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ON THE BOUNDEDNESS OF MULTILINEAR OPERATORS ON
WEIGHTED HERZ-MORREY SPACES

Xiangxing Tao* and Huihui Zhang

Abstract. Boundedness of multilinear operators on weighted Herz-Morrey
spaces is established in this paper. The weak estimates on endpoints are also
derived. As a special case, the conclusions can apply to multilinear Calderon-
Zygmund operators.

1. INTRODUCTION

In recent years, the study of multilinear integrals has been received more atten-
tion, which is motivated not only as the generalization of the linear theory but also
the natural appearance of multilinear singular integral theory. In 2002, Grafakos and
Torres [2] studied the boundedness of multilinear Calder 6n-Zygmund operators on
the product of Lebesgue spaces and the endpoint weak estimates; and they extended
it to a weighted version in [3]. Recently, the authors have studied the boundedness
of the multilinear fractional integrals on Herz-Morrey spaces in [6] [7] and [10]. In
this paper, we focus on the boundedness of the multilinear singular integral opera-
tors on weighted Herz-Morrey spaces and their weak estimates on endpoints. As a
special case, our conclusions can apply to multilinear Calderén-Zygmund operators
and thus extend the related theorems appeared in [2] and [3], and also include the
related results in [9] and [11] in which the boundedness on weighted Herz spaces
were considered.

In fact, we consider the following general multilinear operator

L) 7T (fr, ., m)(x)= (Rn)mlC(x, Yy o Ym) F1(y1) <o S (Ym)dyr - . . dym
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with the kernel KC satisfying the size condition

(1.2) IK(z, 91, ym)| < C <Z |z — yz‘\) :

=1

This class of multilinear operators include the m-linear Calderén-Zygmund opera-
tors, which are associated with an m-linear Calderén-Zygmund kerneal K defined

away from the diagonal 1 = y; = ... = ¥, in (R®)™*! satisfying
—mn
m
i,j=0
and —(mn+1)

m
1,5=0

Definition 1.1. A non-negative function v is said to be a Muckenhoupt A,
weight, denote by u € A, if for any ball B on R", there exists a constant C' > 0
independent of the ball B such that

1 p-l
u(x)_pjdx> <C, when 1< p < oo
|B] / (\B\ /

\B\/ dx<Clnfu( ) when p = 1.

zeB
It’s well known that A, C A for any 1 < p < oo, thus for any u € A, there
exists 0 < ¢, < p such that

\Bl\>p u(Bi) (\Bﬂ)
1.3 C < < (Y for any B; C B».
09 o (i) < i <o (1 ymen

From the works of Grafakos and Torres in [2] and [3], we have

Theorem 1.2. Let 1 < q1,. .., ¢m,q < oo and é = ql + .. . Then the
m-linear Calderon-Zygmund operator 7 (f1,..., fm) IS bounded from Lq1 (R™) x
x L9 (R™) to L1(R™).
1 1

. . 1 1 L 1
Moreover, if u; € A, (R™),1=1,2,....,mand us = uj 1 ug92 ...u,y,m , then
q; ’ ) 4 )

1T (1o Fdllg < CTT U Fillguus
i=1

»Q|>—l

where we denote by [|£llgu = [1fllzs = (Jen |f(@)|7u(z)dz)".
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In order to state our theorems, we first introduce the weighted Herz-Morrey
spaces, which are the generalization of the classical Morrey space and Herz space,
date back to Beurling [1] and Herz [4]. One may see [5] for the weighted Herz
spaces. Throughout the whole paper, let By = {z € R" : |z| < 2¥}, B}, =
By \ Br—1 and xx = XE, -

Definition 1.3. Supposec € R,0< g < 00,0<p < 00,0 < A\ < o0, and v, u

are two nonnegative weights on R™, then the homogeneous weighted Herz-Morrey
space M K5, (v, u) is defined by

MEgMw,u) = {f € LL R\ {01, ) 5 1l yie02 () < 0}

with the norm

ko P
=A ap
1 ar ke o) = kSléPZU(BkO) " { > v(By)* HkaHig} -
0

k=—00

The homogeneous weighted weak Herz-Morrey space WMKI?‘,’QX(U,u) is de-
fined by

WMEgENw,w) = {1 € L, (R0} 0) 1l asica oy < )

with the norm

ko P
”f”WMKg’;}(U,u) = sup U(Bko)%t{ Z v(By) ™ [u({x € By : |f(2)] >t})]5}

£>0 k=—o00

Remark 1.4. If v = u = 1, then MK;V};\(U, u) is the homogeneous Herz-Morrey
space MKy (R™), WMKSy; (v, u) is the homogeneous weak Herz-Morrey space
WMES (R™). If A =0, then MKS; (v, u) reduces to the weighted homogeneous
Herz space Kg"(v, u), W MK (v, u) becomes the homogeneous weighted weak
Herz space W Kg"" (v, u).

