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ON SOME INTEGRAL OPERATORS ON THE UNIT POLYDISK
AND THE UNIT BALL

Der-Chen Chang, Songxiao Li and Stevo Stevíc

Dedicated to the memory of Professor Huei-Shyong Lue

Abstract. Let Dn be the unit polydisk and B be the unit ball in Cn respec-
tively. In this paper, we extend the Cesàro operator to the unit polydisk and the
unit ball. We prove that the generalized Cesàro operator C�b,�c is bounded on the
Hardy space Hp(Dn) and the mixed norm space Ap,q

�µ (Dn), when 0 < q < ∞,

p ∈ (0, 1] and Re (bj + 1) > Re cj > 0, j = 1, . . . , n, or if 0 < q < ∞,
p > 1 and Re (bj +1) > Re cj ≥ 1, j = 1, . . . , n. Here �µ = (µ1, . . . , µn) and
each µj , j ∈ {1, . . . , n} is a positive Borel measure on the interval [0, 1). We
also introduce a new class of averaging integral operators Cb,c

ζ0
(the generalized

Cesàro operators) on B and prove the boundedness of the operator on the Hardy
space Hp(B), p ∈ (0,∞), the mixed-norm space Ap,q

µ (B), 0 < p, q < ∞
and the α-Bloch space, when α > 1. Finally, we study the boundedness and
compactness of recently introduced Riemann-Stieltjes type operators Tg and
Lg , from H∞ and Bergman type spaces to α-Bloch spaces and little α-Bloch
spaces on B.

1. INTRODUCTION

For an analytic function f(z) in the unit disk D with Taylor expansion f(z) =∑∞
n=0 anzn, the Cesàro operator acting on f is

Cf(z) =
∞∑

n=0

(
1

n + 1

n∑
k=0

ak

)
zn.
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After some simple calculations, we have

Cf(z) =
1
z

∫ z

0

f(w)
1 − w

dw, z ∈ D.

It is well known that Cesàro operator acts as a bounded linear operator on many
analytic function spaces, however it is not bounded on the Bloch space (see, for
example, [12, 16, 28, 31, 33-35, 40, 41, 48]).

For b, c ∈ C with Re (b + 1) > Re c > 0, the generalized Cesàro operator Cb,c

was recently defined in [1] in the following way

Cb,cf(z) =
∞∑

n=0

(
1

Ab+1,c
n

n∑
k=0

bn−kak

)
zn

where

Ab,c
k =

(b, k)
(c, k)

and bk =
(b + 1 − c)

c
Ab+1,c+1

k =
(b + 1 − c)

b
Ab,c

k ,

and (a, n) is the shifted factorial defined by Appel’s symbol

(a, n) = a(a + 1) · · ·(a + n − 1) =
Γ(a + n)

Γ(a)
, n ∈ N

and (a, 0) = 1 for a �= 0.
It was shown in [1] that C b,c can be written in the following form:

Cb,cf(z) =
Γ(b + 1)

Γ(c)Γ(b + 1 − c)

∫ 1

0
f(tz)

tc−1(1− t)b−c

(1 − tz)b+1−c
F (c − 1, c− b − 1, c, tz)dt,

where f(z) =
∑∞

n=0 anzn is an analytic function on the unit disc D and F (a, b, c, z)
is the hypergeometric function. The hypergeometric function is defined by the power
series expansion

F (a, b, c, z) = 1 +
∞∑

n=1

(a, n)(b, n)
(c, n)

zn

n!
, (|z| < 1)

where a, b, c are complex numbers such that c �= −m, m ∈ N0. It is assumed
c �= −m, m ∈ N0, to prevent the denominators vanishing. When c = 1 and
b = α+1, the operator Cb,c becomes the generalized Cesàro (or α-Cesàro) operator
defined as in [37] (see, also [40, 41, 48]). When c = 1 and b = 1, operator C 1,1

becomes the classical Cesàro operator C.
In this paper, we generalize the Cesàro operator in three ways. We study the

boundedness and compactness of these operators between certain spaces of analytic
functions on the unit polydisk and unit ball.
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Throughout this paper, constants are denoted by C, they are positive and may
differ from one occurrence to the other. The notation a � b means that there is a
positive constant C such that a ≤ Cb. If both a � b and b � a hold, then one says
that a � b.

2. THE OPERATOR C�b,�c ON THE POLYDISK

Following the lines of paper [37], in [1] the authors have studied the generalized
Cesàro operator Cb,c on the Hardy, Bloch, and BMOA space. However, for the case
of the Hardy space Hp(D) they have only proved that the operator Cb,c is bounded
when 0 < p ≤ 1. Here we prove that the generalized Cesàro operator Cb,c is bounded
on the Hardy space Hp(D) for every p ∈ (0,∞), moreover we extend naturally the
generalized Cesàro operator on the polydisk and prove the boundedness on the
corresponding Hardy and the mixed norm spaces.

Motivated by one-dimensional generalized Cesàro operator, we define an oper-
ator on the polydisk D

n, as follows

C�b,�cf(z) =
n∏

j=1

Γ(bj + 1)
Γ(cj)Γ(bj + 1 − cj)

∫
[0,1)n

f(t1z1, . . . , tnzn)

×
n∏

j=1

t
cj−1
j (1 − tj)bj−cj

(1− tjzj)bj+1−cj
F (cj − 1, cj − bj − 1, cj, tjzj)dtj,

(1)

where Re (bj + 1− cj) > 0, j = 1, . . . , n, where f(z) =
∑∞

|k|=0 akzk, k ∈ (Z+)n

is an analytic function on the unit polydisk Dn.
Now we introduce some notation. We write z · w = (z1w1, . . . , znwn), z, w ∈

C
n; eiθ = (eiθ1 , . . . , eiθn), dθ = dθ1 · · ·dθn, dt = dt1 · · · dtn and u, v denote

vectors in C. When we write 0 ≤ r < 1, where r = (r1, . . . , rn), this means that
0 ≤ ri < 1 (i = 1, . . . , n).

For the case of the unit polydisk we prove the following theorem in this section,
which generalizes the main results in papers [6, 9, 31, 39].

Theorem 2.1. Assume that p ∈ (0, 1] and Re (bj + 1) > Re cj > 0, j =
1, . . . , n, or p > 1 and Re (bj + 1) > Re cj ≥ 1, j = 1, . . . , n. Then there is a
constant C independent of f and r such that∫

[0,2π]n
|C�b,�c(f)(r · eiθ)|pdθ ≤ C

∫
[0,2π]n

|f(r · eiθ)|pdθ,

for all f ∈ H(Dn) and r ∈ (0, 1).
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In order to prove Theorem 2.1, we need some auxiliary results which are incor-
porated in the following lemmas.

Lemma 2.1. ([7]). Let 0 < p < ∞ and 0 < r < 1. Then there is a constant
C independent of f and r such that∫

[0,2π]n
sup

0<τ<1
|f(τ · r · eiθ)|pdθ ≤ C

∫
[0,2π]n

|f(r · eiθ)|pdθ,

for all f ∈ H(Dn).

Lemma 2.2. ([13]). For each 1 < s < ∞ there is a positive constant C = C(s)
such that ∫ π

−π

1
|1− reiθ|s dθ ≤ C

(1− r)s−1
, 0 < r < 1.

Lemma 2.3. ([6]) Let 0 < p < ∞, 1 < s < ∞ and 0 < r < 1. Then there is
a constant C independent of f and r such that

∫
[0,1)n

( ∫
[0,2π]n

|f(τ ·r ·eiθ)|psdθ
)1/s

n∏
j=1

(1−τj)−1/sdτ ≤ C

∫
[0,2π]n

|f(r ·eiθ)|pdθ,

for all f ∈ H(Dn).

For real y and σ > −1, set

Hσ(y) =
1

1 + |y|




1 + |y|σ, if σ < 0;

log(2 + 1/|y|), if σ = 0;

1, if σ > 0.

Lemma 2.4. For Re σ > −1 and Re c ≥ 1, there is a constant C such that∫ 1

0

|(1− x)c−1xσ+1|dx

[x2 + ϕ2][x2 + θ2](σ+1)/2
≤ C

HRe σ(ϕ/θ)
|θ|

for all real ϕ and θ �= 0.

Proof. Without loss of generality we may assume that σ and c are real numbers.
Since Re c ≥ 1 we have that∫ 1

0

(1 − x)c−1xσ+1dx

[x2 + ϕ2][x2 + θ2](σ+1)/2
≤

∫ 1

0

xσ+1dx

[x2 + ϕ2][x2 + θ2](σ+1)/2
.



On Some Integral Operators on the Unit Polydisk and the Unit Ball 1255

From this and by Lemma 2.1 in [5] the result follows.
For any measurable function g(eiθ), define Esg(eiθ) = Es1,···,sng(eiθ) by

Esg(eiθ) =
{

g(ei(s+1)θ), if |sjθj | ≤ π for all j ∈ {1, . . . , n};
0, otherwise.

