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GRAM-SCHMIDT PROCESS OF ORTHONORMALIZATION
IN BANACH SPACES*

Ying-Hsiung Lin

Abstract. Gram-Schmidt orthonormalization in Banach spaces is con-
sidered. Using this orthonormalization process we can prove that if P is
a projection on a reflexive Banach space X with a basis {e,; fn}, then
there exists a basis {u,;gn} of X such that {g,} =~ {f,} and the ma-
trix of P with respect to {un;g,} has the property that all but a finite
number of entries of each column and each row are zero.

1. INTRODUCTION

Hilbert spaces possess many beautiful properties which are derived from
Gram-Schmidt Process of Orthonormalization. For instances, every separable
closed subspace of a Hilbert space has an unconditional [resp. symmetric,
orthogonal, etc| basis; any closed subspace of a separable Hilbert space is
complemented; any infinite dimensional closed [complemented] subspace Y of
an infinite dimensional separable Hilbert space H is isomorphic to H; --- It
naturally arises the question to determine Banach spaces which possess similar
properties by using Gram-Schmidt Process of Orthonormalization. In this
paper, we shall first introduce Gram-Schmidt Process of Orthonormalization
in Banach spaces. By virtue of this orthonomalization process we can prove
that if P is a projection on a reflexive Banach space X with a basis {ey; fn},
then there exists a basis {up; g} of X such that {g,} ~ {f»} and the matrix
of P with respect to {uy;g,} has the property that all but a finite number
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of entries of each column and each row are zero. This result will be used to

study projections in reflexive Banach spaces with unconditional (symmetric)

bases, in particular, to study primary Banach spaces. Recall that a Banach

space X is primary if for all projection P on X, X is isomorphic to P(X) or

(I — P)(X). For some results on primary Banach spaces, see [1, 3, 4, 5, 6 and

7].

Let {z,,} be a sequence in a Banach space X. If there exists a sequence { f,, }

. 0, ©1#73 oL .

in X* such that fj(z;) = d;; = 1. 2 ij for all 4,7 in N, where 6;; is the

Kronecker delta, then we say that {z,; f,} is a biorthogonal system in X x X*;

in this situation, {z,} is called a minimal sequence in X. A sequence {z,} in

X is called a (Schauder) basis for X if for every x in X, there exists a unique
o0

sequence {a,} of scalars such that x = Y a,x,; or, equivalently, if {z,} is a
n=1

minimal sequence in X, then for every x in X, x = % fn(x)zy, where {xy,; fn}
n=1

is a biorthogonal system in X x X*. Hence {f,} is unique. We sometimes
call {f,} the coordinate (or biorthogonal , or coefficient) functionals with
respect to {z,}. For convenience, we also call {z,; f,} a basis for X. Other
notions concerning bases can be seen in [14], [15] and [16]. By a sequence
in N we mean an increasing sequence of positive integers unless otherwise
stated. Let {x,} and {y,} be bases of Banach spaces X and Y, respectively.
Then {z,} ~ {yn} denotes that the bases {z,} and {y,} are equivalent; that
is, there is an isomorphism U from X onto Y such that Uz, =y, (n €
N). The (closed linear) subspace spanned by the sequence {z,} is denoted
by [z1,22,...,%n,...], or [{x,}], or simply [z,]. Throughout this paper, all
subspaces are closed linear subspaces, and all operators are bounded linear
operators unless specifically noted.

2. GRAM-SCHMIDT PROCESS OF ORTHONORMALIZATION

Let us characterize a linearly independent sequence in a Banach space X
as follows:

Proposition 2.1. Let {z,} be a (finite or infinite) sequence in X. Then
the following are equivalent:

(a) {xn} is linearly independent.

