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PROXIMAL POINT METHODS FOR MONOTONE OPERATORS
IN BANACH SPACES

Koji Aoyama, Fumiaki Kohsaka and Wataru Takahashi

Abstract. Some fundamental properties of resolvents of monotone operators
in Banach spaces are investigated. Using them, we study the asymptotic
behavior of the sequences generated by two modifications of the proximal
point algorithm for monotone operators satisfying a range condition defined in
Banach spaces.

1. INTRODUCTION

The following is a well-known theorem due to Rockafellar [34] on the proximal
point algorithm for maximal monotone operators in Hilbert spaces:

Theorem 1.1. ([34]). Let H be a Hilbert space, A € H x H a maximal
monotone operator, .J, the resolvent of A defined by J, = (I +rA)~! for all
r >0, and {z,} a sequence defined by z; =z € H and

(1.1) Tnt1 = Jr, Tn
for all n € N, where {r,,} is a sequence of positive real numbers such that {r,,} is
bounded away from zero. Then the following hold:

(1) {z,} is bounded if and only if A~10 is nonempty;

(2) if A=10 is nonempty, then {z,} converges weakly to an element of A~10.

Later, Reich [29] generalized Theorem 1.1 for m-accretive operators in Banach
spaces. It is known that the resolvent .J, of an accretive operator A in a Banach
space is a single-valued firmly nonexpansive mapping in the sense of Bruck [10]; see
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also Bruck & Reich [11]. Guler [15] showed that the sequence {x,,} in Theorem 1.1
does not converge strongly in general.

Motivated by Mann’s type [26, 29] and Halpern’s type [16, 35] iterative methods
for nonexpansive mappings, Kamimura & Takahashi [19] introduced the following
modifications of the proximal point algorithm in a Hilbert space H:

(1.2) Tptl = QpZp + (1 — ap) Iy, Tp,
and
(1.3) Tyl = apz1 + (1 — ay) Jp, xn

for all n € N, where x; € H, {«a,} is a sequence of [0,1] and {r,} is a se-
quence of (0,00). Then they established weak and strong convergence theorems
for sequences generated by (1.2) and (1.3), respectively; see also Eckstein & Bert-
sekas [14] on (1.2) and Xu [42] on (1.3). Subsequently, Kamimura & Takahashi [20]
also generalized their convergence theorems in Hilbert spaces for an accretive op-
erator A C E x FE satisfying

(1.4) D(A) c C c [ R(I+rA)

r>0

for some nonempty closed convex subset C of a Banach space F; see also Kamimura
& Takahashi [21] and Takahashi [37]. Later, motivated by Censor & Reich’s
definition of convex combination [12] based on Bregman distances, Kamimura,
Kohsaka, & Takahashi [18] and Kohsaka & Takahashi [23] obtained the following
theorems, which are generalizations of Kamimura & Takahashi’s theorems [19]; see
also Kamimura [17] and Takahashi [38]:

Theorem 1.2. ([18]). Let E be a uniformly convex and uniformly smooth
Banach space, A ¢ E x E* a maximal monotone operator such that A !0 is
nonempty, @, the resolvent of A defined by Q, = (J +rA)~'J forall » > 0, and
{z,,} a sequence defined by 1 =z € E and

(1.5) Tptl = Jt (andzy + (1 = an) JQr, Tn)

for all n € N, where J denotes the duality mapping from E into E*, {a,} is a
sequence of [0, 1] such that lim sup,, a, < 1, and {r,} is a sequence of (0, co) such
that lim inf,, ,, > 0. If J is weakly sequentially continuous, then {z,} converges
weakly to the strong limit of {II 4—1(z,,)}, where 11,1, denotes the generalized
projection from E onto A~10.
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Theorem 1.3. ([23]). Let E be a smooth and uniformly convex Banach space,
A C E x E* a maximal monotone operator such that A ~'0 is nonempty, Q, the
resolvent of A defined by Q,. = (J +rA)~1J for all » > 0, and {z,} a sequence
defined by 1 =z € E and

(1.6) Tpg1 = J 1 (anJz+ (1 — ap) JQr, Tn)
for all n € N, where {a, } is a sequence of [0, 1] and {r,,} is a sequence of (0, c0)
such that

n—oo

o
(1.7) %1_}1% o, =0, Z:l a, = oo, and lim r, = oo.
n=

Then {z,,} converges strongly to I7 4—14(x).

Recently, the second and third authors [24, 25] introduced the classes of firmly
nonexpansive-type mappings and nonspreading mappings in Banach spaces. Let C'
be a nonempty closed convex subset of a smooth Banach space E, J the duality
mapping from E into £*, and 7" a mapping from C' into itself. Then 7" is said to
be of firmly nonexpansive type if

(1.8) (Tx — Ty, JTx — JTy) < (Tx — Ty, Jx — Jy)

for all x,y € C. It should be noted that such a mapping T belongs to the class
of D-firm operators introduced by Bauschke, Borwein, & Combettes [8], where D
denotes a Bregman distance. It is known that 7" is of firmly nonexpansive type if
and only if

(1.9)  ¢(Tx, Ty) + ¢(Ty, Tx) + (T, x) + ¢(Ty, y) < o(Tx,y) + 6(Ty, x)

for all z,y € C, where ¢ is defined by (2.6); see [8, 24]. The mapping T is also
said to be nonspreading if