Next we always suppose that 7 is a multilinear operator defined as (1.1) with
the condition (1.2); And always assume that

1 1 1

am

us =utug? LUy

and I =1 1 &1 - -
1—9:;@, a:;a, (X:;Oéi, )‘:;)‘z

We will prove the following three theorems.
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Theorem 15. Let 0 < p; < 00, 1 < ¢; < 00, v € Ay, With1<qv<oo
u; € Ag,, with 1 < ¢, < ¢;, and let o;q, < n(1 — q;;) o0y > 6“’ -+ \igy for
i=1,2,...,m. If T is bounded from L (R") x ...x L™ (R™) to Lq (R™), then

Um

m
HT(f17 o "fm)HMI.(gjq’\(v,u) S CH HfZHMKgZZ,’I;;Z(UvuZ)
i=1

with the constant C' independent of (f1,..., fim)-

Theorem 1.6. Let 0 < p; < 00, 1 < ¢; < 00, v € Ay, With 1 < ¢, < o0,

u; € Ag,, with 1 < ¢, < ¢;, and let o;q, < n(1 — q;') o0y > nT(S“L -+ \igy for
i=1,2, ..., m. If T is bounded from L% (R™) x ... x L{" (R™) to W Li(R™),

then m
HT(flv SRR fm)HWMngq’\(v,u) = Cl_[l HfZHMKgZ”’q/\Z’ (v,u4)
with the constant C' independent of (f1, ..., fim)-

Theorem 1.7. Let 0 < p; < 00, 1 < ¢; < 00, v € A4, With1<qv<oo
u; € Ag,, with 1 < ¢, < ¢;, and let o;q, < n(1 — q;;) aZ(S S — + \;0, for
i=1,2,...,m. If T is bounded from LI\ (R™) x L%’;}L(R”) to W LE(R™),
then

HT(flv RS fm)HWMKg’}?(uu) S Cl_[l HfZHMKgZz’}?Zz ('Uvui)
with the constant C' independent of (f1, ..., fim).

Letting v = w13 = us = --- = uy, = 1, we obtain the following unweighted
boundedness for 7.

Corollary 1.8. Let 0 < p; < 00, 1 < ¢; < 00, andq—+>\ <az<n(1——)

fori=1,2,...,m. If 7 is bounded from L% (R") x ... x L% (R") to Lq(R”)
then
HT(flv"'u )HMKQA<CHHJCZHMKC’Z Aq
i=1

with the constant C' independent of (f1,..., fim).

Corollary 1.9. Let 0 < p; < 00, 1 < ¢; < 00, andq—+>\ <az<n(1——)

fori=1,2,...,m. If 7 is bounded from L% (R") x x LI (R™) to WLQ(R”)
then
1ZCfrs s Fdllwarier < CHHszMK i
=1

with the constant C' independent of (f1, ..., fim).
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7,

i q
fori=1,2,...,m. If 7 is bounded from L9 (R") x ... x L% (R") to W LI(R"),
then

Corollary 1.10. Let 0 < p; < 00, 1 < ¢; < oo, and 22 + A < a; < n(l - 1)

m
1ZCrs s ol arieer < c1l 1Fill o g
' i=1 Ha

with the constant C' independent of (f1, ..., fim).

2. THE PrRoOOF oF THEOREM 1.5

Without loss of generality, we only prove the theorems for the case m = 2. We
introduce some notations for convenience. For k,i € Z, 7 = 1,2, set

9(k=i)[-ntarqutngu, /ar] ifi <k—2
o(k=i)ardu+ndur /qr] ifi>k+2

Lemma 2.l Letv € A, with1 < ¢, <oo,andu, € A, withl <gq,, <gq,
7 =1,2. If T is bounded from L (R"™) x L{(R™) to L% (R™), then

v(BR) ™I T (£xi> 9%5) Xk |l g
< CEl(kv i)U(Bi)al/anXiH(h,m X EQ(kvj)U(Bj)ag/anXjHQQ,uz

for each k , i , 7, where the constant C' is independent of & , ¢ , j.

