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ON GLOBAL EXISTENCE AND BLOW-UP OF SOLUTIONS FOR AN
INTEGRO-DIFFERENTIAL EQUATION WITH STRONG DAMPING

Shun-Tang Wu and Long-Yi Tsai

Abstract. The initial boundary value problem for an integro-differential equa-
tion with strong damping in a bounded domain is considered. The existence,
asymptotic behavior and blow-up of solutions are discussed under some con-
ditions. The decay estimates of the energy function and the estimates of the
lifespan of blow-up solutions are given.

1. INTRODUCTION

In this paper we consider the initial boundary value problem for the following
nonlinear integro-differential equation:

Q1) wy — M(||Vul3)Au+ /Otg(t — s)Au(s)ds + h(uz) = f(u),
with initial conditions

(1.2) u(z,0) = up(x), u(x,0) = ui(x), x € Q,

and boundary condition

(1.3) u(z,t) =0,z € 9Q,t >0,

N
where A = > 2 and Q ¢ RN, N > 1, is a bounded domain with a smooth
2 a2

boundary 92 so that Divergence theorem can be applied. Here, g represents the
kernel of the memory term which is assumed to decay exponentially (see assumption
(A1), h(u;) = —Auy, f is a nonlinear function like f(u) = |u|? ?u, p > 2 and
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M(s) is a positive locally Lipschitz function like M(s) = mgo + bs”, my > 0,
b>0,y>1and s >0.

When g = 0, for the case that M = 1, the equation (1.1) becomes a nonlinear
wave equation which has been extensively studied and several results concerning
existence and nonexistence have been established [1, 3, 4, 8,10, 11]. When M is not
a constant function, a special case of equation (1.1) is Kirchhoff equation which
has been introduced in order to describe the nonlinear vibrations of an elastic string.
More precisely, we have

0%u Eh (L [ou\? 0%u

(1.4) Phw:{m‘f—ﬁ/o <%> dw}@‘f—fv

for 0 < x < L,t > 0; where u is the lateral deflection, = the space coordinate, ¢
the time, F the Young modulus, p the mass density, h the cross section area, L the
length, po the initial axial tension and f the external force. Kirchhoff [9] was the
first one to study the oscillations of stretched strings and plates. In this case the
existence and nonexistence of solutions have been discussed by many authors and
the references cited therein [5,6, 16,17, 18,19].

When g is not trivial on R, for the case that M = 1, (1.1) becomes a semilinear
viscoelastic equation. Cavalcanti et al. [2] treated (1.1) for h(u;) = a(x)u, here
a(x) may be null on a part of the domain. By assuming the kernel g in the memory
term decays exponentially, they obtained an exponentially decay rate of the energy.
This work extended the result of Zuazua [22] in which he considered (1.1) with
g = 0 and the damping is localized. On the other hand, when h = 0, Jiang and
Rivera [8] proved, in the framework of nonlinear viscoelasticity, the exponential
decay of the energy provided that the kernel g decays exponentially. Recently, Wu
and Tsai [20] discuss the global solution as well as energy decay, and blow-up
of solutions for A and f are power-like functions. In the case that M is not a
constant function, the equation (1.1) is a model to describe the motion of deformable
solids as hereditary effect is incorporated. The equation (1.1) was first studied by
Torrejon and Young [21] who proved the existence of weakly asymptotic stable
solution for large analytical datum. Later, Rivera [14] showed the existence of
global solutions for small datum and the total energy decays to zero exponentially
under some restrictions.

In this paper we show that under some conditions the solution is global in time
and the energy decays exponentially. In this way, we can extend the result of [14]
to nonzero external force term f(w) and the result of [20] to nonconstant A/ (s).
We also obtain the new results for blow-up properties of local solution with small
positive initial energy by using the direct method [13]. The content of this paper is
organized as follows. In section 2, we give some lemmas and assumptions which
will be used later. In section 3, we first use Faedo-Galerkin method to study the
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existence of the simpler problem (3.1) — (3.3). Then, we obtain the local existence
Theorem 3.2 by using contraction mapping principle. Moreover, the uniqueness of
solution is also given. In section 4, we first define an energy function E(¢) in (4.7)
and show that it is a non-increasing function of ¢. We obtain global existence and
decay properties of the solutions of (1.1) — (1.3) given in Theorem 4.4. Finally, the
blow-up properties of (1.1) — (1.3) and the estimates for the blow-up time 7 are
also given.

2. PrReELIMINARY RESULTS

In this section, we shall give some lemmas and assumptions which will be used
throughout this work.

Lemma 2.1. (Sobolev-Poincaré inequality [12]) 1f 2 < p < 22 then
[ull, < By [[Vull,,

for u € HZ(Q) holds with some constant By, where |||, denotes the norm of
LP(Q).

Lemma 2.1. [13] Let § > 0 and B(t) € C?(0, 00) be a nonnegative function
satisfying

(2.1) B"(t) — 4(5 + 1)B'(t) + 4(5 + 1) B(t) > 0.
If
(2.2) B'(0) > roB(0) + Ko,
then
B'(t) > Ky

for ¢t > 0, where K is a constant, ro = 2(6+1) —24/(d + 1) is the smallest root
of the equation
r? — 45+ 1)r+4(5+1) = 0.

Lemma 2.3. [13] If J(¢) is a non-increasing function on [t o,00), to > 0 and
satisfies the differential inequality
(2.3) J'(£)% > a+bJ(t)*Fs for g > 0,
where a > 0,b € R, then there exists a finite time 7'* such that

li J(t)=0
i J(0)
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and the upper bound of T'* is estimated respectively by the following cases:

(@) Ifb<0and J(tg) < min{l, \/_Zb} then

/ _a
T <ty +

1 b
In .
V=b \/ 25— J(to)

(i) If b= 0, then

J(to)
T <t .
<t + Va
(422) If b > 0, then
T* < J(to)
- Va
or
3641 Oc

TS to+ 25 {1 = (L ed(t)] 2 )

)
where ¢ = ()25,

Lemma 2.4. [15] Let ¢(¢) be a non-increasing and nonnegative function on
[0,T], T > 1, such that

$(t)*" < wo (6(t) — ¢(t +1)) on [0,T],

where wyg is a positive constant and r is a nonnegative constant. Then we have
(z) if r > 0, then

1

() < (B(0) " +wyr[t— 1)) 7,
where [t — 1]* = max{t — 1, 0}.
(i) if r = 0, then
#(t) < ¢(0)e =1 on [0, 71,

where w; = ln(ﬁ), here wg > 1.