(1.10) Tz, Ty) + ¢(Ty,Tx) < ¢(Tx,y) + ¢(Ty, )

for all x,y € C. We know that every firmly nonexpansive-type mapping is non-
spreading. We also know that if E is a smooth, strictly convex, and reflexive Banach
space and A C E x E* is a maximal monotone operator, then for each r > 0, the
resolvent @,. of A defined by Q, = (J +rA)~1J is a firmly nonexpansive-type
mapping from E onto the domain D(A) of A and F(Q,) = A~10 holds, where
F(Q,) denotes the set of fixed points of @Q,; see [24, 25]. They showed fixed
point theorems for nonspreading mappings and convergence theorems for firmly
nonexpansive-type mappings in Banach spaces.
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The purpose of the present paper is to obtain further generalizations of Theo-
rems 1.1, 1.2, and 1.3 for a monotone operator A C F x E* satisfying

(1.11) D(A)cC c () J'R(J+rA)

r>0

for some nonempty closed convex subset C' of a smooth, strictly convex, and re-
flexive Banach space E. It should be noted that we do not assume the maximality
of A. We also show the equivalence between the existence of a zero point of A and
the boundedness of the sequence {Q,,x,}. The proofs of our results are based on
the techniques developed in [24, 25].

The present paper is organized as follows: In Section 2, we give some definitions
and state some known results. In Section 3, we prove some fundamental lemmas
for resolvents of monotone operators (Lemmas 3.1, 3.5, and 3.6). In Section 4, we
prove two existence theorems on proximal point methods for monotone operators
in Banach spaces (Theorems 4.1 and 4.2). In Section 5, we obtain generalizations
of Theorems 1.2 and 1.3 (Theorems 5.1 and 5.2). In Section 6, using the results
obtained in Sections 4 and 5, we deduce some results. In Section 7, we apply our
results to the problem of finding minimizers of convex functions in Banach spaces
and the problem of finding fixed points of nonexpansive mappings in Hilbert spaces.

2. PRELIMINARIES

Throughout the present paper, every linear space is real. We denote the set of
positive integers and the set of real numbers by N and R, respectively. Let E be a
Banach space and E* the dual of E. The value of z* € E* at x € FE is denoted by
(x,z*). Strong convergence and weak convergence of {z,} to x € E are denoted
by x, — x and =, — x, respectively. The duality mapping J from E into 27" is
defined by

(2.1) Jo={a" € E*: (z,2") = |l|* = [|l2"[|*}

forall z € E. A subset A C £ x E™ is sometimes identified with the mapping
A: E — 2E" defined by

(2.2) Az = {a* € E* : (z,2%) € A}

for all x € E. Such a subset A C E' x E* is called an operator. An operator A C
E x E* is said to be monotone if (x — y, z* — y*) > 0 forall (x, z*), (y,y*) € A. A
monotone operator A C E x E* is said to be maximal monotone if A = B whenever
B C ExE*isamonotone operatorand A C B. Itiswell-knownthatif A C ExE*
is maximal monotone, then A~10 is closed and convex. The domain and the range
of an operator A are defined by D(A) = {z € E: Az # 0} and R(A) =, A,
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respectively. By Rockafellar’s theorem [31, 32], if f: E — (—o0, 0] is a proper
lower semicontinuous convex function, then the subdifferential 0f C E x E* of f
defined by

(2.3) Of(x) ={z" € E*: f(z) + {y —=,2") < f(y) (VyeE)}

for all z € E is a maximal monotone operator. In this case,

4 1)) = {ue £ flu) =i 1)}
We also know that J = (]| - ||2/2).

Let £ be a Banach space and S(E) the unit sphere of E. A Banach space E
is said to be strictly convex if ||(x + v)/2|| < 1 whenever z,y € S(E) and x # y.
It is also said to be uniformly convex if for all ¢ € (0, 2], there exists 6 > 0 such
that ||(z +v)/2|| <1 — ¢ whenever z,y € S(F) and ||z —y|| > . The space E is
said to be smooth if the limit

ety = el

(25) t—0 t

exists for all z,y € S(E). The norm of E is also said to be uniformly Gateaux
differentiable if for all y € S(E), the limit (2.5) converges uniformly in z € S(E).
It is also said to be uniformly smooth if the limit (2.5) converges uniformly in
x,y € S(E). We know the following; see, for instance, Cioranescu [13], Reich [30],
and Takahashi [39, 40]:

(1) If E is smooth, then .J is single-valued,;

(2) if E is reflexive, then J is onto;
(3) if E is strictly convex, then J is one-to-one;
(4) if E is strictly convex, then .J is strictly monotone, that is, x = y whenever

(x —y,Jo — Jy) = 0.