Proof. Inthecase k —1 <i<k+1,k—1<j <k+ 1, we note that
v(Bg) ~ v(B;) ~ v(Bj;) because of v € A,. So by the boundedness of 7 we
obtain

O(BR)* ™| T (fxi 9%5) Xkl g
< C BN | Fxillguan 0B ™ 1195l g3, -

In the other cases, we see that |z — y1| + |z — | ~ 2max(kid) for z € Ey,
y1 € E;, y2 € E;. Thus applying the Holder inequality and the condition u, €
Aq,. (R™) C A, (R™), we have

1T (fXi 9x3)xi(@)| < C272maxEEIm | £3i11 || gxs 1
) i L 1/4; S 1/44
< 2 il [ (8] Il [0 (B)
22 max(k,i,j)no(i+j)n
= [ul(B‘)]l/ql [u2(B‘)]1/q2 HinH(h,m HngHQQ,uzv
i j
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Observing [u(By,)]/9 < [u1(By)]Y " [ug(By.)]Y/ 2, so we get

V(BRI T (£ x> 9%) Xkl g,

— max(k,t)noin v(B a/n u1 (B Ya a1/n
< cgmesteimgin | SO B 1 il

o [ ot

1/q2 /
| B 9
Recall the property (1.3) we can see that

-’U(Bk)- ar/n -'Uzl(Bk‘)- 1/q1

2—max(k,i)n2in < CEq(k,1i
o@By] wmy] =B
and / 1/
- Smein [0(BE)1%2™ [ug(By) ] ,
9 max(k,j)n2jn U( k < CEZ(kv.])
_’U(Bj)_ _u2(Bj)_
Thus we obtain the lemma. u

Now we give the proof of Theorem 1.5. If ¢ > 1, by the Minkowski inequality
and Lemma 2.1, we have

DD T 96)xk

I=—00 j=—00

V(BT (f, 9)xkllg = v(Br) ™"

q,u
< Z Z v(By) a/nHT (fXi> 9x5) Xkl g u
1=—00 j=—00
<C Z El(k,i)U(Bi)al/anXiHQIaU1 Z E2(k ]) ( )OéQ/n”gXJHQQUQ
i=—00 j=—00
<C Y Bk ) 0B il S Bk, 3 0B g g
1=—00 j=—00

for any 0 < e < 1, since E;(k,i) + Eo(k,j) — 0 whenever i, j — +o0.
If 0 < g <1, by the inequality (>_ |a;])? < > |a;|? and Lemma 2.1 we have

’U(Bk)a/nHT(fv )Xkl gu

q 1/q
= v(Bk) a/n {/ Z Z 7( thng ) u(x)qu}

B |i=—o00 j=—00
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1/q

< v(By)™/" Z Z/ T(fxi, 9x5)(@)|u(x)?dx

1=—00 J=—00

1/q
q
< OB IT (i, 930Xl
zf—OOJ*—oo
(o] 1/‘1
< S B Bl S Bal (B g 1,
i=—00 j=—00
(=g
> q
C E1(k 1)1 “v(B )alq/anXZqu u1{ Z [El(kji)]m}
o o a-a
0 o0 q
xS Balk, i) 0(B) M lgxil s 3 S [Balk, )]0
j:_OO j:—oo
<C ZE1(/€,i)1—e (B )mq/anXqul w Z Ba(k, ) 5u( )oczq/anXqu2 o
1=—00 j=—00

for any 0 < £ < 1, where in the last inequality we have used the fact that

o0 o0

(2.1) S ER D]+ > [Ea(k,j)] <oo forany y>0

1=—00 j=—00

because of the condition a;q, < n(1 — q;—:) and a8, + ”gjf > A-q, > 0 for
T=1,2.
Therefore, for any ¢ > 0 and any 0 < ¢ < 1 we have that