(b) There exists a sequence {fn} in X* such that
fi(@1) #0; fo(w1) =0, fo(w2) #0; fa(z1) = fa(w2) =0, fa(xz) #0;
Ja(x1) = fa(w2) = fa(x3) =0, fa(xg) #0;....
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(¢) There exists a sequence {fn} in X* such that

e filz1)  fo(z1)  fs(z1)
(2) fi(x1) #0, | (22 | #0,| fi(z2) fa(w2) f3(x2)
! filxs) fa(zs)  fs(zs)

Proof. “(a) = (b)”. If {zy} is linearly independent, then x; # 0. Hence
by Hahn-Banach Theorem, there exists f; € X* such that fi(z1) # 0. By
the linear independence of {z,}, we have x9 ¢ [x;]. Hence by Hahn-Banach
Theorem again, there exists fo € X™* such that fo(z1) =0 and fa(x2) # 0.
Similarly, by the linear independence of {x, }, we have x5 & [z, z2].

Hence by Hahn-Banach Theorem again, there exists f3 € X* such that f3(x1) =
f3(z2) = 0 and f3(z3) # 0;- -

“(b) = (¢)” is obvious.

“(c) = (a)”. Assume that condition (c) holds. Suppose that {z,} is
linearly dependent. Then there exists n € N such that {zy,z9,...,2,} is
linearly dependent. Thus there are scalars aq, ao, ..., oy, not all zero, such
that ayx1 + agxg + -+ - + anxn = 0. Let k be the largest positive integer such
that ap # 0. Then zp = [alxl + agwo + - 4 Qo1 TE—1].

Thus the determinant

£0,....

Ao foler) - fula)

which is absurd. q.ed

Now we consider the Gram-Schmidt orthonormalization process as follows:
Let {z,,} be a (finite or infinite) linearly independent sequence in X and let
{fn} in X* such that (1) holds. Define

fl (5Un)

$$Ll):x”_f(x)x1 for n € N.
1(Z1
Then
filer) o
) = % and  fi(z4)) =0 forallnin N; fo(z1) =0, and

fi(z1)  fo(z)
fi(x2)  fa(z2)

fi(z1)

Moreover, for n € N and all f € X* the determinant

fa(a) = | = fa(22) #0.
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filz1)  fa(z1)  f(21)
fi(z2)  fa(x2)  f(22)
fi(zn)  folxn) f(on)
fi(z1) fa(z1) f(z1)
3) S N ;iigzﬁfx ) f(m)—ﬁgif;f(xl)
0 folwn) = LI fo(@1)  flan) — FE )
filz1)  fa(x1)  f(a)
= | 0 fed) £
0 fl) f@l)
Define 22 = 2{) — Zgzg;;xgl) for n € N. Then fg(a:g))ZOfor all n in
N; f3(z1) = fs(x2) =0, and for n € N and all f € X*,
fa(a)) f(wél))‘ fian| 26 FE3)
@) — e f@h) ] b)) f)
e (@) falas?)
filz1)  fa(z1)  f(21)
i 2 e
fl Tn f2 Tn f Tn
= from (3
fu(zn) falas?) rom ()
Hence
fi(z1)  fo(z1) =
fi(z2)  fa(z2) w2
2 = fil#n) fol@n) 2 for n in N
" fi(e) fa(z)
Thus
filz1)  fa(z)  fa(xr)
flng; f22$2§ fSEmg
22y = filws) fozs) fales = f3(x 0 from (1) and fi(z 0
f3( 3 ) fl($1)f2($él)) f3( 3)7’é ( ( ) fl( 1)7& )
fa(@) = o) # 0)
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fi(z1)  f3(x1)

Also fg(a:gl)) _ fi(z2)  fa(x2) — fy(ws) = 0. And fj(a:g)) —Oforj=1,2

fi(z1)
and n € N.
By induction, define

(k—1) Felet ™) g

(k) — _JRn ) f N
Ty Ty, = Lk orn c IV,
Sl
provided that 2V is defined and k € N, with fi(z1)=---= fk(xgc 12 )=20

and fi(2{" ™) = filar) # 0. Then fi(2t”) = 0 for n € Ny fi(w1) = fu(z2) =
- = fr(zg—1) = 0; and

file) - fal(z) o
filze) o frlze) o

" P DS IR NS
" A fed) - )
Hence
filzr) - fr(z) Jrg1(z1)
filze) - felwr)  fega(zn)
(5) fizes) - fe@krr)  ferr(Trg)