Lemma 2.5. ([9]) Let σj > −1, j = 1, . . . , n, 1 < p < ∞ and

A�σ,p = 2n/p

∫
Rn

n∏
j=1

Hσj(sj)
|sj + 1|1/p

ds.

Then A�σ,p < ∞ and

∫
[−π,π]n

(∫
Rn

n∏
j=1

Hσj(sj)Esg(eiθ)ds
)p

dθ ≤ A�σ,p

∫
[−π,π]n

gp(eiθ)dθ

for all measurable g ≥ 0.

Proof of Theorem 2.1. We follow the lines of the proof of Theorem 1 in [9].
We need to show that

Mp
p (C�b,�c(f), r) ≤ CMp

p (f, r)

for some constant C > 0. For the sake of simplicity, we assume that bj, cj, j =
1, . . . , n, are real numbers such that bj + 1 > cj > 0, j = 1, . . . , n.

Case 0 < p < 1. Let f ∈ H(Dn) and let

γ := Mp
p (C�b,�c(f), r) =

∫
[0,2π]n

|C�b,�c(f)(r · eiθ)|pdθ.

Let tk = 1 − 2−k , k ∈ Z+. Then 0 = t0 < t1 < t2 < · · · < 1 forms a partition of
the interval [0, 1). It is obvious that tk − tk−1 = 1− tk = 2(1− tk+1). By Lemma
2.1, the boundedness of F (cj − 1, cj − bj − 1, cj, tz), (j = 1, . . . , n) on the unit
disk and some simple calculations, we obtain

γ ≤ C

∫
[0,2π]n

( ∫
[0,1)n

|f(t · r · eiθ)|

×
∏n

j=1 t
cj−1
j (1 − tj)bj−cj∏n

j=1 |1− tjrjeiθj |bj+1−cj
|F (cj − 1, cj − bj − 1, cj, tjrje

iθj )|dt
)p

dθ

≤ C

∞∑
k1,...,kn=1

∫
[0,2π]n

(∫ tk1

tk1−1

· · ·
∫ tkn

tkn−1

|f(t · r · eiθ)|
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×
∏n

j=1 t
cj−1
j (1 − tj)bj−cj∏n

j=1 |1− tjrjeiθj |bj+1−cj
|F (cj − 1, cj − bj − 1, cj, tjrje

iθj )|dt
)p

dθ

≤ C

∞∑
k1,...,kn=1

1

2p
∑n

j=1 kj (bj+1−cj )

∫
[0,2π]n

sup
tk−1<t<tk

( |f(t · r · eiθ)|∏n
j=1 |1− tjrjeiθj |bj+1−cj

)p
dθ

≤ C

∞∑
k1,...,kn=1

1

2p
∑n

j=1 kj (bj+1−cj )

∫
[0,2π]n

sup
0<t<tk

( |f(t · r · eiθ)|∏n
j=1 |1 − tjrjeiθj |bj+1−cj

)p
dθ

≤ C

∞∑
k1,...,kn=1

1

2p
∑n

j=1 kj (bj+1−cj )

∫
[0,2π]n

( |f(tk · r · eiθ)|∏n
j=1 |1− tkj rjeiθj |bj+1−cj

)p
dθ.

The last line of above inequality is bounded by

(2)

C
∞∑

k1,...,kn=1

∫ tk1+1

tk1

· · ·
∫ tkn+1

tkn

∫
[0,2π]n

( |f(t · r · eiθ)|∏n
j=1 |1− tjrjeiθj |bj+1−cj

)p
dθ

×
n∏

j=1

(1− tj)p(bj+1−cj )−1dt

≤ C

∫
[0,1)n

∫
[0,2π]n

( |f(t · r · eiθ)|∏n
j=1 |1− tjrjeiθj |bj+1−cj

)p
d

θ

n∏
j=1

(1− tj)p(bj+1−cj )−1dt

Here, tk = (tk1 , . . . , tkn). Now, we choose a > 1 such that maxj=1,...,n{1−p(bj +
1 − cj)} < 1/a < 1 and 1/a + 1/b = 1. Then by Hölder’s inequality and Lemma
2.2 we obtain

(3)

∫
[0,2π]n

( |f(t · r · eiθ)|∏n
j=1 |1− tjrjeiθj |bj+1−cj

)p
dθ

≤
( ∫

[0,2π]n
|f(t · r · eiθ)|padθ

)1/a

( ∫
[0,2π]n

dθ

|∏n
j=1 |1−tjrjeiθj |bj+1−cj |pb

)1/b

≤
( ∫

[0,2π]n
|f(t · r · eiθ)|padθ

)1/a
n∏

j=1

(1− tjrj)−(bj+1−cj )p+1−1/a

≤
( ∫

[0,2π]n
|f(t · r · eiθ)|padθ

)1/a
n∏

j=1

(1− tj)−(bj+1−cj )p+1−1/a.

Finally, from (2), (3) and Lemma 2.3 we can obtain
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Mp
p (C�b,�c(f), r) ≤C

∫
[0,1)n

( ∫
[0,2π]n

|f(t · r · eiθ)|padθ
)1/a

n∏
j=1

(1 − tj)−1/adt

≤C

∫
[0,2π]n

|f(r · eiθ)|pdθ.

Case p > 1. Let f ∈ H(Dn) and 0 < r < 1, set fr(eiϕ) = f(r · eiϕ). Then for
0 < t < 1, f(t · r · eiθ) is given by the following integral

(4) f(t · r · eiθ) =
1
2π

∫
[−π,π]n

fr(eiϕ)
n∏

j=1

P (tj , ϕj − θj)dϕ

where P (ξ, η) is the Poisson’s kernel i.e.

P (ξ, η) =
1 − ξ2

1 − 2ξ cos η + ξ2
.

Combining (1) and (4) and using Fubini’s theorem, we have

C�b,�c(f)(r · eiθ) =
n∏

j=1

Γ(bj + 1)
2πΓ(cj)Γ(bj + 1− cj)

∫
[−π,π]n

fr(ei(θ+ϕ))K�b,�c
r (θ, ϕ)dϕ

here

K
�b,�c
r (θ, ϕ) =

n∏
j=1

∫ 1

0

(1 + tj)t
cj−1
j (1 − tj)bj−cj+1

(1 − 2tj cosϕj + t2j )(1− tjrjeiθj )(bj+1−cj )

× F (cj − 1, cj − bj − 1, cj, tjrje
θj )dtj.

Using an estimate in [5] and the boundedness of F (c j−1, cj−bj−1, cj, tzj), (j =
1, . . . , n) on the unit disk, we have that there is an constant C such that

|K�b,�c
r (θ, ϕ)| ≤ C

n∏
j=1

∫ 1

0

xbj+1−cj dx

[x2 + ϕ2
j ][x2 + θ2

j ]
bj+1−cj

2

for |θj| ≤ π, |ϕj| ≤ π, j = 1, . . . , n. Thus, by Lemma 2.4, we obtain

|K�b,�c
r (θ, ϕ)| ≤ C

n∏
j=1

Hbj−cj (ϕj/θj)
|θj|

for |θj| < π, |ϕj| < π, j = 1, . . . , n, 0 < r < 1. Hence

|C�b,�c(f)(r · eiθ)| ≤ C

∫
[−π,π]n

n∏
j=1

Hbj−cj (ϕj/θj)
|θj| |fr(ei(θ+ϕ))|dϕ

≤ C

∫
Rn

n∏
j=1

Hbj−cj (sj)Es|fr|(eiθ)ds
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From this estimates, using Lemma 2.5 and 2π periodicity of the integrand, the result
follows.

The Hardy space Hp(Dn) on D
n can be defined as follows:

Hp = Hp(Dn) = {f | f ∈ H(Dn), ‖f‖Hp(Dn) < ∞},
where

‖f‖p
Hp(Dn) =

1
(2π)n

sup
0≤r<1

∫
[0,2π]n

|f(r · eiθ)|pdθ.

Given 0 < p, q < ∞, and positive Borel measure µj, j = 1, . . . , n on the
interval (0, 1), the weighted space Ap,q

�µ (Dn) consists of those functions f analytic
on Dn for which

‖f‖A
p,q
�µ (Dn) =

( ∫
(0,1)

( ∫
[0,2π]

|f(r · eiθ)|pdθ
)q/p

n∏
j=1

dµj(rj)

)1/q

< ∞.

Corollary 2.1. Assume that p ∈ (0, 1] and Re (b + 1) > Re c > 0, or p > 1
and Re (b+1) > Re c ≥ 1, and 0 < r < 1. Then there is a constant C independent
of f and r such that∫ 2π

0
|Cb,c(f)(reiθ)|pdθ ≤ C

∫ 2π

0
|f(reiθ)|pdθ,

for all f ∈ H(D).