k‘QEZ

ko »
—A ap
1ZCF D arice 2oy = S0 0(Br) ™ { > u(BY) (S, g)XkHZ,u}

k=—oc0
. ko 00 p
<Csup u(Br) ™ 4 D0 3 2 Bk ) w(B) Xl g
ko€Z k=—oc0 \i=—00
00 LA 7
x4 > Ea(k, 5)'0(B)* ™ 9x;  garus
j=—00

ko€Z k=—oc0c \i=—o00

. ko 00 p1 %
< C sup U(BkO)T{ > { > El(kvi)l_EU(Bz‘)al/”Hsz‘qu,ul} }
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D2 ool
ko [e%] p2
x 89 Ea(k, 5) 0(B)* ™ 9%l g2,
k=—oc0 | j=—00 ) N N
0 oo P1
=M N]—
< C sup v(By,) {Z {Z B (k,i)! fv(Bml/”ufxiuql,ul} }
ko€Z k=—o00 \i=—o0
1
D2 e
ko o] p2
—A2 N1
x sup v(B) T 4 D D Ealk i) 0(B) g lgs.e
ko€Z k=—o0 | j=—o0
= J1 X J2.
It’s enough to show that J; < CHfH]\”.(gll’,g11 (v and J, < CHQHMK;:;;?;(U,W)'

By the symmetry, we only give the estimate for . We first write that

ko k—2 p1y 1/p1
Y
S < sup v(BkOWl{ > [Z E1<k,i)l*v(B»aﬂnufxiqu,ul] }

ko€Z k=—o0 Li=—o0

. ko ket 1 p1y 1/p1
—Al . — al/n
+ sup v(By,) {Z [Z Ex(k, i)' 0 (B,)/ foiuql,ul] }

ko€Z k=—o0 Li=k—1

R ko 00 p1 1/p1
ey & 11— a1/n
+ sup v(Bg,) " { > [ > Ei(k, i)' v (B)™ ”sz‘”m,m] }

ko€Z k=—oo Li=k+2
= J11 + Ji2 + Jis.

If 0 < p1 < 1, then by the inequality (> |a;|)P* < > |a;|P* and the inequality
(2.1), one can see that

. ko [ k—2 1/p
Ji1 < sup v(By,) { > [ > El(’ﬁi)pl(l_E)U(Bz‘)alpl/nHsz‘Hgi,ull}

k‘QEZ

k=—o00 Li=—o0
A ko—2 00 1/p1
< sup ’U(Bko)Tl Z [U(Bi)oqpl/n”fxiHgll’m} Z By (k, ,L')p1(1—6)
ko€Z i=—o00 k=i+2

k‘QEZ

R ko—2 1/171
=21 «a n
< C sup v(By,) ™ { Z [U(Bi) w1/ ”sz"le,ul}}

I=—00

ko 1/171
Y
< swp () 74 Y [o(B) Pl
ko€Z 1=—00

= Cllfll gt o)

If p; > 1, the Holder inequality and the inequality (2.1) yield
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ko k—2
-2
Jiy < sup ’U(Bko) S { Z [Z El(k,i)pl(l_e) (B )mpl/anXqul m]

koeZ k=—oc0 Li=—o0
2 / z_i 1/171
% [Z El(k,i)pl(l_e)]
i=—00

ko _ 1/171
A
< C sup v(By,) = { Z Z By (k, iy ~=u(B )alpl/anXqul u1}

koeZ
0o 1/171
> Bk, i)pl(l_g)]}

k=i+2

k=—00 i=—00

koeZ i=—00

ko—2
Y
< C sup U(BkO)Tl{ Z [U(B )alpl/anXszl u1i|

ko€eZ

<Al

R ko—2 1/171
M
< C Sup U(Bk‘o) n { Z 'U(B )Oélpl/anXZ’ql u1}

i=—00

MEGLG ()’

Thus we have obtained for any p; > 0 that J; < C|| f]|
For J19, we have

O] WA .
MK, g (vur)

ko k+1

1/171
Y
Ji2 < sup v(By,) nl { Z Z Ey(k,1) pl(l 2 v(B )alpl/anXz’cn u1}

kocz k=—o00 1=k—1

N ko+1 i+1 1/p1
—=1 (e} n . —
< sup v(By,) { Z v(B)) 191/ HfXZ’ql ” Z El(m)m(l e)]}
focZ i=—00 h=i—1
\ ko-+1 1/p1
—_A1 @ n
< C sup v(By,) { > 0B Pl }
koeZ i=—00
ko+1 1/p1 A
M U(Bk‘ ) n
< C sup v(B w [’UB apL/n|| fy. u} [ 0 ]

