decreasing in « for a fixed 3. Moreover, if a € (=00, 3 — 1), then all Qﬁ(R”)
equal to Q€g+g_1(Rn) := BMOP(R™). Thus, when k = 0 and o = — 2 5+ 06—

(1.11) implies a special JN type inequality, that is, for f € L?(R") N BMOﬂ(R”)
and ¢ < [|fl aros@ny:

Bl £122gn -
(1.13) {z € R : |f] > t}] Smexp <$>

t? | £l Barosmny

When ¢ > || fll ppros(rny. We get a weaker form of (1.13).

Proposition 1.4. Let 8 € (1/2,1]. If f € BMOP(R™) N L?(R"), then
(i) (1.13) holds for all t < || f|| garos®n):
(i)
BIIS 1122 g
(1.14) Hz eR": f(z) >t} < ———
HfHBMoﬁ(Rn

When 3 =1 and t > || f|| pmomn), (1.13) also holds and implies the following
GN type inequalities in Q,(R™) which can also be deduced from [4, Theorem 2]
and [9, Theorem 2.3]: for —co<a<land 1 <r <p < oo,

r 1—r
(1.15) 1 £l 2oy < Capll A1 g | FllG iy

for f € L"(R™) NQ.(R™). Here, C ... . denotes a constant which depends only on
the quantities appearing in the subscript indexes.

As an application of (1.15), we establish the Trudinger-Moser type inequality
which implies a generalized JN type inequality.

Theorem 1.5.
(i) There exists a positive constant -y,, such that for every 0 < ¢ <,

|f(2)] )) (HfHLP(R"))p
1.16 o —2 | )d Cne | mer———
(1.16) / p<c<ufu%<w> = Cnd [ fllguen
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holds for all
Fe PR NQLR") with 1<p<oo and —oco<a<l.
Here @, is the function defined by
¢ t
NOEE Y ﬁ,teR.
Jj<p,j€NU{0}
(ii) There exists a positive constant ~y,, such that

Hf”%Q(Rn) 1

A1) o € R:|f| > ) <Curg
oo o () )
£l «(R™) (exp T ToaE™ 1 1l Qarm)

holds for all ¢ > 0 and
feL*R")NQL(R") with —oco<a<l.

In particular, we have

f 22 n
(1.18) Hz e R™: |f| >t} < anim)exp <_t¢>
111, ) 1l @a )

holds for all t > || || ¢, (r~) and
feL*R")NQL(R") with —oco<a<l.
We can also get the following Brezis-Gallouet-Wainger type inequalities.
Proposition 1.6. For every 1 < ¢ < oo and n/q < s < oo, we have
£ oo ()
(1.19)
< Cupas (1 oy + 1 guery) Tog(e+ (=)l pageny)
holds for all (—A)*/2f € LI(R") satisfying
felPR")NQL(R") when 1<p<oo and —oco<a<l.

In the next section, we prove our main results. We verify Theorem 1.2-1.3
for 5 € (1/2, 1] by applying similar arguments in the proof of Yue and Dafni [21,
Theorems 1-2] for 3 = 1. We deduce Proposition 1.4 from a special case of Theorem
1.3. Finally, we demonstrate Theorem 1.5 and Proposition 1.6 by applying (1.15)
and the LP — L estimates for e~t(-2)"/%,
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2. Proors oF MAIN RESuULTS

2.1. Proof of Theorem 1.2

According to Proposition 1.1, it suffices to prove that ¥, 3(I) is bounded
independent of 7. More specially, we will prove for any p < ¢, we have

1) Wi, (1) = ()"~ 422(2(04 Gk N 99(J) < BKeyegp,
JeD(I)

where B, C, c are the constants appearing in (1.9), and K¢ 4, is a constant de-
pending only on C, ¢, p, and ¢q. When ¢ = 2, \I/qvaﬂ(l) = Wy o3(1), so this implies
the theorem.