Now, we state the general hypotheses:
(Al) g : RT — RT is abounded C" function satisfying

o
(2.9) mo — / g(s)ds=1>0,
0
and there exist positive constants &1, &>, and &3 such that

(2.5) —&19(t) < g'(t) < —Eag(t).
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(A2) f(0) = 0 and there is a positive constant k; such that

() = F(0)] < Ky fu— o] (Jul= + o ~2),

foru,v e Rand 2 < p < 2(]@[__21); (00, If N <2).

3. LocAaL EXISTENCE

In this section, we shall discuss the local existence of solutions for integro-
differential equations (1.1) — (1.3) by using contraction mapping principle.

An important step in the proof of local existence Theorem 3.2 below is the study
of the following simpler problem :

(3.1)  wy — p(t)Au+ /t g(t — s)Au(s)ds — Auy = fi(x,t) on Q x (0,T),
0

with initial conditions

(3.2) u(z,0) =wuo(z), w(z,0) =uy (x), z € Q,
and Dirichlet boundary condition

(3.3) u(x,t) =0, z €9, t>0.

Here, T > 0, f is a fixed forcing term on © x (0,7'), and p is a positive locally
Lipschitz function on [0, co) with x(t) > mo > 0 for ¢t > 0.

Lemma 3.1. Suppose that (A1) holds, and that ug € H}(Q) N H*(Q), ug €
L2(2) and f; € L2([0,T]; L*(2)). Then the problem (3.1) — (3.3) admits a unique
solution « such that

u € C([0,T]; Hy(2) N H?(5)),
up € C([0,T]; L¥(Q)) N L2([0, T1, Hy(2)),
Ut € LQ([O,T];LQ(Q)).

Proof. Let (wy,)nen be a basis in H}(Q) N H2(Q) and V,, be the space
generated by wq, -+ ,wp, n=1,2,---.
Let us consider

un(t) = rin(t)w;
=1
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be the weak solution of the following approximate problem corresponding to (3.1) —
(3.3)

/ up (t)wdz + p(t) / Vun(t) - Vwdz
Q Q
(3.4) — /Otg(t —7) /QVun(T) - Vwdzdr + /Q Vu, (t) - Vwdx
= / fi(z, t)wdx for w € V,,,
Q

with initial conditions

(3.5) un(0) = ugn = Y _ pinw; — ug in Hy(Q) N H*(Q),
=1
and
(36) ’U,;.L(O) = Uln = Zqin’wi — U1 in L2(Q),
=1

o]
where piy, = [, vowidz, gin = [ouiwidz and v’ = Gf.

By standard methods in differential equations, we prove the existence of solu-
tions to (3.4) — (3.6) on some interval [0,¢,),0 < ¢, < T. In order to extend the
solution of (3.4) — (3.6) to the whole interval [0, 7], we need following a prior
estimate.

Step 1. Setting w = u),(¢) in (3.4), we obtain
& (10l + 22 190 2) + 73,0
_ /Q Fula, . (8)dz + /0 gt =) /Q Vn(7) - Vil (t)dwdr
O 19,013,

Noting that, by Holder inequality and Young’s inequality, we have

/0 g(t—1) /Qvun(T) -Vl (t)dzdr
(3.8)

< Hivdol+ 142 [ -7 19 Bar
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and

(39) | it < S1AIE+ 5 [, 0]
Then, by using (3.8) and (3.9), we obtain from (3.7)

< (% Jut o2 + £ Hvun(t)ug> b2 Va0
@) < il + L [t 9o
0

A i, 01 + L o).

By integrating (3.10), we get

t
]2+ ste) [Tl + [ [V, 0]
(3.11) 0

<art [ [tz (WOl 1ol ) 1 @1 + ) 19012 a

where ci = [[urn 3 + 1(0) [ Vuonll3 + fy /113 dt.
Thus, by employing Gronwall’s Lemma, we see that

t
@12 )+ ) Vel + [ Va0l < L.

for t € [0, 7] and L; is a positive constant independent of n € N.

Step 2. Setting w = . (¢) in (3.4), we have

a3+ 5 (uto) [ Funte): Tui oo + 5 |vo})

') / Vuun(t) - 2Vl (t)de + pt) || Vil (1) ||
(3.13)

Noting that, by (2.5), Holder inequality and Young’s inequality, we have

- /O gt ) / Vo (r) - Vol (t)dadr
(3.14)

< nl|vuo; + Sk [ ot 19

—1—% </0t t—T1 /Vun )- Vb ( dxdr) /Vun )-Vu, (t)dz
_ /0 - /Q Vaun(7) - Vai, (¢)dadr + /Q Fua, )l () da.
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By Holder inequality and Young’s inequality again, we get

2
B18)  90) [ Vunlt) Vet <0 [V, 0]+ L0 [Fun )3,
and

2
(3.16) '(t) /Q Vg (t) - Vi, (t)dz 5n||Vu;<t>||§+Y—;va)rr%,

where 0 < 1 < 1 is some positive constant and M; = sup {1 ()|}

Thus, integrating (3.13) over (0, ), and using (3. 14) (3 16), we obtain

1 1/t
3 IVl +5 [ o]z

SMl+f£1HgHL1+9 /HV 2 dr + ult /HW )15 dt

(3.17) +3n/ Hvu;(t)yy;dt+§/ 171115 dt
0 0

4 /0 ot — 7) /Q Vun(r) - Vid, (t)dwdr
u(t) /Q Vun(t) - Vi, (£)dz

+ 1(0) ‘/ Vuop - Vuipdz| .
Q

By using Holder inequality and Young’s inequality on the fifth and sixth term in
(3.17) and by (3.12), we deduce

1 1t
(5-20) 19w+ 5 [ o
0
t
< 62+(M2+3?7)/ HVUZ(T)H;dTv
0

[(ME+€319112 1 +9(0)2+|gll 1 llgll oo ) T+ME] Ly
4nmo

where co = p(0) [[Vuon|ly [[Vurally +

+5 Jo If1l3 dt and My = sup {|u(t)[}.
0<t<T

Then, by Gronwall’s Lemma, we have

(3.18) [Vl (1)]]3 +/0 [ut()|5dt < Lo,

for all t € [0, T] and L, is a positive constant independent of n € N.