Let £ be a smooth Banach space. Throughout the present paper, let ¢ and V
be the mappings defined by

(2.6) o(x,y) = [l = 2 (x, Jy) + |yl
for all (z,y) € E x E and
2.7) V(w,a*) = [lof* = 2 {z, ") + [la"||?

for all (z,2*) € E x E*. Note that ¢(x,y) = V(z, Jy) for all z,y € E. We know
that
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(2.8) ¢(a,d) + ¢(b,c) — d(a,c) — ¢p(b,d) =2 (a — b, Jc — Jd)
for all a,b,c,d € E. In particular,

(2.9) ¢(a,b) = é(a,c) + ¢(c,b)+2{(a— ¢, Jc— Jb)

for all a,b,c € E. We know the following lemma:

Lemma 2.1. ([22]). Let E be a smooth and uniformly convex Banach space
and let {z,,} and {y,,} be sequences of E such that {x,} or {y,} is bounded and
lim,, ¢(xp, yn) = 0. Then lim, ||z, — yn|| = 0.

Let C be a nonempty closed convex subset of a smooth, strictly convex, and
reflexive Banach space E. Then for all x € E, there exists a unique xzg € C
(denoted by IIcz) such that ¢(z¢, ) = minyec ¢(y, ). The mapping IIc is called
the generalized projection from E onto C; see Alber [1], Alber & Reich [2], and
Kamimura & Takahashi [22]. We know the following lemmas:

Lemma 2.2. ([1]; see also [22]). Let E be a smooth, strictly convex, and
reflexive Banach space, C' a nonempty closed convex subset of F, z € FE, and
xo € C. Then g = Ilox if and only if (y — xg, Jx — Jxp) <0 forall y € C.

Lemma 2.3. ([1]; see also [22]). Let E be a smooth, strictly convex, and
reflexive Banach space and C' a nonempty closed convex subset of E. Then

(2.10) d(u, Hox) + p(Hew, x) < d(u, )
forallue C andz € E.

Lemma 2.4. ([4]). Let E be a Banach space whose norm is uniformly G ateaux
differentiable and let {x, } and {y,} be two bounded sequences of E such that
limy, ||2n — yn|l = 0. Then lim, (¢(p, z,) — ¢(p,yn)) =0 for all p € E.

Lemma 2.5. ([23]). Let E be a smooth, strictly convex, and reflexive Banach
space. Then

(2.12) V(z,xz*) +2 <J_1x* —z,y") < V(z,z" +y")
forall z € E and z*,y* € E*.

Lemma 2.6. ([27]). Let E be a smooth and strictly convex Banach space, C' a
nonempty closed convex subset of E, and T' a mapping from C' into itself such that
F(T) is nonempty and ¢(u, Txz) < ¢(u,z) for all w € F(T) and x € C. Then
F(T) is closed and convex.
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Lemma 2.7. ([5]). Let E be a smooth and uniformly convex Banach space,
{sn} a convergent sequence of real numbers, and {u,,} a sequence of E such that

(212) ¢(un7 um) S ‘Sn - Sm‘

for all m,n € N with n < m. Then {u,} converges strongly.
We also know the following:

Lemma 2.8. ([42, 3]). Let {s,} be a sequence of [0,00), {t,} a sequence
of real numbers such that limsup,, ¢, < 0, {u,} a sequence of [0, co) such that
Y om i un < 0o, and {ay,} a sequence of [0, 1] such that > | o, = co and

(2.13) Snt1 < (1 — ap) sy + anty + up
for all n € N. Then lim,, s,, = 0.
3. SoME PROPERTIES OF RESOLVENTS OF MONOTONE OPERATORS

This section is devoted to the study of some properties of resolvents of monotone
operators in Banach spaces.

Let £ be a smooth and strictly convex Banach space, C' a nonempty closed
convex subset of £, A C E x E* a monotone operator satisfying (1.11). For each
r > 0, we can define the resolvent @, of A by

(3.1) Qrx={z€E:Jre Jz+rAz}

for all x € C. In other words, Q,z=(J+rA)~tJz for all z € C. We know that
Q. is a single-valued mapping from C' into D(A), (Jx—JQ,z)/r € AQ,z for all
zeC and >0, and F(Q,)=A"10, where F(Q,) is the set of fixed points of Q,.
Motivated by Aoyama & Takahashi [6] and Kohsaka & Takahashi [24], we prove
the following lemma. This lemma plays important roles in the present paper:

Lemma 3.1. Let E be a smooth and strictly convex Banach space, C' a
nonempty closed convex subset of £, A C E x E* a monotone operator satis-
fying (1.11), and Q, the resolvent of A defined by Q, = (J + rA)~1J for all
r > 0. Then

(3 2) r¢(erv st) + 3¢(stv er) + 3¢(Q7’x7 .’L‘) + T¢(st, y)
' < rdp(Qr, y) + s9(Qsy, @)

forall z,y € C and r,s > 0.
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Proof. Put A, = (J — JQ¢)/t forallt > 0. Letz,y € C and r,s > 0 be
given. Since (Q,z, A,x), (Qsy, Asy) € A and A is monotone, we have

3.3) (Qrr — Qsy, Arx — Asy) > 0,

which is equivalent to

(3.4) r(Qrr — Qsy, Jy — JQsy) < s (Qrr — Qsy, Jo — JQ, ).
Using (2.8), we obtain

r(0(Qrz, Qsy) + d(Qsy,y) — d(Qrz, y) — ¢(Qsy, Qsy))

< s(¢(Qrr, Qrw) + (Qsy, o) — H(Qrz, 7) — H(Qsy, Qrr)).

