TAIWANESE JOURNAL OF MATHEMATICS
Vol. 13, No. 1, pp. 91-135, February 2009
This paper is available online at http://www.tjm.nsysu.edu.tw/

BOUNDEDNESS OF SINGULAR INTEGRALS IN HARDY SPACES
ON SPACES OF HOMOGENEOUS TYPE

Guoen Hu, Dachun Yang* and Yuan Zhou

Abstract. The authors first give a detailed proof on the coincidence between
atomic Hardy spaces of Coifman and Weiss on a space of homogeneous type
with those Hardy spaces on the same underlying space with the original dis-
tance replaced by the measure distance. Then the authors present some general
criteria which guarantee the boundedness of considered linear operators from
a Hardy space to some Lebesgue space or Hardy space, provided that it maps
all atoms into uniformly bounded elements of that Lebesgue space or Hardy
space. Third, the authors obtain the boundedness in Hardy spaces of singu-
lar integrals with kernels only having weak regularity by characterizing these
Hardy spaces with a new kind of molecules, which is deeply related to the
kernels of considered singular integrals. Finally, as an application, the authors
obtain the boundedness in Hardy spaces of Monge-Ampere singular integral
operators.

1. INTRODUCTION

The theory of Hardy spaces and singular integrals on Euclidean spaces R™
played an important role in analysis such as harmonic analysis and partial differential
equations; see, for examples, [34, 17, 10, 28, 30, 32]. One of the most important
applications of Hardy spaces is that they are good substitutes of Lebesgue spaces
when p < 1. For example, when p < 1, it is well-known that Riesz transforms are
not bounded on LP(R™), however, they are bounded on Hardy spaces HP(R™).
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To establish the boundedness of operators in Hardy spaces on R™, one usu-
ally has recourse to the atomic decomposition characterization (see [9, 22]) or the
molecular characterization (see [35]) of Hardy spaces, which means that a func-
tion or distribution in Hardy spaces can be represented as a linear combination of
functions of an elementary form, namely, atom or molecule. Thus, the bounded-
ness of linear operators in Hardy spaces can be deduced from their behavior on
atoms or molecules in principle. However, recently, using a fact due to Y. Meyer
(see [27] or [16, Section III 8.3]) that quasi-norms corresponding to finite and in-
finite atomic decompositions in Hardy spaces are not equivalent, Bownik in [3]
gave a rather surprising example to indicate that an operator from a Hardy space
HP(R™) with p € (0, 1] into certain quasi-Banach space B mapping all atoms into
uniformly bounded elements of 5 cannot guarantee that this operator extends to a
bounded operator from HP(R™) to B. We should point out that this phenomenon
was essentially already observed by Y. Meyer in [26, p. 19].

Thus, a natural question appears, namely, what is the natural condition which
can guarantee the boundedness of considered operators from a Hardy space to some
quasi-Banach space B, if it maps all atoms into uniformly bounded elements of B?
Yabuta in [36] found some very general sufficient and natural conditions in R™
for the boundedness of 7' from HP(R™) with p € (0,1] to LI(R™) with ¢ > 1
or H1(R™) with ¢ € [p, 1]. But, the case on the boundedness of T from HP(R™)
with p € (0, 1] to L9(R™) with g € [p, 1) is still missing.

On the other hand, based on the atomic characterization of Hardy spaces in
[9, 22], Coifman and Weiss [12] introduced the atomic Hardy spaces on a space of
homogeneous type in [11], which is known to be a natural setting for the theory of
Hardy spaces and singular integrals.

We first recall the definition of spaces of homogeneous type; see [11, 12]. Let
X be a set. Endow & with a positive Borel regular measure ;v and a quasi-metric
d satisfying that there exists C; > 1 such that for all z, y, z € X,

(1.1) d(z,y) < Ci(d(z, 2) + d(y, 2)).

The triple (X, d, 1) is said to be a space of homogeneous type in the sense of
Coifman and Weiss ([11, 12]) if u is doubling, namely, there exists Cy > 1 such
that for all t € X and r > 0,

(1'2) M(Bd(xv QT)) < CQM(Bd(xv 7“)),

where By(z,r) ={y € X : d(z,y) <r}.
It is easy to see that the condition (1.2) is equivalent to that there exist constants
n>0and C3>1suchthatforallz € X, r >0and A > 1,

(1.3) w(Ba(z, Ar)) < CsA"u(Bg(z,1)).



Boundedness of Singular Integrals 93

We remark that although all balls defined by d satisfy the axioms of complete
system of neighborhoods in &', and therefore induce a (separated) topology in &,
the balls By(z,r) for z € X and r > 0 need not to be open with respect to this
topology. However, by Theorem 2 in [23], we know that there exists a quasi-metric
d such that d is equivalent to d and the balls corresponding to d are open in the
topology induced by d. Based on this, in what follows, we always assume that the
balls corresponding to d are open in the topology induced by d. Otherwise, we
replace d by d, since all results in this paper are invariant for equivalent quasi-
metrics. Throughout this paper, we also assume that ;(X) = oo and p({z}) =0
for all z € X.

Recall that the measure distance p, induced by the quasi-metric d and the mea-
sure u, is defined by that for all x, y € X,

p(z,y) = inf{u(By) : Bg is any ball containing x and y};

see [12, 23]. Macias and Segovia [23] proved that if the balls corresponding to d
are open in the topology induced by d, then p is a quasi-metric where we denote
by Cy the corresponding constant in (1.1), the topologies on X induced by d and p
coincide, and moreover, there exists C5 > 1 such that for all z € X and r > 0,

(1.4) C5_1r < w(By(z, 1)) < Cs13

see Theorem 3 in [23]. We conveniently mention that if iz and p satisfy (1.4), then the
triple (X, p, p) is called to be normal; see [23, p.258]. In general, p is not equivalent
to d. We recall that the quasi-metric p is said to be equivalent to the quasi-metric d
if there exists C' > 0 such that for all 2, y € X, C~td(z,y) < p(x,y) < Cd(z,y).
Macias and Segovia in [23, Theorem 2] proved that there exists a quasi-metric p
on X which is equivalent to p and satisfies that there exist constants 6 € (0, 1) and
C > 0 such that for all z, 2/, y € X,

(15) 1z, y) — p(a',y)| < Clo(x, ) [z, y) + o', )] 7.

Noting again that all the conclusions in this paper are invariant for equivalent quasi-
metrics, thus, when it is necessary, we may also assume that p itself satisfies (1.5).
In the sequel, 6 is always taken to be the same as in (1.5).

Generally speaking, for two topologically equivalent spaces of homogeneous
type, the corresponding Hardy spaces are not necessary to be equivalent; see, for
example, [4, Theorem 10.5]. We recall that two quasi-Banach spaces B and Bs
are said to be equivalent if they are equal as a set and their norms are equivalent.
However, in Section 2 of this paper, we prove that atomic Hardy spaces of Coifman
and Weiss on (X, d, ) are equivalent to those Hardy spaces on (X, p, i), which
was mentioned in [12, p.594] and [24, p.271] without a proof. For the importance
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of Hardy spaces in applications and the convenience of the reader, we present a
detailed proof of this fact by first establishing certain geometric measure relations
between (X, d, u) and (X, p, 1); see Theorem 2.1 and Proposition 2.1 below.

We point out that if p € (1/(1 + 0), 1], Macias and Segovia [24] established a
maximal function characterization for HP(X', p, 1), and Han [18] obtained a Lusin-
area characterization for HP(X, p, 1) by using Coifman’s approximations to the
identity in [13].

Motivated by Yabuta [36], using the maximal function characterization for
HP(X, p, p) in [24], in Section 3, we generalize Yabuta’s results on R™ to a space of
homogeneous type X when p € (1/(1+46), 1]; see Theorem 3.1 below. Moreover, in
Theorem 3.2 below, we also give certain sufficient conditions for the boundedness of
T from HP(X) to L4(X) withp € (1/(1+6),1) and ¢ € [p, 1), which is new even
on R™. Note that at the end-point case p = 1/(140), the method in [36] is not valid,;
see Remark 3.1 (a). However, using some basic ideas of Y. Meyer in [26, Chapter
7] and Coifman’s approximations to the identity in [13], we then obtain a weak
and natural variant of Yabuta’s result when p = 1/(1 + 6) and also present certain
sufficient condition for the boundedness of T' from HP(X) with p € [1/(1+ 6), 1]
to H1(X') with ¢ € [1/(1+460),1] or L9(X) with ¢ € [1/(1+ ), 00); see Theorem
3.3 below.

Similarly to [29] on R™, we introduce the following classes of functions with
weak regularity, which on R include functions having Dini’s growth.

Definition 1.1. Let v € [1,00] and = {n;}jen C [0,00). A function K
defined on X x X \ {(z,z) : x € X} is said to be in D,(y,n) if there exists
Cg > 2Cy such that for all x, y € X and j € N,

1/~
{ / K (2,0) - K(=, y)\”dum}
R;j(Bp(z,Cxp(z,y)))

J

< (B (a, 2 Crep(, )77,

where and in what follows Ry (B,(z,7)) = {y € X : 2¥"1r < p(z,y) < 2%r} for
k € N, and the usual modification is made when v = oo.

We give some typical examples of kernels on R™ satisfying Definition 1.1; see
also [29] or Proposition 5.2 below. Let K (x,y) = Q(x—y)|z—y|~™ for z, y € R™
and €2 be homogeneous of degree zero. Let w, be the L7-modulus of continuity of 2
over the unit sphere and for all j € N, n; = C[277/™ 4w, (277/™)] with a constant

C > 0. If [} w, (£)t~! dt < oo, which is often called the Dini condition, then K &
Dpy(7y,m) with >y my < 00 Iffo1 wy(t) (logt™') t71 dt < oo, then K € D,(,n)
with } .y jn; < oo; If m/(m+1) <p <1 and fol[wy(t)]ptm(l’—l)—l dt < oo,
then K € D,(y,n) with 3= y(n;)P277P) < oo,
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Another main purpose of this paper is to use the general criteria established in
Section 3 to consider the boundedness from HP(X) to LP(X), from HP(X) to itself
and from HP(X') to weak-LP(X) at the end-point case of singular integral operators
T with kernels as in Definition 1.1; see Theorem 4.1, Theorem 4.2 and Theorem
4.3 below.

To this end, we introduce the following kind of molecules, which is closely
related to the kernels in Definition 1.1.

Definition 1.2. Let0<p <gq, p<1<g<ooand n = {ng}ren C [0,00)
satisfying

(1.6) ank < 00
k=1

or when p < 1,

()20 7P) < o0,

M8

(1.7)

i

1

A function M € L(X) is said to be a (p, ¢, ) ,molecule centered at a ball B, =
B,(xg,r) for certain zy € X and r > 0 if

M1) [|M || aca) < [1(B,)]V/ 71/,
(M2) for all k € N, HMXRIC(B/))”LQ(X) S nka(l/q—l) [M(Bp)]l/q_l/P;
(M3) fx M(zx)du(x) = 0.

We establish the characterization for all Hardy spaces by this kind of molecules
in Theorem 2.2 below and present its application in the study of the boundedness
of operators in Corollary 3.1, which is a key tool of Section 4.

We should point out that if 7; = 277¢ for j € N and certain ¢ > 0, then
molecules in Definition 1.2 coincide with the classical molecules; see for example
[12, 35, 25, 15]. Moreover, by Theorem 4 in [5], we know that the condition (1.7)
with p < 1 is sharp; see also Remark 2.2 below.

Finally, in Section 5 of this paper, we present an application of Theorem 4.1
through Theorem 4.3 to Monge-Ampere singular integral operators introduced by
Caffarelli and Gutiérrez in [8].

We now make some conventions. Throughout this paper, we denote by B; and
B, the balls induced by quasi-metrics d and p, respectively. For all z, y € &,
set V(z,y) = w(Bg(z,d(z,y))). From (1.2), it is easy to deduce that V' (z,y) ~
V(y,x). For any ball B,(zg,r) with zg € X and r > 0, write Ro(B,(zo,7)) =
B, (z0,7) and Ri(B,(zg,7))={y€X : 2871 <p(x,y) <2¥r} with k€N, where
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N = {1,2,---}. We always denote by C' a positive constant that is independent
of the main parameters involved but whose value may differ from line to line, and
f S gmeans f < Cg. If f < g < f, we then write f ~ g. Constants with
subscripts, such as C'1, do not change in different occurrences. We fix N > 1 large
enough such that (C5) ™' N — C5 > 1. Without loss of generality, we may assume
that N = 2.

2. HARDY SPACES ON SPACES OF HOMOGENEOUS TYPE

In this section, for general spaces of homogeneous type, we first verify that
the atomic Hardy space on (X, d, ) is equivalent to the atomic Hardy space on
(X, p, ;). We then establish a new characterization for these atomic Hardy spaces
by using the molecules in Definition 1.2.