Corollary 2.2. Assume that p ∈ (0, 1] and Re (b j + 1) > Re cj > 0, j =
1, . . . , n, or p > 1 and Re (bj+1) > Re cj ≥ 1, j = 1, . . . , n. Then the generalized

Cesàro operator C�b,�c is bounded on H p(Dn).

Corollary 2.3. Assume that p ∈ (0, 1] and Re (b j + 1) > Re cj > 0, j =
1, . . . , n, or p > 1 and Re (bj + 1) > Re cj ≥ 1, j = 1, . . . , n. The generalized

Cesàro operator C�b,�c is bounded on Ap,q
�µ (Dn) for every q ∈ (0,∞). Moreover, there

is a constant C independent of f , such that

‖C�b,�cf‖A
p,q
�µ (Dn) ≤ C‖f‖A

p,q
�µ (Dn).

Remark 1. If p = ∞ and Re (bj + 1) > Re cj > 0, j = 1, . . . , n, then the

operator C�b,�c is not bounded. Choose g(z) ≡ 1 ∈ H∞(Dn). Then we have,

C�b,�c(g) =
n∏

j=1

bj − cj + 1
bj

n∏
j=1

∞∑
k=0

A
bj ,cj

k

A
bj+1,cj

k

zk
j = C

n∏
j=1

∞∑
k=0

1
bj + k

zk
j .
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It is easy to see that each sum in the last product is unbounded on D, therefore
C�b,�c(g) �∈ H∞(Dn).

3. THE OPERATOR Cb,c
ζ0

ON THE UNIT BALL

Let B = {z ∈ Cn : |z| < 1} be the open unit ball in Cn and let S = ∂B =
{z ∈ C

n : |z| = 1} be its boundary. Let dv denote the normalized Lebesgue
volume measure on the unit ball B such that v(B) = 1, dσ be the normalized
rotation invariant measure on the boundary S of B such that σ(S) = 1, H(B) the
class of all holomorphic functions on the unit ball and H∞ = H∞(B) the space of
all bounded holomorphic functions on the unit ball.

Assume that f ∈ H(B) with Taylor series expansion f(z) =
∑

|β|≥0 aβzβ

where β = (β1, β2, . . . , βn) is a multi-index and zβ = zβ1
1 · · ·zβn

n . Denote

Rf(z) =
n∑

j=1

zj
∂f

∂zj
(z)

the radial derivative of f . It is well known that

Rf(z) =
∑
|β|≥0

|β|aβzβ =
∑

(β1,...,βn)∈(Z+)n

(β1 + · · ·+ βn)aβzβ ,

see, for example [51].
Let α > 0. The α-Bloch space Bα = Bα(B) is the space of all holomorphic

functions f on B such that

bα(f) = sup
z∈B

(1 − |z|2)α |Rf(z)| < ∞.

It is clear that Bα is a normed space under the norm ‖f‖Bα = |f(0)|+ bα(f), and
Bα1 ⊂ Bα2 for α1 < α2. Let Bα

0 denote the subspace of Bα consisting of those
f ∈ Bα for which

(1 − |z|2)α|Rf(z)| → 0 as |z| → 1.

This space is called the little α-Bloch space.
The Hardy space Hp(B) (0 < p < ∞) is defined on B by

Hp(B) = { f | f ∈ H(B) and ‖f‖Hp(B) = sup
0≤r<1

Mp(f, r) < ∞},

where

Mp(f, r) =
(∫

S
|f(rζ)|pdσ(ζ)

)1/p

.
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The mixed-norm space Ap,q
µ (B), p, q ∈ (0,∞), µ is Borel measure on (0, 1), is

the space of all analytic functions f on B for which

‖f‖q
Ap,q

µ (B)
=

∫ 1

0
M q

p (f, r)dµ(r) < ∞.

When p = q and dµ(r) = (1 − r2)αr2n−1dr the mixed norm space becomes the
weighted Bergman space.

Now we generalize the Cesàro operator Cb,c on B in the following way:

Cb,c
ζ0

f(z)

=
Γ(b + 1)

Γ(c)Γ(b + 1 − c)

∫ 1

0
f(tz)

tc−1(1 − t)b−c

(1 − 〈tz, ζ0〉)b+1−c
F (c − 1, c− b − 1, c, 〈tz, ζ0〉)dt,

where Re (b + 1− c) > 0, f(z) =
∑∞

|β|=0 aβzβ is an analytic function on the unit
ball B, F (a, b, c, z) is the hypergeometric function, ζ0 is a fixed point lying on S

and 〈z, w〉 = z1w1 + · · · + znwn. This operator is also a natural generalization of
the operator introduced in [45].

For the case of the unit ball we prove the following results in this section.

Theorem 3.1. Assume that p ∈ (0, 1] and b, c ∈ C such that Re (b + 1) >

Re c > 0, or p > 1 and Re (b+ 1) > Re c ≥ 1. Then the operator C b,c
ζ0

is bounded
on Hp(B). Moreover, there is a positive constant C such that

Mp(Cb,c
ζ0

f, r) ≤ CMp(f, r), 0 < r < 1

for every f ∈ Hp(B).

Theorem 3.2. Assume that p ∈ (0, 1] and b, c ∈ C such that Re (b + 1) >

Re c > 0, or p > 1 and Re (b+ 1) > Re c ≥ 1. Then the operator C b,c
ζ0

is bounded
on Ap,q

µ (B) for every and q ∈ (0,∞).

Theorem 3.3. Let b, c ∈ C such that Re (b+1) > Re c > 0. Then the operator
Cb,c

ζ0
is bounded on Bα if α > 1.

In order to prove the above Theorems, we need the following lemmas.

Lemma 3.1. ([30]). The following identity holds.∫
∂B

fdσ =
∫

∂B

dσ(ζ)
1
2π

∫ π

−π

f(eiθζ)dθ.
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Lemma 3.2. ([1]). Let a, b ∈ C are such that Re(b + 1) > Re c > 0 and
tk = 1 − 2−k, k ∈ N ∪ {0}. Then there is a positive constant C such that∫ tk

tk−1

|tRe(c)−1(1 − t)Re(b−c)|dt ≤ C

2kRe(b+1−c)
.

Lemma 3.3. ([32]). For β > −1 and m > 1 + β we have∫ 1

0

(1− r)β

(1 − ρr)m
dr ≤ C(1 − ρ)1+β−m, 0 < ρ < 1.

Proof of Theorem 3.1. Without loss of generality we may assume that b and
c are real numbers. For a function f holomorphic on the unit ball B and ξ ∈ S,
the slice function fξ is well defined for |w| < 1, by fξ(w) = f(wξ). For fixed
ζ0, ξ ∈ S, write 〈ξ, ζ0〉 = reiθ . First, assume that r �= 0. Then we have

(5)

Cb,c
ζ0

(f)ξ(w)

= Cb,c
ζ0

(f)(wξ)

= C

∫ 1

0

f(twξ)
tc−1(1− t)b−c

(1− 〈twξ, ζ0〉)b+1−c
F (c − 1, c− b − 1, c, 〈twξ, ζ0〉)dt

= C

∫ 1

0
fe−iθξ/r(twreiθ)

tc−1(1−t)b−c

(1−trweiθ)b+1−c
F (c−1, c−b−1, c, trweiθ)dt

= C Cb,c(fe−iθξ/r)(rweiθ),

where w ∈ D.

Let w = |w|eiϕ. From (5), by the boundedness of the operator Cb,c in one
variable (Corollary 2.1) it follows that

(6)

M
p
p

(Cb,c
ζ0

(f)ξ, |w|) =
∫ 2π

0

∣∣Cb,c
ζ0

(f)ξ(|w|eiϕ)
∣∣pdϕ

= C

∫ 2π

0

∣∣Cb,c(fe−iθξ/r)(r|w|ei(ϕ+θ))
∣∣pdϕ

≤ C

∫ 2π

0

∣∣fe−iθξ/r(r|w|ei(ϕ+θ))
∣∣pdϕ

= C

∫ 2π

0

∣∣fξ(|w|eiϕ)
∣∣pdϕ = CMp

p (fξ, |w|),
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for all ξ, ζ0 ∈ S with 〈ξ, ζ0〉 �= 0.
Now assume that 〈ξ, ζ0〉 = 0. If p ≥ 1, then by Minkowski’s inequality and the

monotonicity of the integral means we have

(7)

Mp

(Cb,c
ζ0

(f)ξ, |w|)

= Lb,c

(∫ 2π

0

∣∣∣∣
∫ 1

0
f(t|w|ξeiθ)tc−1(1− t)b−cdt

∣∣∣∣
p

dθ

)1/p

≤ Lb,c

∫ 1

0

(∫ 2π

0
|f(t|w|ξeiθ)|pdθ

)1/p

tc−1(1 − t)b−cdt

≤ Lb,c

(∫ 1

0

tc−1(1− t)b−cdt

)(∫ 2π

0

|f(|w|ξeiθ)|pdθ

)1/p

=
(∫ 2π

0
|f(|w|ξeiθ)|pdθ

)1/p

,

where Lb,c = Γ(b+1)
Γ(c)Γ(b+1−c) .