For afixed cube I, and any J € Dy (1), let [, | f(z)—f(J)|%dx = q [~ 9~ m(t)dt.
Using the Monotone Convergence Theorem and the mequallty (1.9), we have

wh (1) = ((D)*~ 422(2(04 Frh=mk Y- %/ t " my (t)dt
0

JED (1)

o e B41)— my(t)
= q/ a1 (l([))4ﬂ 422(2(a B+1)—n)k Z dt
0 k=0 JED(I) Il
oo C p
< q/ t71B(1 + <?> Ye dt
0

= ¢B <c_q/ uq_le_“du—f—C’pc_(q_p)/ uq_p_le_“du>
0 0

= ¢B(c T (q) + Cpc—(q—p)p(q —p))

where I'(y f u¥~te~"du. Since 0 < p < ¢, I'(¢) and I'(¢—p) are finite. Thus,
we can get the desired inequality by taking K¢ ¢ pq = ¢(c¢™(q) +Cpc—(q—P)F(q—

p))-

2.2. Proof of Theorem 1.3

Assume that f is a nontrivial element of Q5 (R™). Then~ = sup; (¥ ;.4 5(1))Y/2 <
oo. For all cubes I we have

))26-2 1 .
22) e - sia
< ((UI)PHRHINY? < (g 06(1))? < .

For a cube I and each J € Dy (1), we have by the Chebyshev inequality, for ¢ > 0,

<t [ @) - 1) P
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Thus we get

- - a— —-n m(t - -
k=0 JED(I)

Thus, if ¢ <+, then (1.11) holds with B =e and b = 1.
To consider the case of ¢t > ~, we need the Calderon-Zygmund decomposition,
see Calderéon and Zygmund [3], and Neri [17].

Lemma 2.1. Assume that f is a nonnegative function in L (R") and ¢ is a
positive constant. There is a decomposition R™ = PUQ, P N Q = (), such that
(@) = U2, I, where I, is a collection of cubes whose interiors are disjoint;

(b) f(z) <§forae x € P;
© &< L [} f(z)dx < 27¢, for all I in the collection {I}}.
(d) ¢A] < [ flx)dx < 27€|A|, if Ais any union of cubes I from {I}}.
In the following we fix a cube I. For & = ¢(1(I))?>~2 with any ¢ > 0, we apply
the Calderon-Zygmund decomposition to |f(x) — f(J)| on a subcube J € Dy ().

Set Q = Q;(t), P=J\Qs(t).
From Cauchy-Schwarz inequality and (d) of Lemma 2.1, we get

(2.4) (HUD)2 )| A < /A F(z) — F())2da

for any union A of the cubes K in the decomposition of 2;(¢). Inequality (2.4)
with A = Q;(¢) gives us a variant of inequality (2.3):

))46- 422(2(04 B+1)—n)k Z

(2.5) JEDy(I)
< \I}f,a, (I) < Y 2
T ((U(I))F2R)2 T\ (H(U())220)
for all ¢t > 0.
When t > ~, we can strengthen the estimate (¢) in Lemma 2.1 as follows:
(26)  tI(I)** < W/ |f(x J)|dx < (2" + ) (1(1))*28

for all cubes K in the decomposition of €2;(¢). In fact, note that K is such a cube,
then K # J. Otherwise, (2.2) implies

1] / [f (@) = F(Dda < y(U(I)*7*7 < H(U(D)* 7.
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This contradicts (c). It follows from the proof of the Calderén-Zygmund decom-
position (see, Stein [18] ) that K must have a “parent” cube K* C J satisfying
K € Dy(K*), I(K*) =2l(K) and
FOC) = ) S IK [ 1) = FDlde < D).

Then (2.2) implies

HU(I))>2P < / f(z dz

(1)) ‘ K] | (/)]

< i / [F@) = SO de o+ 17(7) = ()]

FK*)|dz + t(1(1))*~%8

<
B \K*\
< (2”7+t)(l(1))2 2.

There holds Q;(¢') Cc Qy(t) for 0 < ¢ < ¢. In fact, for any cube K €
Qr(t"H\Qs(t), we get K C J\QJ t). So, property (b) tells us

P> o / F(@) — F()|de > ¢ (U(T)%.

This is a contradiction.
Letting ¢’ =t + 2" *1y for t > ~, we claim that

(2.7) 1Q,(#)] < 27" (1)

To prove this, take a cube K in the decomposition for Q;(t). Then (2.6) implies
that

i [ @) = F)lds < @2+ 0> < ¢ U
Thus, K is not a cube in the decomposition of 2 ;(¢’), and was further subdivided.
Set A = KNQy(t'). If A # ), it must be a union of cubes from the decomposition
of Q;(¢'). Thus, according to (d) of Lemma 2.1, (2.2) and (2.6),
(D <181 [ 1) - )i

<187 [ 1) = SOz -+ 1) - ()

sm'r%m@/m\fu) P + i [ 1@ = 1)

< |ATHE (L)) 4 (20 + ) (U(T)* 7

< AU AD)? 27 4 20y + O (U(T)* 7
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since 2 — 28 > 0 and K C I. Replacing ¢’ by ¢ + 2"*+1y, dividing by (1(1))?>~25,
subtracting ¢ and dividing by ~, we have

(@ -2 < |&NK] and K N Q) = 4] < 27 K]

for any cube K in the decomposition of €;(¢). Summing over all such K, and
noting that Q;(¢') = Qs(¢t) N Qs ('), we prove (2.7).