Integro-Differential Equation with Strong Damping 987

Step 3. Setting w = —Auw, in (3.4), we deduce

%<_/Qu;1(t)Aun( Vo + 3 [ (1 )HS)

(3.19) — |V, @)||5 + st (| Au

1 t
< 3 I+ nlau 3+ [ o= [ Au(r)du e

where 0 < n < 50 is some positive constant.

Since
/0 ot —7) /Q At (7) Aty () davdr

t
g
< wlAu @I+ 1 [ gt ) 180,

(3.20)

then by integrating (3.19) and using (3.20) and (3.18), we obtain

1 t
1 180 + (o — 20) / |8 (7) [ d

HgH
T ”A H2dT

where c3 = [Ju1n |5 || Auonll; + % HAUOan + 1 Jo I A1ll3dt + Ly + LT,
Thus, by Gronwall’s Lemma, we have

t
321) Bunl+ [ 8ua(r) e < Lo
0
for all t € [0, 7] and L3 is a positive constant independent of n € N.

Step 4. Let j > n be two natural numbers and consider z, = u; — uy.
Then, applying the same way as in the estimate step 1 and step3 and observing that
{uon} and {uy,,} are Cauchy sequence in H} ()N H?(Q) and L?(), respectively,
we deduce

62 Ol a0 IV + [ 90—
and

t
(3.23) 1Azl +/ Az (7)[2 dr — 0, a5 n — oo,
0
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forall t € [0, 7.
Therefore, from (3.12), (3.18), (3.21), (3.22) and (3.23), we see that

(3.24) u; — u strongly in C(0,T; H}(Q)),
(3.25) ui — o' strongly in C(0,T; L*(Q)),
(3.26) ui — o' strongly in L*(0,T; HY(R)),
(3.27) ul! — " weakly in L%(0,T; L*(Q)).

Then (3.24) — (3.27) are sufficient to pass the limit in (3.4) to obtain
t
u — p(t)Au —|—/ g(t — s)Au(s)ds — Auy = fi(z,t) in L2(0,T; HY(Q)).
0

Next, we want to show the uniqueness of (3.1) — (3.3). Let u™), »(® be two
solutions of (3.1) — (3.3). Then z = u()) — 4 satisfies

t
/Q 2 (O)wdz+p(t) /Q V() - Vwds — /0 g(t—7) /Q Vi(r)- Vwdzdr
(3.28) —|—/ V2 (t) - Vwdz = 0 for w € H(Q),
Q

2(x,0)=0,2(z,0)=0, z€Q,

and
z(x,t) =0, x € 00, t > 0.

Setting w = 2/(t) in (3.28), then as in deriving (3.12), we see that
t
2 2
IO+ ) 9201+ [ 9 (0) e

t
< /0 [1 + ﬁ (I ()] + ngil)] [112/) 13 + (s) [92(5)113] .
Thus, employing Gronwall’s Lemma, we conclude that
(3.29) |20, = IV2(t)]l, = 0 for all ¢ € [0, T].

Therefore, we have the uniqueness.
Now, we are ready to to show the local existence of the problem (1.1) — (1.3).
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Theorem 3.2. Suppose that (A1) and (A2) hold, and that ug € H}(Q)NH?(1),
up € L%(Q), then there exists a unique solution u of (1.1) — (1.3) satisfying

u € C([0,T); Hy(Q) N H*(Q)) and u; € C([0, T); L*(Q)) N L2([0, T]; HA(Q)).

Moreover, at least one of the following statements holds true :

()T = oo,
(3.30) - ) ) B
(i)e(u(t)) = [lur ()3 + [Au(t)[[; — o0 ast —T.
Proof. Define the following two-parameter space: X1 Ry =

v € C([0,T]; Hy(Q) N H*(2)), vy € C([0,T]; LX) 0 L*([0, T]; Hy()) -
e(v(t)) < R%, t €]0,T), with v(0) = ug and v¢(0) = ;. ’

for T'> 0, Ry > 0. Then X g, is a complete metric space with the distance

1

(3.31) d(y,z) = Oi?gTe(y(t) —z(t))2.

where y, z € X1 R,-
Given v € X7 r,, We consider the following problem

(332) wee — M(|Vol2)Au + /Otg(t ~ 5)Au(s)ds — Aug = f(v),
with initial conditions

(3.33) u(z,0) = up(z), ue(z,0) = uy (), x € €,

and boundary condition

(3.34) u(z,t) =0,z € 99, > 0.

First of all, we observe that

dt
(3.35) < 2Ms || Avlly f[vel,

d
SMU(VolR) =220Vl [ Vo Tuds
Q

< 2M3R2,

where M3 = sup{|M’(s)|;0 < s < B?R2}. And by (A2), we see that f €
([0, T); LX()).

Thus, by Lemma 3.1, there exists a unique solution u of (3.32) — (3.34). We
define the nonlinear mapping Sv = wu, and then, we shall show that there exist
T > 0 and Ry > 0 such that
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(i) S:X7Rry — XT,Rys

(i) S is a contraction mapping in X1 r,with respect to the metric d(-, -) defined
in (3.31).

(1) Multiplying (3.32) by 2u;, and then integrating it over 2 x (0, ¢), we obtain

i [+ (39e13) = [ at61as) 1900l + (6o Va0 0

B3 2 Vil = (9" 0 Ve) (1) + 9(0) [ Vut)
=11 + I,
where
n= (M7 ) I9uC
and

I, = 2/ f(w)updz.
Q
The equality in (3.36) is obtained, because

_ /0 t /Q gt — T)Vul(r) - Vur(t)dadr
1d !

(3.37) == [(goVu)(t) —/0 () [Vu(t)|3 dr
—%(g/ o Vu)(t) + %g(t) IVu(®)ll2

where

(3.38) (go Vu)(t) = /0 gt —1) /Q |Vu(r) — Vu(t)‘2 dxdr.