Fra (@)

filan) fa(@$D) - fr(al )
= frr1(@ps1) #0

(from (1); and fg(a:gl)) = fa(za),.. .,fk(a?,(f_l)) = fr(x)) and f](xn )) =0 for
1<j<kandne€N.

Therefore fi(z1) # 0, fi(al)) = fi(al)) = - = 05 fo(e1) = 0, fola}?)) #
0.f2(z8) = foa) = - = 0 and fz(m1) = fs(ad") = 0, f3(25) #
0, f3(z$) = 52y = .- = 0;-++ (from (1), (4), (5),...). Note: it is easily
seen that [z1] = [z1], [azl,xQ ] [x1, x2], [xl,:cg ),l‘g )] = [z1,2z2,23],. ...

Consequently, we get a generalized Gram-Schmidt process for orthonor-
malizing the linearly independent sequence {x1,x2,...} in X as follows:

Let
(n 1)

x
! Yn = for n > 1.

fl(xl); fn( o (n—1)y 1))

Then {yn; fn} is a minimal sequence in X.

Yy =
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Remark. Let {z,} be a (finite or infinite) linearly independent sequence
in X and let {f,} in X* such that (2) holds. Then by the same way as above
we can get a minimal sequence {y,; g} derived from {x,; f,}. But {yn; fn}
may not be a minimal sequence in general.

3. REDUCTION OF THE MATRICES OF PROJECTIONS ON REFLEXIVE
BANACH SPACES WITH A BASIS.

Let X be a reflexive Banach space with a basis {ey; f,}. One application
of the generalized Gram-Schmidt Process of Orthonormalization is to reduce
the matrices of projections on X relative to {ey; f,}. Let P be an operator
on X. Set a;; = f;(P(e;)) for all 7,5 in N. Then the matrix [a;;] is called
the matrix of P with respect to {ey; fn}. The column vector [ai;, ag;, - - '
is called the j — th column of the matrix, and the row vector [a;1, a2, -] is
called the ¢ — th row of the matrix.

We first show by induction on k that there are three increasing (finite or
infinite) sequences {ry}, {pr}, {nr} of positive integers, and {egk)} in X, {“@(5)}
inR(k=0,1,2---) (i,j € N) given by

eg = e and
) _ (k=1 _ % (k1)
e, = e — iy ey for k> 1
@pprk
for each 1 € N, where
o _
a;;’ = aij and

af;f) = fj(P(egk))) for k> 1and all 4,5 € N such that

(1) 71 is the smallest positive integer so that a;,, # 0 for some i € N; p; is
a positive integer so that a,, ,, # 0; n; is an integer such that p; < ni. Next,

define
61(1) = . — ai’rl

()

e
)
apy,ry Pl

and then  a\}) = f;(P(ef")) = aj; — a5 (i,j,k € N).

Apy,rq

(ii) r¢ is the smallest positive integer so that az(figl) = frk(P(eEkfl))) # 0

for some i > ni_1; pr is a positive integer so that ag,i}i) # 0 and pr > ng_1;
(k—1)

ny, is an integer such that p; < mny; provided that ryp_1,pr—1,n1-1,¢€; and

(k—1)

a;;  are defined and 7y, exists.
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Next, define
By _ (k=1) _ %y (k1)
€ =¢ (kkl) €pr s
pk Tk
(k) (k) (h=1) % (k1)
and then  a;;" = fj(P(e;”)) = a;; " — a<}cfl>apk,j (i,j € N).
PrTk

Lemma 3. 1 (a) If dzm P(X)< oo, then {r;} is a finite sequence, say

{ri¥k_,; and a fi(P(e; ))) =0 for all j € N and i > ny; and hence

P(e gk))—OfOT'ZZTLk In this case, {61,62,.. ) €nq— 176%1),6511)_,'_1,..., ;12) Lieees
k— k— k k k
e%k_i),egkjlrl, .. .,egk 11),62,3,67(12“, ey ) y...} s a basis. Let {un;gn} de-

note this basis. Then g, = f, forn & {pl,pg,...,pk}. Hence {gn} ~ {fn}
And P(u;) =0 for i > ny.