Now assume that p ∈ (0, 1) and let tk = 1−2−k, k ∈ N∪{0}, then by Lemma
2.1, Lemma 3.2 and the monotonicity of the integral means we have

(8)

Mp
p

(Cb,c
ζ0

(f)ξ, |w|)

=
∫ 2π

0

∣∣∣∣
∫ 1

0
f(t|w|ξeiθ)tc−1(1− t)b−cdt

∣∣∣∣
p

dθ

=
∫ 2π

0

∞∑
k=1

∣∣∣∣∣
∫ tk

tk−1

fξ(t|w|eiθ)tc−1(1 − t)b−cdt

∣∣∣∣∣
p

dθ

≤ C

∞∑
k=1

1
2pk(b+1−c)

∫ 2π

0
sup

tk−1<t<tk

|fξ(t|w|eiθ)|pdθ

≤ C
∞∑

k=1

1
2pk(b+1−c)

∫ 2π

0

sup
0<t<tk

|fξ(t|w|eiθ)|pdθ

≤ C
∞∑

k=1

1
2pk(b+1−c)

∫ 2π

0

|fξ(tk|w|eiθ)|pdθ

≤ C

∞∑
k=1

∫ tk+1

tk

∫ 2π

0
|fξ(t|w|eiθ)|pdθ (1 − t)p(b+1−c)−1dt

≤ C

∫ 1

0

∫ 2π

0
|fξ(t|w|eiθ)|pdθ (1 − t)p(b+1−c)−1dt
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≤ C

∫ 1

0
(1− t)p(b+1−c)−1dt

∫ 2π

0
|fξ(|w|eiθ)|pdθ

≤ C

From (5)-(8) we see that there is a positive constant C independent of ξ, r ∈
(0, 1) and f, such that

(9) Mp
p

(Cb,c
ζ0

(f)ξ, r
) ≤ CMp

p

(
fξ, r

)
.

Integrating (9) over S and applying Lemma 3.1, we obtain

(10) Mp
p (Cb,c

ζ0
f, r) ≤ CMp

p (f, r), 0 < r < 1,

from which the result follows.

Proof of Theorem 3.2. Taking inequality (10) to the q
p th power, multiplying by

dµ(r) and then integrating from 0 to 1 we obtain

‖Cb,c
ζ0

f‖q
Ap,q

µ (B)
=

∫ 1

0
M q

p (Cb,c
ζ0

f, r)dµ(r) ≤ C

∫ 1

0
M q

p (f, r)dµ(r) = ‖f‖q
Ap,q

µ (B)
,

finishing the proof of the result.

Proof of Theorem 3.3. Let α > 1. Then it is well known that

(11) ‖f‖Bα � ‖f‖′
Bα = sup

z∈B
(1− |z|)α−1|f(z)|.

Then we have

|Cb,c
ζ0

f(z)| ≤ Lb,c max
z∈U

|F |
∫ 1

0

|f(tz)| tc−1(1− t)b−c

|1− 〈tz, ζ0〉|b+1−c
dt

≤ C

∫ 1

0

|f(tz)|(1− t |z|)α−1

(1− t |z|)α+b−c
tc−1(1 − t)b−cdt

≤ C ‖f‖′
Ba

∫ 1

0

tc−1(1− t)b−c

(1 − t |z|)α+b−c
dt

≤ C ‖f‖′
Ba

(
1 +

∫ 1

0

(1 − t)b−c

(1 − t |z|)α+b−c
dt

)

≤ C ‖f‖′
Ba

1
(1 − |z|)α−1

(by Lemma 3.3),
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for each z ∈ B. Hence

(12) (1 − |z|)α−1|Cb,c
ζ0

f(z)| ≤ C‖f‖Bα ,

for every z ∈ B. Taking the supremum in (12) over z ∈ B and using the relationship
(11) for the function Cb,c

ζ0
f we obtain the result.

4. THE OPERATORS Tg AND Lg ON THE UNIT BALL

A positive continuous function φ on [0, 1) is normal, if there exist positive
numbers s and t (s < t), such that

φ(r)
(1 − r)s

↓ 0,
φ(r)

(1− r)t
↑ ∞

as r → 1−. For 0 < p < ∞, and a normal function φ, let H(p, p, φ) denote the
space of all holomorphic functions f on the unit ball such that

‖f‖H(p,p,φ) =
∫

B
|f(z)|pφp(|z|)

1 − |z|dv(z) < ∞.

If 1 ≤ p < ∞, the space H(p, p, φ) is a Banach space. When 0 < p < 1, H(p, p, φ)
is a Fréchet space but not a Banach space. H(p, p, φ) is called the Bergman type
space. In particular, if φ(r) = (1−r)1/p, then H(p, p, φ) is the Bergman space Ap.
For some basic properties of Bergman spaces, see for example, [6, 8, 11, 17, 38,
42, 43, 51].

Note that the integral form of the Cesàro operator C is

C(f)(z) =
1
z

∫ z

0
f(ζ)

1
1− ζ

dζ =
1
z

∫ z

0
f(ζ)

(
ln

1
1 − ζ

)′
dζ,

taking simply as a path the segment joining 0 and z, we have that

C(f)(z) =
∫ 1

0
f(tz)

(
ln

1
1 − ζ

)′∣∣∣∣
ζ=tz

dt.

The following operator

zC(f)(z) =
∫ z

0

f(ζ)
1 − ζ

dζ,

is closely related to the previous operator and on many spaces the boundedness of
these two operators is equivalent.
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From this point of view, it is natural to extend the Cesàro operator in the fol-
lowing way. Suppose that g : D → C

1 is an analytic map and f ∈ H(D). A class
of integral operator introduced by Pommerenke is defined by (see [29])

Jgf(z) =
∫ z

0
fdg =

∫ 1

0
f(tz)zg′(tz)dt =

∫ z

0
f(ξ)g′(ξ)dξ, z ∈ D.

The operator Jg can be viewed as a generalization of the Cesàro operator. In [29]
Pommerenke showed that Jg is a bounded operator on the Hardy space H2 if and
only if g ∈ BMOA. Alemann and Siskakis showed that Jg is bounded (compact)
on the Hardy space Hp, 1 ≤ p < ∞, if and only if g ∈ BMOA (g ∈ V MOA),
and that Jg is bounded (compact) on the Bergman space Ap if and only if g ∈ B
(g ∈ B0), see [3, 4]. Some other results on the operator Jg can be found in [2-4,
22, 25, 36, 47] (see, also the related references therein). Closely related operators
on the unit polydisk were investigated in [10] and [46].

It is natural to generalize the operator Jg for the case of the unit ball. Suppose
that g : B → C

1 is a holomorphic map of the unit ball, for a holomorphic function
f : B → C1, define

Tgf(z) =
∫ 1

0
f(tz)

dg(tz)
dt

=
∫ 1

0
f(tz)Rg(tz)

dt

t
, z ∈ B.

This operator is called extended-Cesàro operator (or Riemann-Stieltjes operator), it
was introduced in [17], and studied in [17-20, 23, 24, 26, 44, 49, 50].

Similarly, another integral operator was defined as follows (see [23]):

Lgf(z) =
∫ 1

0
Rf(tz)g(tz)

dt

t
, z ∈ B.

In [24], we proved that Tg : H2 → H2 is bounded if and only if g ∈ BMOA

and Tg : H2 → H2 is compact if and only if g ∈ V MOA. Lg : H2 → H2 is
bounded if and only if

sup
a∈B

∫
B

(
1 − |a|2

|1− 〈a, z〉|2
)n+2

|g(z)|2(1 − |z|2)dv(z) < ∞(12)

and Lg : H2 → H2 is compact if and only if

lim
|a|→1

∫
B

(
1 − |a|2

|1− 〈a, z〉|2
)n+2

|g(z)|2(1 − |z|2)dv(z) = 0.

In this section, we study the boundedness and compactness of operators Tg and Lg

from Bergman type spaces and H∞(B) to α-Bloch spaces and little α-Bloch spaces
on the unit ball. Our discussion will be divided into four parts.
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4.1. The boundedness and compactness of Tg, Lg : H∞ → Bα

In this subsection, we discuss the boundedness and the compactness of operators
Tg and Lg from H∞ to the α-Bloch space Bα. In order to prove our main results,
we need some auxiliary results which are incorporated in the following lemmas.