Noting that by using (3.35) and (3.30), we have
(3.39) 11| < 2M3 B} Rie(uf(t)),
and by (A2), Holder inequality and Poincaré inequality, we get
L] §2k1/ o g da
Q
2(p—1 —
(3.40) < 201 By A0 [,

< 2k B* PV RE Yo (u(t))2.
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Then, by (3.39), (3.40) and (A1), we have from (3.36)

i [t + (3ve1d) = [ ate)ds ) IVaolB + (g 0 Va0 0

(3.41) +2 ||V |5
2 P2 2(p—1) pp—1 :
< 2M3BiRge(u(t)) + 2k1B; Ry e(u(t))z.

On the other hand, multiplying (3.32) by —2Awu, and integrating it over 2, we get

d
{18l =2 [ wauacf + 207 (19018) 180013

< Q/QutAutdx — Q/Qf(v)Audx +2 /Otg(t -7) /QAu(T)Au(t)dxdT.

Using similar arguments as for (3.20) and (3.40), we deduce

d
S {18uB =2 [ e} 42 (0 (19018) - ) 1auto)

t
(3.42) < 2%, BXP VR e(u)} +%/ g(t —7) | Au(r)|3 dr
0

+2 | Va3

where 0 < n < % is some constant.
Multiplying (3.42) by €, 0 < e < 1, and adding (3.41) together, we obtain

4,
dt
(343) < 2MsBIR3e(u(t)) + 2k (1 + &) B{" VRE e (u(t))?

“(u(t)) +2(1 = &) [[Vuell3 + 2 (M (IV0]13) =) [|Au(t)]3

t
+ b2l [y e aul ar

where

(1)
= w2+ (M(HWH%) - g(s)ds) I9u(t) 2+ (g0 Vu) (1)

—25/ uAudz + € || Aul3 .
)
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By Young’s inequality, we get

2e / w Audzx
Q

g
< 2¢ [|ug|5 + 3 [N
Hence
e*(u(t)) > (1—2e) [fufl3+ B 1Au|3 + (M(HVUHE) —/0 9(3)d$> IV7ull3
+(g o Vu)(t).
Choosing e = 2 and by (2.4), we have
1
(3.44) e (u(t) = 3e(u(t)),

and

e*(ug) < (14 2¢) urll3 + % [ Augl3 + M (|[Vuoll3) [|Vuoll3
(3.45)
< g,

where
2 2 2
c2 =2 |lua |3 + [ Auolls + M ([ Vuoll3) [[Vuoll5 -

Integrating (3.43) over (0, t), we get

2 t
e (ult) + 5 <m0—n—%> | ey s

(3.46) < e*(up) + /t[IOMgB%Rge*(u(s))

0
14
\/—k B2V RPLe* (u(s))2]ds

Taking n = % in (3.46), then from (2.4), we deduce

e*(u(t)) < e*(upH+ /O t <1OM33%Rge*(u(s)) ﬂk BXP U RE Y (u(s))

N|=

) "

Thus, by Gronwall’s Lemma and using (3.45), we have

2
(3.47) e*(u(t)) < <\/—_,_ Mk B2(p 1 Rp Lp > el0M;BYR3T
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Then, by (3.44), we obtain
(3.48) e(u(t)) < x(ugp,u1, Ry, T)2e10M3B%R3T,

for any t € (0, 7] and

7 — _
X(uo, u1, Ro, T) = v/bea + Zle%(p I)Rg 7.
We see that if parameters T and R satisfy
(3.49) X(uo, u1, Ro, T)?e®MsBGT < B3,

Moreover, by Lemma 3.1, u € C°([0, T]; H*(Q) N H}(R)) N C1([0, T]; L*(2)).

L
On the other hand, it follows from (3.41) and (3.48) that u; € L2((0,T); H}(Q)).
Thus, S maps X7 g, into itself.

Next, we will show that .S is a contraction mapping with respect to the metric
d(-,-). Letv; € X7, and u) € X7 g, i = 1,2 be the corresponding solution to
(3.32) — (3.34).

Let w(t) = (v — u®)(¢), then w satisfy the following system:

t
wy — M (||Vv 2Aw+/ t—7)Aw(7)dT — Aw
(350) t (IVorll3) ; g(t —7)Aw(r) t

= J(01) = f(v2) + [M (|VoLl3) = M (I Ves]}3)] Au,
with initial conditions
(3.51) w(0) = 0, w(0) =0,
and boundary condition
(3.52) w(z,t) =0, z€ N and t > 0.

Multiplying (3.50) by 2wy, and integrating it over €2, we have
(3.53)

& [tz + (31901 - [ atas) 190 + (g0 Tu)(0

+2 Vw3 — (g" o Vw)(t) + g(t) [[Vw(t) |5
= I3+ 14+ I5,

where
=2 [M (19erl) = M (19e2]B)] | AuPwnde,
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Li=2 [ (701) = fe)) wda,
and
s = (GMUTul) ) 190l
To proceed the estimates of I;,7 = 3,4, 5, we observe that

15| < 2L ([Vuilly + 1 Vo2lly) Vo1 = Voally [[Aul [, flwell,

(3.54) 1 1
< 4LBIR%e(vy — v9)2e(w(t))?,
(3.55) 14| < 4k B PV R 2e(v) — vg)Ze(w(t))?,
and
(3.56) |I5| < 2M3Bi Rje(w(t)),

where L = L(Ry) is the Lipschitz constant of M (r) in [0, Ro.
Thus, by using (3.54) — (3.56) in (3.53), we get

i [tz + (s 170l) - [ gts1as) IVl + (g0 Tu))

(3.57) +2 || Va3

N [—=

< 2M3B2R2e(w(t)) + cse(vr — v2)2e(w(t))?,
where c3 = 4 (LB%R% + lef(p_l)Rg_2> :

On the other hand, multiplying (3.50) by —2Aw, and as in deriving (3.42),
(3.54) and (3.56), we deduce

d
{18l -2 [wawds} 200 (19013 - ) 18w0]3

(3.58)

t
< caelon—ow)be(w)t + 0 [ty auie) ar
0

+2 [ Verl3

llgll ;1
where 0 < n < o
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Multiplying (3.58) by ¢, 0 < e < 1, and adding (3.57) together, we obtain

d
e (w(®) +2(1-¢) IVl + 2 (M (| Vor[13) = n) [[Awl)3

(359) < 2M3BIRZe(w(t))+ (1+e)ese(vr — vz)e(w(t))

N [—=

t
t ol /0 gt — ) | Aw(r) |2 dr.