(b) If dim P(X)= oo, then {ry} is an infinite sequence in N; and f;(P(e k)))
=0 for1<j<rgs1 and i > ny (see Remark (2) and Note below and by the
definition of ry ), where ng = 1.

(c) If P(em) =0, then e = e for alln € N.

Remark. (1) For every k, we first define r, next py and then ng. (2) We
easily derive from(4) that

Apyry "7 Opiyr, Opyyj
Apery "7 Qpgrg Qpej
(6) S0 | e ain, aig
iy (1) (k—1)
Apy,r1 " Apiyry = Apyry,
. k k .
if al(-j) and eg ) exist.

Note: By (4), (6) and Proposition 2.1, it is easy to prove that {P(ep, )} is a lin-
early independent sequence in X and {f,,} is a sequence in X* corresponding

to {P(ep,)}, satisfying (2) in Proposition 2.1. And {P(en )} is derived from
{P(ep,)} by the generalized Gram-Schmidt process of orthonormalization.

Lemma 3.2. Under the same assumptions of Lemma 3.1, let {a;;}, {ri},
{pi}, {ni}, {egk)} and {ag-g)} be defined as in Lemma 3.1. Then for each j € N,

o0
we have Y al(»f_l)fi converges in norm to an element in [P* f., ..., P*f., _, P*f;].
i=1
o0
In particular, Y Ag(i)fi converges in norm to an element in [P* f. ,..., P*f, _,

423
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P*f..] (k €n), where

aF=1)
Ap(i) = E;:kl) (i,k € N).
Apy,ry

Proof. Since P*f; = Z (P*fi(ei))fi = Z a;j fi converges in norm in X*
i =1
for every j € N, it follows that the lemma holds for £ = 1. Assume that
3 df Y f € [Py, oo, P* fry, P* ;] for each j € N. Then

i=1

S, () (k-1) _ Oy ()
Do fi = Z p;’i’]l)az,rk fi
i=1 =1 apkﬂ“k
(k1) alr -V & (k—1)
_ Dpri
- Z (k—1) Z @iy, fz
i=1 apkﬂ"k i=1
converges in norm to an element in [P*f, ,..., P*f. , P*f;] for j € N. This
completes the proof. g.e.d.
Remarks. (1) For each i,k € N, we have
“ )
k i r
epzei,#em,... zkkl) (k=1)
p1,71 Dk»Tk
(2) For each i, j,k € N, we have
(k—1)
_ Qi,ry Qv (k1)
Qigm = Qg = = p1j = T Ty Yo
P1,71 a/pk,rk
(2) is a direct consequence of (1), the fact a = f;(P ( )) and the

definition of a;;. Hence it suffices to prove (1) as follows

It is obvious that (1) holds for k£ = 1 from the definition of el(-l). Assume
that (1) holds for k. Then

(k)

S () Vi1 (k)
i =& (%) Dht1
apk+177'k+1
(k—1) (k)
—e; — ai’rl e — e e . — ai’rk e(kil) _ ai’rk+1 (k)
o P (k—1) Pk (k) Pk+1

a
P1,71 Apy, 7, Apry1,mk41
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also holds for k4 1. Thus (1) follows by induction. q.e.d.