Lemma 4.1. For every f, g ∈ H(B) it holds

R[Tg(f)](z) = f(z)Rg(z) and R[Lg(f)](z) = Rf(z)g(z).

Proof. The first identity was proved in [17], while the proof of the second
identity is similar and is omitted.

The next lemma can be proved in a standard way, and its proof will be omitted.

Lemma 4.2. The operator Tg (or Lg ) : H∞ (or H(p, p, φ) ) → Bα (or Bα
0 )

is compact if and only if the operator T g ( or Lg ) : H∞ (or H(p, p, φ) ) →
Bα (or Bα

0 ) is bounded and for any bounded sequence (f k)k∈N in H∞ (or H(p, p,
φ) ) which converges to zero uniformly on compact subsets of B, we have ‖T gfk‖Bα

→ 0 as k → ∞ ( or ‖Lgfk‖Bα → 0 as k → ∞ ).

Theorem 4.1. Suppose that g is a holomorphic function on B and α > 0,
then Tg : H∞ → Bα is bounded if and only if g ∈ Bα. Moreover, the following
relationship

(13) ‖Tg‖H∞→Bα � sup
z∈B

(1− |z|2)α|Rg(z)|

holds.

Proof. Suppose that g ∈ Bα. Let f ∈ H∞, it is easy to see that Tgf(0) = 0,
by Lemma 4.1 we have

(14)
(1 − |z|2)α|R(Tgf)(z)| = (1− |z|2)α|f(z)‖Rg(z)|

≤ ‖f‖∞(1 − |z|2)α|Rg(z)|.

Taking the supremum in (14) over z ∈ B it follows that Tg : H∞ → Bα is bounded.
On the other hand, suppose Tg : H∞ → Bα is bounded. Set

(15) fw(z) =
1 − |w|2

1 − 〈z, w〉, w ∈ B,

then fw ∈ H∞ and ‖fw‖∞ ≤ 2 for every w ∈ B. Therefore, we have that
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(16)

(1 − |w|2)α|Rg(w)| = (1− |w|2)α|fw(w)||Rg(w)|
= (1− |w|2)α|R(Tgfw)(w)|
≤ supz∈B(1− |z|2)α|R(Tgfw)(z)|
= ‖Tgfw‖Bα ≤ 2‖Tg‖H∞→Bα

which implies that g ∈ Bα. From (14) and (16) it follows (13).

Theorem 4.2. Suppose that g is a holomorphic function on B, then

Lg : H∞ → Bα is bounded ⇔




g ∈ Bα, α > 1;

g ∈ H∞, α = 1;

g ≡ 0, α ∈ (0, 1).

Moreover, if α ≥ 1, then the following relationship

(17) ‖Lg‖H∞→Bα � sup
z∈B

(1− |z|2)α−1|g(z)|

holds.

Proof. Let f ∈ H∞. Then it is known that H∞ ⊂ B and moreover

‖f‖B ≤ C‖f‖∞,

see, for example, [51]. It follows that

|Rf(z)|(1− |z|2) ≤ C‖f‖∞,

for every z ∈ B. From this, Lemma 4.1 and using the fact that Lgf(0) = 0, we
have

(18)

(1 − |z|2)α|R(Lgf)(z)| = (1− |z|2)α|Rf(z)||g(z)|
≤ ‖f‖B(1 − |z|2)α−1|g(z)|
≤ C‖f‖∞(1 − |z|2)α−1|g(z)|
≤ C‖f‖∞‖g‖Bα,

where in the last inequality we have used the well known fact that

sup
z∈B

(1− |z|2)α−1|g(z)| � ‖g‖Bα

for α > 1. Hence, if g ∈ Bα for some α > 1, it follows that Lg is bounded.
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If α = 1 we have

(1 − |z|2)|R(Lgf)(z)| ≤ C‖f‖∞|g(z)| ≤ C‖f‖∞‖g‖∞

from which it follows that g ∈ H∞ implies the boundedness of Lg : H∞ → B1.

If α ∈ (0, 1) and g ≡ 0 it is easy to see that Lg : H∞ → Bα is bounded.
Conversely, suppose Lg : H∞ → B is bounded. Let β(z, w) denote the Bergman

metric between two points z and w in B. For a ∈ B and r > 0, the set D(a, r) =
{z ∈ B : β(a, z) < r}, a ∈ B is a Bergman metric ball centered at a with radius r.
It is well know that

(19)
(1− |a|2)n+1

|1− 〈a, z〉|2(n+1)
� 1

(1− |z|2)n+1
� 1

(1− |a|2)n+1
� 1

|D(a, r)|

when z ∈ D(a, r) and where |D(a, r)| is the volume of the Bergman ball D(a, r)
(see [51]). For w ∈ B, let fw be defined by (15), then

(20)

|g(w)|2|w|2 ≤ C|w|2
(1 − |w|2)n+1

∫
D(w,r)

|g(z)|2dv(z)

≤ C

∫
D(w,r)

1
(1 − |z|2)n−1

|Rfw(z)|2|g(z)|2dv(z)

� ‖Lgfw‖2
Bα

∫
D(w,r)

dv(z)
(1 − |z|2)2α+n−1

≤ C‖Lgfw‖2
Bα

(1 − |w|2)2α−2
.

If α > 1, from (20) we obtain sup1/2≤|z|<1 |g(z)|(1 − |z|2)α−1 < ∞. From this
and since

sup
|z|≤1/2

|g(z)|(1− |z|2)α−1 ≤ sup
|z|≤1/2

|g(z)| = sup
|z|=1/2

|g(z)|

=
(4

3

)α−1
sup

|z|=1/2
|g(z)|(1− |z|2)α−1

≤
(4

3

)α−1
sup

1/2≤|z|<1
|g(z)|(1− |z|2)α−1,

we have that
sup
z∈B

|g(z)|(1− |z|2)α−1 < ∞,

which is equivalent to g ∈ Bα, in the case.
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When α = 1, from (20) and the maximum modulus principle we obtain g ∈ H∞.

Moreover
sup
z∈B

|g(z)| ≤ 2C‖Lg‖H∞→Bα ,

which along with (18) implies (17) in this case.
If α ∈ (0, 1), then (20) can be written in the form

(21) |g(w)||w| ≤ C‖Lgfw‖Bα(1− |w|2)1−α.

Letting |w| → 1 in (21) and applying the maximum modulus principle we obtain
g ≡ 0, as desired.

Theorem 4.3. Suppose that g is a holomorphic function on B and α > 0.
Then Tg : H∞ → Bα is compact if and only if g ∈ Bα

0 .

Proof. First assume that g ∈ Bα
0 . In order to prove that Tg is compact it

suffices to show that if (fk)k∈N is a bounded sequence in H∞ which converges to
0 uniformly on compact subsets of B, then ‖Tgfk‖Bα → 0, as k → ∞. Hence,
assume that (fk)k∈N is a sequence in H∞ with supk∈N ‖fk‖∞ ≤ K and fk → 0
uniformly on compact subsets of B as k → ∞. By the assumption, for every ε > 0,
there is a constant δ ∈ (0, 1), such that

(1− |z|2)α|Rg(z)| < ε/K,

whenever δ < |z| < 1.
Let E = {z ∈ B : |z| ≤ δ}, then we have

‖Tgfk‖Bα = sup
z∈B

(1 − |z|2)α|R(Tgfk)(z)|

= sup
z∈E

(1− |z|2)α|Rg(z)fk(z)|+ sup
z∈B\E

(1 − |z|2)α|Rg(z)fk(z)|

≤ bα(g) sup
z∈E

|fk(z)|+ ε.

By the condition fk → 0 on compacts as k → ∞, and since E is a compact subset
of B, we obtain lim supk→∞ ‖Tgfk‖Bα ≤ ε. Since ε is an arbitrary positive number
we have that limk→∞ ‖Tgfk‖Bα = 0, and therefore, Tg : H∞ → Bα is compact.

Conversely, suppose Tg : H∞ → Bα is compact. Assume that (zk)k∈N is a
sequence in B such that |zk| → 1 as k → ∞, and set

(22) fk(z) =
1 − |zk|2

1 − 〈z, zk〉 , k ∈ N.
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Then supk∈N ‖fk‖∞ ≤ 2 and fk converges to 0 uniformly on compact subsets of B

as k → ∞. Since Tg is compact, we have ‖Tgfk‖Bα → 0 as k → ∞. Therefore

(1 − |zk|2)α|Rg(zk)| = (1 − |zk|2)α|fk(zk)||Rg(zk)|
≤ sup

z∈B
(1− |z|2)α|fk(z)||Rg(z)|

= sup
z∈B

(1− |z|2)α|R(Tgfk)(z)| = ‖Tgfk‖Bα → 0,

as k → ∞, which implies that lim |z|→1(1 − |z|2)α|Rg(z)| = 0.