We begin with the definition of atomic Hardy spaces on (X, d, ) in [12]. To
this end, we first recall the definitions of Lipschitz spaces, the space of functions
with bounded mean oscillation and atoms; see [12].

Definition 2.1. Let @ > 0. A function f is said to be in Lip 4(«) if there
exists C' > 0 such that for all z, y € X and all balls B, containing x and y,

(2.1) [f (@) = f(y)] < Clu(Ba)]*.

The minimal constant C' in (2.1) is defined to be the Lip ;(cr) norm of f and
denoted by || f]| Lip 4(c)-

Definition 2.2. Let 1 < ¢ < co. A function f is said to be in BMO (X, d, u)
if there exists C' > 0 such that for all balls By C X,

1 1/q
2.2 / f(@) = fB,|%dp 96)} <,
22) (g L 170 = s,
where and in what follows, fp, = m 1} By f(y) du(y). The minimal constant C' in
(2.2) is defined to be the BMO (X, d, i1) norm of f and denoted by || f{| Bvo a(x,d )
Denote BMO (X, d, 1) simply by BMO (X, d, ). It is well-known that for
1< g < oo, BMO (X,d, n) = BMOY(X,d, 1) with equivalent norms; see [12].

Definition 2.3. Let0 <p <gandp <1 < ¢q < oo. A function a is called to
be a (p, q)4-atom if

(A1) suppa C By = By(z,r) for certain x € X and r > 0;
(A2) |lallpax) < [1(Bg)] /9= 1/P;
(A3) [y a(w) dp(x) = 0.
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Now we state the definition of atomic Hardy spaces. For o > 0, let ( Lip 4(«))*
be the dual space of Lip 4(«).

Definition 2.4. Let 0 < p < gand p < 1 < ¢ < oo. A function f €
LY(X) or a linear functional f € (Lip4(1/p — 1))* when p < 1 is said to be in
HY(X,d, ) or in HP4(X,d, 1) when p < 1 if there exist (p, q)4-atoms {a;}52,
and {);}32; C Csuch that f = Y%, Aja;, which converges in L' (X') whenp = 1
orin (Lip4(1/p—1))* whenp < 1, and 3772, [A;[? < oo. Moreover, the norm of f

in HP4(X, d, i), denoted by || f || grp.a(x,a,)» is defined as inf {(Z;’il \)\j\p)l/p} :
where the infimum is taken over all the above decompositions of f.

Coifman and Weiss proved that HP%(X, d, u) = HP*°(X,d,u) for 0 < p < ¢
and p < 1 < ¢ < oo, (HY(X,d,pn))* = BMO (X,d,p) for 1 < q < oo, and
(HPY(X,d,pn))* = Lipyg(1/p—1) for 0 < p < 1 < ¢ < o0; see Theorem A and
Theorem B in [12]. Therefore, in what follows, we denote H?*9(X, d, p) simply
by HP(X, d, p).

If we replace d by p in Definition 2.1 through Definition 2.4, we then ob-
tain the space Lip ,(a), BMO (X, p, i), (p, q)p-atoms and atomic Hardy spaces
HPA(X, p, p). All the conclusions stated above still hold for HP9( X, p, i), BMO ¢
(X, p,p) and Lip ,(1/p—1). Thus, in what follows, we denote HP4(X', p, 1) sim-

ply by HP(X, p, ).

Remark 2.1.

(a) From Definition 1.2 and Definition 2.3, it is easy to see that if a is a (p, q) .-
atom supported in a ball B, then a is a (p, ¢, n),-molecule centered at the
same ball B,,. Conversely, if 7, = 0 for all £ € N, then a (p, ¢, ) ,-molecule
is just a (p, ¢) ,-atom. Moreover, by Definition 1.2, it is easy to see that the
condition (1.6) or (1.7) implies that n € ¢!, and if ¢; < ¢o and M is a
(p, g2, 1) ,-molecule, then there exists a constant C' > 0 independent of M
such that %M is a (p, q1,n),-molecule.

(b) By Theorem 5 in [23], Macias and Segovia proved that for « > 0, f €
Lip 4(«) if and only if there exists a constant C' > 0 such that for all z, y €
X

b

(2.3) [f(z) = f(y)| < Clo(z, y)]°

The minimum C satisfying (2.3) is just ||f|| Lip (). This result and (1.4)
further indicate that for a > 0, Lip 4(a) = Lip ,(«) with equivalent norms.
In the sequel, we identify Lip ;() with Lip ,(«), and denote it simply by
Lip («).
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(c) Although there exist different definitions of Hardy spaces on (X, p, i) ac-
cording to [12, 24, 18, 19], we point out that they are essentially same. In
fact, Han [18] proved that Hardy spaces in [18] coincide with those in [24];
see also [19]. If p < 1, the equivalence between Hardy spaces in [12] and
those in [24] is obvious; while if p = 1, the coincidence between the Hardy
space in [18] and that in [12] was presented in [19].

We can now state the main results of this section as follows.

Theorem 2.1. Let 0 < p < gandp <1 < q < oco. Then there exists a
constant C > 0 such that the function a is a (p,q) g-atom if and only if %a is
a (p,q),-atom. Moreover, HP(X,d, i) and H?(X,p, 1) are equivalent, namely,
HP(X,d,n) = HP(X, p, u) with equivalent norms.

The proof of Theorem 2.1 is given in Subsection 2.1 by first clarifying certain
geometric measure relations between (X', d, ) and (X, p, u); see Proposition 2.1
below.

Theorem 2.2. Let 0 <p <gq p<1<g<ooandn={ntreny C [0,00)
satisfying (1.6) or (1.7). Then there exists a constant C > 0 such that for
any (p, q,n)molecule M, M € HP(X,p,p) and ||M| gex,py < C. More-
over, f € HP(X,p,p) if and only if there exist {)\;}72, C C and (p,q,n),
molecules {M;}32, such that f = 22, \jMj, which converges in LY(X) when
p=1orin (Lip(1/p—1))* when p <1, and 3 22, |\;|P < oco. Furthermore,

1/
| £l o (x,ppy ~ inf { (Z;’il \)\j\p> p} , where the infimum is taken over all the

above decompositions of f.

The proof of Theorem 2.2 is presented in Subsection 2.2. To this end, in
Subsection 2.2, we first establish some basic properties of molecules in Definition
1.2; see Proposition 2.2 below.

Remark 2.2.

(a) By Theorem 2.1 and the duality theorem, we obtain BMO (X, d, u) = BMO
(X, p, n) with equivalent norms. In what follows, we identify HP(X, p, u)
with HP(X,d, 1), and BMO (X, d, u) with BMO (X, p, ). Moreover, we
denote them, respectively, simply by HP(X) and BMO (X).

(b) If ; = 277¢ for j € N and certain € > 0, then for p € (1/(1 + ¢),1], the
(p, g, ) ,-molecule in Definition 1.2 coincide with the classical one, and thus
the molecular characterization for HP(X) established in Theorem 2.2 is an
essential improvement of the known results; see, for example, [12, 35, 25, 15].
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(¢) By Theorem 4 in [5], when p < 1, Theorem 2.2 is sharp in the sense that
for any positive sequence {¢;}jen, if lim; .o €; = 0 and 7 satisfies that
ZjeN(nj)ij(l_p)ej < 00, then there exist ¢ € [1,00) and M satisfies (M1)
through (M3) such that M ¢ HP(X).

2.1. Proof of Theorem 2.1
We begin with some basic geometric measure properties of &’

Proposition 2.1.  There exists Cg¢ > 0 such that for any xqg € X and
ro > 0, there exists 7o € (0, 00), which may depend on xq and r¢, satisfying that
B,(x0,70) C Bq(xo,70) and p(Bgy(xo,70)) < Cero. Moreover, T is increasing on

ro, namely, if A > 1, then 79 < Arg.
Proof. Let
(2.4) ro = inf{r > 0: B,(x,ro) C Ba(xo,7)}.

We first claim that 7§ € (0,00). Since ro > 0 and p(B,(xo,r0)) ~ ro by (1.4),
then p(B,(xo,r0)) > 0. From this and p({z}) = 0 together with the countable
additivity of p, it is easy to deduce that rj > 0. If 7; = oo, then for each j € N,
there exists y; € B,(xo,70) \ Ba(xo, 7). Thus d(zo,y;) > j and p(zo,y;) < 7o.
By p(z0,y;) < ro and the definition of p, there exists ball By(z;, ;) containing
xo and y; such that pu(Bg(z;,7;)) < ro. Therefore, by (1.1), j < 2Cyr;, which
together with (1.1) again indicates By(zo,5) C Ba(x;,3(C1)%r;). Hence, by (1.2),
we have

(2.5) w(Ba(wo, 7)) S u(Ba(xj,75)) < ro-

On the other hand, by p(X) = co and X' = UjenBqg(zo, j), we have pu(Bg(zo, 7)) —
00 as j — oo, which contradicts with (2.5). This verifies our claim.

Now we verify u(Bg(zo,2r§)) S ro. In fact, by (2.4) and rjj € (0,00), we
have B, (zo,r0) \ Ba(zo,7(/2) # 0. Let yo € By(xo,r0) \ Ba(zo,75/2). Then by
p(z0,yo) < 1o and the definition of p, there exists a ball By(z’, r’) containing xg
and yq such that

(2.6) p(x0,90) < pu(Bg(z',7")) < ro.

Moreover, by (1.1) and 1, < 2d(xz, yo) together with d(z¢, 2’) < 7’ and d(yg, 2’) <
1/, we have By(wo, 2rf) C Ba(',9(C1)?r"), which via (1.2) and (2.6) yields that
p(Ba(zo, 2r§)) S p(Ba(a',r")) < ro. Taking 7y = 21§ gives us the first conclusion
of Proposition 2.1.
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Obviously, if A > 1, r§ < (Arg)*. This observation together with 79 = 27§ and

Arg = 2(Arg)* indicates that ¥y < Arp, which completes the proof of Proposition
2.1. [ |

Remark 2.3. By the assumption that By(z,r) for all z € X and r > 0
is open and the definition of p, it is easy to see that for all x € A and r > 0,
Bq(z,r) C By(z, u(Bg(z,r))), which together with Proposition 2.1 gives that
for all x € X and r > 0, B,(z,7) C By(z,7) C By(z,Cer), and By(z,r) C
B,(z,r9) C Bg(z,70) C By(x,Csro), where 1o = p(Bgy(z,7)). These relations
indicate certain kind of “equivalence” between d and p. We recall that p is not
necessarily equivalent to d.

From Proposition 2.1, we deduce the following conclusion, which is used in
Section 4.1.

Corollary 2.1. There exists a constant C; > [CsCs5C3]'/™ such that for all
zo € X, 1o > 0 and X\ > 1, \Y/"Fy < Cy\ro, where T and \rq are the same as in
Proposition 2.1.

Proof. Let Cy > [CsC5Cs]Y/™. If \I/™ < (v, since 7 is increasing on 7,
by Proposition 2.1, we immediately obtain the desired conclusion. Suppose now
A7 > Cq. If X7y > Cy\rg, then by Proposition 2.1, (1.4) and (1.3), we obtain

M(Bd(xo, (07)—1)\1/717':0)) (07)_n03)\/L(Bd(1‘0, ?0)) < (C7)_”Cg(3’6)\r0

<
< (C7)7"C3C5Cop(By(zo, Aro)) < p(Ba(wo, Aro)),

which is a contradiction. Thus we have \/"7, < C7ero, which completes the
proof of Corollary 2.1. ]

The following conclusion is used in Subsection 2.2, we state it here. Recall that
for z, y € X, V(z,y) = w(Ba(x, d(x, y)))-

Lemma 2.1. There exists a constant C > 0 such that for all x, y € X,
C™'p(x,y) < V(z,y) < Cp(z,y).

Proof. Let xz, y € X. From the definition of p and (1.2), it follows that
p(z,y) < p(Ba(z, 2d(z,y))) SV (z,y).

On the other hand, if p(x,y) = 0, then z = y and V(z,y) = 0, which is the
desired conclusion. We now suppose p(x,y) > 0. Then, by the definition of p,
there exists a ball By = By(zo, r) containing = and y such that u(By) < 2p(z,y),
which together with (1.1) yields that By(x, 2d(x,y)) C Bg(xo, 3C?r). From this,
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w(Bg) < p(z,y) and (1.2), it follows that V(z,y) < p(z,y), which completes the
proof of Lemma 2.1. u

We now turn to the proof of Theorem 2.1.