\ k,‘0+1 1/p1
—_A1 [e n
< C sup v(Bgy+1) " { Z [U(B ) w1/ Hszqu uJ }

kocZ i=—00

= CHf”MKgf”q/\ll (vyur)”

For Ji3, we decompose it further into two parts as follows

ko ko
Y
Jis = sup v(By,) { 2 [Z Ex (k) *0(B)* ™ il

ko€Z k=—o00 Li=k+2
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~ p1y 1/p1
+ 3 EBa(k i) 0B £ xill gy
i=ko+1
AL ko ko 1/p1
< sup v(By,) { Z [Z E1(k,i)l_EU(Bz‘)m/anXz‘qu,m] }
ko€Z k=—o0 Li=k+2
. ko ~ p1y 1/p1
+sup v(Biy) 4 D | Do Bk ) T 0(B) il g
ko€Z k=—oco |i=ko+1
= Ji31 + J132.

Follow the same way used in the estimation for .J;1, we get Ji31 < C|| f|]

oA .
]V[Kz(;?,tn1 (v,u1)

It’s left to estimate the term Jy39. First noting that

—A
Jiz2 < kSUp v(By,) =
0€Z
ko ~ e 1/m
<SS B (0Bl )
k=—cc ’iik‘o—}—l
ko . 1/171
M N1—
< sup v(Bi) w8 > | Y Ei(k,i) u(B (B> HfHMKal 0 (v, 1)
ko€Z k=—co0 |i=ko+1
k 1/171
™ . - 1 —£y —1
S HfHMKgll’zjll(U7u ) Sup ’U(Bk'o) n Z Z El(k 7’ i) "
’ k=—oco |i=ko+1
ke [ o _1 1/m
< Clfll, a1 sup Eq k,il_‘E(
| ”MKpllml () ez k=—00 _z‘%;ﬂ . v
B 1/p1
ko 00 P
< CHf”MK"l’*l(v uy) SUP Z By (k, i) -s2ti—ko)as
PR k€7 | 12 | imko 41
We remark that the condition a;6, > —2% + Aiqy, implies thet («;d, + ”6“1 )(1—

) — A\igy > 0 for some small enough
of E;(k,i) we see that

ko

>

k=—00

o0

i=ko+1

posmve number . Hence, from the defmltlon

p1

Z B (k, i)l—EQ(i—ko)/\wu
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p1
ko 00
— Z 2/4}(1—6)(061(51,4—71(5“1 /ql)—k())qu 2—i(1—6)(041(5v+n6u1/q1)+i>\1qv
k=—o0 i=ko+1
ko
<C Z [Q(k—ko)(l—e)(alév—i—néul/ql)}pl <C
k=—oc0

with the positive constant C' independent of kq. Thus we obtain

Jiz2 < C||f]]

MKgll”q/\ll (vyu1)”
Now combining all the estimates above we reach at

Ji < Ji1+ Jig + Jizi + Jise < C|| ||

. ’>\ .
]V[Kz(;?,tn1 (v,u1)

By symmetry, we have .5 < C||g|| . Then we get

Mf(g;’q/\gg (v,u2)
HT(fv g) HMI.(g”qA(v,u) < CHf”MKgll”qul (v,u1) ”gHMKg;’q’\QQ (vyug)’
The proof of Theorem 1.5 is complete.

3. THE PrROOF oF THEOREM 1.6 AND 1.7

We first give the proof of Theorem 1.6. Let Ay = {(¢,j) : k—1<4i,5 <k
+1} and Ay = Z? \ A4, then

k+1 k+1
T )@ <ITCY. Fxir Y. ox)@|+ D 1T(Fxi9x5) ()]
i=k—1 j=k—1 €A,

= Ll((L‘) + LQ((L‘)