Theorem 4.4. Suppose that g is a holomorphic function on B and α > 0.
Then

Lg : H∞ → Bα is compact ⇔
{

lim|z|→1(1− |z|2)α−1|g(z)| = 0, α > 1;
g ≡ 0, α ∈ (0, 1].

Proof. When α ∈ (0, 1], then it is obvious that g ≡ 0 implies that L g : H∞ →
Bα is compact. Now we consider the case α > 1, we assume

lim
|z|→1

(1 − |z|2)α−1|g(z)| = 0

holds. Let (fk)k∈N be a sequence in H∞ such that supk∈N ‖fk‖∞ ≤ K and fk → 0
uniformly on compact subsets of B as k → ∞. By the assumption, for every ε > 0,
there is a constant δ ∈ (0, 1), such that

(1 − |z|2)α−1|g(z)| < ε/K

whenever δ < |z| < 1. Let E = {z ∈ B : |z| ≤ δ}. We have

‖Lgfk‖Bα = sup
z∈B

(1 − |z|2)α|R(Lgfk)(z)|

= sup
z∈E

(1− |z|2)α|g(z)Rfk(z)|+ sup
z∈B\E

(1 − |z|2)α|g(z)Rfk(z)|

≤ N sup
z∈E

(1− |z|2)|Rfk(z)|+ Cε.

where N = supz∈B(1−|z|2)α−1|g(z)|. By Cauchy’s estimate the condition fk → 0
as k → ∞ uniformly on compact subsets of B, implies that Rfk → 0 as k → ∞
uniformly on compact subsets of B. Hence, we have ‖Lgfk‖Bα → 0 as k → ∞.
Therefore, Lg : H∞ → Bα is compact.

Conversely, suppose Lg : H∞ → Bα is compact. Let (zk)k∈N be a sequence in
B such that |zk| → 1 as k → ∞, and (fk)k∈N be the sequence defined by (22). We
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know that supk∈N ‖fk‖∞ ≤ 2 and fk converges to 0 uniformly on compact subsets
of B as k → ∞. Since Lg is compact, we have ‖Lgfk‖Bα → 0 as k → ∞. Thus

(1− |zk|2)α−1|g(zk)||zk|2 = (1− |zk|2)α|g(zk)| |Rf(zk)|
≤ sup

z∈B
(1 − |z|2)α|g(z)| |Rfk(z)|

= sup
z∈B

(1 − |z|2)α|R(Lgfk)(z)|
= ‖Lgfk‖Bα → 0,

as k → ∞, which implies that lim|z|→1(1 − |z|2)α−1|g(z)| = 0 when α > 1.
When α ∈ (0, 1], the last inequality can be written as follows

|g(zk)||zk|2 ≤ (1 − |zk|2)1−α‖Lgfk‖Bα .

Letting k → ∞ in the last inequality and using the maximum modulus principle we
obtain that g(z) ≡ 0, z ∈ B.

4.2. The boundedness and compactness of Tg, Lg : H∞ → Bα
0

In this section, we characterize the boundedness and compactness of the oper-
ators Tg, Lg : H∞ → Bα

0 . For this purpose, we need the following lemma (when
α = 1 and in the setting of the unit disk, the lemma was proved in [27], for general
case in the unit ball, the proof is similar and will be omitted).

Lemma 4.3. A closed set K in Bα
0 is compact if and only if it is bounded and

satisfies

(23) lim
|z|→1

sup
f∈K

(1 − |z|2)α|Rf(z)| = 0.

Theorem 4.5. Suppose that g is a holomorphic function on B and α > 0.
Then the following statements are equivalent:

(i) Tg : H∞ → Bα
0 is bounded;

(ii) Tg : H∞ → Bα
0 is compact;

(iii) lim|z|→1(1− |z|2)α|Rg(z)| = 0.

Proof. (iii) ⇒ (ii). In view of Lemma 4.3, we know that Tg : H∞ → Bα
0 is

compact if and only if

lim
|z|→1

sup
‖f‖∞≤1

(1− |z|2)α|R(Tgf)(z)| = 0.
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We have

(1 − |z|2)α|R(Tgf)(z)| = (1− |z|2)α|Rg(z)||f(z)| ≤ ‖f‖∞(1 − |z|2)α|Rg(z)|.
Taking the supremum over all f ∈ H∞ such that ‖f‖∞ ≤ 1, then letting |z| → 1
in the obtained inequality we see that condition (iii) implies the compactness of the
operator Tg : H∞ → Bα

0 .
(ii) ⇒ (i). It is obvious.
(i) ⇒ (iii). Since f(z) ≡ 1, z ∈ B is a bounded function, then (i) implies

that Tg(1) ∈ Bα
0 . Hence

lim
|z|→1

(1 − |z|2)α|Rg(z)| = lim
|z|→1

(1 − |z|2)α|R(Tg)(1)(z)| = 0,

as desired.

Theorem 4.6. Suppose that g is a holomorphic function on B and α > 0.
Then the following statements are equivalent:

(i) Lg : H∞ → Bα
0 is bounded;

(ii) Lg : H∞ → Bα
0 is compact;

(iii)

(24)

{
lim|z|→1(1− |z|2)α−1|g(z)| = 0, α > 1;

g ≡ 0, α ∈ (0, 1].

Proof. (iii) ⇒ (ii). We have

(25)
(1− |z|2)α|R(Lgf)(z)| = (1 − |z|2)α|g(z)||Rf(z)|

≤ C‖f‖∞(1− |z|2)α−1|g(z)|.
From (24) and (25) and by Lemma 4.3 it follows that Lg : H∞ → Bα

0 is compact
for the case α > 1. If α ∈ (0, 1], the implication is obvious.

(ii) ⇒ (iii). Assume now that Lg : H∞ → Bα
0 is compact. Let (zk)k∈N be

a sequence in B such that |zk| → 1 as k → ∞ and let the sequence (fk)∈N be
defined by (22). Then supk∈N ‖fk‖H∞ ≤ 2 and fk converges to zero on compacts
of B as k → ∞, which by the compactness of the operator Lg : H∞ → Bα

0 implies
that ‖Lgfk‖Bα → 0 as k → ∞.

Thus

(26)

(1− |zk|2)α−1|g(zk)||zk|2 = (1− |zk|2)α|g(zk)||Rfk(zk)|
≤ supz∈B(1− |z|2)α|R(Igfk)(z)|
= ‖Igfk‖Bα → 0,
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as k → ∞, and as a consequence we have that lim|z|→1(1 − |z|2)α−1|g(z)| = 0,

when α > 1.
For the case α ∈ (0, 1], using the fact that the sequence (1−|zn|2)α−1 is bounded

below by one, (26) and the maximum modulus principle we obtain g(z) ≡ 0, z ∈ B,
as desired.

Since the implication (ii) ⇒ (i) is obvious, we need only prove that (i) ⇒ (iii).
Assume to the contrary that there is a sequence (z(k))k∈N such that limk→∞ |z(k)| =
1 and

(1 − |z(k)|2)α−1|g(z(k))| ≥ ε0 > 0.

Without loss of generality we may assume that (z(k)) → (1, 0, . . . , 0) as k → ∞
and that (1 − |z(k)|2) ≥ 1

2(1 − |z(k)
1 |2).

We may also assume that the sequence (z(k)
1 )k∈N is an interpolating sequence

on the unit disk, that is, there exists a δ > 0 such that

inf
k∈N

∏
m�=k

|z(k)
1 − z

(m)
1 |

|1 − z
(m)
1 z

(k)
1 |

> δ > 0.

It is well known that then the Blaschke product

b(z) =
∞∏

m=1

z − z
(m)
1

1 − z
(m)
1 z

converges uniformly on compacts and that it is a holomorphic function on the unit
disk. We have

(1 − |z(k)
1 |2)|b′(z(k)

1 )| =
∏
m�=k

|z(k)
1 − z

(m)
1 |

|1 − z
(m)
1 z

(k)
1 |

≥ δ > 0.

Hence, with f(z) = b(z1), and for sufficiently large k, we have

(1− |z(k)|2)α|Lg(b)(z(k))|
= (1− |z(k)|2)α|g(z(k))| |R b(z(k))|

≥ 1
2
(1− |z(k)|2)α−1|g(z(k))| (1 − |z(k)

1 |2)|z(k)
1 b′(z(k)

1 )|

≥ 1
4
δε0 > 0.

Since Lg(b) ∈ Bα
0 , it follows that

lim
k→∞

(1 − |z(k)|2)α|Lg(b)(z(k))| = 0,
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which is a contradiction. Hence for each α > 0 it holds

lim
|z|→1

(1− |z|2)α−1|g(z)| = 0.

From this and by the maximum modulus principle it follows that g(z) ≡ 0 for the
case α ∈ (0, 1].

