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ON THE STRONGLY p—SUMMING SUBLINEAR OPERATORS

D. Achour, L. Mezrag and A. Tiaiba

Abstract. Let SB(X,Y") be the set of the bounded sublinear operators from
a Banach space X into a complete Banach lattice Y. In the present paper,
we introduce to this category the concept of strongly p—summing sublinear
operators. We give an analogue to Pietsch’s domination theorem and study
some comparisons between linear and sublinear operators.

0. INTRODUCTION

Pietsch has shown in [Pie 67, p. 338] that the identity from [, into Iy is
2—absolutely summing but the adjoint operator is not 2—absolutely summing. For
this, the concept of strongly p—summing linear operators (1 < p < oo) was in-
troduced by J. S. Cohen [6] as a characterization of the conjugates of absolutely
p*—summing linear operators. An operator u between two Banach spaces X,Y is
strongly p—summing for (1 < p < o0) if there is a positive constant C' such that
foralln e N, zy,...,x2, € X and y7, ..., y; € Y*, we have

1

0.1 D Kulz),y)l <O ZH%HP”SUP > i)

1<i<n 1<i<n By 1<i<n

The smallest constant C' which is noted by d,(u), such that the inequality (0.1)
holds, is called the strongly p—summing norm on the space D, (X, Y) of all strongly
p—summing linear operators from X into Y which is a Banach space. We have
Di1(X,Y) = B(X,Y), the vector space of all bounded linear operators from X into
Y.

In this paper, we generalize this notion for the sublinear maps, and give an
analogue to Pietsch’s domination theorem for this category of operators which is
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one of the main result of this work. Cohen deduced the domination theorem simply
from the adjoint operator which is p*—summing. That is not the case for sublinear
operators because we do not know the adjoint of a sublinear operator. We show it
directly by using Ky Fan’s lemma. We end this work by studying some relations
between linear and sublinear operators concerning this notion.

In the first section, we give some basic definitions and terminology concerning
Banach lattices. We also give some standard notations. In the second section,
we announce some definitions and properties concerning sublinear operators. We
introduce the definition of positive p-summing operators investigated by O. Blasco
[3, 4, 5]. We generalize in the third section, the class of strongly p—summing
operators introduced by Cohen in [6] to the sublinear operators. This category
verifies a domination theorem similar to the linear case, which is the principal
result. We use Ky Fan’s lemma to show this property. In the linear case, it is
obviously obtained because the adjoint operator is p*—summing and consequently
verifies the Pietsch’s domination theorem.

We end in section four, by studying some relation between the strongly p—
summing sublinear operators T and the linear operators v € VT, where VT =
{ue L(X,Y):u<T} (L(X,Y) is the space of all linear operators from X
into Y). We show that if 7" is strongly p—summing then « is positive strongly
p—summing and consequently «* is positive p*—summing. For the converse, we
add one condition concerning 7.

1. Basic DEFINITIONS AND TERMINOLOGY

In this section we introduce some terminology concerning the Banach lattices.
For more details, the interested reader can consult the references [8, 9].

We recall the abstract definition of Banach lattice. Let X be a Banach space.
If X is a vector lattice and ||z|| < |ly|| whenever |z| < |y| (|z| = sup{z, —z})
we say that X is a Banach lattice. If the lattice is complete, we say that X is a
complete Banach lattice. Note that this implies obviously that for any x € X the
elements = and |z| have the same norm. We denote by X, = {z € X : 2 > 0}.
An element = of X is positive if x € X .

The dual X * of a Banach lattice X is a complete Banach lattice endowed with
the natural order

(1.2) 2] < x5 <= (a],z) < (x5,z), Vre Xy

where (., .) denotes the bracket of duality.

By a sublattice of a Banach lattice X we mean a linear subspace £ of X
so that sup {z,y} belongs to E whenever z,y € E. The canonical embedding
i: X — X** such that (i(x),z*) = (z*,z) of X into its second dual X** is an
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order isometry from X onto a sublattice of X**, see [8, Proposition 1.a.2]. If we
consider X as a sublattice of X** we have for 21,29 € X
(1.2) 21 < 29 = (r1,27) < (22,27), Va' € X7,

The space C' (K) is a Banach lattice. The L, (1 < p < oo) are complete
Banach lattices.
Any reflexive Banach lattice is a complete Banach lattice.