Thus we have the desired result. ]
In particular, we have the following corollaries:

(3.5)

Corollary 3.2. Let H be a Hilbert space, C' a nonempty closed convex subset
of H, A C H x H a monotone operator satisfying D(A) C C C (o R +rA),
and J, the resolvent of A defined by J,. = (I +rA)~! for all » > 0. Then

v = Tyl + sllJsy — Jol® + s|| Jow — 2| + 7| Jsy — y||®
(3.6) ) )
<rllJrz —ylI* + sl Sy — =

forall z,y € C and r, s > 0.

Corollary 3.3. ([8]; see also [24]). Let E be a smooth and strictly convex
Banach space, C' a nonempty closed convex subset of £, A C E x E* a monotone
operator satisfying (1.11), and @, the resolvent of A defined by Q, = (J+rA)~1J
for all » > 0. Then for each r > 0,

H(Qrz, Qry) + 0(Qry, Qrx) + d(Qra, ) + A(Qry, y)
< o(Qrz,y) + ¢(Qry, )

(3.7)

forall z,y € C.

Corollary 3.4. (see, for instance, [18]). Let E be a smooth and strictly convex
Banach space, C' a nonempty closed convex subset of £, A C E x E* a monotone
operator satisfying (1.11) and A ~10 is nonempty, and Q,. the resolvent of A defined
by Q, = (J +rA)~LJ for all » > 0. Then for each r > 0,

(3.8) P(u, Qrz) + ¢(Qrx, v) < P(u, )

forall u e A~10 and z € C.
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Using the techniques in [24, 25], we prove the following lemma, which is needed
in the proof of Theorem 5.1:

Lemma 3.5. Let F be a strictly convex Banach space whose norm is uniformly
Gateaux differentiable, C' a nonempty closed convex subsetof £, and A C ExE * a
monotone operator satisfying (1.11). Let @), be the resolvent of A defined by Q, =
(J4+rA)~LJforall» > 0 and {r,} a sequence of (0, co) such that lim inf,, r,, > 0.
If {x,,} is a sequence of C such that z,, — w and ||z,, — Q, x| — 0, then w is
an element of A=10.

Proof. Lets >0 and n € N be fixed. By Lemma 3.1, we have

(B9)  Tnd(Qrun, Qstt) + 5H(Qutt, Qr, ) < Pn(Qry T, ) + 5G(Qutt, ).
This implies that
0 < 7 (G(Qry @, 1) = H(Qyn, Qstt)) +5((Qutt, ) — H(Qstt, Q) )
(310) =17y (2(Qr,@n, JQsu = Ju) + [|u]* — || Qsul|*)
+ 5(A(Qsu, ) — H(Qstt, Qr,yn)).
Thus we have

0 < 2(Qr,@n, JQsu — Ju) + [Ju]* — ||Qsul/?
(3.11) s
+ 7"_ (¢(quv xn) - ¢(qu7 anxn))

n

On the other hand, since xz,, — v and z,, — Q,,x, — 0, we have @, x, — u. In
particular, {z,} and {Q,, x,} are bounded. Since z,, — Q,,, x, — 0 and the norm
of E is uniformly Gateaux differentiable, it also follows from Lemma 2.4 that

(3.12) Jim (6(Qst, 2n) — $(Qstt, Qr, 7)) = 0.

By assumption, we know that {s/r,} is bounded. Letting n — oo in (3.11), we
obtain

(3.13) 0 <2 (u, JQsu — Ju) + [[ul|® — |Qsul* = —¢(u, Qsu).

This implies that ¢(u, Q su) = 0. By the strict convexity of E, we obtain Qsu = w.
Thus « is an element of A~10. [

Similarly, we prove the following lemma, which is needed in the proof of The-
orems 4.2 and 5.2:
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Lemma 3.6. Let E be a smooth and strictly convex Banach space, C a
nonempty closed convex subset of £, and A C E x E* a monotone operator
satisfying (1.11). Let ), be the resolvent of A defined by Q,. = (J +rA)~1J for
all » > 0 and {r,} a sequence of (0,c0) such that lim,,r, = co. If {x,} is a
bounded sequence of C such that Q. x,, — u, then « is an element of A~10.

Proof. Lets > 0andn € N be fixed. As in the proof of Lemma 3.5, we can
show

0 < 2(Qr,mn, JQsu — Ju) + [Ju]* — ||Qsul?

(3.14) s , ,

+ — (2 (Qsu, JQr,xn — JTn) + [|Tall* — |Qr, 20| ) .

Since {z,} and {Q,, x,} are bounded, Q,, x,, — u, and lim,, r,, = oo, letting
n — oo in (3.14), we obtain

(3.15) 0 <2(u, JQsu — Ju) + [[u]* = [|Qsul* = —(u, Qsu).
Thus w is an element of A—10. m
4, EXISTENCE THEOREMS

In this section, we obtain two existence theorems on proximal point methods for
monotone operators in Banach spaces.