4.3. The boundedness and compactness of Tg, Lg : H(p, p, φ) → Bα

In this section, we consider the boundedness and compactness of Tg and Lg from
H(p, p, φ) into Bα. For this purpose, we need some auxiliary results incorporated
in the following lemmas.

Lemma 4.4. Suppose that 0 < p < ∞ and φ is normal on [0, 1). If f ∈
H(p, p, φ), then

(27) |f(z)| ≤ C
‖f‖H(p,p,φ)

φ(|z|)(1− |z|2)n/p
. z ∈ B.

Proof. For 0 < r < 1 and z ∈ B, by the subharmonicity of |f(z)|p and the
normality of φ, we obtain

|f(z)|p ≤ C

(1 − |z|2)n+1

∫
D(z,r)

|f(w)|pdv(w)

≤ C

(1 − |z|2)nφp(|z|)
∫

D(z,r)
|f(w)|pφp(|w|)

1 − |w|dv(w)

≤ C

(1 − |z|2)nφp(|z|)
∫

B

φp(|w|)
1 − |w| |f(w)|pdv(w)

≤
C‖f‖p

H(p,p,φ)

(1 − |z|2)nφp(|z|) ,

from which the desired result follows.

Lemma 4.5. ([17, Theorem 2]) Suppose that 0 < p < ∞ and φ is normal on
[0, 1). Then for f ∈ H(B),

‖f‖p
H(p,p,φ)

� |f(0)|p +
∫

B

|Rf(z)|p(1− |z|2)pφp(|z|)
1 − |z|dv(z).
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Lemma 4.6. Let 0 < p < ∞ and φ is normal on [0, 1). If f ∈ H(p, p, φ) and
z ∈ B, then

|Rf(z)| ≤ C
‖f‖H(p,p,φ)

φ(|z|)(1− |z|2)n/p+1
, (z ∈ B).

Proof. By the subharmonicity of |Rf(z)|p, normality of φ(r), and by Lemma
4.5, similar to the proof of Lemma 4.4, we obtain the desired result.

Now, we are in a position to formulate and prove the main results of this section.

Theorem 4.7. Suppose that g is a holomorphic function on B, 0 < p <

∞, α > 0 and φ is normal on [0, 1). Then Tg : H(p, p, φ) → Bα is bounded if and
only if

sup
z∈B

(1 − |z|2)α−n/p

φ(|z|) |Rg(z)| < ∞.

Proof. Let f ∈ H(p, p, φ). Then by Lemma 4.4,

‖Tgf‖Bα = sup
z∈B

(1− |z|2)α|R(Tgf)(z)| = sup
z∈B

(1− |z|2)α|f(z)||Rg(z)|

≤ C‖f‖H(p,p,φ) sup
z∈B

(1− |z|2)α

φ(|z|)(1− |z|2)n/p
|Rg(z)|.

Therefore (28) implies that Tg : H(p, p, φ) → Bα is bounded.
Conversely, suppose Tg is a bounded operator from H(p, p, φ) to Bα. For

w ∈ B, set

(29) fw(z) =
(1 − |w|2)t+1

φ(|w|)(1− 〈z, w〉)n/p+t+1
.

It is easy to see that

(30) fw(w) =
1

φ(|w|)(1− |w|2)n/p
, |Rfw(w)| = |w|2

φ(|w|)(1− |w|2)n/p+1
.

By [17], we know that

Mp(fw, r) ≤ C
(1− |w|2)t+1

φ(|w|)(1− r|w|)t+1
.

Since φ is normal and applying Lemma 3.3, we have that
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(31)

‖fw‖p
p,p,φ =

∫ 1

0
Mp

p (fw, r)
φp(r)
1− r

r2n−1dr

≤
∫ 1

0

(1− |w|2)p(t+1)

φp(|w|)(1− r|w|)p(t+1)

φp(r)
1 − r

dr

≤ C
[ ∫ |w|

0

(1− |w|2)p(t+1)

φp(|w|)(1− r|w|)p(t+1)

φp(r)
1 − r

dr

+
∫ 1

|w|

(1 − |w|2)p(t+1)

φp(|w|)(1− r|w|)p(t+1)

φp(r)
1 − r

dr
]

≤ C

[
(1 − |w|2)p(t+1)

φp(|w|)
φp(|w|)

(1− |w|2)pt

∫ |w|

0

(1 − r)pt−1

(1− r|w|)p(t+1)
dr

+
(1 − |w|2)p(t+1)

φp(|w|)
φp(|w|)

(1− |w|2)ps

∫ 1

|w|

(1− r)ps−1

(1 − r|w|)p(t+1)
dr

]

≤ C.

Therefore fw ∈ H(p, p, φ), and moreover supw∈B ‖fw‖H(p,p,φ) ≤ C. Hence

(1 − |w|2)α|fw(w)Rg(w)| ≤ supz∈B(1 − |z|2)α|fw(z)Rg(z)|
≤ ‖Tgfw‖Bα ≤ C‖Tg‖H(p,p,φ)→Bα,

i.e., we obtain (28), as desired.

Theorem 4.8. Suppose that g is a holomorphic function on B, 0 < p <

∞, α > 0 and φ is normal on [0, 1). Then Lg : H(p, p, φ) → Bα is bounded if
and only if

(32) sup
z∈B

(1− |z|2)α−n/p−1

φ(|z|) |g(z)| < ∞.

Proof. Assume that (32) holds and let f ∈ H(p, p, φ), then by Lemma 4.6, we
have

(1 − |z|2)α|R(Lgf)(z)| = (1− |z|2)α|Rf(z)||g(z)|

≤ C
‖f‖H(p,p,φ)

φ(|z|)(1− |z|2)n/p+1
|g(z)|(1− |z|2)α

≤ C‖f‖H(p,p,φ)
(1 − |z|2)α−n/p−1

φ(|z|) |g(z)|.
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Taking the supremum over z ∈ B, it follows that Lg : H(p, p, φ)→ Bα is bounded.
Conversely, assume that Lg : H(p, p, φ) → Bα is bounded. For w ∈ B, let

fw(z) be defined by (29), then by (19) and (30), we have

|w|4
φ2(|w|)(1− |w|2)2(n/p+1)

|g(w)|2 = |Rfw(w)g(w)|2

≤ C

(1 − |w|2)n+1

∫
D(w,r)

|Rfw(z)|2|g(z)|2dv(z)

=
C

(1 − |w|2)n+1

∫
D(w,r)

|Rfw(z)|2|g(z)|2(1 − |z|2)2α 1
(1 − |z|2)2α

dv(z)

≤ C

∫
D(w,r)

dv(z)
(1− |z|2)2α+n+1

sup
z∈D(w,r)

(1− |z|2)2α|Rfw(z)|2|g(z)|2

≤ C

(1 − |w|2)2α
‖Lgfw‖2

Bα .

Therefore

(1 − |w|2)α|w|2
φ(|w|)(1− |w|2)n/p+1

|g(w)| ≤ C‖Lgfw‖Bα ≤ C‖Lg‖H∞→Bα .

Similar to the proof of Theorem 4.2, we obtain that (32) holds, as desired.

Theorem 4.9. Suppose that g is a holomorphic function on B, 0 < p <

∞, α ≥ 0 and φ is normal on [0, 1). Then Tg : H(p, p, φ) → Bα is compact if and
only if

(33) lim
|z|→1

(1− |z|2)α−n/p

φ(|z|) |Rg(z)| = 0.

Proof. Assume that (33) holds and that (fk)k∈N is a sequence in H(p, p, φ)
such that supk∈N ‖fk‖H(p,p,φ) ≤ L and fk → 0 uniformly on compact subsets of B

as k → ∞. By the assumption, for every ε > 0, there is a constant δ ∈ (0, 1), such
that

(1 − |z|2)α|Rg(z)|
φ(|z|)(1− |z|2)n/p

< ε/L

whenever δ < |z| < 1.
Let K = {z ∈ B : |z| ≤ δ} (K is a compact subsect of B) and φ be a normal

function, then by Lemma 4.4 we have
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‖Tgfk‖Bα = sup
z∈B

(1 − |z|2)α|R(Tgfk)(z)|

≤ sup
z∈K

(1− |z|2)α|Rg(z)fk(z)|+ C sup
z∈B\K

(1 − |z|2)α

φ(|z|)(1− |z|2)n/p
|Rg(z)|‖fk‖H(p,p,φ)

≤ CM sup
z∈K

(1 − |z|2)n/p|φ(z)||fk(z)|+ Cε,

where

M = sup
z∈B

(1− |z|2)α

φ(|z|)(1− |z|2)n/p
|Rg(z)| < ∞.

By the assumption and Theorem 4.7 we obtain ‖Tgfk‖Bα → 0 as k → ∞. There-
fore, Tg : H(p, p, φ) → Bα is compact.