Proof of Theorem 2.1. Let a be a (p, q) g-atom supported in By = Bg(zg, ro)
for some xy € X and ¢ > 0. Then for all y € By, by the definition of p, we have
p(xo,y) < 2u(Bq), hence y € B, (o, 211(Bq)), which implies that

(2.7) supp a C By C By(xo, 2u(Ba)).

Moreover, by (1.4), we have p(B,(xo,21(Bg))) ~ p(Bg), which together with
(2.7), (A2) and (A3) indicates that there exists a constant C' > 0, which is indepen-
dent of a, such that %a is a (p, q) ,-atom.

On the other hand, let a be a (p, q) ,-atom supported in B, = B,(xo, rg) for
some zp € X and 19 > 0. By Proposition 2.1, there exists 7y € (0, c0) such that
suppa C B, C By(zo,70) and p(Bgy(zo,70)) S ro. Thus, by (A2) and (1.4),
we have |allpax) S [11(By(z0,70))]/9~ /P, which indicates that there exists a
constant C' > 0, independent of a, such that %a is a (p, ¢)4-atom. This proves the
first conclusion of Theorem 2.1.

The second conclusion of Theorem 2.1 follows immediately from the definitions
of Hardy spaces HP (X, d, 1) and HP (X, p, p1) together with Remark 2.1 (b), which
completes the proof of Theorem 2.1. [

2.2. Proof of Theorem 2.2
We begin with some properties of molecules in Definition 1.2.

Proposition 2.2. Let 0 <p<gq p<1<g<ooandn={nk}ren C [0, 00)
satisfying (1.6) or (1.7). Let M be a (p, q,n) ,-molecule centered at ball B,,. Then
there exists a constant C' > 0 independent of M such that

() M € LN(X) and |[M]] ) < C[u(B,)]
(it) M € LP(X) and ||M||1px) < C;
(iti) when p <1, M € (Lip(1/p —1))* and ||M||(1ip (1/p—1))» < C. Moreover,

forall f € Lip(1/p—1), (M, f) = [, M(2)f(x)du(z), where and in the
sequel, (-, -) denotes the dual pair between ( Lip (1/p—1))* and Lip (1/p—1).

Proof. Let M be a (p, q,n),-molecule centered at B, = B,(xo, ) for certain
xo € X and r > 0. Letng = 1. For all £ € NU {0}, by the Holder inequality,
(M1), (M2) and (1.4), we obtain

(2.8) / M (@) du(e) < (B, 7,
Ry(By)
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from which and Remark 2.1 (a), it follows that

’WM“<Z/ o)l d() £ me[u(B) T < [w(B,)]

k=0

Thus, (i) holds.
To verify (ii), by the Holder inequality, (M1), (M2) and (1.4), we also deduce
that

| @)
Ry (B)y)
p/q
< [n(Re(B,))) 7/ { / \M(w)\qdu(w)} S 20D
Ry(By)

for k € NU {0}, which together with (1.6) or (1.7) when p < 1 indicates

) < 3= [ PG € 320D 1
k=0

This verifies (ii).

To obtain (iii), for any f € Lip (1/p—1), we first verify M (f — fg,) € L' (X).
In fact, for all & € NU {0}, by Remark 2.1 (b), (1.4) and f € Lip(1/p— 1), we
have

sup [ f(z) = fB,|

x€R(By)

S swp [f(@) = F@o)| S A Lipa/p—ny 2PV (B, P,
xEBp(z0,2%r)

from which together with (2.8) and (1.7), we deduce that

(2.9) /X M(@) 1) — f3, ] dyu(z)
su B )| d
<X, )=l [ W

S Hf”Lip(l/p—l)ZQk(l/p Yk SN Lip (1/p—1)-
k=0

This together with M € L!(X) gives that M f € L'(X). Thus, for any f e
Lip (1/p—1), if we define (M, f) = [, M(x)f(z) du(x),thenby [, M(x) du(x) =
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0, we have (M, f) = [, M — fB,] du(x), which together with (2.9) indi-
cates that \(M IS _ ) In this sense, we have M € (Lip(1/p—1))*
and || M| (Lip (1/p—1))* S 1, which completes the proof of Proposition 2.2. ]

To verify Theorem 2.2, we also need the following result.

Lemma 2.2. Let 0 < p < 1 < q < oo. Then there exists a constant
C > 0 such that for all f € LX) with bounded support and [ f(x)du(z) =0,

fe (Lip(1/p—=1))" and || fll(vip (1/p-1))* < Cllfllmra)-

Proof.  Let f € L9(X) be supported in a ball B, with [, f(x)du(z) = 0.
It is easy to see that HfHLq(X)[u(B Ve Vrf s a (p, q) p-atom and thus f €
(Lip(1/p—1))* and f € HP(X) (see [12, p.592]). By the definition of HP(X),
there exist {)\;}jen C C and (p, q),-atoms {a;}jen such that f = >, \jay,

1/
which converges in (Lip(1/p — 1))*, and (ZjeN\)\j\P> ? S I flawcxy. Note

that by Remark 2.1 (a), a (p, ¢),-atom is a (p, ¢, n) ,-molecule with 7, = 0 for all
k € N. Thus by Proposition 2.2 (iii), we have

Plapnr = s [l < >
llgll ip (1/p-1) <1 ||gHLlp(1/p n<lljen
< Z‘)‘ ‘Ha’JH(Llp(l/p 1)) -1)
||gHLlp(1/p H=Ljen
SIS 1 ey,
JEN
which completes the proof of Lemma 2.2. ]

To end this section, we now present the proof of Theorem 2.2 by invoking some
ideas from Coifman and Weiss in [12]; see also [35], [25] and [15].

Proof of Theorem 2.2. Let M be a (p,q,n),molecule centered at B, =
B,(zg,r) for some 29 € X and r > 0. Let 9 = 1. To decompose M into a
summation of (p, ¢),-atoms and (p, c0),-atoms, for any k € N U {0}, let my, =

Jru(p,) M (@) dp(x), Xk = XRy(B,)> Xk = [u(Re(B,))]'x, and My = Mxy, —
myXk. Then we have

o o
(2.10) M:ZMk"f’kaj(vk-
Let Nj = > 32 my.. By (2.10) and Ny = fx x) du(z) = 0, we further obtain

(2.11) M = ZM’“LZ i+1(XG+1 — X;)-
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By (2.8), (M1), (M2) and (1.4), we have that for k € NU {0},

1/q
L o)} < 200 3, o, 20

This together with the facts that supp My, C B, (o, 2°r) and [, My (z) du(z) = 0
indicates that there exists a constant C' > 0, which is independent of k and M,
such that 12k(1_1/p)(nk)_1Mk for k € NU {0} are (p, q),-atoms. By the fact
that >"727 ]]Mk]]L1(X < QHMHD(X and Proposition 2.2 (i), we know that the
first summation in (2.11) converges in L'(X). If p < 1, by Lemma 2.2, we have
I Ml (vip (1 /p—1)) S | Ml ey for each k € NU{0}. From this, we deduce that
the first summatlon in (2.11) converges in (Lip (1/p — 1))* when p < 1. On the
other hand, by (1.4) and the convention at the end of the introduction, we have

W(R(By)) = u(By(wo, 2" u(By))) — (Bp(wo, 2" (B,)))
> (C5) 2 u(B,) — C52* 1 u(B,) > 2 u(B,),
which together with (1.4) again indicates that

(2.12) Xkt1(2) — Xk (2))|

S 2°u(Bo)] T S 2N (B By (o, 2 )] P

This together with the facts that [, [Xk+1(2) —Xk(2)] dp(z) = 0 and supp (X1 —
Xk) C By(wo, 2871r) implies that there exists a constant C' > 0, which is indepen-
dent of k and M, such that for k € NU {0}, £[28 u(B,)]' " V/P(Xpi1 — Xi) is a
(p, 00) ,-atom. By (2.8), for j € N, we have \N\ <D h ka(Bp) | My (2)| du(z) <
Srs i mk[p(B,)]'1/P, which together with (2.12) and an argument similar to the
proof for the first summation in (2.11) indicates that the second summation in (2.11)
also converges in L'(X) and ( Lip (1/p — 1))* when p < 1. Further, from (1.6) or
(1.7), we deduce that when p < 1,

> 2P m)r + Y (NP [2(B,)] T
k=0 =0

ng(l p (k) +Z Z (m)P270 —p)

k=0 §=0 k=j+1

and when p = 1, 377 gk + 32720 Ny S 1+ 372 gk S 1550 M € HP(X)
and || M| gp(xy S 1. From this, it is easy to deduce the second conclusion of the
theorem, which completes the proof of Theorem 2.2. ]
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3. SOME GENERAL CRITERIA

In what follows, let Lp°(X') be the set of functions in L*>°(X) with bounded
support, Co(X) be the set of continuous functions vanished in infinity for certain
fixed xg € X, Dy(X) be the set of all functions in Lip (#) with bounded support
and [, f(z)du(xz) =0 and M(X) be the set of all measurable functions on X.

We first generalize the results of Yabuta [36] to spaces of homogeneous type as
follows.

Theorem 3.1. Let v € (1,00]. Assume that T is a linear operator from D o(X)
to M(X) and satisfies that for any ball B, and for every f € Dy(X), there exist
constant Cp, > 0, independent of f, and constant Cp, s such that for certain
s € (1,00),

(3.1) [u({z € B, : |Tf(2) = Ci, 5| > AD]Y* < Cp, A7 fll (),
or that
(3.2) ITf—Cp,.tllers,) < O, Il L)

(i) Ifpe (1/(1+6),1], q € [1,00) and there exists a constant C > 0 such that
Sor any f € Dy(X),

(3.3) T £l gy < C[diam (supp f)]7|| f]| 1 (x),

then T can be extended to a bounded operator from HP(X) to L(X). Here
and in what follows, diam (supp f) = sup, yesupp f P(T, Y)-

(ii) If pe (1/(1+0),1], q € [p, 1] and there exists a constant C > 0 such that
Sor any f € Dy(X),

(3.4) I7flagae) < Cleiam (supp )17l oc ),
then T can be extended to a bounded operator from HP(X) to H1(X).

We remark that (3.3) and (3.4) are necessary, which guarantee that 7" maps all
(p, 00) ,-atoms in Dy(X') boundedly into LI(X) or H(X), respectively. We also
mention that the assumption g € [1, o] in [36, Proposition 1] should be ¢ € (1, 0],
since Dy is not dense in L!(R™).

The following result completes Theorem 3.1, which presents some sufficient
conditions for the boundedness of operators from HP(X') to L4(X) withp € (1/(1+
0),1) and ¢ € [p, 1).
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Theorem 3.2. Let py,qo € [1,00]| and T be a linear operator bounded from
LPo(X) to L(X). Letp € (1/(1+40),1)and q € [p,1). If T satisfies the condition
(3.3), then T can be extended to be a bounded operator from HP(X) to LI(X).

The proofs of Theorem 3.1 and Theorem 3.2 are presented in Subsection 3.2 by
establishing the pointwise convergence of certain atomic decompositions of HP(X)
with p € (1/(1 + 0), 1] in [24]; see Proposition 3.1 below.

However, at the end-point case p = 1/(1+46), Theorem 3.1 and Theorem 3.2 fail
to give the boundedness of 7' from H'/(+0)(x) to LI(X) with ¢ € [1/(1 4 6), 00)
or H1(X) for ¢ € [1/(146), 1]. Instead of this, we have the following conclusions.

Theorem 3.3. Let py € [1,00), qo € [1,00) and T be a linear operator
bounded from LP°(X) to LI (X).

(i) Ifpe[1/(1+0),1], g € [1,00) and there exists a constant C' > 0 such that
for any (p, 00) p-atom a, || Tal|po(xy < C, then T is bounded from HP(X) to
LI(X).

(ii) If p e [1/(1+0),1], q € [p, 1] and there exists a constant C > 0 such that
for any (p,00) ,-atom a, ||Ta||gracxy < C, then T is bounded from HP(X)
to HI(X).

(@ii) If p € [1/(1 4+ 0),1), q € [p,1) and there exist a constants C > 0 and 1
satisfying > icn 21(1-9) (n;)¢ < oo such that for any (p, o) ,~atom a, %Ta
satisfies condition (M1) and (M2) for (q,1,n) y-molecule, then T is bounded
Sfrom HP(X) to LY(X).

The proof of Theorem 3.3 is given in Subsection 3.3. To this end, we establish
a “smooth” approximation to the given operator by using Coifman’s approximations
to the identity, which is stated in Subsection 3.1.

Remark 3.1.

(a) It is easy to see that the boundedness from LP°(X) to L% (X) of T implies
(3.1) or (3.2). Thus Theorem 3.3 when p € (1/(1 + 6),1] is covered by
Theorem 3.1 and Theorem 3.2. Since when p = 1/(1 + ), the maximal
function characterization of HP(X) is not available, it is not so clear that in
such a case, how can one still verify the pointwise convergence of the atomic
decomposition for H'/(1+0)(x) if T only satisfies (3.1) or (3.2)?