Now let us give some standard notations. Let X be a Banach space and 1 <
p < oo. We denote by I, (X) (resp. I, (X)) the space of all sequences (z;) in X

with the norm
1
(@)l (x) = ZH%H” v
1
) (leH 7))

and by I (X) (resp. I, “ (X)) the space of all sequences (z;) in X with the norm

(resp. “(xi)lgz‘gn

o
1
@l = sup (D [zi, E)F)7
l€ll=1 1
1
(resp. [| ()l w (x) p O @i, &)F)r)
H Hx**l 1

We know (see [7, p. 33]) that [, (X) = [ (X) for some 1 < p < oo if and

only if dim (X) is finite. If p = oo, we have I (X) = 1< (X). We have

also if 1 < p < oo, I3 (X) = B (I, X) isometrically and I (X) = B (co, X)

isometrically (where p* is the conjugate of p i.e. J + & = 1). In other words, let

v : l,» — X Dbe a linear operator such that v (e;) = z; (namely v =" e; ® x;,
1

e; denotes the unit vector basis of /,,) then

(13) ol = )l -

2. SUBLINEAR OPERATORS

For the convenience of the reader, we recall in this section some elementary
definitions and fundamental properties relative to sublinear operators. For more
details see [1, 2, 10].

Definition 2.1. A mapping 7" from a Banach space X into a Banach lattice Y’
is said to be sublinear if for all z,y in X and A in R4, we have
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(i) T(Az) = AT'(x) (i.e. positively homogeneous),
(i) T(z+y) <T(x)+T(y) (i.e. subadditive).
Note that the sum of two sublinear operators is a sublinear operator and the
multiplication by a positive number is also a sublinear operator.
Let us denote by

SL(X,Y) = { sublinear mappings T': X — Y}
and we equip it with the natural order induced by Y
(2.1) T <Th <— Tl(x) < Tg(w‘), Ve e X

and
VI ={ue L(X,)Y):u<T(i.eVr e X, u(zx) <T(x))}.

The set VT is not empty by Proposition 2.3 below. As a consequence

(2.2) u<T < —T(—z) <u(z) <T(x), VerelX
and
(2.3) AT(z) < T(A\x), VxeR.

Also we say that a sublinear operator 7°:

is symmetrical if for all z in X, T'(z) = T(—x),

is positive if for all z in X, T'(z) > 0,

is increasing if for all z,y in X, T'(x) < T(y) when z < y.

The symmetry implies the positivity, the converse is false. Also, there is no
relation between positivity and increasing like the linear case (a linear operator
u € L(X,Y) is positive if u(z) > 0 for z > 0).

Example.

(1) If w: X — Y is a linear operator from a Banach space X into a Banach
lattice Y, then T'(z) = |u(z)| is a symmetrical sublinear operator.

(2) Let T = R/27Z be the torus equipped with the invariant measure d6 and X
be the Hilbert space Ly(T,d#) . For all r such that 0 < » < 7 and for all
f € X, we define a function 2w —periodic S, (f) > 0 by

1 x+r
5 (@ =g [ 1f@)Fdy. forevery s € R
Put T, (f) = /S, (f). The operator T, is sublinear and the operator T
defined by 7' (f) = sup {7 (f) : 0 < r < x}, is a positive sublinear operator
from Ly(T,df) into Ly(T,d). T (f) is the square root of the maximal
function M f? (the Hardy-Littlewood maximal operator).
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(3) Let X be a Banach space, Y be a Banach lattice. Consider 7" in SL(X,Y).
If we put ¢ (z) = sup{T'(z),T(—x)} then ¢ is a symmetrical sublinear
operator.

Let 7' be a sublinear operator from a Banach space X into a Banach lattice Y.
Then we have, T is continuous if and only if there is C' > 0 such that for all x € X,
IT(2)]| < C ]

In this case we also say that 7" is bounded and we put

17N = sup{IT(2)[| - || p, =1}

where Bx denotes the closed unit ball of X. We will denote by SB(X,Y) the set
of all bounded sublinear operators from X into Y.

We will need the following remark.

Remark 2.2. Let X be an arbitrary Banach space. Let Y,Z be Banach
lattices.

(i) Consider T'in SL(X,Y) and w in £(Y, Z). Assume that w is positive (i.e.,
u(xz) >0 for every x € X;). Then, uoT € SL(X, Z).
(if) Consider v in £(X,Y) and T in SL(Y, Z). Then, T ou € SL(X, Z).
(iii) Consider S in SL(X,Y) and T in SL(Y, Z). Assume that S is increasing.
Then, SoT € SL(X, Z).

The following proposition, will be used implicitly in the sequel. For the proof
see [1, Proposition 2.3].