21
where
e. (u()
G60) = il + (M(HVmH%) -/ g(s)ds) 1wl + (g0 Vao) ()

—2€/thwdx—|—€HAwH§.
Q

By using Young's inequality on the fourth term of right hand side of (3.60), we get

9
ex(w(t) > (1-2¢) full; + 5 | Awl3

t
+ (M(HVWHS) —/0 9(8)d3> IVw(®)[l3 + (g Vw)(t).
Choosing ¢ = 2 and by (2.4), we have

(3.61) e(w(t)) > ze(w(),
and by (3.51) — (3.52), we also see that
(3.62) ex(w(0)) =0.

Then, applying the same way as in obtaining (3.46) and then taking n = ”g”Ll

deduce

, We

e.(w(t) < e.(w(0))+ /O 1003 B2 Rae. ((s))

7V be
+\/5—3

Thus, by Gronwall’s Lemma, we obtain

ml»—A

L(w(s))2]ds.

(v1 —v2)2e

2
7
e*(w(t)) S < \/—63 2(p 1 Rp 2> T2e10M3B%R3T sup 6(1)1—’[)2).
0<t<T
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By (3.61) and (3.31), we have

I

(3.63) d(ut,u?) < C(T, Ro)2d(vy, v2),

where )
C(T, Ro) = 5 (W % g2 pp- ) T2I0MsBYRET.

Hence, under inequality (3.49), S is a contraction mapping if C(T, Ry) < 1. Indeed,
we choose Ry sufficient large and 7" sufficient small so that (3.49) and (3.63) are
satisfied at the same time. By applying Banach fixed point theorem, we obtain the
local existence result.

The second statement of the theorem is proved by a standard continuation argu-
ment. The proof of Theorem 3.2 is now completed.

4. GLoBAL ExIsTENCE AND ENERGY DECAY

In this section, we consider the global existence and energy decay of solutions
for a kind of the problem (1.1) — (1.3) :

t
41wy — M(|[Vu|2)Au +/ gt — ) Au(s)ds — Aug = [ul’ 2,
0

with initial conditions
(4.2) u(xz,0) = ug(x), ur(z,0) = ui(x), z € Q,
and boundary condition

(4.3) u(z,t) =0,z € 0Q,t >0,

where 2 < p < 2V U and M(s) = mq +bs?, mo >0, b>0,v>1and s > 0.

Let

(4.4)

5(t) = Bu(t)) = (mo - g(s)ds) Iu(@) 2 + b [Vu(t) 20

+(g o Vu)(t) = [[u(®)]l5,

(4.5)
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and
Jt)= J(u(t) = % <mo — /0 g(s)ds) IVu(t)|3 + %(goVu)(t)
(4.6)
b 2(y+1) 1 P
MEICE) Vu(®)ll3 —1—9Hu(t)Hp,

for u(t) € H}(Q), ¢t >0, and (g o Vu)(t) is given in (3.38).
We define the energy of the solution w of (4.1) — (4.3) by

@) B(1) = ¢ a3+ (2).

Lemma 4.1. E(t) is a non-increasing function on [0, c0) and

@8 0= [Vul}+ 3¢ o Vu)t) - 29(6) V()

Proof. By using Divergence theorem, (4.1) — (4.3) and (3.37), we see that
(4.8) follows at once.

Lemma 4.2. Let u be the solution of (4.1) — (4.3). Assume the conditions of
Theorem 3.2 hold. If I;(ug) > 0 and

p—2

(4.9) a= BTf ( 2 E(O))T <1,

l(p—2)
then I5(t) > 0, for all t > 0.
Proof. Since Ii(up) > 0, it follows from the continuity of w(¢) that
(4.10) Ii(t) >0,

for some interval near ¢t = 0. Let t,,.x > 0 be a maximal time (possibly tpax = T),
when (4.10) holds on [0, tmax)-
From (4.6) and (4.4), we have

1 t 1 1
J(t)> = (mo— [ g(s)ds )| Vull3+ = (g0 Vu)(t) — =||ul?
(4.11) 2< /0 ) 2 P

22 (o= [ ats)ds) IVull + (g0 vur(0)] + 210
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By using (4.11), (4.7) and Lemma 4.1, we get

t 2p
9l < (o~ [ gts)as) 19ull < 225500
0 b -
(4.12) , ,
p p
< ——FE(t) < ——F(0).
< 2Bt < 2B

Then, from Poincaré inequality and (4.9), we obtain from (4.12)

p—2

BY 2p R
Julf < B9t < 5 (2B ©) T 11vul
(4.13) (p=2)

— ol [Vl < <m0 - /Otg(s)ds> IVl on [0, fima)-
Thus
434) 1) = (o [ o(6)ds ) I9ulB-+ (50 T) )~ Julf > 0 0 [0t
This implies that we can take ¢,,,x = 7. But, from (4.4) and (4.5), we see that

Ig(t) > Il(t),t < [O,T]

Therefore, we have L (t) > 0,¢ € [0, T].
Next, we want to show that ' = oco. Multiplying (4.1) by —2Aw, and integrating
it over €2, we get

d

1l =2 [ wuacf 201 (19008) aul?

t
< 2| V|2 -2 / P~ uAudz + 2 / ot — 7) / Au(r) Au(t)dadr
Q 0 Q

Applying the same arguments as in (3.42), we have
d
S {1aul —2 [ wdude )+ (1 (17uB) - 20) 120l

t
4.15) < 2||Vu|?+ %/0 gt —7) | Au(r)||3 dr

-2 / lulP~? uAudz,
Q

HQHLl

where 0 < n < o
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Multiplying (4.15) by &, 0 < e < 1, and multiplying (4.8) by 2, and then adding
them together, we obtain

d .

B (8) +2(1 = ) [ Vue3 + 22 (M (|[Vull3) — ) || Aull;
(4.16) .

_ p—2 gl _ 2

< =2¢ | |ulP" " uAudz + ¢ g(t —7) || Au(r)|5 dr,
Q 2nJo
where
(4.17) E*(t) =2E(t) — 25/ urAudz + € || Aul3 .
Q

By Young’s inequality, we get

2e / w Audzx
Q

2 € 2
< 2¢ fluellz + 5 | Aully -
Hence, choosing e = 2 and by (4.14), we see that

(@.18) 2(0) > 2 (Il + 12ul3).