Conversely, suppose Tg : H(p, p, φ) → Bα is compact. Let (zk)k∈N be a
sequence in B such that |zk| → 1 as k → ∞, and set

(34) fk(z) =
(1− |zk|2)t+1

φ(|zk|)(1− 〈z, zk〉)n/p+t+1
, k ∈ N.

Then fk ∈ H(p, p, φ), moreover supk∈N ‖fk‖H(p,p,φ) < ∞ and fk converges to 0
uniformly on compact subsets of B as k → ∞. Since Tg is compact, by Lemma
4.2 it follows that ‖Tgfk‖Bα → 0 as k → ∞. From this and since

‖Tgfk‖Bα = sup
z∈B

(1 − |z|2)α|R(Tgfk)(z)| = sup
z∈B

(1− |z|2)α|fk(z)||Rg(z)|

≥ (1− |zk|2)α|Rg(zk)|
φ(|zk|)(1− |zk|2)n/p

,

for every k ∈ N, we obtain (33), finishing the proof of the theorem.

Theorem 4.10. Suppose that g is a holomorphic function on B, 0 < p <

∞, α > 0 and φ is normal on [0, 1). Then Lg : H(p, p, φ) → Bα is compact if and
only if

(35) lim
|z|→1

(1 − |z|2)α−n/p−1

φ(|z|) |g(z)| = 0.

Proof. Proof. Assume that the condition (35) holds, and (fk)k∈N is a sequence
in H(p, p, φ) with supk∈N ‖fk‖H(p,p,φ) ≤ K and fk → 0 uniformly on compact
subsets of B as k → ∞. From (35) we have that for every ε > 0, there is a constant
δ ∈ (0, 1), such that

(36)
(1− |z|2)α|g(z)|

φ(|z|)(1− |z|2)1+n/p
< ε.
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whenever δ < |z| < 1. Introducing the set E = {z ∈ B : |z| ≤ δ}, similar to the
proof of Theorem 4.9, we can prove that ‖Lgfk‖Bα → 0 as k → ∞. Therefore,
Lg : H(p, p, φ) → Bα is compact.

Conversely, suppose Lg : H(p, p, φ) → Bα is compact. Let (zk)k∈N be a
sequence in B such that |zk| → 1 as k → ∞, and (fk)k∈N is defined by (34). Then
supk∈N ‖fk‖H(p,p,φ) ≤ C and fk converges to 0 uniformly on compact subsets of
B as k → ∞. Since Lg is compact, we have ‖Lgfk‖Bα → 0 as k → ∞. Thus

‖Lgfk‖Bα = sup
z∈B

(1− |z|2)α|R(Lgfk)(z)|

≥ (n/p + t + 1)
(1− |zk|2)α|g(zk)| |zk|2
φ(|zk|)(1− |zk|2)1+n/p

,

which implies (35).

By Theorems 4.7-4.10, we obtain the following corollary.

Corollary 4.1. Suppose that g is a holomorphic function on B, 0 < p < ∞
and α > 0. Then

(i) Tg : Ap → Bα is bounded if and only if

sup
z∈B

(1− |z|2)α−(n+1)/p|Rg(z)| < ∞.

(ii) Lg : Ap → Bα is bounded if and only if

sup
z∈B

(1− |z|2)α−(n+1)/p−1|g(z)| < ∞.

(iii) Tg : Ap → Bα is compact if and only if

lim
|z|→1

(1− |z|2)α−(n+1)/p|Rg(z)| = 0.

(iv) Lg : Ap → Bα is compact if and only if

lim
|z|→1

(1 − |z|2)α−(n+1)/p−1|g(z)| = 0.

4.4. The boundedness and compactness of Tg, Lg : H(p, p, φ)→ Bα
0

In this section, we characterize the boundedness and the compactness of Tg, Lg :
H(p, p, φ) → Bα

0 .

Theorem 4.11. Suppose that g is a holomorphic function on B, 0 < p <
∞, α > 0 and φ is normal on [0, 1). Then the following statements hold.
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(i) Tg : H(p, p, φ) → Bα
0 is bounded if and only if g ∈ Bα

0 and Tg : H(p, p, φ) →
Bα is bounded;

(ii) Tg : H(p, p, φ) → Bα
0 is compact if and only if

(37) lim
|z|→1

(1− |z|2)α−n/p

φ(|z|) |Rg(z)| = 0.

Proof. (i). It is clear that g ∈ Bα
0 and Tg : H(p, p, φ) → Bα is bounded if

Tg : H(p, p, φ)→ Bα
0 is bounded.

Conversely, assume that Tg : H(p, p, φ) → Bα is bounded and g ∈ Bα
0 . Then,

for any polynomial p(z), since g ∈ Bα
0 and

(1 − |z|2)α
∣∣R(Tgp)(z)

∣∣ = (1− |z|2)α|p(z)| |Rg(z)|
≤ (1− |z|2)α|Rg(z)|maxz∈D |p(z)| → 0,

as |z| → 1, we obtain that Tgp ∈ Bα
0 . For any f ∈ H(p, p, φ), there exist a sequence

of polynomials (pk)k∈N such that ‖f − pk‖H(p,p,φ) → 0, as k → ∞. Since Bα
0 is

closed, we obtain
Tgf = lim

k→∞
Tgpk ∈ Bα

0 .

In addition, Tg : H(p, p, φ) → Bα is bounded. Therefore Tg : H(p, p, φ) → Bα
0 is

bounded.
(ii). Sufficiency. From Lemma 4.3 it follows that Tg : H(p, p, φ) → Bα

0 is
compact if and only if

lim
|z|→1

sup
‖f‖H(p,p,φ)≤1

(1 − |z|2)α|R(Tgf)(z)| = 0.

By Lemma 4.4, we have

(1 − |z|2)α|R(Tgf)(z)| =
(1 − |z|2)α|Rg(z)|
φ(|z|)(1− |z|2)n/p

φ(|z|)(1− |z|2)n/p|f(z)|

≤ C
(1− |z|2)α|Rg(z)|
φ(|z|)(1− |z|2)n/p

‖f‖H(p,p,φ).

Taking the supremum in the last inequality over the set {f ∈ H(B) : ‖f‖H(p,p,φ) ≤
1} and letting |z| → 1 the result follows.

Necessity. Let (zk)k∈N be a sequence in B such that |zk| → 1 as k → ∞ and
let (fk)k∈N be the sequence defined by (34). Then supk∈N ‖fk‖H(p,p,φ) ≤ C and fk

converges to 0 uniformly on compact subsets of B as k → ∞. Hence, by Lemma
4.2 it follows that limk→∞ ‖Tg(fk)‖Bα = 0. On the other hand, we have

fk(zk) =
1

φ(|zk|)(1− |zk|2)n/p
.
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Since

(1 − |zk|2)α|Rg(zk)|
φ(|zk|)(1− |zk|2)n/p

≤ sup
z∈B

(1 − |z|2)α|R(Tgfk)(z)| = ‖Tg(fk)‖Bα,

we have

lim
k→∞

(1 − |zk|2)α|Rg(zk)|
φ(|zk|)(1− |zk|2)n/p

= 0,

i.e. we obtain (37), finishing the proof of the theorem.

Theorem 4.12. Suppose that g is a holomorphic function on B, 0 < p <
∞, α > 0 and φ is normal on [0, 1). Then the following statements hold.

(i) Lg : H(p, p, φ) → Bα
0 is bounded if and only if L g : H(p, p, φ) → Bα is

bounded and
lim
|z|→1

|g(z)|(1− |z|2)α = 0;

(ii) Lg : H(p, p, φ) → Bα
0 is compact if and only if

lim
|z|→1

(1 − |z|2)α−n/p−1

φ(|z|) |g(z)| = 0.

Proof. It can be deduced similarly to Theorem 4.11. We omit the details.

Corollary 4.2. Suppose that g is a holomorphic function on B, 0 < p < ∞
and α > 0. Then

(i) Tg : Ap → Bα
0 is bounded if and only if g ∈ Bα

0 and Tg : Ap → Bα is
bounded;

(ii) Tg : Ap → Bα
0 is compact if and only if

lim
|z|→1

(1− |z|2)α−(n+1)/p|Rg(z)| = 0;

(iii) Lg : Ap → Bα
0 is bounded if and only if L g : Ap → Bα is bounded and

lim
|z|→1

|g(z)|(1− |z|2)α = 0;

(iv) Lg : Ap → Bα
0 is compact if and only if

lim
|z|→1

(1 − |z|2)α−(n+1)/p−1|g(z)| = 0.
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Proc. Amer. Math. Soc., 126 (1998), 3553-3560.

32. A. L. Shields and D. L Williams, Bounded projections, duality, and multipliers in
spaces of analytic functions, Trans. Amer. Math. Soc., 162 (1971), 287-302.

33. A. G. Siskakis, Composition operator and the Cesàro operators on Hp, J. London
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Math., 46(1) (2004), 129-136.
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