(b) Theorem 3.3 strongly depends on the existence of Coifman’s approximation to
the identity of order # and its uniform boundedness in L4(X’) when ¢ € [1, o0
and in H9(X) when ¢ € [1/(1 + 0), 1]; see also Remark 3.3 (b). We also
note that when X = R™, p is the m-dimensional Lebesgue measure and
plx,y) = |z —y|™ for all z, y € R™, H™(+D(R™) in Theorem 3.3
contains the classical Hardy space H™/ (m+1)(Rm) as proper subspace, and
atoms of the latter space have vanishing moments up to order 1; see [32].
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(c) Theorem 3.2 is new even in R™,

From Theorem 3.3 and Theorem 2.2, we directly deduce the following conclu-
sion, which is a key tool of Section 4.

Corollary 3.1. Let py € [1,00), qo € [1,00), p€ [1/(1+0),1), g € [p,1) and
T be a linear operator bounded from LP°(X) to L (X). If there exist a constant
C > 0andn={n;}jen C (0,00) satisfying ZjeN(nj)QQj(l_Q) < 00 such that for
any (p, 00)-atom a, %Ta is a (q,1,n),-molecule, then T is bounded from HP(X)
to H1(X) and from HP(X) to LY(X).

3.1. Approximations to the identity

It is well-known that if p satisfies (1.4) and (1.5), then we can construct the
following approximation to the identity of order # with bounded support on (X', p, 1);
see [13].

Definition 3.1. A sequence {S}rez of linear operators is said to be an
approximation to the identity of order 6 with bounded support if there exist Cg, Cg >
0 such that for all k € Z and z, =/, y € X, Si(z,y), the kernel of Sy, is a function
from X x & into C satisfying

(S1) Sk(z,y) =0 if p(x,y) > Cs27% and || Skl Lo () < Co2¥;
(S2) |Sk(@,y) — Sk(a’,y)| < Co2XD[p(, 2"));

(83) [y Sk(z, y)duly) = 1;
(S4) Properties (S2) and (S3) hold with x and y interchanged.

Remark 3.2.

(a) For convenience sake, without loss of generality, we may assume that (g, Cy >
1 in what follows. Moreover, in the construction of Coifman’s approxima-
tions to the identity, there exists a constant 4 > 0 such that for all £ > 0 and
x € B,(xo, 2773/Cy), Se(x, z0) > §; see [13].

(b) It is easy to see that for all k € Z, 0 < « < # and = € X, Si(z,-) € Lip («)
and HSk((II, )H Lip («) < 2k(1+o¢)‘

~

(c) We remark that throughout the whole paper, only in the construction of Coif-
man’s approximations to the identity, Theorem 3.1 and its proof, we need to
assume that p satisfies (1.5). Since we don’t use Theorem 3.1 in this paper
any more, then, if a such approximation to the identity is known on (X, p, 1),
we then do not need to assume that p satisfies (1.5).
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We now state some facts for such approximations to the identity.

Lemma 3.1. The operator Sy, is bounded on LP(X) for p € [1, co| uniformly
ink € N; for any f € LP(X) with p € [1,00), ||Skf — fllpr(xy — 0 as k — oo;
and for any f € Do(X), ||Skf — fllee(x) — 0 as k — oo.

Proof. By (S1), it is easy to see the uniform boundedness of {Si } xen in LP(X)
with p € [1, o0].

By the Lebesgue differentiation theorem (see [20, p.4]. Here we need to use
the fact that 1 is Borel regular) together with a standard argument (see [31, p. 11]),
we know that if f € LP(X) with p € [1, 00), then for almost everywhere © € X,
limg oo Sk f(x) = f(z). This fact together with |Sif(z)| < M(f)(z), where
M is the Hardy-Littlewood maximal operator, the LP(X’)-boundedness of M with
p € (1,00) (see [11]) and the Lebesgue dominated convergence theorem gives us
that limy .o || Sk f — f|Le(x) = 0 for all f € LP(X). This conclusion together with
the density of bounded functions with bounded support in L (X') further yields that
limg 00 HSkf — f”Ll(X) = 0 for all f S Ll(.)().

Finally, if f € Dy(X), noting that Dy(X) C Lip (#), then for all x € X, we
have

5u7)(0) = )] = [ S0 = S du@)| S 1™ =0

as k — oo, which completes the proof of Lemma 3.1. ]
For p <1, we have the following conclusion.

Lemma 3.2. Let 1/(146) <p<1<¢qg<oo p<qgandn={ngtren C
[0, 00) satisfying (1.6) or (1.7).

(i) There exists a constant C' > 0 such that for all k € N and (p, o) ,-atom a
supported in B ,(xo,r) for certain xg € X and v > 0, £Ska is a (p,0) -
atom supported in B ,(zg, Cyr + C4Cs27F).

(if) Let M be a (p,q,n),molecule centered at B,(xq,r) for certain xog € X
and v > 0. Then there exists a constant C' > 0 independent of M such that
for all k € N with Cg27F < r, LS M is a (p, q, M) ,-molecule centered at
By (z0,2Cyr), where for all j € N, 1; = Ziﬁjow Nk and jo € N satisfying
9Jo—1 <Oy < 2Jo,

(iii) {Sk}ren is uniformly bounded from HP(X) to LP(X) and from HP(X) to
itself; moreover, for f € HP(X), ||Skf — fllarx) — 0 as k — oo.
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Proof.  To verify (i), let a be a (p,c0),-atom supported in B,(xp,r). By
[y a(z)du(z) = 0and [, Sk(z,y) du(x) = 1, it is easy to see that [, Spa(x) du(z) =
0. By (S1) and (1.1) for p, we have

(3.5) supp Sia C B,(xq, Car + C4(3’82_k) C By(zo, Car + CsCy) = Ep,

which yields (Al). It remains to verify (A2). If r > 2% by Lemma 3.1 and (1.4),
we have

[Ska()| < llal| gy € 777 S [0(Bo(xo, Car + CaCs27M) 717,

if r < 27% by [, a(z)du(z) =0, (S4) and p > 1/(1 + 6), we have

Ska(a)] < / 1Sk, ) — Sk, x0)a(y)] du(y)
By(xo,r)
S 2k(1+6’)r6’+1—1/p S [M(Bp(xm C47“ + 04082—140‘))]—1/]7'

Thus, there exists a constant C' > 0 independent of k& such that %Ska is a (p, 00) -
atom.

To prove (ii), let k € N satisfy C327% < r and M be a (p, ¢, n),-molecule
centered at B, = B,(x¢,r) for some 2y € X and » > 0. By Lemma 3.1, it is easy
to see that Sy M € L(X) and

15k M | Lagay S 1M | zaaey S [(Bp)]Y47 < [u( By (o, 2C4m))]471P,

which yields (M1). By Proposition 2.2 (i), Lemma 3.1 and [, Sk(z,y) du(x) =1,
we have [, S M (x)du(z) = 0, which gives (M3). It remains to verify (M2). For
all 7 € N, by the Holder inequality, (S1) and (1.4), we have

1/q
{ / \&M(m)\wm}
R;(Bp(x0,2C4r))

J

1/q
S 2 { / / M) duly) du(w)} .
R;(Bp(20,2Car)) J Bp(z,C527F)

J

Let jo € N satisfy 27071 < Cy < 270, For all z € R;j(B,(x0,2Cyr)) and y €
By(z,Cs27%), by (1.1) for p, Gs27% < r and (1.4), we have 2/~ 1r < p(xo,y) <
27+2jo+2ywhich together with the Minkowski inequality, (1.4) and (M2) gives that
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1/q
{ / \SkM(w)\qdu(w)}
R;(Bp(x0,2C4t))

1/q
S {/ o \M(y)\qdu(y)}
2]_1r§p(mo,y)<2]+270+2r

J+2jo+2

1/q
> { / \M(y)\ww}
. 2k=1r<p(z0,y)<2Fr

k=j

174N

) J+2j0+2
S [M(Bp(xo,2047“))]1/q_1/p2j(1/q_1) Z e
k=

Letn; = ZJ-F?JO—I—? nk for all j € N. Thenby (1.6), 372, j7; = > 272, J Zj+2jo+2
Me S Y opey ke S 1, or when p < 1, by (1.7),

00 00 J+250+2 00
Z(ﬁj)@j(l—p Z 9i(1-p) Z g)P < Z ) ka(l —p) <1,
j=1 j=1 k=j k=1

which indicates that 77 = {7, } jen satisfies (1.6) or when p < 1, (1.7). This finishes
the proof of (ii).

To verify (iii), let f € Lp°(X) with [, f(z)du(xz) = 0. By the definition
of HP(X), there exist (p, 00),-atoms {a;}jen and {A\j}jen C C such that f =
>_jen Ajaj, which converges in LY(X) when p = 1 or in (Lip (1/p — 1))* when
p <1 and 3 [NP S HfHHp(X If p = 1, by Lemma 3.1, we immediately
have

N N
A}i_r)noo Skf — Z )\j(Skaj) < ]\}E)HOO f — Z )\jaj = 0,
J=1 L1(X) Jj=1 L1(X)

namely, Sif(2) = >_;cn AjSka;j () holds in L'(X). Note that & Sya; isa (1, 00),-
atom. Thus, ||Skfllm1(xy S 2 jen (Al S 11y, which together with HY(X) C
L' (X) further implies Sy, is uniformly bounded from H'(X) to L'(X) in k € N.
When 1/(1+46) < p < 1, from (S1) and Remark 3.2 (b), it follows that for all
reX, Skf(x) - <f7 Sk(xv )> = th—>OO<Z§V:1 )‘jajv Sk(xv )> = ZjeN )‘jskaj(x)v
where (-, -) denotes the dual pair between ( Lip (1/p—1))* and Lip (1/p—1), which
together with the fact {%Ska;}jen are (p, 00),-atoms and Lemma 2.2 gives that

1/p : .
Skf € HP(X) and || Sk.f | grcx) S {ZJEN \)\j\p} S I leecx)- Since Sif is a
function, we then have Sif € LP(X) and |[Skfllzox) S I f1l mrx)-
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From Lemma 3.1 and (3.5), it follows that if a is a (p, 00) ,-atom, then
1Ska = all 3 (B> P (Spa — a)

is a (p, 2) ,-atom, which together with Lemma 3.1 again gives that

(3.6)  Ska — allmoxy S (Bp)]VP7V2||Ska — a2y — 0, k — oc.

On the other hand, for £ € N and any N € N, we have
N 00

1SS = Py < D NIPISKay = ajllmean + D NP

j=1 j=N+1

By (3.6), we then easily obtain that limy_.o |Skf — fllgrx) = 0. A density
argument then completes the proof of Lemma 3.2. ]

Moreover, we have the following density results.

Lemma 3.3. Ifp € [1/(140),1], then Dy(X) is a density subset of HP(X); if
€ (1,00), then Dy(X) is a density subset of LP(X), and if p = oo, then Dy(X)
is a density subset of Co(X).

Proof. Let f € Ly°(X) with [, f(z)du(x) =0 and supp f € B,(zo, ) for
certain x € X and r € (0,00). Then Sif € Dy(X). In fact, by (S1), supp Sif C
B (0, Car + CsCy): by (S3), Jy Sicf(@) du(a) = [y F(x) du(x) = 0; and by
(S2), for each k € Nand all z, y € &,

1Skf(x) = Skf(y)l
< /B o) 1Sk(x, 2) — Sk(y, 2)|| £ (2)| du(z) < 2#0+0) [P(%y)](’HfHLl(X).

If p € (1, 00), since the set of all functions f € L°(X) with [, f(z)du(x) =0
is a density subset of LP(X), then by Lemma 3.1, Dy(X) is dense in LP(X).
If p = oo, since the set of all continuous function with bounded support and
[y f(@) du(x) = 0 is dense in Co(X), by Lemma 3.1, Dy(X) is dense in Co(X).
If p € [1/(140),1], from Definition 2.4, it follows that Lp°(X) is a density subset
of HP(X) for p € [1/(1+6), 1], which together with Lemma 3.2 (iii) indicates that
Dy(X) is dense in HP(X'). This completes the proof of Lemma 3.1. |

3.2. Proofs of Theorem 3.1 and Theorem 3.2

To prove Theorem 3.1 and Theorem 3.2, we need the following conclusion.
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Proposition 3.1. Letp € (1/(1+0), 1]. Then there exists a constant C' > 0 such
that for any f € Do(X), there exist {\;}jen C C and (p, o) ,-atoms {a;}jen C
Do(X) satisfying that {3 ;e INPYVP < Cllf ln ey, 2 jen [Aillas] € LHX) for
all t € [1,00], and f = Z;’il Ajaj in (Lip (1/p—1))* and almost everywhere.