We first prove the following theorem, which is a generalization of the part (1)
of Theorem 1.1 and the result due to Matsushita & Takahashi [28]. The proof is
based on the techniques in [24, 25, 36]:

Theorem 4.1. Let E be a smooth, strictly convex, and reflexive Banach space,
C' a nonempty closed convex subset of £, and A C E x E* a monotone operator
satisfying (1.11). Let . be the resolvent of A defined by Q,. = (J +rA)~1J for
all > 0and {z,} a sequence of C defined by ; =z € C and

Yn = anxn§
(4.2)

Tpy1 = Mo J ! (anJzy, + (1 — ) Jyn)

for all n € N, where {«,,} is a sequence of [0, 1] such that limsup,, o, < 1 and
{rn} is a sequence of (0,c0) such that > °, r, = oco. Then the following are
equivalent:

(1) {yn} is bounded;
(2) A~10 is nonempty.
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Proof. By assumption, without loss of generality, we may suppose that there
exists &« € R such that o, < o < 1 for all n € N.

We first show that (2) implies (1). Suppose that A—10 is nonempty and « €
A~10. Then we have from Lemma 2.3 and Corollary 3.4 that

Pty xpt1) < ¢ (u, T (anJzn + (1 — o) Jyn))
=V (u, anJr, + (1 — ) Jyn)
< anV(u, Jon) + (1 — o) V(u, Jyn)
(4.2) = and(u, zp) + (1 — an) ¢(u, yn)
< and(u, 20) + (1 = an) (8(w, 20) = G(Yn, 20))
< ¢(u,zn) — (1 — an) G(yn, zn)
< ¢(u, xn)

for all n € N. Thus lim,, ¢(u, x,,) exists and {z,,} is bounded. It also follows from
o(u, yn) < é(u, xy,) that {y,} is bounded.

We next show that (1) implies (2). Suppose that {y,,} is bounded. Let s > 0,
neN,yeC,and k € {1,2,...,n} be given. Then, by Lemma 3.1 and (2.9), we
have

kP (Yr, Qsy) + s0(QsY, Yk)
(4.3) < 71:0(yr,y) + so(Qsy, Ti)
=Tk (¢(yk7 st) +¢(stv y) +2 <yk _stv Jst_ Jy>) +3¢(stv xk)

This implies that

0 <s (¢(stv xk) - ¢(stv yk))

+ rk¢(stv y) + 27 <yk - Qsy, JQsy — Jy> .

(4.4)

Hence we have
0<s((1—ar)o(Qsy, zk) — (1 — ar)d(Qsy, yk))
+ rk(l - ak)¢(stv y) + 27%(1 - OCk) <yk - stv Jst - Jy> .

On the other hand, as well as (4.2), we can see that

(4.5)

(4-6) ¢(stv xk—f—l) < ak¢(st7 xk) + (1 - ak)¢(st7 yk)7
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which implies that
(4-7) _(1 - ak)¢(stv yk) < ak¢(st7 xk) - ¢(stv xk—f—l)'
By (4.5) and (4.7), we have

0 S 3(¢(Q8y7 fI,'k) - ¢(Q8y7 xk‘-f—l))

(4.8)
+re(1 — ) d(Qsy, y) + 2rp(1 — k) (Y — Qsy, JQsy — Jy) .
Summing these inequalities with respect to k = 1,2, ..., n, we obtain
0< 3(¢(stv 1‘1) _¢(stv xn—f—l))
+ (1= an)p(Quy, ) 2> rie(l—aw) (ye—Qsy, JQsy—Jy)
k=1 k=1
(4.9

= S(¢(Q3y7 xl) _¢(stv xn—f—l))

+ Mn¢(stv y) +2 <Z rk(l - Oék)yk - Manyv Jst - Jy> ’

k=1

where i, = >} rx(1 — ag). Thus we have

0 < - ($(Quy, 1) — Qs Tns1))
(4.10) Hn
+ ¢(stv y) + 2 <zn - stv Jst - Jy> )

where z, = (1/pn) >y (1 — ag)yk. Since {z,} is a bounded sequence of
C, we have a subsequence {z,,} of {z,} which converges weakly to v € C. By
assumption, we have p, > (1 —«) >}, 7 — co. By (4.10), we have

(4.11)  0<(Qusy,y) +2(u— Qusy, JQsy — Jy) = ¢(u,y) — d(u, Qsy).

This implies that

(4.12) P(u, Qsy) < d(u,y)

for all y € C. Putting y = w in the inequality above, we obtain ¢(u, Qsu) = 0.
Thus Q.u = u. Therefore u is an element of A~10. This completes the proof. m

Using Lemma 3.6, we next prove the following existence theorem:
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Theorem 4.2. Let E be a smooth, strictly convex, and reflexive Banach space,
C' a nonempty closed convex subset of F, and A C E x E* a monotone operator
satisfying (1.11). Let @, be the resolvent of A defined by Q, = (J +rA)~1J for
all » > 0 and {z,} a sequence of C defined by ; = = € C and

Ty = HoJ Y (apJx + (1 — ay) Jyn)

for all n € N, where {a,, } is a sequence of [0, 1] and {r,,} is a sequence of (0, c0)
such that lim,, r,, = oco. Then the following are equivalent:

(1) {yn} is bounded;
(2) A~'0 is nonempty.