Theorem 3.3. Let P be a projection on a reflexive Banach space X with
a basis {en; fn}. Then there is a basis {up;gn} of X such that {g,} ~ {fn}
and the matriz of P with respect to {uy} possesses the property that all but a
finite number of entries of each column are zero. If {e,} is an unconditional
[resp. symmetric] basis for X, so is {u,}. If P(ex) =0, then ui = e.

Proof. If dim P(X) < oo, then by Lemma 3.1 (a) there exists a basis

{tun; gn} for X such that {g,} =~ {fn}, and the matrix of P with respect to

Uy} has the required property. Also, if P(eg) = 0, then u, = e — ey for
{un} y 3

some n < k. Since {g,} =~ {fn} and X is reflexive, it is clear that {u, } has the
required properties in this case. Hence we may assume that dim P(X) = oo.

By Lemma 3.2, we have > Ay (i) f; converges in norm in X* for each k € N.

=1
Thus we may let n; be the smallest positive integer such that n; > p; and

(o]
. 1
I Al el < 55 for m = m.
=m

o0

Similarly, for £ > 1, by Lemma 3.2, Y~ A, (i) f; converges in X* for 1 <n < k.
i=1

Hence we may let nj be the smallest positive integer such that ng > p and

S ; n— 1 1
" 15 AnCi)fllmas(lel 1, epu ) < 57 - o

for 1 <n <k, and all m > ny.

Uy = ep, for 1 <n < nj and

Defi
e { un:e%k), for ny <n <ngy1 (k€ N).

We claim that {u,} is a basis of X. Let z € X. Put

fn(x), forn e N —{p1,p2,...},
n = Toi () + > A (i) fi(x) for n = pp with some k € N.

1="N}

Then we have two possibilities:
Case 1. If ny <n < pgt1,then

425
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n ni—1 na—1 nE—1
Zaiui = Z a;u; + Z a;u; + -+ Z a;u; + Z a;lU;
=1 i=nj =ng_1 i=nj
ny—1 a;,
= Y fwer Y (( ) i)
i=1 i=nq Apy,ry
na—1 (1)
+Zf2( 1 Z (( Z’r’2) (m)) 61(212)4_...
1=n1 1=ng2 apz T2
nE—1 (k 1)
I Z fz(m (k=1) + Z (( l/?l)) (a:)) engl)
i=nj_1 i=ny apk Tk
+ Zn: fi(x)e(k)
ny—1 n o)
= Y filmei+ > (A) fi(m))ep, + Y (Ai(i) fi(2))ep,
i=1 i=n1 i=n-+1
ng—1 n
+ 2 filw) e = Arep) + 3 (Ax(0) fi(x))efy)
fe'e) nz—1
+ 37 (A(@) fi(@)el) + > filz)(ei — Ar(i)ep, — Az(i)ell)
i=n+1 i=ng

E3 (DA + S (A fi(@))e + -

i=ns i=n+1

ng—1
+ 3 fil@) (e — Ar(i)ep, — As(i)ell) — -+ — Ay (i)elED)
1=ng—1

# 3 AR+ 3 (A

=N i=n-+1
+ D fi@)(es = Au(i)ep, — As(i)ey == Ag(i)e V)
nl_nk k )
. i—1
S fi@e+Y0 Y Aj) fux)el Y.
=N j=1li=n+1
(Note: By Remark (1) of Lemma 3.2, e(l) =e;—A1(i )epl,ez(k) =e;—Ai(i)ep, —

@U¢L~@M@¢)mm>1)
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Thus

1> amwi =) filx 61II<ZII Z A fi Il e ™ Il |
=1 i=1

7j=1 i=n+4l1

<Z(%)||n (from (7))

Case 2. If ppy1 < n < ngy1, then

ni—1 ng—1 ng—1

Zaiui Z a;u; + Z a;u; + -+ Z a;u; + Z a;U;
i=1 1=nj 1=ng_1 =ng
ni— 1
> filw)ei + Z (A1(3) fi(x))ep,
i=1 i=ny
na—1 o]
+ 3 fil@e™ + 37 (Ax(i) filx))eld) +
1=n1 1=n2
ng—1
+ Y filw) ’“>+2Ak (i) fi(x))efi ™)
1= nk 1 1=ng
+ Z fi(z + Z (Ag1(d) fi(x )) Pk+1
1=ny 1=Nk41