Proof.  Throughout the proof of this proposition, we use the notation and
definitions same as in the proofs of Lemma 4.2 and Theorem 4.13 in [24].

Lety € (0,6) and g € (1/(1+7), p) satisfying 1/(1+7) < ¢ < p < 1. Itis easy
to see that for all f € Dy(X), the y-maximal function f7, defined as in (1.11) in
[24, p.273] and denoted simply by f*, belongs to L!(X) for all t € (1/(1+7), 0],
which can be deduced from its definition when ¢ € (1, co] and from Corollary 2.7
in [24] when ¢t € (1/(1 4 ~),1].

Let h € Do(X) with |h(z)] < 1 for all z € X. By (4.8) in [24, p.297],
we know that there exist {\;,}icn, C C and (p,00),-atoms {e;,,}ien, such
that h = 3 2°, > Ainein in the sense of distributions (see [24, p.297]), and

212 on Xinl? S [ [R*(@)]? du(x) (see [24, p. 298]). Here and in the rest of the
proof of this proposition, f = g in the sense of distributions means that f and g as
linear continuous functionals on E? are equal, where E? is the set of all functions
in Lip () for certain 0 < 5 < € with bounded support, and is endowed a topology
defined as in [24, p.273] with « therein replaced by 6 here.

From (4.3) in [24, p.296], (3.38) in [24, p.293], and (2.19) in [24, p.278], we
deduce that e; ,, € Dy(X); and moreover these estimates together with (2.15) in
[24, p.278] and some estimates in [24, p.297] tell us that for all x € X,

(3.7) DD Piallein@)] Y éxml@) S 1,
i=1

i=1 n

where E; was defined in [24, p.296]. On the other hand, from the fact that with
certain constant ¢ > 0, €9u(E;) < (c+ 2)" [, [h*(x)]7dpu(z) (see [24, p.298)), it
follows that for all ¢ € [1, c0), we have

e}

Z 62AXEZ-

=1

< (B S 3 D e () e
Lt(Xx) i=1 i=1

N {/X[h*(x)]qdu(x)}l/tiei(l—q/t)(c+2)z‘/t_

Now choosing € > 0 as in [24, p. 298], we have €¢/~9(c + 2) < 1; thus by (3.7), for

t € [1,00),
) SN I { /. [h*(@]wm}” ;

i=1 n

(3.8)

LH(X)
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Moreover, by (3.38) in [24, p.293], and (2.15) and (2.17) in [24, p.278], for each
x € X and i, there exist only finite ¢; ,, such that e; ,,(x) # 0; thus Zle Y n Nin€in
is a finite summation. This together with (4.4) in [24, p.296], which says that
|Hi(z)| < €, and the fact that h(z) = Hp(x) + S8 32, Ainein(x) in [24,
p- 298], indicates that

(3.9) h(z) =D Xin€in(x)

i=1 n
holds for almost everywhere = € X.

Generally, for any f € Dy(X), by the proof of Theorem 4.13 in [24], there
exists functions hj such that f = 72 hy in the sense of distributions (see
[24, p.300]). Moreover, for any m € N, f — ZZL:_W hy = Bpy1 + G-, where
|G _p(2)| < 27™ for all x € X by (3.40) in [24, p.300], and supp B,,, C Q,,, =
{z € X: f*(x) > 2™} by (3.38) in [24, p.293] and (2.19) in [24, p.278]. Since
f* € L*°(X), then there exists mo € N such that B,, = 0 for all m > my; and
thus h,, = B, — Bipy1 = 0 for all m > mg. From this, we deduce that for all
rzeX,

00 mo
(3.10) )= Y )= Y )
k=—o00 k=—00

Since for all kK € Z and k < mg, hy = By — Bg41, by (3.38) in [24,
p.293] and (2.19) and (2.15) in [24, p.278], we know hj € Dy(X). By (4.14)
in [24, p.299], we have |c'27%hy(2)| < 1 for all 2 € X. Therefore, by (3.7),
(3.8) and (3.9), for any k € Z, there exist (p, c0),-atoms {a;}; and a sequence
{Ak,i}i of numbers such that c 1o kp, = > ;i Akiak; in the sense of distribu-
tions and almost everywhere; for almost everywhere x € X, Y. |Ail|ari(z)| S
L3 MealP S [yle™'27%he)*(2))9 dp(e) S ()5 and for any ¢ € [1,00),
152 wllar il ey S Salle™ 27 he) " (2))9 dp(z) S u(€)- Let pry = c2F A
Then h; = ZZ pkiak; in the sense of distributions and almost everywhere; for
almost everywhere z € X, 3", [pr.illar.i(z)] < 25 S 1pkal? < 2P () (see [24,
.300]); and for any ¢ € [1,50), |37, [pndlla [y S 27(S2%). Therefore, by
(3.10) and Theorem 5.9 in [24], we have f = >""° " py;ax; in the sense of
distributions and almost everywhere, hence in (Lip (1/p — 1))* and almost every-
Where (see the proof of Theorem 5.9 in [24, p. 306]); for almost everywhere = € X,

Koo 2 [Pl lak,i (@) S 20

5 PO IELTCS S [ 17 @P du(o) S 1oy

k=—o00 1

and for any ¢ € [1, 00),
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S ioz 28 [pa(2)] V"

Lt(X) k=—o00

mo 1-1/t mo 1/t
S { Z th(l—p)/(t—l)} { Z thpM(Qk)}

k=—o0 k=—o0

<{ [ 1@ du(w)}l/t,

which completes the proof of Proposition 3.1. ]

Proof of Theorem 3.1. To verify (i), let p = (1 + s)/2 and ¢ € Dy(X') with
supp v C B, = B,(zo, ) for certain xy € X and r > 0. Then for any f € Dy(X),

by 3.1),

1 [ i) dute)

[Tf(w) — C, s]¢(z) du(x)

< HTf Oyt o) 100 1o ey S 1B PP o ) |9 -

Since Dy(X) is dense in L7 (X) when y € (1, 00) or in Cy(X) when v = oo, there
exists a function g, € LY (X) when v € (1,00) or a bounded measure 1, when
v = oo such that when v € (1, 00), for all f € Do(X), [, Tf(2)¢(z)du(z) =
L J( x) dp(x), or that when y = oo, forall f € Do(X), [ T f(z)y(x) du(z) =
f){ dﬂw z).

On the other hand, for any f € Dy(X), by Proposition 3.1, there exist a
sequence {\;};jen of numbers and (p, c0),-atoms {a;}jen C Do(X) such that
f = 22721 Ajaj, which converges almost everywhere and in (Lip (1/p — 1)),
S ent 17 S 178y and 5324 Mgl € L7 ().

If ¢ € [1,00), by (3.3), we have || T'a;||q(x) S 15 thus

mo
S lokllarl

k=—o00 1

o0

> INlITayl <Y INIIT ey < D 1M1 < -
=1 Lax) 7t =1

From this, if v € (1, 00), we deduce that

1) [ Tra(e) due
= [ 5@ dute ZA / 9o () du(x)
:Z:: /Taj /Z)\ Ta(x)e(x) duz),



Boundedness of Singular Integrals 115

which together with the density of Do(X) in L7 (X) when ¢ € (1,00) or Cy(X)
when ¢ = 1 gives that Tf(z) = >_72; A\jTa;(x) for almost everywhere = € X,
and hence T'f € LI(X) with ||Tf[|zexy S IIflge(xy. If v = oo, noting that
> jen [Ajllaj| € L°°(X) and py, is a bounded measure, by a similar procedure, we
have the same conclusion. This gives (i).

If ¢ € [p, 1], by (3.4), then [|Ta;|| gra(xy < 1; thus

1/q o 1/q

[0.9]

> AT Zummwmw <I>NI < llama-

j=1 () j=1
Similarly, for ¢» € Dy(X) C Lip (1/p — 1), we still have (3.11), which together
with the density of Dy(X) in Lip (1/¢ — 1) (see [19, Remark 2.30]) gives T'f =
>oi2i AjTa; in HY(X). Therefore Tf € HYX) and [|Tf| goxy S Il ae )
which completes the proof of Theorem 3.1. ]

Proof of Theorem 3.2. Let f € Dy(X). Then by Proposition 3.1, there exist
numbers {\;}jen and (p, 00)p-atoms {a;}jen C Do(X) such that f = 3 2 Aja;
in both (Lip (1/p — 1))* and almost everywhere, {3 [Nj[PIY? < || fll e (),
and ) .oy |Ajllaj| € LP°(X). From this and the boundedness of T from LF°(X)
to L®(X), it is easy to see that T'f = . A;Ta; in both L®(X’) and almost
everywhere. Thus when ¢ € [p, 1),

1/q 1/q

ITfllpacxy < Z\)\ |7 HTa’jHLQ(X N Z\)\j\q S vy

jeN jeN

which together with a density argument indicates that T' can be extended to be a
bounded operator from HP(X) to L9(X’). This finishes the proof of Theorem 3.2.m

3.3. Proof of Theorem 3.3

To prove Theorem 3.3, we need to construct a smooth approximation to the
given linear operator 7' by using Coifman’s approximations to the identity. To be
precise, let po, o € [1, 00), T be a linear operator bounded from LP°(X') to L9 (X)
and {S¢}sez be the approximation to identity of order # with bounded support as
in Definition 3.1. For /£ € N, set

(3.12) Ty=S5,0T oSy,

and for all z, y € X,

(3.13) mmw=A&WWNMwMMMW-



116 Guoen Hu, Dachun Yang and Yuan Zhou

Then we have the following conclusions concerning Ky, Ty and T.

Lemma 3.4. Let py € [1,0), qo € [1,00), T be a linear operator bounded
Sfrom LPo(X) to L1(X), {T¢}ien be the same as in (3.12) and {K }ien be the
same as in (3.13).

(i) Forall f € LP(X) and x € X, Tof (x) = [ Ke(z,y) f(y) du(y).
(ii) There exists a constant C' > 0 such that for all { € N,
C20(1/q0+1/pp)
(iii) There exists a constant C' > 0 such that for all { € N, o € (0,0] and z € X,
Ky(x,-) € Lip (a) and | K(x,")|] Lip(a) < 241 /a0+1/pp+a)
(iv) {Te¢}een is bounded from LP°(X') to LI°(X') with uniformly bound, and more-
over, for all f € LPO(X), Tf = limy_.oo Ty f holds in L (X).

Kol poo(xxx)y <

Proof. To prove (i), let f € LP°(X). By Lemma 3.1, the boundedness of T’
from LPo(X) to L%(X') and the Fubini theorem, we have

Dﬂ@:iLSA%@T{A}anﬂdew}&ﬁw&)
=Aﬁ%&@£¢@dwﬁ&ﬁ@ﬂW@M%@=A}Q@wﬁwwmw-

To verify (ii), by (3.13), the Holder inequality and the boundedness from LPo(X)
to L9(X) of T, for all z, y € X, we have

[Ke(z, )] S NTSe(s y)ll ooy S | pag ) S p!(1/a0 /7).
To establish (iii), if p(z,y) > 2Cs27%, by (ii), we have
|Ko(2, ) — Ky(z,y)| S 21/ 01/0) < ol art1/poted (5 ],

If p(x,y) < 2C327¢, then supp [Se(-,x) — Se(+,y)] C B,(x,2C4Cs27%), which
together with (3.13), (S2), the Holder inequality and the boundedness from LP°(X)
to L% (X') of T indicates that

|Ke(z, ) — Ki(2,9)| =

ATW«@—&mmmwmmmmw

< T[S ) = e )] sl e g
S AR (],

To verify (iv), for f € [Po(X) with bounded support, by Lemma 3.1, we have

| TeflLao(xy = [1SeTSef | ooy S NTSef sy S ISef lovoxy S 1l ro(x)-
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Moreover, by Lemma 3.1 and the boundedness of T from [F°(X) to L% (X), we
have

|Tef =T fllLaoxy < I1SeT(Sef — f)llzaocxy + 11SeTf = T fll ooy

S 1Sef = fllzeo(xy + 1S f = T fllpao(x)»

which converges to 0. This finishes the proof of Lemma 3.4. ]

Proof of Theorem 3.3.  Let {Ty}sen be the same as in (3.12) and {K/}ren
be the same as in (3.13). Then by Lemma 3.4 (iv), {Ty}sen is bounded from
LPo(X) to L9%(X) with uniform bound. Let f € Dy(X) supported in the ball
B(zg,r) for certain xyp € X and r € (0,00). Then by Lemma 3.4 (iv), we have
Tf = limy_o T¢f in LY(X), which together with the Riesz lemma implies that
there exists a subsequence {/;} jcn, where we may assume that ¢; = j for all j € N
without loss of generality, such that for almost x € X,

(3.14) Tf(x) = Jim Tof ().