Moreover, we note that

2 / lulP~? uAudz| < 2(p — l)fQ\u\p_2 \Vu|® dz
Q

(4.19)
<2p-1) HuH(p 20, Hqu202
where %+é =1, so that, we put 6; = 1 and 6 = oo, ifN—l' 01 =14¢; (

for arbitrary small ; > 0), if N =2;and 6, = &, 6, = &5, if N > 3.
Then, by Poincaré inequality, (4.12) and (4.18), we have

2| [ Jul* ubuds| < 2B{(p - 1) |Vully? Al
Q

(4.20)
< a1 E* (1),

p—2

2

where ¢; = 10B}(p — 1) (1(;p2)E(0)>

Substituting (4.20) into (4.16), and then integrating it over (0, ¢), we obtain

oy 4 HMhl
E*(t)+ = (mo > | Au(s)||? ds
(4.21) g / i
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Taking n = % in (4.21), and then by Gronwall’s Lemma, we deduce
E*(t) < E*(0) exp(cat),
for any ¢t > 0. Therefore by Theorem 3.2, we have T' = oc.

Lemma 4.3. If u satisfies the assumptions of Lemma 4.2, then there exists
0 < n; < 1 such that

42 utolly < @—m) (mo— [ o)) [ulo)] on 0.),
where 71 = 1 — a.
Proof. From (4.11), we get
lullp < ol | Va3
Let 71 = 1 — «, then we have (4.22).

Theorem 4.4. (Global existence and Energy decay) Suppose that (Al) holds.
Assume I (up) > 0 and (4.9) holds, then the problem (4.1) — (4.3) admits a global
solution u if ug € H}(Q) N H(Q) and uy € L2(Q).

Furthermore, we have the following decay estimates:
E(t) < E(0)e"™ on [0, c0),
where 71 is given in (4.38).

Proof. By integrating (4.8) over [t,t + 1], we get

(4.23) E(t)— E(t+1) = D(t)?,

where

5 t+1 9 1 t+1 1 t+1 9
D= [ Vw3 [ @evawa+; [ g Ivuolia
t t t
Hence, by (A1), there exist t; € [t,t + 1], %2 € [t + 2,¢ + 1] such that

(4.24) [V (t:)])3 < 4D(1)?, i=1,2.
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Next, multiplying (4.1) by « and integrating it over Q X [t;, t2], we have

to t
/ [(mo— / g(s)ds) Iul? + b [ Ful20 — ful] at

ty

to to
= —/ /uttudxdt—/ /Vut-Vudxdt
t1 Q t1 Q

N /tt /Q /0 ot — $)Vult) - [Vuls) — Vu(t)] dsdedt.

Then, by (4.5), we obtain

to
/ L(t)dt
ty

to to to
= —/ /uttudxdt—/ /Vut-Vudxdt—f—/ (g o Vu)(t)dt
t1 Q t1 Q t1

N /tt /Q /0 Colt — ) Vult) - [Vuls) — Vut)) dsdedt.

By using Holder inequality and Young’s inequality, we have

to to
(4.25) / /Vut-Vudxdtl g/ IVl [V, dt,
t1 Q t1
and
to t
/ / / gt — $)Vult) - [Vuls) — Vu(t)] dsdadt
(4.26) 00

to

to t 1
< /g(t—s) IVul2 dsdt + = [ (g0 Vu)(@)dr,
t1 0 45 t1

where § is some positive constant to be chosen later.
Note that by integrating by parts, Holder inequality and Poincaré inequality, we

get
to
/ / uttudxdt‘
t1 Q
2

t+1
< B [Vuti)lly [ Vults)lly + B2 / V]2 dt.
=1

(4.27)
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Then, by (4.25) — (4.27), we deduce

to
/ L(t)dt
t1

2 t+1
< B |Vualts)ly [ Vu(t:)ll, + B2 / Va2 dt
=1

to 1 to
+ [ 19wl IValldt + (55 +1) [ (goTuear
) sty
to t
4+ / ot = s [Vu() |2 dsdt.
t1 0

Furthermore, by (4.24) and (4.12), we have

(4.28) V()| [|Vults)ll, < caD(t) sup E(s)z,
t1<s<t2
and
to o 1
(4.29) |1Vl 1 Vuldt < 2D swp B(s)
t1 2 t1<s<t>
1
where ¢y = 2 <1(;;2—52) 2
Thus, by using (4.28) and (4.29), we obtain
to
/ DL(t)dt
t1
1 1 t2
430) < esD(t) sup E(s)? + B2D(8) + (= + 1) / (g o Vu)(t)dt
t1<s<to 45 ty

to t
45 [ [ gte=s) IVuv)ldsat,
t1 0

where c3 = (QB% + %) Co.
On the other hand, from (2.5) and (4.23), we get

/ * (g0 Vu) (1)t
t1
I
4.31 _— /
(431) < 52/tl (g o V) () dt
< 2D

S
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and by (2.4) and Lemma 4.3, we have

to to
/ / (t = 8)[|Vu(t)|2 dsdt< — / (t—s) | Vu(t)|? dsdt
t1 ty

~ 5 / 19(0) — g(0) | Vu()]2 dt

I 5
< g ) 9O IVulbllzdt
1

0) [*
< 2y [ i

(4.32)

where the last inequality is derived by (4.22), because
t 5 1 1
(4.33) mo — / o(5)ds ) [Vult)[§ < -(0) < —Da(t) for ¢ > 0.
0 1 1

Hence, by choosing § such that f{"gg) = 1 and by (4.31) — (4.32), we obtain from
(4.30)

(4.34) /t2 Ir(t)dt < 2¢3D(t) sup E(s)% + ¢4 D(t)?,

t1 t1<s<ta

where ¢4 = 4 [B% (2?7(?622 + )

Moreover, from (4.7), (4.4) and using (4.14), we see that

B0 < g lulf+e (mo— [ a(o)ds) 9l + estgo T

+C6IQ (t),

(4.35)

where ¢5 = l - = and Ccg = <% + 2(%’_1)) .