Proof.  We first prove that (2) implies (1). Suppose that A~'0 is nonempty
and v € A~10. Then we have from ¢(u, y,) < ¢(u, z,,) that

(U, Tn11) < apd(u, @) + (1 — an) G(u, yn)

(4.14)
S an¢(u7 (L‘) + (1 - Oén) ¢(u7 (L‘n)

for all n € N. By induction, we can show that ¢(u, z,,) < ¢(u,x) for all n € N.
This shows that {z,,} is bounded and hence {y,,} is bounded.

We next prove that (1) implies (2). Put z, = J ! (a,Jz + (1 — o) ) for all
n € N. Suppose that {y,,} is bounded. Then {z,} is obviously bounded. Since
o(p, Tnt1) = O(p, Hozy) < ¢(p,z,) forall p € C and n € N, {x,} is also
bounded. Since {y,} is bounded, there exists a subsequence {y,,} of {y,} such
that y,, — w. By lim;7,, = oo and Lemma 3.6, u is an element of A=10. This
completes the proof. [ |

5. CONVERGENCE THEOREMS

In this section, we obtain two convergence theorems on proximal point methods
for monotone operators in Banach spaces.

We first prove the following weak convergence theorem, which is a generaliza-
tion of Theorem 1.2. It should be noted that the uniform smoothness in Theorem 1.2
is replaced by the uniform Gateaux differentiability:

Theorem 5.1. Let E be a uniformly convex Banach space whose norm is
uniformly Gateaux differentiable, C' a nonempty closed convex subset of F, and
A C E x E* a monotone operator satisfying (1.11). Let @, be the resolvent of A



272 Koji Aoyama, Fumiaki Kohsaka and Wataru Takahashi

defined by Q.. = (J +7A)~'J forall » > 0 and {z,,} a sequence of C defined by
r1 =2 € C and

Yn = anxn§
(5.1)

Tpy1 = o J ! (anJzy, + (1 — ap) Jyn)

for all n € N, where {«,,} is a sequence of [0, 1] such that lim sup,, o, < 1 and
{r,} is a sequence of (0, co) such that lim inf,, r,, > 0. If A=10 is nonempty, then
the following hold:

(1) {xy} is bounded and every weak subsequential limit of {z,} is an element
of A~10;

(2) if J is weakly sequentially continuous, then {x,,} and {y, } converge weakly
to the strong limit of {II 4-1¢(zy)}.

Proof. It should be noted that Lemma 2.6 and Corollary 3.4 ensure that A=10
is closed and convex. Thus I1,-1q is well-defined.

We first show the part (1). As in the proof of Theorem 4.1, we know that {z,,}
and {y,} are bounded,

(5.2) P(u; Tnt1) < G(u, 2p),
and
(5.3) (1 — an) d(Yn, n) < O(u, v) — S, T 11)

for all u € A='0 and n € N. Since limsup,, o, < 1, we have lim,, ¢(yy, z,) = 0.
Then Lemma 2.1 implies that
(5.4) lim ||z, — Qp,xn| = lim ||z, — y,|| = 0.

n—oo n—oo

Since liminf, r, > 0, Lemma 3.5 ensures that every weak subsequential limit of
{x,} liesin A~10.

We next show the part (2). Let {z,,} be a subsequence of {xz,} such that
T, — u. It follows from the part (1) that w € A~10. Let us denote 17,1, by II.
It follows from (5.2) and the definition of /7 that

(55) (b(Hxn—i—lv xn—l—l) < ¢(Hxn7 xn—l—l) < ¢(Hxn7 xn)

for all n € N. Thus lim,, ¢(IIx,, z,) exists. If m,n € N and n < m, then it
follows from Lemma 2.3 that

A xp, ) < G(Hxn, m) — T L0, Tm)

< ¢(Hxnv xn) - ¢(me7 xm)-

(5.6)
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By Lemma 2.7, we know that {ITx,} converges strongly to v € A='0. On the
other hand, by Lemma 2.2 we have

(5.7) (u—Hxp, Jr, — JHz,) <0

for all n € N. It follows from (5.7) and the weak sequential continuity of .J
that (v — v, Ju— Jv) < 0. This implies that (u — v, Ju — Jv) = 0. By the
strict convexity of E, we have u = v. Therefore, {x,} converges weakly to
v = lim, ITx,,. By (5.4), {y,} is also weakly convergent to v. This completes the
proof. |

We next prove the following strong convergence theorem, which is a general-
ization of Theorem 1.3:

Theorem 5.2. Let E be a smooth and uniformly convex Banach space, C' a
nonempty closed convex subset of £, and A C E x E* a monotone operator
satisfying (1.11). Let @, be the resolvent of A defined by Q, = (J +rA)~1J for
all » > 0 and {z,} a sequence of C defined by ; = = € C and

Yn = anxn§
(5.8)
Ty = HoJ Y (apJo + (1 — ay) Jyn)

for all n € N, where {a,, } is a sequence of [0, 1] and {r,,} is a sequence of (0, c0)
such that

n—oo

o
(5.9) %1_{% a, =0, Z:l a, = oo, and lim r, = oo.
-

If A=10 is nonempty, then {z,,} and {y,,} converge strongly to IT,—1,(x).

