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REGULAR ELEMENTS WHICH IS A SUM OF AN IDEMPOTENT
AND A LEFT CANCELLABLE ELEMENT

Huanyin Chen and Miaosen Chen

Abstract. Let M be a right R-module, and let « € Endr M be unit-regular.
If Endg(Ima) is an exchange ring and Endg(Kera) has stable rank one, it
is shown that there exist an idempotent e € EndrM and a left cancellable
u € EndrM suchthata =e+w and aM NeM = 0.

1. INTRODUCTION

A ring R is an exchange ring if for every right R-module A and two decom-
positions A = M @ N = ®;c1A;, where Mr = R and the index set I is finite,
there exist submodules A, C A, such that A = M @ (DierA}). It is well known
that a ring R is an exchange ring if and only if for any = € R there exists an idem-
potent e € Rx such that 1 — e € R(1 — x). Clearly, regular rings, m-regular rings,
semi-perfect rings, left or right continuous rings, clean rings and unit C*-algebras
of real rank zero (cf. [2, Theorem 7.2]) are all exchange rings. We say that a
right R-module M has the finite exchange property if and only if EndgM is an
exchange ring. A ring R has stable rank one in case aR + bR = R with a,b € R
implies that there exists y € R such that a + by is a unit of R. We know that a
right R-module M can be cancelled from direct sums if and only if EndgrM has
stable rank one. Also we know that every strongly w-regular ring has stable rank
one.

Recall that an element = € R is clean provided that it is a sum of an idempotent
and a unit. We say that a ring R is clean if every element in R is clean. Many
author investigated clean rings such as [1],[4-7] and [10-16]. Answering a question
of Nilcholson, Camillo and Yu [5, Theorem 5] claimed that every unit-regular ring
is clean. But there was a gap in their proof. Camillo and Khurana proved this result
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by a new route and gave a characterization of unit regular rings. They proved a
ring R is unit-regular if and only if for any a € R there exist an idempotente € R
and a unit w € R such that a = e + v and aR NeR = 0. In this paper, we extend
Camillo and Khurana’s result to exchange rings and get a new characterization of
a regular element which is a sum of an idempotent and a left cancellable.

Throughout the paper, every ring is associative with an identity. An element
x € R is regular if there exists y € R such that z = xyx. If y can be chosen to be
a unit, we say that = is unit-regular. A ring R is (unit) regular in case every element
in R is (unit) regular. Anelement« € R is said to be left(right) cancellable in case
for any z,y € R, ax = ay(xa = ya) implies z = y. We use U(R) to denote the
set of all units in R.

Theorem 1. Let M be aright R-module, and let a € End rM be unit-regular.
If Endr(Ima) is an exchange ring and End gr(Kera) has stable rank one, then
there exist an idempotent e € EndgM and a left cancellable v € EndzgM such
thata = e +w and aM NeM = 0.

Proof. Set E = EndrM. Since a € E is regular, we have = € E such that
a=azxa. SO M =Ima® (1pr — ax)M = zaM @ Kera. As Endgr(Ima) is an
exchange ring, there exist right R-modules X7, Y7 such that M = Ima ® X, @ Yy
with X; C Kera and Y1 C zaM. Clearly, Kera = Kera N (X1 ® Ima ®Yy) =
X1® X5, where Xy = Keran(Ima@®Y;). Likewise, we have a right R-module Y
such that xaM = Y7 @ Ys. Since a € E is unit-regular, we get Kera = M/Ima;
hence, X1 ® Xy & Kera = Cokera = X1 ® Y;. So we have an isomorphism
E: X100 Xy — X1®Y1. As Endr(Kera) has stable rank one, so has EndgX;.
Thus X, can be cancelled from direct sums, so we get a right R-module isomorphism
'lﬂ : X2 — Yl.

leth : M = X106 XYYy - X101 XodYy = M given
by h(.%'l + X2 + Y1 + yg) = k(xl + 1‘2) + 1 for any x; € Xi,22 € Xo,y1 €
Yi,yp e Yo. Letv . M = X101 XoBYs - X186 XodY10Y, =M
given by U(xl + Y1 + x2 + yg) = k‘l(xl + yl) + 'Lﬂ(w‘g) for any r; € X1,y1 €
Yl,xg € Xg,yg e Yy For any x; € Xl,xg € Xg,yl € Yl,yg € Yy, we have
h’l)h(xl +xo+ 1 +y2) = h’l)(k(wj + z9) + y1) = h(wl + x5 + k_l(yl)) =
k(x1 4+ 22) +y1 = h(z1+ 22 +y1 +y2); hence h = hvh. Sete = hv. Thene € E
is an idempotent.