Moreover, we have f € HP(X), and hence there exist {\;};jeny C C and (p, 00),-
atoms {a;}jen such that f = 3.y Aja;, which converges in H?(X), and

(3.15) DN < 201 -
JeEN

If ¢ > 1, to verify (i), by Lemma 3.1 and Lemma 3.2 (i), it is easy to see that
| Teajll Lacxy S N1T'Seajl|Lacxy S 1, which together with p < 1 and (3.15) indicates
that 3.y AjTra; € L9(X) and

1/p
> AT, < INIITeas | oy < {Z P\j\p} S ey

jEN La(X)  jeN jEN

By Lemma 3.4 (iii), we have Ky(x,-) € Lip (1/p— 1) which together with Lemma
3.4 (i) indicates that for any = € X,

(3.16) Tof(z / Ko(z,y)f(y) du(y) < Z)\ a,j>

JEN
= N(Ko(z,-),a5) = > AjTia;(z)
JEN JEN

From this we deduce that Ty f € L9(X) and ||T;f|rax)y S [If[lfv(x), which
This via a density argument gives (i).
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If ¢ < 1, to verify (ii), by Lemma 3.2 (i) and (iii), we have ||Tjal|gro(x) S
|TSeal| ra(xy < 1, which together with p < g and (3.15) gives that > . A;Tva; €
H1(X) and

Z )\jTgaj

jeN

1/q 1/p
S {Z A Teas |5 } S {Z Mj\p} S f ey

jeN jeN

H4(X)
A similar argument tells us that (3.16) still holds for all x € X and thus T, f €
HY(X) and [|Tof || gacxy S 1 fllmv(x) for all £ € N. For £ € N, let vp = [|Sef —

fHLOO(X [1(By(xo, Cyr + C4Cg))]~V/P. Since v(Sef — f) is a (p, 00) p-atom, then
by the assumption, Lemma 3.1 and Lemma 3.2 (i), we have

I Tef =T fll o)
SNTef = SeT fllgoxy + 1SeTf = Tf | ma)
SNT(Sef = oy + 11SeTf =T fll oy
< [(By(wo, Car + CuCs))| " VP1ISef — fllpooxy + ST f = Tfllracacys

which converges to 0 as £ converges to co. This indicates that T'f € H?(X') and
T f oy = lim [ Tefmacx) S I Fllaw ),

which together with a density argument gives (ii).

If ¢ < 1, to verify (iii), let a be a (p, 00),-atom. Since CTa satisfies (M1) and
(M2) for (g, 1,n),-molecule, assuming %Ta is centered at the ball B,(zg,ro) for
certain 79 > 0 and zy € X, and letting M = (2C)~!(Ta — X), where

W= { [ 7l duto) B o o)

then M is a (g, 1,n),molecule centered at B (zo,ro) From this and Lemma
3.2 (i), it follows that there exists a constant C > 0 such that C~1S,M is a
(¢,1,m)p-molecule. On the other hand, by Lemma 3.2 (i), we have supp Syx C
B,(20, Caro + C4Cs27%), which together with Lemma 3.1 and (1.4) gives that

1Sex || Ly S 156X oo () [1( B (20, Caro + CaCs2™ )]V S 1.

From this, SyTa = 2CSyM + SyXx and Proposition 2.2, we deduce that SyTa €
LI(X) and ||S¢Tallaxy S [1SeM|Laxy + |SeX] La(xy S 1. From this together
with p < ¢, (3.15) and Lemma 3.2 (i), it follows that ZJEN \jTyaj € LI(X) and

q
Z)\jTéaj S Z ‘)‘ ‘q ’SET(SECLJ HLq(X S Z ‘)‘ ‘q S Hf”Hp(X
jEN Li(X)  jeN jeN
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for all £ € N. A similar argument indicates (3.16) still holds for all x € X, and
thus | T¢fllzaxy S |1 fllmv(xy for all £ € N. This together with (3.14) and the
Fatou lemma indicates that ||7f||pa(xy S Uminfroo |T0f[lzexy S [1flar ),
which together with a density argument gives (iii) and hence finished the proof of

Theorem 3.3. n
Remark 3.3.
(a) The basic idea of the proof of Theorem 3.3 comes from Y. Meyer; see [26,

(b)

(©

Chapter 7] and also [4].

Let po,qo € [1,00), p = 1/(1 + 60) and g € [p,1). If one only assumes
that 7' is bounded from LP°(X') to L%(X) and maps all (1/(1 + 0),c0),-
atoms into L9(X’) boundedly, then it is still unclear if Theorem 3.3 (iii) is
still true? The method used in this paper seems not valid anymore for this
case, since {S¢}ren is not bounded on LI(X) when ¢ € [p,1). To see
this, let f(x) = [p(x,20)] " XB,(wo1)(x) for z # o and f(x¢) = 0. By
Remark 3.2 (a), we have Syf(x) = oo for € B,(zq, (C4)7227¢*4), and
thus S¢f & LI(X).

Theorem 3.2 also holds for H?(R™). It is easy to see that the convergence of
atomic decompositions for H'(R™) in [9, 22] coincides with that in Definition
1.2. When p € (m/(1 4+ m),1) with § = 1/m, according to [9, 22], if
f € HP(R™), then f has a decomposition f = 3,y Aja;, which converges
in the sense of Schwartz distributions, and (ZJEN Mﬂp) 1/ < 2HfHHp(Rm),
which indicates that } ;. Aja; converges to f in the norm of HP(R™). From
the fact (HP(R™))* = Lip (1/p — 1) with equivalent norms, we deduce that
HP(R™) C (Lip (1/p—1))* and ||g]l(Lip (1/p—1))* S |9/l sro(rm) for any g €
HP(R™), which indicates that ) ;. Aja; converges to f in (Lip (1/p—1))*;
thus in this case, the convergence of atomic decompositions for HP(R™)
coincides with that in Definition 1.2.

4. BOUNDEDNESS OF SINGULAR INTEGRAL OPERATORS

Throughout this section, we always assume that 7' is a linear operator bounded
on LI(X) for certain q € (1,00) with kernel K, which is locally integrable on
X x X\ {(x,z) : = € X}. Let T also satisfy that for any f € L¢(X) with
bounded support and = & supp f,

(4.1)

Tf(z) = /X K(2,9)f () du(y).

Moreover, suppose 1 satisfies the following properties:
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(K1) K € D,(~,n) for certain v € [1, 00] and n = {n}xen C [0, 00).
(K2) T*1 = 0, namely, for any a € L?(X') with bounded support and [, a(z) du(z)
=0, [y Ta(x)du(z) = 0.

Recall that if K satisfies the Hormander condition with respect to p, namely,
there exist constants C'xr > 2Cy and C' > 0 such that for all z, y € X,

(4.2) K (z,2) — K (2,y)] du(z) < C,

/p(a:,Z)>CKp(m,y)
Coifman and Weiss [11, 12] proved that T" is bounded from LP(X) with p € (1, ¢]
to itself, from L(X) to weak-L!(X) and from H!(X) to L}(X). If K € D,(c0,n)
with 1, < C27%¢ for k € N, certain ¢ € (0, 1] and constant C' > 0, and T*1 = 0,
Coifman and Weiss [12] proved that T' is bounded on H 1(2( ); and by further
assuming that the corresponding truncated singular integrals converge, Macias and
Segovia [25] proved that T is bounded on HP(X) for 1/(1+¢) < p < 1. If
X =R", p(x) = |z|™ for all x € R™, i is the m-dimensional Lebesgue measure,
and K € D,(1,n) with ny = C27%¢ for k € N, certain ¢ € (0,1/m] and constant
C > 0, Alverez [2] then proved that every (p, c0),-atom was mapped by 7 into
LP(R™) for 1/(1 +¢€) < p < 1 or into weak-LP(R™) for p = 1/(1 + €) with
uniform bounded norms; however, there is a gap in her proof on how to extend T’
to the whole HP(R™), which was pointed out by Bownik [3]. In this section, we
seal this gap. Here are the main results of this section.

Theorem 4.1. If K € D,(y,n) with 1 <y < oo and n = {ni}ren C [0, 00)
satisfying (1.6), and T*1 = 0, then T is bounded on H'(X).

By the definition of the Hardy space H'(X), it is easy to see that 71 = 0 is
also necessary for T' to be bounded on H'(X).

Theorem 4.2. Letp € [1/(1+0),1). If K € D,(1,n) with n = {ni}ren C
[0, 00) satisfying (1.7). Then T is bounded from HP(X) to LP(X), if further assume
that T*1 = 0, then T is also bounded on HP(X).

Note that if 77, = 27%¢ for & € N and certain ¢ € (0, 6], then (1.7) holds if and
only if p > 1/(1+ €). Thus, at the endpoint, we have the following conclusion.

Theorem 4.3. If K € D,(co,n) with n = {ni}ren C [0, 00) where ny, <
C27%¢ for k € N, certain € € (0, 0] and constant C > 0. Then T is bounded from
HYO+9(x) 1o weak-LY (149 (x).

The proofs of Theorem 4.1 through Theorem 4.3 are presented in Subsection 4.2
below, by using Theorem 3.3, Corollary 3.1, and Theorem 2.2. To prove Theorem
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4.3, we establish a “smooth” approximation to the given singular integral 7T'; see
Lemma 4.1 below. For applications, in Subsection 4.1, we present some basic
properties on the weak regularity in Definition 1.1.

Remark 4.1.

(a) Let T™ be the conjugate operator of 7. We remark that the boundedness
of T* in BMO(X) and in Lip (1/p — 1) with p € (1/(1 + 6),1) can be
easily deduced, respectively, from Theorem 4.1 and Theorem 4.2, by using the
dual relation between H'(X) and BMO(X), and the dual relation between
HP(X) and Lip (1/p — 1) when p < 1. We omit the details.

(b) Since ZjeNjnj < o0 is obvious much weak than n; < 279¢ for j € N,
Theorem 4.1 is an essential improvement of the corresponding result of Coif-
man and Weiss [12]. Moreover, since we do not assume the convergence of
the truncated integrals, Theorem 4.2 for p € (1/(1+¢€), 1) also improves the
corresponding result of Macias and Segovia [24]. Even if on R, Theorem
4.2 and 4.3 improve the corresponding results of Alverez [2].

4.1. Basic properties on the weak regularity

The class D,(v,n) in Definition 1.2 is related to the quasi-metric p. For the
quasi-metric d, we can also introduce the corresponding class D4(~y, 7). In fact, sim-
ilarly as in Definition 1.1, we define the class Dy(vy,n) with C4, R;(B,(z, Cxp(z,
y))) and B,(x, 2/C p(z, y)) replaced respectively by Cy, {z € X : 20~ DCed(x,
y) < d(z,2) < 2"Crd(z,y)} and By(x,2"Ckd(x,y)) in Definition 1.1.

Recall that on (R™,d, u), if n € ¢' and 0 < npy1 < g for all k € N,
the L7(R™)-boundedness for certain ¢ € (1, 00) of singular integrals with kernels
K € Dy(oo,n) was included in Chapter 1 in [32], and that on (R™,d, u) with
d being the Euclidean metric and u being the Lebesgue measure, the boundedness
in H'(R™) and L4(R™) for certain ¢ € (1, 00) of vector-valued singular integrals
with kernels K € D4(v,n) and ) € ¢! was obtained by Rubio de Francia, Ruiz and
Torrea [29].

It is easy to see that if 1 < v < 72 < oo, then D,(v2,m) C Dpy(7v1,7n) and
Dg(7v2,m) C Da(y1,7m). If K € D,(1,n), then it is easy to see that K satisfies the
Hormander condition with respect to p. If K € Dy(1,n), then K as well satisfies
the Hormander condition with respect to d which is obtained by replacing p and
Cy in (4.2) with d and Cy; respectively. Moreover, we remark that if K satisfies
the Hormander condition with respect to d, then K also satisfies the Hormander
condition with respect to p, namely, (4.2). In fact, for all x, y, z € X with
p(z,2) > (Cx)"C3(Cy)?p(x, y), where Cy denotes the constant in Lemma 2.1, by



122 Guoen Hu, Dachun Yang and Yuan Zhou

Lemma 2.1, we have

V(z,y) 2p(@y) o1
V(xvz) p(x,z) o CB(CK)

which implies that d(x, y) < d(z, z). This together with (1.3) gives
d@.9) _ ey [V@ED" oz [p@n] "
— (o) | S < [(Cp)20s) MV | B <
dw.2) =D Vian)  SUOGTES] =
which together with (4.2) yields that

S (CO) n < 17

1
Ck’

/ K (22) = K (2, 9)] i)
p(x,2)>(Cr)"C3(Co)?p(,y)

<

/ K (202) ~ K(2,) () S 1
d(z,z)>Cr d(z,y)

Finally, we clarify the relation between Dy(y,n) and D,(~, n) as follows.