Hence as in Case 1, we deduce that
n
o = YAt Y S A0
=1 =1 j=li=n+1

+ Z (Ak:+1(i)fz'($))e(k) and whence

Pk+41?
1=Nk+1

1D aiui =) filx)eill <ZH Z A fill lleg V1 [l
=1 i=1

jlzn+1

Z Ak+1 fl” Hepk_»'_lH ”xH

1= nk+1

1
2 J 9—(k+1)
< E ]| + Sh T D) B

<(1+1)HH o]
o o) Il = wlell

427
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Combining both cases, we have
n n 1
H Zaiui — Zf,(x)Q” < EHxH for np, <n < Nk+1 (]C S N)
i=1 i=1

Now if € > 0 is given, then there exist Ni,ky € N (independent of k) such
that
1 £ “ €
k—OHxH <3 and ||z — ;fl(x)eln <3 for n > Nj.
Take N, = max{ng,, N1}. Then N, is independent of k and if n > N,
with ng <n < ng4q for some k € N, then k > k,, whence

n n n n
o =Y aul| < o= fil@)el + (| filz)es = > aiui
=1 =1 =1 =1
e 1 15 1
< Sqyzl<i4=
5+ kH%‘H <5+ kOHiUH

< g, ifn>N,.

This implies that for every = € X, there is a sequence {a;} of scalars such that
o0

T =) a;u;.
i=1
Moreover, it is easy to verify that {u;; g;} is a birothogonal system, where

{gn} is defined by

In forn e N —{p1,pa,...},
n = for + Z Ap(i)f; for n = p with some k € N.

i=ny

This proves that {uy; gy} is a basis for X.
By Lemma 3.1 (b),

0 fori>1land1<j<ry;
fi(P(u;)) =0 fori>mngand 1<j<ry;

fi(P(w;)) =0 fori>np_jand 1 <j<rg;---

Let b;j = g;(P(u;)) (i, € N). It remains to prove that for each j € N,
bi; = 0 for all but a finite number of indices i. Let j € N. Then there exists
k € N such that rp_1 < j < 7g.

1°If j & {p1,p2,- - -}, then it follows from (8) and the definition of g; that

by = 93 (p(us) = f3(p(us)) = 0 for i > my_y.
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2° Suppose j = py, for some m € N. By the definition of g,,,, we have
[e.e] o0
95 = dp,, = fpm + ) Z Am(z)fz = Am(pm)fpm + ) Z Am(z)fz

Since % A (i) fi € [P*fryy- .., P* fr,,], we have io: An(t) fi = f: anP* fr.
1=1 =1 n=1

for some scalars c,. Thus from (8) we have

(i Amu)fi)(P(ut))
=1

Z Oénp*frn> (P(ut)) Z anP* fr,, (P(ut))
n=1

=1

= Z an fr, (P(u)) (for P is a projection)

that is,
Nm—1
(9) Z Ap(3) fi + gp,, | (P(ur)) =0 for t > ny,.
i=1
i#pm

But 7y, > M > Ny — 1. Thus by (8) we get

(10) fi(P(uy)) =0 forl1<i<ng,—1<r,, andt>mn,, —1.

Take n(m) = max{nm, np,,—1}. Then n(m) is increasing on m. From (9)
and (10) we have
Gpm (P(ur)) = 0 for t > n(m).

This implies that b; p,, = 0 for i > n(m). Hence from both cases we prove that
the matrix of P with respect to {u,} has the property that every column has
at most finitely many nonzero entries.