Proof. Letus denote IT4-1, by IT and put z, = J =t (anJz + (1 — o) Jyn)
for all n € N. Since A=10 is nonempty, by Theorem 4.2, {y,} is bounded. By
the definition of {z,}, we have Jz, — Jy, = a,(Jz — Jy,) for all n € N. Thus
we have from lim, o, = 0 that Jz, — Jy, — 0. Since E is uniformly convex,
the duality mapping J—! from E* into E is uniformly norm-to-norm continuous on
each bounded subset of E*; see Takahashi [39, 40]. Thus we obtain

(5.10) 20 — vl = I|J " T 20 — J LTyl — 0.
We show that

(5.11) limsup (z, — Iz, Jx — JIz) <0.

n—oo
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In view of (5.10), to show (5.11), it is sufficient to show that

(5.12) limsup (y, — Hz, Jx — JIlIx) <O0.

n—oo

Since {y,} is bounded, without loss of generality, we have a subsequence {y,, } of
{yn} such that

(5.13) lim (y,, — Oz, Jx — JIlz) = limsup (y, — Iz, Jx — Jlx)

n—oo

and y,,, — u. Then, Lemma 3.6 implies that u € A=10. Thus we have from (5.13)
and Lemma 2.2 that

(5.14) limsup (y, — Hz, Jx — Jlz) = (u— Hz, Jx — JIIz) <O0.

n—oo

On the other hand, we have from Corollary 3.4 and the definition of I that
Oz, ypt1) < (11w, Tn41)
(5.15) < ¢z, J " (anJz + (1 — an) Jyn))
=V (Iz,anJz + (1 — o) Jyn)
for all n € N. By Lemma 2.5 and Corollary 3.4, we have
V (z,anJx 4+ (1 — ay) Jyp)
< V(Hx, andJr + (1 — ayn) Jyp, — oy, (Jz — Jﬂx))
-2 <J_1 (anJz 4+ (1 — apn) Jyn) — O, —oy, (Jx — JIx))
(5.16) =V (Ilz,(1 —ay) Jyn + apJlz) 4+ 20, (25, — Tz, Jo — JII )
< (1—ap) V(Iz, Jy,)+a,V(Hz, JHx)+20, (zn— Mz, Jx—JIz)
= (1= ap) o(Ilx,yn) + 200, {2y, — Hx, Jr — JIlx)
< (1—ap) d(Illz,xy) + 200 (2, — Dz, Jx — JI z)
for all n € N. By (5.15) and (5.16), we have
(5.17) Oz, ypt1) < (1 — o) oz, yn) + 20, (2, — Dz, Jx — JI z)
and

(5.18) Oz, xn11) < (1 —ayp) o(z, xy) + 200, (20, — Hx, Jr — JIx)
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for all n € N. By (5.11), (5.17), (5.18), > ° | a, = 00, and Lemma 2.8, we obtain
(5.19) lim ¢(IIx,y,) = lim ¢(IIx,z,) = 0.

By Lemma 2.1, we obtain limy, || Iz —y, || = lim,, || Iz —z,| = 0. This completes
the proof. [ |

6. DeEbuceD REsuLTs

Using Theorems 4.1 and 5.1, we obtain the following two corollaries:

Corollary 6.1. Let E be a uniformly convex Banach space whose norm is
uniformly Gateaux differentiable, C' a nonempty closed convex subset of F, and
A C E x E* a monotone operator satisfying (1.11). Let @, be the resolvent of A
defined by Q,. = (J +7A)~'J forall » > 0 and {x,,} a sequence of C defined by
r1 =z € C and

(6.1) Tpy1 = Qr, Tn

for all n € N, where {r,} is a sequence of (0, co) such that > ">° , 7, = co. Then
the following hold:

(1) {z,} is bounded if and only if A =10 is nonempty;

(2) if A=10 is nonempty and lim inf,, 7, > 0, then every weak subsequential limit
of {z,,} is an element of A—10. Further, if J is weakly sequentially continu-
ous, then {z,,} and {y,, } converge weakly to the strong limit of {17 ,—14(z,,)}.

Proof. Putting «,, =0 in Theorems 4.1and 5.1, we obtain the desired result. m

Corollary 6.2. Let E be a uniformly convex Banach space whose norm is
uniformly Gateaux differentiable and A C £ x E* a maximal monotone operator.
Let Q. be the resolvent of A defined by Q,. = (J+7A)~'J forallr > 0 and {z,}
a sequence of E defined by x; =z € E and

Yn = anxn§
(6.2)
Tpyr = J ! (andzn + (1 — ) Jyn)

for all n € N, where {«,,} is a sequence of [0, 1] such that lim sup,, o, < 1 and
{rn} is a sequence of (0, co) such that > >°, r, = cc. Then the following hold:

(1) {y,} is bounded if and only if A='0 is nonempty;

(2) if A=10 is nonempty and lim inf,, r,, > 0, then every weak subsequential limit
of {z,,} is an element of A—10. Further, if J is weakly sequentially continu-
ous, then {z,,} and {y,, } converge weakly to the strong limit of {17 ,—14(zy,)}.
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Proof.  Since A C E x E* is a maximal monotone operator, we have R(.J
+rA) = E* for all » > 0; see [7, 9, 33, 40]. Thus, putting C' = E in Theorems 4.1
and 5.1, we obtain the desired result. |

Using Theorems 4.2 and 5.2, we similarly obtain the following:

Corollary 6.3. Let E be a smooth and uniformly convex Banach space and
A C E x E* a maximal monotone operator. Let @), be the resolvent of A defined
by Q. = (J+rA)~'J for all » > 0 and {x,} a sequence of E defined by
z1=x € F and

(63) { Yn = anxm

Ty = J HapJr + (1 — ) Jyn)
for all n € N, where {a, } is a sequence of [0, 1] and {r,,} is a sequence of (0, c0)
such that lim,, r,, = oo. Then the following hold:

(1) {y,} is bounded if and only if A=10 is nonempty;

(2) if A=10 is nonempty, lim, oy, = 0, and >_°° | @, = oo, then {z,,} and {y,}
converge strongly to 17 ,4-1¢(x).