For each J € Dy (I), property (b) of the decomposition for |f — f(J)| implies
that

(28)  my(t(U(1))* ) = {z € J ¢ |f(x) = ()] > tU(1)* 7} < |2,(1)].

For t > ~, let j be the integer part of % and s = (1 + 52"y, Then
~ < s < t. Thus one obtains from (2.8) that

4@ 422(2(04 B+1)—n)k Z mJ‘

JEDL(I)
— 4ﬂ 422(2(a B+1)—n)k Z my(( 2 ‘jt(l(l))w_g)
JEDL(I)
)40 422(2(o< pen)-mk §° m((1(I))? ‘35‘3([([))25—2)
JEDL(I)
)48~ 422(2(04 B+1)—n)k Z |Q.( 1+]2”-‘F;‘) ~(1(1))25-2)]
JEDL(I)
< (I(1))*- 422(2(a prij-mi §° 2,0y ))2‘ﬂj‘2+]2”+1’>’)\
JEDL(I)
<2 )48~ 422(2(a sk § Q2 (y ))25‘2‘; (j — 1)2n+1y)]
JEDL(I)

if (1(1))%#=2 > 1, by using (2.7) for
t= ((Z(I))2ﬂ—2 + (] — 1)271—1—1)7 and ¢ = ((Z(I))2ﬂ—2 +j2n+1)’)’.

Iterating the previous estimate j times and using (2.5) with t = ~v(1(I))%’~2, one
has

4@ 422(2(04 B+1)—n)k Z mJ

JEDk(I

))46- 422(2(04 B+1)—n)k Z 12 (y )) )]

JEDk(I
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< 272y
_n<t:17 —1)
<2 \2"7y

2n+1( /7) 2n+1

Taking B = 2/2""'+7 and b = 52+ In 2, we get (1.11) when (1(1))?%=2 > 1.
If (1(1))?$~2 < 1, using (2.8) and (2.4), one has

4/3 422(2(04 B+1)—n)k Z mJ

JEDk(I
_ Qu(t(U1))*72)]
45 4 2(2(04 B+1)—n)k ‘ J
Z > M
JEDk(I
<Y<l
which yields (1.12).
2.3. Proof of Proposition 1.4
Taking k =0 and a = —5 + 3 — 1 in (1.11), we get that

(Z(I))4ﬂ_4m](t) < B Hf”BMoﬁ(Rn exp < —bt >

I 2 1/ |5 aros ®n)

holds for ¢ < || f|| saros(wny and any cube I. Thus for ¢ < || f||gp08(rny and any
cube I, we have

D fis00- poya

T -
< plBvoren “ ) [ 1) - (1)
t | £l Brosny ) Jr
T3 bt
< pllvoren ERE
t | £l Brosny ) Jr

Hf”%]\/[oﬁ([[gn) —bt 9
< BUBMOMEY / 1 (2)[2da.
t 1 £l Baros@n n
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This tells us

)40
my /\f I)|%dx

I1£113 "y —bt
<B wem ) [ i
t [l Baros@ny n

According to the definition of BMOﬂ(R”), see Li and Zhai [14], we have

(2.9)

45 4
f € BMOP(R") < HfH2BMog(Rn) = sup \I\ /‘f )2z < oo.
Thus, we get

mi(t) Hf”2BMOﬁ(R")

Hf”2BMoﬁ(Rn) —bt 9
< B————exp |5 | f(z)|["dz,
t £l Brosny ) Jre

for ¢ < || fll aros(mny- Then, taking an increasing sequence of cubes covering R",
we obtain

210)  |{z B [f(2)| > 1} <y exp (‘—“) IRERE

1/l Brros®n)
fort < | fllgamosmny. since f(I) — Oasi(I) — oo. Finally, we get (1.13). Sim-

ilarly, we can prove (1.14) since exp <_7bt) < 1fort> | fllprmosmn-

HfHBMoﬁ(]Rn)