Proposition 4.1. Let 1 < v < o0 and 1 = {ni}ren C [0,00). Then there
exists a constant C' > 0 independent of n such that D 4(v,n) C D,(v, 7)), where

D = (1"} jew and 0" = CLE (m) "} for j €N,

Proof. Let K €Dgy(7y,n). Forall j € Nand z, y € X, letrj; = 2/Cs(C7Cx)"
p(x,y). Choosing r > 0 such that r/2 < p(z,y) < r < 1;/(Cs(C7Ck)"),
then by Proposition 2.1 and Corollary 2.1, we have Cxd(z,y) < Cg7r < C7Ck

1/n —~—— —_—
<%1> / Tj/C6 < Tj/C6, and thus

rj

1/n )
?ﬂfﬁ}? < (2C6)Y"Cr [Eg{l—)] =270~ D/(C) L

Tj/C6 rj
From this, Lemma 2.1 and Remark 2.3, we deduce that
[1(By(z, 2r))] ™ / K (2, 2) — K(2,9)|" dp(z)
r;<p(z,z)<2r;

S AP K ) - K ) du)
r;/Cs<d(z,z)

<Y [u(Ba(z, 25 Ced(x, ) !
k=

[e=]

K (2, 2) — K(z, )| du(z)

X
S

2(k+i=Dn Cped(z,y) <d(x,2) <2k +)n Cre d(,y)

()7,

M8

S

J

i
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which indicates K € D (v, 17(7)), and hence completes the proof of Proposition
4.1. |

4.2. Proofs of Theorem 4.1 through Theorem 4.3
We begin with the proof of Theorem 4.1.

Proof of Theorem 4.1. Without loss of generality, we may assume that 1 <
v < gq. Let a be a (1, 00) ,-atom supported in B, = B,(x¢, ) for some zyp € X and
r > 0. We now claim that there exists a constant C' > 0 independent of a such that
&Taisa (1,7,7),-molecule centered at B, (zo, Cr), where 7j; = Y22, 2/ %,
If we can prove this, an application of Corollary 3.1 leads to the desired conclusion
of the theorem.

In fact, by the L7 (X)-boundedness of 7" and (1.4), it is easy to see that

ITall 2 S lallzre) S (Bp)]Y 7™ S (B (o, Crer))] Y77,

which gives (M1). Since (M3) follows from 7%*1 = 0, it remains to verify (M2).
For j € N, by [, a(z) du(z) = 0, the Minkowski inequality, K € D,(,n) and
(1.4), we obtain

1/~
{ / \Ta(w)hdm}
R;(By(x0,Ck))

J

UL, o L 10 = K anll dnt)| aute)

J

1/
<l [ { /| .(Bp(xo,om))‘K“’y)‘K(m’xO)‘”““)} duly)

< [u(By) y
7 ;/2_

1/~

k=1Cgr<p(xo,y)<2=*Ckr

X
{/Zf+’“—101<p(mo,y)Sp(mo,l‘)<2j+’“+1CKp(J»‘o,y)
x|K (z,y) — K(z,20)|" du(2)}/7 duly)

< [(Bp(xo, Cier))) 12000 N p0i =k,
k=j+1

By (1.6) for 1, we have

9] 9] 9] ‘ 9] k ‘ 9]
STim=> 0 > m2 =Y 2t 52 5> ke S 1,
j=1 k=1 j=1 k=1

i=1 k=j+1
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which yields that 1 satisfies (1.6), and hence verifies the claim. This finishes the
proof of Theorem 4.1. ]

Proof of Theorem 4.2. Leta be a (p, 00) ,-atom supported in B, = B,(xo, 1) for
certain zp € X and r > 0, where 1/(1+6) < p < 1. We first claim that there exists
a constant C' > 0 independent of a such that %Ta satisfies (M1) and (M2) centered
at B,(xo, Cxr) with ¢ = 1 and 7 replaced by 77, where 77; = Z?’:jﬂ k27 for
all j € N. Note that it is easy to verify that if 7 satisfies (1.7), then K also satisfies
the Hormander condition (4.2). Therefore, by the boundedness of 7' from H'(X)
to L'(X) and (1.4), we have

ITallrcxy S llall gy S [(Bp)]' P < [u(By(wo, Crer))] 7,
which gives (M1). For j € N, by [, a(x) du(z) = 0, the Minkowski inequality,
K € D,(1,n) and (1.4), we obtain

/ Ta(a)| du(x)
.

j(Bp(20,CkT))

< /R]-(Bp(mo,CKr)) /Bp |K(x,y) — K(x,z0)||la(y)| du(y) du(z)

< [u(B,)] /P 3
7 ;/2_

k=1Cgr<p(xo,y)<2=*Ckr

<[ | K (,9) K (,20) () dy)
20HR=1CK p(x0,y) <p(wo,2) <21 TFH+1Crep(20,y)

S [w(By(o, Cxer))]' 1P >~ 277"
k=j+1

By (1.7) for n, we have

o0 o0 o0
ZQj(l—p)(ﬁj)p < ZQJ’ Z (m)P2 Pk
j=1 j=1  k=j+1
) k )
= Z(nk)pg—kp ZQJ < ng(l—P)(nk)p < o0,
k=1 j=1 k=1

which yields that 77 = {7; }jen satisfies (1.7), and hence the claim. This together
with Theorem 3.3 (iii) completes the proof of Theorem 4.2. ]

To verify Theorem 4.3, we need the following conclusion.
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Lemma 4.1. Let g € (1,00), T be a linear operator bounded on L1(X) with
kernel K as in (4.1) and {K}ien be the same as in (3.13). If K € D,(c0,n),
where 1 = {ni}ren C [0,00) with n, < C27% for k € N, certain € € (0,0]
and constant C' > 0, then tliere exists a constant C > 0 such that for all £ € N,
K, e Dp(oo,iﬂ with 1 = {CQ_kE}keN.

Proof. For K € D,(00,n) with n, < 27%¢, by Definition 1.1 and (1.4), it is
easy to see that for all =, y, z € X with p(x, z) > Cgp(z,y),

1
x,z)

(4.3 K() - Ko 5 | 24220

On the other hand, to prove Lemma 4.1, it suffices to verify that there exists a
constant 5;( > 0 such that (4.3) holds.

We first claim that if p(z,y) > 2(C4)2Cs27%, for u € B,(z,C327*) and
v € B,(y, Cs27%), by (1.1) for p, we then have p(z,y) < (Cy)?[p(z, u) + p(u, v) +
p(v,y)] < 205(C4)%27¢4(Cy)%p(u, v), which gives that p(u, v) > 0; thus by (S1),
we can write

(4.4) Ki(z,y) = / / Se(z,u) K (u,v)Se(v, y) du(u) dp(v).

xJx
When p(z,y) > Cs27¢, for z € X with p(z, 2) > 4Cx (Cy)3p(z, y), which implies
that p(z,y) > 2(C4)?Cs27¢, by (4.4), (S1) and [, Se(v, z) dp(v) = 1, we have

(45) Kg(Z,fII) - Kf(zvy)
:/ / Sg(Z,'U:)

Bp(2,082_é) Bp($,082_[)UBp(y,Cg2_[)

X [K(’U,, ’U) - K(“’v II,')] [Sg(’l), .’I,') - Sg(’U, y)] dﬂ(v) dﬂ(u)
For u € B,(z,C527%) and v € B,(x, Cs27%) U B,(y, Cs27%), by (1.1) for p, we
have p(v,2) < 2Cip(z,y), plu,2) < Ci (1+ qodems ) (2, 2) < 2Cup(x, 2),
and similarly p(x,z) < 2Cyp(x,u), which indicates that ’)(2””—615) < plzyu) <
2Cyp(x, z). This gives that

p(v, ) 20(2,Y)
plua) = 1 a2y < 1/

which together with (4.3) and (1.4) gives that
‘Kf(zv II,') - Kf(zv y)‘

< 2% / / | K (u,v) = K(u, 2)] dp(v) dps(u)
By(2,C527%) J B,(x,C527)UB,(y,Cs27")

ey =

~ ez 2)] pla,z)
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When p(z, ) < Cg274, for z € X with 40k (Cy)?p(x,y) < p(z,2) <
4CK(C4)3(3’82 by (ii) and (1.4), we have

1
p(x,z)

Koz, @) — Koz, )] S 2009 [pla, )] S {Zii yi ]

For z € X with p(x, z) > 4Cx (C4)3Cs27¢, which implies that p(z, y) > 2(C4)%Cs
27¢, and therefore (4.5) holds. For v € B,(z,Cs 27%) U B,(y,Cs27%) and u €
B,(z,Cs27%), by (1.1) for p, we have p(v,z) < 2C,Cs27, and p(z, 2)/(2Cy) <
p(u, ) < 2C4p(z, z). Then p(x,v) < p(z,u)/Ck. Thus, for K € D,(oc0,7n), by
(4.5), (4.3) and (S2), we have

‘Kf(zv II,') - Kf(zv y)‘
< 291149 (2, y)f / / K (4, 0) — K (u, @) dpu() dya(u)
B, (2,Cs24)J B,(2,2C4C52~1)

€
< [z, y)

~ [p(w, 2)] p(wl, z)’

which completes the proof of Lemma 4.1. ]

Remark 4.2. We remark that the method used in the proof of Lemma 4.1 is
the same as in [26] (see also [4]), namely, when 1 = {1 }ren With 1, < C27%¢ for
k € N, certain € € (0,6] and constant C' > 0, and K € D,(c0,n), we verify that
the kernel K ¢ of the operator Ty = Sy o T o Sy for £ € N still belongs to D,(c0,n)
with 7 = {CQ k€l en, where C>0is independent of ¢ and k. However, it is
unclear to us if this is still true for general n as in (1.6) or (1.7).

Proof of Theorem 4.3. Let a be a (1/(1 + €), 00) ,-atom supported in B, =
B,(z,r) for certain x € X and r > 0. Setting B, = B,(zo, 2Ckr), we have

p{x € X :[Ta(x)| >2)}) <p({w € B, : [Ta(w)| > A\ Hu({e B, : [Ta(x)] > A}).,

From the Holder inequality, the boundedness of T from H'(X) to L' (X) and (1.4),
it follows that

[ 17a(@) 0 dua) S ITal A5 (B Sl o B 1,

p

which leads to that

Al/(lﬁ)ﬂ({‘%'eép S Ta(z)| >>\})§/~ Ta(x)|/ ™M) du(z) $1

p
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For z & B, by K € D,(c0,7), (4.3) and (1.4), we have

Ta(a)| < (B [ (K () = Ko, o) diy)

from which and (1.4), it follows that there exists a constant C' > 0, independent of
a and A, such that

n{z & By« [Ta(z)] > A}) < u({z € X+ [plzo, )] "1+ > A/C}) S ATHIF,

Thus, p({z € X : |Ta(z)| > \}) < A=Y+ By Lemma 4.1, this also holds for
Ty uniformly in ¢ € N.

For any f € Dy(X), there exist a sequence of numbers {A;};cn and (1/(1+
0),00)-atoms {a;}jen such that f = >y Aja; which converges in HP(X) and
> jen AP < 2[[fllgo(xy. Then by (3.13) and a well-known inequality called
addition principle of weak type (see [33]), we have

AOF) (o e X |Tof(x)] > 20}

— )\1/(1+6)M<{x €X: ‘Z)\jTga(w‘)‘ > 2)\}>
j=1
> € 1/(14€
< STV < ARG L
, (X)

g=1

On the other hand, by Lemma 3.4 (iii), we have T'f (x) = limy_,oc Ty f (z) in LY(X),
and thus, there exists subsequence {/;}jen such that T'f(x) = lim; .o Ty, f () for
almost everywhere x € X'. From this and the Fatou lemma, we have for all A > 0,

p{e € X+ |Tf(z) > A) S liminfp({e € X [Ty, ()] > A})
S (F e /A O,

which together with a density argument completes the proof of Theorem 4.3. ]

5. APPLICATION TO MONGE-AMPERE SINGULAR INTEGRALS

In this section, we consider Monge-Ampere singular integral operators intro-
duced by Caffarelli and Gutiérrez in [8], which are related to the real analysis of
the Monge-Ampere equation developed in [7]. Let u be the Monge-Ampeére measure
and d be the quasi-metric introduced by Aimar, Forzani and Toledano [1], which
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is related to sections. Then (R™,d, i) is a space of homogeneous type as pointed
out in [1]. We first observe that based on some results in [1], it is easy to see that
HYR™, d, ) = H=(R™, p), where H-(R™, ;1) was recently introduced by Ding
and Lin [14]. This observation together with Theorem A and Theorem B in [12]
immediately implies Theorem 1.1 and Theorem 1.2 in [14]; see Remark 5.1 below.
We then verify that the quasi-metric d is equivalent to the “metric” d introduced
by Incognito [21]; see Lemma 5.1 below. From this fact and an observation in
[12, p.599], we immediately deduce the boundedness of Monge-Ampere singular
integral operators from H'(R™, d, i) to L*(R™, d, i), which was also obtained in
[14] by a slight different method. Moreover, in Lemma 5.2 below, we further verify
that the kernels of Monge-Ampere singular integral operators satisfy the standard
pointwise regularity conditions of Calderon-Zygmund operators, which improves the
main result in [21] (see Lemma 1 there) and is useful in applications. Using Theo-
rem 4.1 through Theorem 4.3, we obtain in Proposition 5.1 below the boundedness
of Monge-Ampere singular integral operators from HP(R™,d, u) to LP(R™, d, )
and from HP(R™, d, pu) to HP(R™,d, u) with p € (pg, 1], and the boundedness
from HP(R™, d, p1) to weak-LPO(R™, d, ). We now recall some definitions and
notation.