Proposition 2.3. Let X be a Banach space and let Y be a complete Banach
lattice. Let ' € SL(X,Y). Then, for all z in X there is u, € VT such that,
T(z) = uy(x), (i.e. the supremum is attained, 7'(z) = sup{u(z) : v € VT}).

As an immediate consequence of Proposition 2.3, we have for all z € X

(2.4) 1T ()] < sup [lu(z)|| < [|T(2)[| + [|T(==)|
ueVT
and consequently
(2.5) 1T < sup [jul| < 2T
uevVT
Hence, the operator T is bounded if and only if for all © € VT, u is bounded.

We continue by giving the notion of positive p—summing operators as defined
by Blasco in [3] generalized to sublinear operators (we can consult also [7, p.
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343]). For the definition of p—summing sublinear operators and related properties,
the reader can see [1].

Let X, Y be Banach lattices. LetT : X — Y be a sublinear operator. We will
say that 7' is “positive p—summing” (0 < p < oo) (we write T' € H; (X,Y)), if
there exists a positive constant C' such that for all n € N and all {z1, ..., z,} C X4,
we have

(2.6) T @il vy < Cl@i)llimex) -

We put

7} (T') = inf {C verifying the above inequality} .

By using (1.3), the above definition can be reformulated as follow: the operator
T is p—summing and 7, (T") < C, if and only if, for every n in N and every linear
operator v : [ — X such that v (e;) € X, we have

@7) (2}wwawﬁpscmw
1

Theorem 2.4. A sublinear operator between a Banach space X and a Banach
lattice Y is positive p— summing (1 < p < oo) if and only if there exists a positive
constant C' > 0 and a Borel probability z on (B §., 0 (X*, X)) (B%. = Bx=NX?)
such that

1
29 7@ <0 Vol )P duGa))?

X*
for every x € X. Moreover, in this case

75 (T) =inf {C >0: forall C verifying the inequality (2.8)} .

Proof. It is similar to the linear case (see [3] and [12, p. 244]). |

Consequently, positive p; —summing implies positive ps—summing for p; < po.
If T is positive p—summing then w is positive p—summing for all v € VT and
by (2.4), we have m,(u) < 2m,(T"). We do not know if the converse is true.

3. STRONGLY p-SUMMING SUBLINEAR OPERATORS

We introduce the following generalization of the class of strongly p—summing
linear operators defined in 1973 by Cohen [6]. We give the domination theorem like
the linear case but the proof is totally different because in the linear case, Cohen
obtained it from the adjoint operator which is p*—summing. In the sublinear case
it is not possible. We use Ky Fan’s lemma for showing it.
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Definition 3.1. Let X be a Banach space and Y be a Banach lattice. A
sublinear operator 7' : X — Y is strongly p—summing (1 < p < o0), if there is a
positive constant C' such that for any n € N, x4, ..., x,, € X and y7, v5, ...,y € Y,
we have

(3.1) 1T (a) 5Dy < C @)l o) 1),

We denote by D,(X,Y) the class of all strongly p—summing sublinear operators
from X into Y and d,(7") the smallest constant C' such that the inequality (3.1)
holds. For the definition of strongly positive p—summing, we replace Y* by Y7
and d,(T) by d} (T).

Let T € SB(X,Y) and v : [ — Y™ be a bounded linear operator. The
sublinear operator 7" is strongly p—summing if and only if

(3.2) Z\ v(ei))| < O( Z [l p o] -

For p =1, we have D (X,Y) = SB(X,Y).

Now, we give an example of a strongly p—summing sublinear operator. Let
1 <p<ooandn, N e N. Let u be a linear operator from [ into lj’)’. Then
the sublinear operator 7'(x) = |u (x)]| is strongly 2—summing. Indeed let m be an

integer. Consider (xj)1<j<m C 1% and <yj>1< . C lN (1 =1). Using (1.1)
SIS

and (1.2), we have by taking z; = Z a;je;
i=1

j=1
< 3 lal (Tt [u3))-
By Holder’s inequality we obtain
= <T($j)7yj> 2
< (% layPBC3 (T |y|))?
4,j=1 Zj 1
< (3l RO el 3 ((tedy w3 )2 uteal = 17 eo)
<% ”%”“%“(“% o ([ )]
< (Sl lPim@e @) s (3 ()3,

<
I
—
<
*
*
z
—
<
—
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This concludes that d2(T") < mo(u)C (lj’)’), because we have v of finite rank
and consequently 2—summing (C (lj’)’) is a constant depending only on lj’)’). We
can add that, for every ¢*—summing (1 < ¢ < oo) linear operator « from [, into
lj’)’ then the sublinear operator 7" is strongly ¢g—summing.