By mtegratmg (4.35) over (t,t2), we obtain
to

1 to to to
Bt < 5/ HutHgdt—i—%/ Ig(t)dt+65/ (g0 Vu)(t)dt

t1 ty t1

vos | (10— [ ots1as) 19uto

Thus, by Poincaré inequality, (4.23), (4.31) and (4.33), we have

ty

to

BY 2 ey [ 2¢5
439 [ E@d < D0+ o+ ) / B(t)dt + F2 D).
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By multiplying (4.1) by w and then integrating it over [t, t2] x £2, we obtain

to

B() = Blta)+ [ IVulat -3 [ (6o Vu)o

1 [
w3 | o) IVl as

Since t, —t; > 1, we get

to
E(ty) <2 |  E(t)dt.
ty

Then, thanks to (4.23), we have

to t+1 1 t+1
E(t) < 2 E(t)dt+/ HVu(t)Hgdt—§/ (¢ o Vu)(t)dt
t1 t t

1 t+1 5
5[ s vl ds
to
= 2 [ E(t)dt+ D(t).
ty

Thus, by using (4.36) and (4.34), we obtain

Nl

E(t) < e7D(t)? + s D(t) sup FE(s)?,
t1<s<t>

where c7 = BY + 9 +2(cs + £)es + 1 and cs = des(c + ).
Hence, by Young’s inequality, we deduce

(4.37) E(t) < coD(t)?,

where cg is some positive constant.
Therefore, we have the following decay estimates:
From (4.37) and (4.23), we have

E(t) < 10 [E(t) — E(t+1)] for t >0,

C10 — HIaX{Cg7 1}.
Thus, by Lemma 2.4, we obtain

(4.38) E(t) < E(0)e” ™, on [0, 00),

where 71 = In -0+,
C10—
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5. BLow-upr PROPERTY

In this section, we shall discuss the blow up phenomena of problem (1.1)—(1.3);
t
(5.1) mrﬂMWVM@Au+/pﬂﬁ—ﬁAMQ@—ﬁM%:fm)
0
In order to state our results, we make further assumptions on f, M and g:

(A3) there exists a positive constant § such that

sf(s) > (2+40)F(s), forall s € R,

where .
F(s) = [ f)ar
0
and
(26 +1)M(s) — (M(s) + 26mg) s >, for all s >0,
where

M@):KiMwmn

(A4) We make the following extra assumption on g

& 4(5m0
/0 gs)ds < =

here ¢ is the constant appeared in (A3).

Remark. (1) In this case, we define the energy function of the solution u of
(5.1), (1.2) and (1.3) by

BW)= g lhwl?+ sM(ITu()2) + 5090 Vu)()

(5.2) )

-5 || 9isI9uol - [ P,

for t > 0. Then we have

t 1 t
E(t)= E0)— [ [[Vu@®)|2dt+ = | (¢ o Vu)(t)dt
(5.3) A i QA

-5 | s Ivuolar
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We note that the energy function E(¢) defined by (5.2) is the same as in (4.7).

(2) It is clear that f(u) = |u[’ > u, p > 2 satisfies (A3) with § = 22 and
M (s) = mg + bs? satisfies (A3) for mg >0,b>0,v>1, s > 0.

Definition. A solution w of (5.1), (1.2), (1.3) is called blow-up if there exists
a finite time 7 such that

-1
lim </ \Vu\%lw) =0.
t—T*~ (¢}

Now, let u be a solution of (5.1) and define

t
(5.4) a(t) :/qux—i—/ /\Vu\dedt, t>0.
Q 0 Jo

Lemma 5.1. Assume that (Al)—(A4) hold, then we have

(55) o (t)—4((5—|—1)/ut2dx2 (=4 — 85) E(0) + (4 + 8) /OtHVutHgdt.

Q

Proof. Form (5.4), we have
(5.6) a (t) = 2/ wugdz 4 || Vull3 .
Q
By (5.1) and Divergence theorem, we get

o (1) = 2l ~ 20 (I 9ul) [Vl +2 [ fu)uda
5.7) t
+2/0 /Qg(t — $)Vu(s) - Vu(t)dzds.
By (5.2) and (5.3), we have from (5.7)
a" (t) =4 (5 + 1) [|uell3

(-4—85) E (0)+ (4+80) /OtHVut(t)Hgdt—i—/QQ[f(u)u—(2—|—4(5)F(u)]dx

AV

+ {219 7 (Iuto)-[201 (19u(018) +2+45) [ )as] IVut0)2}
42 /0 t /Q gt — $)Vu(s) - Vu(t)deds — (2 + 40) /O (4 o Vu)(t)dt

+(2440)(g o Vu)(t).
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By using Holder inequality and Young’s inequality, we have

/Q/Ot g(t—s)Vu(s)-Vu(t)dsdz

(58 - /Q /0 g(t—8)Vu(t)- (Vu(s) = Va(t)) dsdz+ /O g(t—s)ds |[Vu(t)|2

AV

- [Soovao+ [ sstou@i] + [ aoasivuols.
Then by (5.8), we get
" (1)~ 405+ 1) el
> (—4— 85) E(0) + (4 + 8) /Ot Vs (1)]12 dt
+ [ 20 2+ 49)F(w)ds
+{@+4) M (Ivu®I) - [2M (I7u(t)]3)

1+45/ ds] 1V )H;}

+2/ / (t = $)Vu(s) - Va()duds — (2 + 4) /t(g’oVu)(t)dt
+(1446)(go Vu)(t). '
Therefore by (A3), (A4) and (A1), we obtain (5.5).
Now, we consider three different cases on the sign of the initial energy £ (0).
(1) If E(0) <0, then from (5.5), we have
a (t)>ad (0)—4(1+28)E(0)t, t >0.

Thus we get a’ (t) > ||Vug |3 for t > t*, where

. _ a' (0) — [|Vuo|3
(5.9) t —max{4(1+25)E(0)2,0}.

(2) If E(0) =0, then a” (t) > 0 for ¢t > 0.
Furthermore, if o’ (0) > || Vuol3, then a’ (£) > ||[Vuol/3, ¢t >0
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(3) For the case that £ (0) > 0, we first note that
(5.10) ) /Ot/gvu Vurdzdt = |[Va(®)|2 — | Vuo|?.
By using Holder inequality and Young’s inequality, we have from (5.10)
610 IVl < IVul+ [ Ivu@iEa+ [ IvuE
By Holder inequality and Young’s inequality in (5.6) and by (5.11), we get
(5.12) a' (t) < a(t) + | Vuolls + [lucl3 + /Ot IV (8)][3 it

Hence by (5.5) and (5.12), we obtain

a"(t)—4(0+1)d (t)+4(0+1)at)+ Ky >0,

where
K1 = (4+85) E(0)+4(0+1) | Vuol -
Let K
_ 1
b(t)=al(t)+ E) t>0.
Then b (t) satisfies (2.1). By (2.2), we see that if
(5.13) a’ (0) > ry |a(0) + By + | Vuo |3
4(149) 2

then o’ (t) > ||Vuol3, t > 0.
Consequently, we have

Lemma 5.2. Assume that (A1)—(A4) hold and that either one of the following
conditions is satisfied:

(i) £(0) <0,
(i) E(0)=0 and a’ (0) > ||Vuo|?,

(iiiy £(0) > 0 and (5.13) holds, then a’ (t) > ||Vuol|3 for ¢ > to, where ¢y = t*
is given by (5.9) in case (i) and ¢y = 0 in cases (i7) and (ii7).