Since by (7) and the defintion of g, we have

D Mgn = fall lleall = D21 D2 Ae@)fill llep,l
n=1

k=1 i:nk
=1

_—_o(=k) 1
< ;% <1,

by the stability theorem ([15], Theorem 10.2, p. 95), {g,} is a basis of X* and
{gn} =~ {fn}. Suppose {e,} is an unconditional [resp. symmetric| basis for
X, by ([15], Theorem 17.7, p. 524 & Proposition 22.5, p. 595) we have {f,}
is also an unconditional [resp. symmetric] basis for X*. But {g,} ~ {fn}.
Thus {g,} is an unconditional [resp. symmetric] basis of X*. Since X is

429
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reflexive, we have {u,} is an unconditional [resp.symmetric| basis of X (from
[15], Theorem 17.7, p. 524 & Proposition 22.5, p. 595 again).
(1) _

From Lemma 3.1(c) we can easily prove that if P(ey) = 0, then u, = ¢;’ =
ey (for some i). Hence we complete the proof of Theorem 3.3 q.e.d.

Remarks. (1) Theorem 3.3 can be improved such that the matrix of P
with respect to {u,} possesses the property that all but a finite number of
entries of each column and each row are zero.

(2) Although all Banach spaces discussed in this paper are reflexive, our
technique also applies for non-reflexive Banach spaces. In fact, we can obtain
the same results in a similar manner if the underlying Banach space is only
assumed to have a shrinking basis. We also note that all bases of a reflexive
Banach space are shrinking. For further development in this line, readers are
refered to [13].

REFERENCES
1. D. Alspach, P. Enflo, and E. Odel, On the structure of separable L,-spaces,
Studia math. 60 (1977), 79-90.
2. M. Capon, Sur La primarite de certains escapes de Banach, preprint.

3. M. Capon, Primarite de L¥(X), C. R. Acad. Sci. Paris Ser. A-B 288 (1979),
no.2, A7-A119.

4. P. G. Casazza, James’ quasi-reflexive space is primary, Israel J. Math. 26
(1977), 294-305.

5. P. G. Casazza, C. Kottman, and B. L. Lin, On some classes of primary Banach
spaces, Canad. J. Math. 4 (1977), 856-873.

6. P. G. Casazza and B. L. Lin, Projections on Banach spaces with symmetric
bases, Studia Math. 52 (1974), 189-193.

7. L. Drewnowski and J. W. Roberts, On the primariness of the Banach space
loo/Co, Proc. Amer. Math. Soc. 112 (1991), 949-957.

8. P. Enflo, A counterexample to the approximation problem in Banach spaces,
Acta Math. 130 (1973), 309-317.

9. E. Hewitt and K. Stromberg, Real and Abstract Analysis, Springer-Verlag, New
York, 1965.

10. R. C. James, Bases and reflexivity of Banach spaces, Ann. of Math. 52 (1950),
518-527.

11. W. B. Johnson and E. Odell, Subspaces and quotients of 1p P ls and X,,, Acta
Math. 147 (1981), 117-148.



Gram-Schmidt Process 431

12. W. B. Johnson, H. P. Rosenthal, and M. Zippin, On bases, finite dimensional
decompositions and weak structure in Banach spaces, Israel J. Math. 9 (1971),
488-506.

13. Y. H. Lin, Reflexive Banach Spaces with Symmetric Bases Are Primary, Uni-
versity of Iowa, USA (Ph.D Thesis), 1992.

14. J. Lindenstrauss, L. Tzafriri, Classical Banach Spaces I: Sequence Spaces,
Springer-Verlag, New York, 1977.

15. 1. Singer, Bases in Banach Spaces I, Springer-Verlag, New York, 1970.
16. I. Singer, Bases in Banach Spaces II, Springer-Verlag, New York, 1981.

17. M. Zippin, A remark on bases and reflexivity in Banach spaces, Isreal J. Math.
6 (1968), 74-79.

Department of Mathematics, National Changhua University of Education
Changhua, Taiwan
E-mail: eugene@math.ncue.edu.tw

431