We can write the following decomposition

17(f.9) HWMK{,{;?(v,u)

k‘o E
< swp v(By) T sugt{ S o(BY)F u{z € By : T(f.9)()] > t})ﬁ}
0€Z t> oo

ko€Z t>0

ko P
< sup ’U(Bko)_T/\ supt{ Z ’U(Bk)% [u({z € Ey : |Li(x)]| > t/2})]5}

k=—00

ko v
+ kSlépZ’U(Bko)_T/\ St1>110>75{ > uBY [u({z € By : | La(w)] > t/Q})]g}

= Hi + Hs.

k=—00
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By the weak boundedness of 7 and the Holder inequality, and using the same
method as for Ji5, we get

1
- ko ap i = aE
Hy < Cswp o(Bi) T4 S 0BOE [ 3 1o S 195 s
koeZ k=—o00 i=k—1 j=k—1
ko k+1 21P1 N py
A1 a1py ’U(Bk) n
< C sup v(By,) ™ v(Bi) ([ fxallg [
koeZ ’ kz—:oo z‘zkzl Z s (B
Bl
ko k+1 22P2 P2
—Ag agp ’U(Bk) n
X sup v(Bp,) " Z Z 0(Bj) " lgxsllgs s |:’U(B‘)
koeZ k=—o00 j=k—1 J
1
ko+1 i+1 o1p1 Yy By
A1 @1p) v(Bg)]
< C sup v(Bj,) ™ u(Bi) T I fxally) [
ko€Z ’ iz_:oo Z s kzz‘;l v(Bi)
1
ko+1 J+1i =2r2 )
Xy agpy v(By, "
x sup v(Bro) T { > 0(B) T lgxilla, D [ (B))
ko€Z JE—— k=j—1 J
< Oy s o 191520 oy

As for Hy, It is easy to verify that the estimates in Lemma 2.1 still hold for
(i,7) € Ay even if ¢; or ¢ equals to 1. Thus we have

to(Br)* " u({x € By : |Ly ()| >t/2})a <Co(B)™™ || Y T(fxi> 9%5) Xk
(i.5) €A

q,u
<C Y Bk )o(B) | FXillgn X Ealk, )0(B) |95l gs
(4,7)€A2
and so
. ko p1 ﬁ
= . oy
Hy < C sup v(By,)™ Z Z Er(k,i)o(Bi) ™ (| fXillgu
ko€Z k=—co \i<k—2,i>k+2
. ko D2 %
X2 . 22
X sup v(Bp,) ™ Z Z Ey(k, j)v(B;) ™ |9Xill gz
ko€Z k=—oc0 \j<k—2,j>k+2
= Il . IQ.

Further, one has
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=S ko 2 o1 " %
I, < C sup v(By,) { Z <Z El(’ﬁi)U(Bz‘)THsz‘Hqu) }

k‘QEZ

k=—oc0 \i=—00
T ko 0o o p1 ﬁ
+ C sup v(By,) { Z < Z El(kvi)U(Bz‘)THsz‘Hqu) }
kocz k=—oco \i=k+2
= Iy + Iho.

Now we use the same method as for .J;; to estimate I;;, and use the same method
as for Ji3 to estimate I12. Then we can deduce that

L= Ol la g v oy
By symmetry, we have

12 S CHgHMK;'QQ”qAQQ (U7u2)'
Hence

Hy < O yions oo 19020 oy

Together with the estimate of H;, we finish the proof of Theorem 1.6.

Finally we turn to the proof of Theorem 1.7. Using the same notions defined
in the proof of Theorem 1.6. We have the same estimates for H; as above, and
we need only give the estimates for Hy under the current hypotheses. Without
loss of generality, let cug, = n(1 — qu,/q1) and azq, < n(l — qu,/q2), and
arby > —ndy, /qr + A0, for 7 =1, 2.

When (i, j) € Ao, by the estimates in the proof of Lemma 2.1, we obtain

- iy ] i+ HinH(h u1HngHq2 Ug
‘LZ(UU)Xk(UU)\ < C 2 2max(k,z,j)n2(z+j)n , ,
(z‘%e:Az [ur (B)]M ™ [ua(B;)) /22

9—2max(k,i,j)ng(i+j)n

<w> ra {00 (BR)]Y™ ua(Be)]% [o(By)] @D/ |
v (a1=A1)/n U 1/q1
{[vgk; ] [ 1<£,:>] v(B) ”foiuql,m}

)
(Oéz X2)/n 1/q2
u( us(Byg) o n
{ [ 2 ] v(B) 2™ g3 g, }

<C

o uz(B;)