For x € R™ and ¢ > 0, denote by S(z,t) certain open and bounded convex
set containing z. We call F = {S(z,t): = € R™ ¢t > 0} a family of sections if
{S(x,t): x € R™ t >0} is monotone increasing in ¢, i. e., S(x,t) C S(z,t) for
t < t, and satisfies the following three conditions:

(A) There exist positive constants K1, Ko and K3 and €1, €2 such that given two
sections S(xzg, tg) and S(x,t) with t < t¢ satisfying S(xg,t0) N S(x,t) #
(), and given T an affine transformation that normalizes S(xg,tg), i. e.,
B(0,1/n) C T(S(zo,t0)) C B(0,1), there exists z € B(0, K3) depend-
ing on S(xo,ty) and S(x,t) such that B(z, Ky(t/tg)®?) C T(S(x,t)) C
B(z, K1(t/to)") and T(z) € B(z, 5K2(f)™). Here and in what follows,
B(z,t) denotes the Euclidean open ball centered at the point z with radius ¢.

(B) There exists a constant o > 0 such that for any given section S(z,t) and y ¢
S(x,t),if T is an affine transformation that normalizes S(x, t), B(T(y),€”)N
T(S(x, (1—e€)t)) =0 for any € € (0, 1).

(C) Ni>oS(z,t) = {z} and Uy~ S(z,t) = R™.

In addition we assume that a Borel regular measure p which is finite on compact
sets is given, u(R™) = oo, and satisfies the following doubling condition

(5.1) #(S(2,20)) < Crou(S(z, 1)),

where C1g > 0 is independent of x and ¢. Thus, we know that there exist constants
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C11 > 0 and n > 0 such that for any A > 1, x € R™ and ¢ > 0,
(5.2) p(S(a, At)) < Cud"u(S(x, 1))

An important example of family of sections comes from the Monge-Ampere
equation which can be given as follows. Let ¢ : R™ — R be a convex smooth
function. For any fixed z € R™, let L(x) be the supporting hyperplane of ¢ at
(x,¢(z)). For t > 0, define the set S, (z,t) = {y € R™ : ¢(y) < L(x) + t}.
Then {S,(z,t) : = € R™, t > 0} is a family of sections that has the above
properties (A), (B) and (C). Furthermore, if the graph of ¢ contains no lines, then
the Monge-Ampere measure 4 generated by the function ¢, detD?p = p, satisfies
the doubling condition (5.1); see [6, 7].

The definition of sections was introduced by Caffarelli and Gutiérrez [7] to
study the real variable theory associated to the Monge-Ampere equation. Caffarelli
and Gutiérrez [7] established a Besicovitch type covering lemma for F, a family
of sections. In terms of sections, they set up a variant of the Calderdn-Zygmund
decomposition by applying this covering lemma. As applications of this decompo-
sition, Caffarelli and Gutiérrez introduced the Hardy-Litttlewood maximal operator
and the space BMO £ associated to a family of sections and the doubling measure,
and obtained some important results. Recently, there are several papers concerning
the real analysis associated to the Monge-Ampere equation. Aimar, Forzani and
Toledano [1] proved that the properties (A) and (B) imply the following engulfing
properties of sections: there is a constant § > 1, depending only on o, K1, and €1,
such that for any z, y € R™ and t > 0, y € S(z,t) implies that

(5.3) S(y,t) C S(x,dt) and S(z,t) C S(y, dt).
Moreover, they introduced the function
(5.4) d(z,y)=inf{t >0: z € S(y,t) and y € S(x,t)}

and proved that d is a quasi-metric satisfying that for all z, y, z € R™, d(z,y) <
d(d(x,z)+ d(z,y)), and also that for any = € R™ and t > 0,

(5.5) S(z,t/(20)) C Ba(z,t) C S(,1t),

where By(z,t) = {y € R™: d(x,y) < t}. From this and (5.1), it is easy to deduce
that for any x € R™ and ¢ > 0,

(5.6) 1(Ba(w, 20)) < (C10)" %091 u(By(a, ).

where [logy(46)] is the largest integer no more than log,(44); and from this and
(5.2), it follows that for any x € R™, ¢ > 0 and A > 1,

(5.7) p(Ba(z, At)) < C11(20)" A" w(Ba(z, t)).
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Thus (R™, d, ) is a space of homogeneous type in the sense of Coifman and Weiss
[11]; see also [1]. Incognito [21] introduced another “metric” d associated to the
sections:

(5.8) d(z,y)=inf{t >0: y € S(z,t)}

and proved that for all z, y € R™, d(x,y) < dd(y, x) and for all z, y, z € R™,

(5.9) d(z,y) < 8*(d(z, z) + d(z,y)).

For 29 € & and r > 0, in what follows, we let Bj(zo,7) = {z € X' : d(z0,7) <

r}. With the aid of the function CZ Incognito [21] proved that the Monge-Ampere
singular integral (see definition below) is bounded from L (R™, p) to weak-L!(R™, 1u).
Ding and Lin [14] introduced the atomic Hardy space H »-(R™, ) associated to the
sections, and proved that BMO #(R™, ) is the dual space of H:(R™, p1), and
that the Monge-Ampere singular integral operator is bounded from H }(Rm, i) to
LYR™, p).

For the space of homogeneous type, (R, d, ), we denote the atomic Hardy
spaces of Coifman and Weiss in [12] (see Definition 2.4 of Section 2) by HP(R™, d, p)
for0 <p< 1.

Remark 5.1. We point out that from the relation (5.5) between balls related
to quasi-metric d in (5.4) and sections together with the double properties (5.1) and
(5.6), it is easy to see that H-(R™, 1) = H'(R™, d, 1) with equivalent norms. This
observation together with Theorem A and Theorem B in [12] immediately implies
Theorem 1.1 and Theorem 1.2 in [14].

We now recall the definition of Monge-Ampere singular integrals in [8]. For
each fixed y € R™ and j € Z, denote by S;(y) the section S(y, 27). Let {K;}jez
be a sequence of functions on R x R™ such that for all y € R™, supp Kj(-,y) C
Si(y)s Jgm Kj(z,y) du(z) = 0, sup; [pm [ Kj(z,y)|du(z) < Cio, and all still
hold with = and y interchanged; if T is an affine transformation that normalizes the
section S;(y), then for some constants Cj3 > 0 and a € (0, 1], and all y € R™,

|K(u,y) — Kj(v, )| + | K;(y, u) — Kj(y,v)| < Cis [T — Tw|*

o
1S5 (y))

Let

(5.10) K= i K.

j=—oc
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The operator defined by

(5.11) Tf(x) = - K(z,y)f(y) du(y)

is called the Monge-Ampere singular integral. Caffarelli and Gutiérrez [8] proved
that for o = 1, the operator T is bounded on L?(R™, ). Incognito [21] proved
that for 0 < o < 1, T'is bounded on L2(R™, 1), and also bounded from L*(R™, 1)
to weak-L!(R™, 11). Hence T is bounded on LP(X) for 1 < p < oco. Moreover,
Ding and Lin [14] proved that for 0 < o < 1, T is bounded from H!(R™, d, ;1) to
LYR™, ).

The main result of this section can be stated as follows.

Proposition 5.1. Let 0 € (0,1) be as in (1.5), n as in (5.7), €1 as in (4),
a € (0,1 and T as in (5.11). Then forp € [1/(1+0),1]N(n/(n+ae1),1], T can
extend to a bounded linear operator from HP(R™, d, u) to LP(R™, d, i) and from
HP(R™,d, ) to HP(R™, d, p1); and if 0 < aer/n < 6, then T can extend to a
bounded linear operator from H ™ ("Te€0)(R™ d_ 11 to weak-L™ ("+o€1) (R™ d, 11).

To prove Proposition 5.1, we need the following lemma, which states that the
“distance” functions d in (5.4) and d in (5.8) are actually equivalent.

_ Lemma 5.1. Let § > 1 be as in (5.3). Then for all x, y € R™, 5 td(z,y) <
d(z,y) < d(z,y).

Proof. From the fact that for all z, y € R™, {r: z € S(y,r), y € S(z,r)} C
{r: ye S(x,r)}, it is easy to deduce that d(z,y) < d(z,y).

On the other hand, by the engulfing property (5.3) together with the fact that
6 > 1, we see that

{t>0: ye S(z,t)} C{t>0: ye S(z,t), xe€ S(y,o0t)}
Cc{t>0: yeS(z,ot), z € S(y,ot)}.

This immediately implies that inf{t > 0: y € S(x,8t), = € S(y,6t)} < d(z,y),

and so d(z,y) < dd(z,y), which completes the proof of Lemma 5.1. ]

Incognito [21] proved that the kernel K in (5.10) satisfies the Hormander con-
dition (4.2) with p replaced by d. Furthermore, we can verify that the kernel K in
(5.10) actually satisfies the following pointwise regularity.

Lemma 5.2. Let K be as in (5.10) with o € (0,1] and €, as in (4). Then
there exists constants C > 20 and C > 0 such that for all x, y, z € R"™ with
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d(z,z) > Crd(z,y),

d(ﬂcvy)r61 1
d(z, z) w(Ba(z, d(z, 2)))

K (2.2) — K(2.9)] + [K(2,2) — K(y,2)| < C [

Moreover, there exists a constant C > 0 such that K, K* € Dg(o0,n), where
K*(z,y) = K(y,z) for all z, y € R™ with x # y and n = {C27F*1/"} . n.

Proof. For fixed z, y € R™, let jo be an integer such that 270~ < c?(x, y) <
270, Then for all j > jg and z € S;(y) US;(x), Incognito in [21, pp. 44-45] proved
that

gae1(jo—j)

(5.12) |K(z,2) — Kj(z,9)| S m

For any z € R™ with d(z, z) > 463d(xz,y), by (5.9), we have 26~2d(z, z) <
d(y, 2) < 26%d(x,z). Let kg > jo be the largest integer such that 2F0—1 <
(28)~2d(x, z) < 2. By (5.2) and Lemma 5.1 together (5.7), we have (S, (2)) ~
w(B(z, d(z,z))), from which together with (5.12), we deduce that

[K(z,2) = K(2,9)]

< DGz ) = Kj(2,9) X, 0, ) (2)

JEZ

Z 20451(j0 7) 20451(j0—k0) - |:C?((L‘,y):|a61 1
s 1wk (2)) ™ Ld(z,2)] (B2, d(, )

Since K* satisfies the same conditions as K, the above estimate still holds for K *.
Thus, from this, Lemma 5.1 and (1.4), it follows the first conclusion of Lemma 5.2.
From this together with Definition 1.1, it is easy to verify that K, K* € Dg(oc0,n),
which completes the proof of Lemma 5.2. ]

Proof of Proposition 5.1. From Lemma 5.2 and Proposition 4.1, it is easy
to deduce that K € D (o0, n(>)) with 77(00) C2-<tk/m for | € N and certain
constant C' > 0. By this and L?(R™, y)-boundedness of T" together with the remark
in [12, p. 599], it immediately follows that T is bounded from H'(R™, d, u1) to
LY(R™, d, 11). Moreover, applying Theorem 4.1 through Theorem 4.3, we obtain all
the conclusions in Proposition 5.1, which completes the proof of Proposition 5.1.m

Remark 5.2. The boundedness of T’ from H'(R™, d, u1) to L'(R™, d, i) was
also proved in [14] by a slight different method; see Remark 5.1.
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Remark 5.3. By the proof of Theorem 2 in [23], we know that 6 in (1.5) can
be taken to be 1/logy[C4(2Cy + 1)]. It will be interesting to find the biggest 0
which guarantees (1.5).
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