2.4. Proof of Theorem 1.5
(i) According to (1.15), we have

|f ()] ) _ CJ< f(@)] )j
o, () de = d
/. p(ﬂrfuwm = 2 3T\l )
S Z Cj Hf”L](Rn

ssogen I 11, g

5 ¢ 117

j>pgeN Hij a(R™)
Hfumw>

C N NEP(R™)

< 2 Al )<HfHQa<Rn

jzp,jeN
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with a; = Jj—], Since lim;__. ajil = ™1, the power series of the above right hand

side converges provided (C;, < el ie. ¢ <y, = (Cre)™!
(if) According to (i) with p = 2, we have

1£172
/ (exp <% /(@) ) L, @) ) iz < ¢, Vi
" 11l @ () 1/l Qo (m) 111G ey
On the other hand, since the distribution function m(¢) = [{z € R™ : | f(z)| > t}|
is non-increasing, we have

N M>_ _ M)d
/ n<ep<””ufu%(w L Fllgun )

od I Wy

S NI,

= %4/ m(s)s’Lds
=7 HfHQ ®")

. t )
> m(t) %4/ s71ds
=i
1 " J
- o)
= '\ llgan)

ol o
77, o T lgn

for all ¢ > 0. Thus, we have

2
m(t) <C HfHL2(Rn) 1

n 2 .
HfHQa(Rn) exp L’f — 1= Ynt
HfHQa(Rn) HfHQa(]R")

2.5. Proof of Proposition 1.6

We will use some facts about the factional heat equations
u(t, )+ (—L)?u(t,z) =0 for (t,z) € (0,00) x R"

with initial data v(0,z) = g(z) for x € R"™. The fractional heat equations have
been studied by Miao-Yuan-Zhang [16], Zhai [22, 24] and references therein. Here

F((=2)*Pu(t, 2))(€) = [€]°*Fu(t, €)
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and vy(t, x) = e_t(A)s/Qg(x) = K$(x) * g(z) with K2(-) = F~1(e ") where F
and F~! denote the Fourier transformatlon and its inverse. We need the LP —
L9 estimates for the semigroup {e—*(—%)° }t>0 For the proof, see, for example,
Kozono-Wadade [13, Lemma 3.4] or Miao-Yuan-Zhang [16, Lemma 3.1].

Lemma 2.2. For every 0 < s < oo, there exists a constant C,, ; depending
only on n and s such that

_n(1l_1
”e—t( A)s gHLq(R" < Cp st s(p q>Hg”LP(R"
holds for all g € LP(R™), t >0and 1 < p < ¢ < oo.

For any g(z) in the Schwartz class of rapidly decreasing functions 8(IR™), define
vg(t, z) = e~ ()" g(z) as the solution of fractional heat equation

Ao(t, )+ (=) 2v(t,z) = 0
with initial data g. Fix f € L2(R™) N Q4(R™) with (—A)*/2f € L9. Then

[ 202 @) v nds = [ (@) ~(-0)uls, 2)ds
0 0

:Awummmmw
= (@), v(t,2)) — (f(2), g()).
Thus

()] < U tw\+/\ A2 (), v(s,a))ds = I + I

for all t > 0. Here (-, -) denote the inner-product in L2. Thus Holder inequality,
Lemma 2.2 and (1.15) imply that

—t(=A)s/2 H

B 1 00 ) gy = Il eyl -

< ot (| fllggany + 1l g gyl icen

forall t > 0 and p < g1 < oo. Similarly, we have
t
B < [ 180 e ot ey
t
s —t(=A)s/
= =) a1 gl g

t
SC%WW—Af”ﬂuuwwmumwpﬂs—z@

< Crysgt' 0 [|(=2)"fll paemy 9 L1 emy
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for all t > 0. Combing the duality argument and these two estimates, we have

[ £l Loo(mr) = sup I(F, 9V
HgHLl(Rn)Sl,QES

< Cong (@873 (1 oy + 1 lguiim) + 8750 (=872 F | o)

forall ¢ > 0and p < g1 < co. Take

—1\ —1
m:bwﬁ%t=wa@mWM$$3> -

Then ¢~/ (sa1) — (tl/logt)n/s — /5 and

1734 || (= A)* 2 f|| Lagny

iy (-2
-2 .
B (ep + H(—A)S/Zngq(w)> ) I(=2)"2f )| paeny < 1.

Since we can find constant Cy, s , ¢ such that ¢; < Ch s qlog (€ + [|(—=A)*2 f|| Larny) ,
(1.19) holds.
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