7. APPLICATIONS

We first study the problem of minimizing a proper lower semicontinuous convex
function in a Banach space.

Corollary 7.1. Let E be a uniformly convex Banach space whose norm is
uniformly Gateaux differentiable, f: E — (—o0, oo] a proper lower semicontinuous
convex function, and {x,} a sequence of E defined by 1 = = € E and

Yn = argmin {f(y) + %qﬁ(y,wn) Ly € E} ;

Tpi1 = J HapJz, + (1 — o) Jyn)

(7.1)

for all n € N, where {«,,} is a sequence of [0, 1] such that limsup,, o, < 1 and
{rn} is a sequence of (0, c0) such that > >, r, = co. Then the following hold:

(1) {yn} is bounded if and only if (3f) ~1(0) is nonempty;

(2) if (0f)~1(0) is nonempty and lim inf,, 7, > 0, then every weak subsequential
limit of {x,,} is an element of (0f)~%(0). Further, if J is weakly sequen-
tially continuous, then {z,,} and {y, } converge weakly to the strong limit of

{510y (Tn) }-
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Proof. Let A be an operator defined by A =0f and Q, = (J +rA)~1J for
all » > 0. Then A is maximal monotone and

(72) Qrz = argmin {f(y) Fol.) € E}

for all z € E and » > 0. Thus, by Corollary 6.2, we obtain the desired result. =
Using Corollary 6.3, we can similarly obtain the following:

Corollary 7.2. Let E be a smooth and uniformly convex Banach space and
f+ E — (—o0,00] a proper lower semicontinuous convex function, and {x,} a
sequence of E defined by 1 =z € E and

(7.3) {yn = argmin {f(y) + %(ﬁ(y, Tn) 1Y € E} :
Tntl = J (Oéan + (1 —an) Jyn)

for all n € N, where {a,, } is a sequence of [0, 1] and {r,,} is a sequence of (0, c0)
such that lim,, r,, = oo. Then the following hold:

(1) {y,} is bounded if and only if (9f) ~1(0) is nonempty;

(2) if (9f)71(0) is nonempty, lim,, os, = 0, and >°>° | v, = oo, then {x,,} and
{yn} converge strongly to I1(5)-1(0)(z).

We finally study the problem of finding a fixed point of a nonexpansive mapping
in a Hilbert space.

Corollary 7.3. Let H be a Hilbert space, C' a nonempty closed convex subset
of H, T a nonexpansive mapping from C' into itself, and {x,} a sequence of C'
defined by 21 = x € C and

1 T
= Tn + Tyn;
(7.4) {yn 117, n 1+, Un
Tptl = Qpdp + (1 - an) Yn

for all n € N, where {«,,} is a sequence of [0, 1] such that lim sup,, o, < 1 and
{rn} is a sequence of (0, o) such that >">°, r, = co. Then the following hold:

(1) {yn} is bounded if and only if F'(T") is nonempty;

(2) if F(T) is nonempty and liminf, r, > 0, then {z,,} and {y,} converge
weakly to the strong limit of {Pp(ry(z,)}, where Pp(ry denotes the metric
projection from H onto F(T).
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Proof. Let A be a mapping defined by A = I — T It is well-known that A
is a monotone operator from C' into H and D(A) = C C(),-o R(I +rA) holds;
see Takahashi [39, 40, 41] for more details. Let J,. = (I +rA)~! for all » > 0.
We know that for each z € H and r > 0, J,.z is the unique point of C' such that

1 T
7. z2=——2+4—TJ2
(7.5) Jrz T el + T z
It also holds that A=10 = F'(T'). Since H is a Hilbert space, the duality mapping .J
from H into itself is the identity operator I on H. Thus, by Theorems 4.1 and 5.1,
we obtain the desired result. ]

Using Theorems 4.2 and 5.2, we can similarly show the following:

Corollary 7.4. Let H be a Hilbert space, C' a nonempty closed convex subset
of H, T a nonexpansive mapping from C' into itself, and {x,} a sequence of C
defined by 21 = z € C and
1 T
= Tn + Tyn;

Tpg1 = A + (1 — ay) yn

for all n € N, where {a,,} is a sequence of [0, 1] and {r,,} is a sequence of (0, c0)
such that lim,, r,, = oo. Then the following hold:

(1) {yn} is bounded if and only if F/(T") is nonempty;

(2) if F(T) is nonempty, lim,, o, = 0, and > | o, = 00, then {z,,} and {y,}
converge strongly to Pp(7)(z), where Ppr) denotes the metric projection
from H onto F(T).
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