Proposition 3.2. Let X be Banach space and Y, Z be two Banach lattices.
Let T € SB(X,Y), R be a positive operator in B(Y, Z) and S € B(E, X).

(a) If T isstrongly p—summing sublinear operator, then R o T is strongly p—
summing sublinear operator and d ,(R o T') < ||R|| d,(T).

(b) If T s strongly p—summing sublinear operator, then T o S is strongly p—
summing sublinear operator and d ,(7' 0 S) < ||S]| dp(T).

Proof. (a). Letn e N, z1,...,x, € X and 27, ..., 2} € Z*. It suffices by (3.2)
to show that
Z\ o T (x), 2 \<CZszHp PHvH
i=1

where v : Z — [, such that v(z) = Z *(2)e;. We have

n n

> [(RoT (zi),27)| = X0 [T (), B*(27))]

i=1 i=1

n 1
< (Zl [[:][7) P [Jw]]
1=

where
w(y) = ;<R*(zz*),y> e;
= ;<257R(y)>e’l
_ - x _R(y) )
= 1RO . (= ey )
This implies
lwll < [1RI] sup ||(2F (2))1<i<n |,
2€Bz p*
< [|R][ vl

(b). Letn e N, eq,...,e, € Eand yj, ...,y € Y*. We have
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n

(T oS (es), u3)l
2 T (S(ea)) i)
< dp(T)(X IS (e)ll5)7 [[oll (v(y) = 2 vi(y)ed)
< (M) NISIH (2 leillB)? o]l

This implies that d,,(7' o S) < ||S|| d,(T") and this ends the proof. |

.
I

Il

We now present the domination theorem concerning this class of sublinear oper-
ators. Before this, we first announce the Ky Fan’s lemma. For the proof the reader
can consult [7, p. 190].

Lemma 3.3. Let E be a Hausdorff topological vector space and let C be a
compact convex subset of E. Let M be a set of functions on C with values in
(—o0, oco] having the following properties:

(a) Each f € M is convex and lower semicontinuous.
(b) If g € conv(M), thereis an f € M with g(z) < f(x), Yz € C.
(¢) Thereisan r € R such that each f € M has a value < r.

Then there is an zy € C such that f(xg) < r for all f € M.

Theorem 3.4. Let X be a Banach space and Y be a Banach lattice. An
operator 7' € SB(X,Y) is strongly p— summing (1 < p < o0) if and only if there
exists a positive constant C' > 0 and Radon probability measure 1 on By« such
that for all z € X, we have

1
(3.3) (T (x),y")] < Cll]l ()" duly™))P" .

By**

Moreover, in this case
d,(T) =inf {C > 0 : for all C verifying the inequality (3.3)}.

Proof. First we prove the converse. Let xy,...,z, € X and y7,...,ys € Y™,
We have by (3.3)
1
(T (i), y)) < Cllaill ([, w7 )" dpy™)) "

for all 1 <4 < n. By using Holder’s inequality, we obtain
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iluT (), 47)]

< O 2l IBW YEP d(y™) )
1

yi ()P du(y™))) P

.

< C(X szHp 2 (py..

= 1

1
C(Z szHp)p sup
y€By
This implies that 7' € D,(X,Y) and d,(T) < C.

To prove the first implication, let K = By««. Consider the set C of probability
measures on C'(K)*. It is a convex compact of C'(K)* endowed with its weak*
topology o (C(K)*,C(K)). Let M be the set of all functions on C with values in
R of the form

3

IN

(y; (y))1§z‘§n

ZZ*

= i(KT( D59 =l = 5 Ji Wt y™) P dp(y)

where (), <;<,, C X, and (yi‘khgz‘gn cY™
Clearly these functions are convex and continuous. We now apply the Ky Fan’s
lemma with £ = C(K)*. Let f, g be in M and « € [0, 1] such that

F((at) (o)) W)
= ST )5 - Sl = € fie Kty du ™))

i=1
and
() ) @
;(\<T(w) D = Sl 1P = & [ [y )P dp (y™)).
It follows that (because T is positively homogeneous)
af
k
= ;a(KT(wé),y;*H = Szl — & [ie |y y™ ) dp(y™))
% 1 1
= y((T(ret).ar )
ZC:1 N » ) N -
= ellarn| - & e[| dnt




On the Strongly p—Summing Sublinear Operators 969

and
(1-a)g
= > (L—a) (T (@), up)| = S [P

; fK‘< (1— )7y o >(p*du( )

;<< ((1—a>3’x) (- )P )