<
{ [u1(Bk)]1/q1 [ug(Bk)] 1/q2 [U(Bk)](o‘_’\)/”}
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k—2
, { S Eulhijz ey (B0 il

i=—00

+ > El(’ﬁiﬂ‘“‘“‘”“‘s”v(Bz‘)(“1_“)/”Hinqu,ul}

1=k+2
k—2
x {37 Ba(k, )2 ety (By) @ gy
j=—00
o0
+ 3 Ba(k, j)2- Nty (B2l gl
j=k+2

Since a1g, = n(l — qu, /q1), one has Ey(k,i) =1 for i < k — 2, and so

k=2

2 Bilk, i)z (M (B g,
(ke
> vB) 1 Xl it A =0

Z 2_(k_i)>‘1q“’U(BZ‘)_kl/nU(Bz‘)al/nHsz‘Hq1,mv if Ay >0

i=—00
O if =
Hf”MKpll”qu (vur)’ - A 0
= L HfHMKgll,’qul (v,ul) Z 2_(145—’5)>\1QU7 |f )\1 >0
I=—00

<Al

MEpL (vum)’
On the other hand, notice the condition 19, > —no “1 + A16,, we have

o0

3" Bk, iy2 B0y (B @m0 il
i=k+2
x
N\ o—(k—1)A16,
S HfHMKgll,’qul (’U,U1) Z El(k7 7/)2 1 S CHfHMKgll,’qul (’U,’lﬂ)’
i=k+2
so we get

k-2

3" Bi(k, )2 kN0 (B) A £yl

I=—00

)
+ Z El(k, i)Q—(k—Z))QJUU(Bi)(041—>\1)/nHinqu’ul < C”fHMKgf’,fll (o)’
i=k+2 '
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And in the same way we get

k—2
N Ba(k, j)2- ket (B2 gy s,

j=—oc

x
+ D Balk, )2 F (B2 g g, 0y < Cllglygeana
j=ht2

Hence we have

OM W arreg i a9 aricgz 2 o)

{[m(Bk)]l/cu [uz(Bk)]l/QZ [U(Bk)](o‘—/\)/n}

| Lo (z)xn(z)| <

Ol ar e (o 191 as 52222 )
{[ul(Bo)]l/ql [UQ(BO)]l/q2 [,U(BO)](oc—A)/n}
{8
u1(Be) v(B) uz(By) v(By)

n5u1

e

<

q2

< Q] 9,
(B fua(Bo) 2 fo(Bo) V" ooz

— 0

whenever k — +oo. Now for any given ¢ > 0, we set

C aq, a,
k; = max {k €ZL:t/2< ”f”MKmlﬂﬁl (Uvul)HgHMKm%q? (v,uz) }

{[m(Bk)]l/cu [uz(Bk)]l/QZ [U(Bk)](o‘—/\)/n}

Obviously, if & > k: + 1, then the set {x € Ey, : |La(x)| > ¢/2} is empty. Thus

ko P
Hy = sup ’U(Bko)_T/\ supt{ Z v(By) " [u({z € By : |La(z)| > t/2})]5}

ko<k: >0 | T

ko P
< sw v(BkO>‘T*{Z v(Bm%ﬂ[u(Bk)ﬁ}

ko <k, t>0 k——o00

Iy riega o o 19 ar sz o)

{[ul(Bk)]l/(h [u2(Bk)]1/qz [,U(Bk)](oc—k)/n}




1542 Xiangxing Tao and Huihui Zhang

”fHMKSf,’fll (v,u1) HgHMK;‘;;{\; (v,u2)

<C su
kogkﬁw {[ul(Bk)]l/ql [ua(By)]"/ % [U(Bk)](a—/\)/n}

ko N . )
% { Z v(Bgy) T v(By) ™ [u(Bk)]q}

k=—00

D=

ko ’U(Bk ) _T/\p
< . 2 Z BO
- CHfHMKgf,’q/\f (vu1) HgHMKg;’q/\QQ (viu2) ko<S/1iI35>0 {k |: U( k) :| }
] =—00
<C|f ”ng11,b/\11 w190 Py (vuz)’

Combining the estimates for H; and Ho, we finish the proof of Theorem 1.7.
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