Now, we will find the estimate for the life span of a () .
Let

(5.14) J(t) = (a(t) + (T1 —t) |Vuo||3) 7%, for t € [0,T1],
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where T7 > 0 is a certain constant which will be specified later.
Then we have

T (1) = =67 (0" (o' (1) — |Vl 3)
and
(5.15) T () = —5J (1) V (¢),
where
616) V(1) = a” (1) (a(t) + (T 1) [Vunll2) — (1 4+8) (o’ (1) = [ Vuol2) "

For simplicity of calculation, we denote

P = /u2dx,
Q

t
Q= /0 IVu(t)]2 dt.

R = /u?dw,
Q
t 2
s= [ Ivud.
0

From (5.6), by (5.10) and Holder inequality, we get

t

2/utudx—|—HVung+2/ /Vu-Vutdxdt
Q 0 Jo

2(VRP +/QS) + || Vuolf3 -

sy °0

IN

By (5.5), we have
(5.18) a’(t) > (—4—85)E(0)+4(1+6)(R+S).
Thus, by using (5.17) and (5.18) in (5.16), we obtain
V(1) 2 [(~4=80) E(0) +4(1+8) (R+9)](a(t) + (Tt —t) [ Vuoll3)
—4(1+68) (VRP +/QS)%
And by (5.14), we have
V(t) > (—4—86) E(0) J(t)_% +4(140)(R+ S)(T1 —t) | Vuo3

+4(1+96) [(R+S)(P+Q)—(¢R_P+@)2}.
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By Schwarz inequality, the last term in the above inequality is nonnegative. Hence
we have

(5.19) V(t) > (—4—88)E(0)J ()75, t >t

Therefore by (5.15) and (5.19), we get

(5.20) J"(t) < 8 (4+88)E(0)J ()5, t > to.

Note that by Lemma 5.2, J' (¢) < 0 for ¢ > t,. Multiplying (5.20) by J’ (¢) and
integrating it from ¢, to ¢, we have

J ()2 > a+BJ () for t > to,
where
(521) =02 (1) [(d (to) — [ Vuol3)? ~ 8E (0) J(to) 7
and
(5.22) B = 85%E (0).
We observe that

(o (t0) ~ 1 Vu0l3)’
8 [a (to) + (71 — to) [ Vuoll3]

a>0 iff £(0)<

Then by Lemma 2.3, there exists a finite time 7 such that lim J(¢) = 0 and
t—T*—

the upper bounds of T are estimated respectively according to the sign of E (0).
This will imply that

t -1
lim {/ u2dx+/ HVqudt} =0.
t—T*— 9] 0

Thus by Poincaré inequality, we deduce

-1
(5.23) lim (/ \W\%) = 0.
t—T*— 9]

Theorem 5.3. Assume that (A1)-(A4) hold and that either one of the following
conditions is satisfied:

(i) E(0) <0,
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(i) E(0)=0 and o’ (0) > |[Vu|3,

(' (t0) =l Vuol3)* -
(i) 0 < E(0) < S[elo) H@—t0) [V ] and (5.13) holds, then the solution «

blows up at finite time 7'* in the sense of (5.23).

In case (i),

(5.24) T* <ty — j((ioo))

Furthermore, if J (¢9) < min {1, _&ﬂ} then we have

(5.25) T* <ty + Y

1 -8
In .
\/_ﬁ /_iﬂ—J(to)

In case (i),

. < 7
(5.26) T <t =g
or
(5.27) T < to+ J\%O).
In case (iii),

: <
(5.28) T < Ja
or

5+1 0cC =1

(5.29) T <t + 25 T {1 e ed ()] F )

s
where ¢ = (g) *** here a and /3 are in (5.21) and (5.22) respectively.

Note that in case (i), to = t* is given in (5.9) and ¢ty = 0 in case (ii) and (iii).

Remark. The choice of 7} in (5.14) is possible under some conditions. We
shall discuss it as follows :

(i) for the case E(0) = 0,

First, we note that the condition a’ (0) > ||Vuo||3 implies Jo uourda > 0.
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By (5.26), we choose

J(0)
T > — .
T
Then, by Holder inequality, Poincaré inequality and Young’s inequality, we have

1
ool + T3 1Vl < 8 (B8 190l + 2 ) 7

where ¢ is some positive constant.
1

Choosing € = 557 We get
2
[[uolla
_ 2'
02B7 |lu1l;
In particular, we choose T as
2
[[uolla

1= o 2
021 |lur 3

We then get
2
T* < H’;LOHQ 5
62BY [luzll3
(i) for the case E(0) < 0,
(1) If [ uourdz > 0, then o' (t) > |Vuo||2 and ¢* = 0. Thus T} can be chosen

as in (i).
/ 2
(2) If [yupurdz < 0, then t* = %. Thus, by (5.24), we choose
. J

(iii) for the case E(0) > 0. Under the condition

E(O) < min {/%1, KVQ} ,

where
~ (1+9) [@(0) = 72a(0) = (72 + 1)[|Vuo||3]
= 7"2(1 + 25) ’
and ,
[4 </Q uquw) - 1] [6 — [ Vuo3]
Ro = .

83 || Vuoll3
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If [|[Vuol|2 < §, Ty is chosen to satisfy

here

k3 <11 < Ky,
T
0 — [[Vuoll3
2
s (/ uouldx> _ 8E(0)|[ugll2 — 1
R4 = Q .

8E(0)[|Vuoll3

Therefore we have

©

K3

T<T"< .
\/4(fQ uourdx)? — 8E(0)ks
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