C
>
-~ glla-ara - & hel(a -

=1

*

dp (y*))-

Finally we have

af+(1-a)g
n *
= ZI(KT (@), 1) = S il = & [ 1wF ™) P du(y™))
1=
withn =k +1,
1
ara) if 1<i<k,
(1—a)ra! if k+1<i<n,
and )
= artyl* if 1<i<k,
Z (1—a)1*y;'* if k+1<i<n

This shows that M is convex and consequently the condition (b) of Lemma 3.3 is
satisfied.
For the condition (c), let yo € By such that

sup (Z\ Yiy >p = (Z\@?,yoﬂp*)p

lyll=1

and f of the form (3.4)

F6w)
= TG >yz>\——uwzup——/\yz, by ()
= i(\a’( i) 90 = 5l + 2 17 w0

. el 3 7 ol
= YT @) il - C(F o+ E——).

=1
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Using the elementary identity

1 1 *
(3.5) Va,BER, af = inf {5 (%)p (e }

n 1 n . L
we find by taking a = (3= z:]P)7, 8 = (3 (y*, yo) P )7 and € = 1
=1 i=1

-

1

(2

(KT (23)  9)] = S(l2ill” + & 1 wo) 7))
1

(4T () )] = O3S Nl (5 o))"

IN

1

(2

The last quantity is less or equal to zero (by hypothesis because T is strongly
p—summing) and hence the condition (c) is verified by taking » = 0. By Ky Fan’s
lemma, there is € C such that f(u) < 0 for all f € M. If we take z € X and
y* € Y* we have

F(1) = fagn () = [T (), 5% = S =P = & /K (™ y™) [P dp < 0.
Hence

uﬂmww§c§WW+§A«%wwfw»

Replacing = by 19c,y* by ey* and taking the infimum over all ¢ > 0 (see (3.5)),
€
we find

(T (2) %) < CG llzll” + 5= fic ™ ™) dp)

< CG|E|[ + & fic Mew sy i)

*

€T P * kk * L* p
< et (B) s 3 (il wror¥)
* s\ |P* L*
< Cll|l [x Ky ™) )P
This implies
(T @) ) < Cllell .
which concludes the proof. ]

Corollary 3.5. Consider 1 < pq,ps < cosuchthatp; <ps. If T € D), (X,Y)
then T'e D, (X,Y) and
dp, (T) < dp, (T).
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4. ReLATION BETWEEN LINEAR AND SUBLINEAR OPERATORS

In this section we study the relation between 7" and VT' concerning the notion
of strongly p—summing. We use the result of section 3.

Proposition 4.1. Let X be a Banach lattice and Y be a complete Banach
lattice. Let 7" be a bounded sublinear operator from X into Y. Suppose that 7" is
strongly p—summing (1 < p < oc). Then for all w € VT, w is strongly positive
p—summing and hence «* is positive p*—summing.

Proof. We have by (1.2) for all z in X and y* in Y

and consequently

This implies that

IN
S
—~
&
<
\i
_|_
S
n
&
<
\i

and by (3.3)

(4.1) [(u (), y")] < 2dp(T) ]| " ()" du(y™))P"

By**

Hence, we obtain
1
[ (y)l < 2dp(T)/ W (y™)IP dp(y™))P".
BY**
Thus the operator «* is positive p*—summing and 7 (u*) < 2d,(T). ]
Remark 4.2. If y* is negative we have also (4.1). We do not know if w is
strongly p—summing.

We now study the converse of the precedent proposition.

Theorem 4.3. Let X be Banach space and Y be a complete Banach lattice.
Let T : X — Y be a sublinear operator. Suppose that there is a constant C' > 0,
a set 7, an ultrafilter &/ on I and {u;}ic; C VT such that for all = in X,

(i (@), y7)| — (T (2),y7)]|
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and dp(u;) < C uniformly. Then,

T € Dy(X,Y)and d,(T) < C.

Proof. Since u; is strongly p—summing, by Theorem 3.4 then there is a Radon
probability measure p; on By« such that for all z € X, we have
* L
[(ui (), y")] < dp(ui) [l]| [y (™)IP dpiy™))?".

By**

As we have for all z in X and y* € Y™,

{ui (), y)| —= [T (2), y)]

thus we obtain for all z in X and y* € Y*,
* L
(T (2), y")| < limdy(us) ||| " (™) dpi(y™)) "

By**

The unit ball By« is weak* compact, hence u; converge weak* to a probability 1
on By« and consequently

" 1
(T (@),7)| < Clle] /B @ duty™)

for all z in X and y* € Y*.

This implies that d,,(T') < C. u
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