Assume that (a — hv)(z1 +y1 + 22 +y2) =0 forany x; € X1, y1 € V1,29 €
Xo,y2 € Yo. Then a(yr +y2) = 21 +y1 + ¢¥(x2) € ImanN (X1 ®Y7) =0,
and then z1 = —y; — ¢¥(x2) € X3 NY; = 0. It follows from a(y + y2) = 0
that y1 +y2 = (1 — za)(y1 + y2) = Kera € (X1 @ X2) N (Y1 @ Ys) = 0; hence
y1 +y2 = 0. This infers that y; = —yo € Y1 NY5 = 0, and then y; = yo» = 0.
Furthermore, we get ¢(z2) = —y; = 0. As ¢ is an isomorphism, we have zo = 0.
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Thus 1 + 41 + 2 + y2 = 0. This means that a — e € R is left cancellable. Let
u = a—e. Then a = e+wu. Furthermore, we getaM NeM C aMN(X;®Y7) = 0.
This implies that aM NeM = 0. ]

Let ' be a field of characteristic 2. For any a € F[z]/(z?), we have b ¢
F[z]/(x?) such that a®> = ba3. Hence F[z]/(x?) is strongly w-regular, and then
F[z]/(x?) is an exchange ring having stable rank one. In addition, it is easy to
show that every left cancellable element in a strongly strongly ring is a unit. It
follows by Theorem 1 that for any regular ¢ € F[x]/(2?), there exist an idem-
potent e € Flx]/(z?) and a unit v € Flx]/(x?) such that ¢ = e + u and
¢(Flz]/(z%) Ne(F[z]/(z*)) = 0. But we note that F[z]/(z?) is not regular
because J(F[z]/(2?)) = (z + (2?)) # 0. This means that Theorem 1 is a nontriv-
ial generalization of [4, Theorem 1].

Corollary 2. Let V be a right vector space over a division ring, and let
R = EndpV. If x € R is congruent modulo Soc(R) to a unit, then there exist an
idempotent e € R and a left invertible w € R such that a = e+wu and aV NeV = 0.

Proof. Since z € R is congruent modulo Soc(R) to a unit, by [3, Lemma
3.3], dimp(Kerx) = dimp(Cokerz) < oo. It follows from dimp(Kerxz) =
dimp(Cokerz) that € R is unit-regular. It follows from dimp(Kerz) < oo
that Endp(Kerz) has stable rank one. In view of Theorem 1, there exist an
idempotent e € R and a left cancellable element « € R such that a = e 4+ « and
aVNneV =0. Since R is a regular ring, we have a v € R such that v = uwvu; hence,
vu = 1. That is, u € R is left invertible. Therefore we complete the proof. |

Let V' be a right vector space over a division ring, and let R = EndpV. Very
recently, Nicholson et al. proved that for any a € R, there exist an idempotent
e € R and an invertible v € R such that « = e + u(see [16, Lemma 1]). But we
claim that aV (| eV = 0 may be not true. Let V' be an infinitely dimensional vector
space over a division ring D with a basis {z1, zo, -, 2y, --}. Definec : V -V
given by o(x;) = z;41(i =1,2,---)and 7 : V — V given by 7(z;) = 0, 7(z;) =
xi—1(1=2,3,---). Clearly, 7o = 1y and o7 # 1y. By [16, Lemma 1], there exist
an idempotent e € R and an invertible v € R such that o = e+u. If oV eV =0,
then ou=te = (e+u)u~te = eute+e € aV eV = 0; hence, ou=t (0 —u) = 0.
This implies that 0 = v € U(R), a contradiction. Therefore aV (eV # 0.

Recall that an ideal I of a ring R is of bounded index if there is a positive
integer n such that 2™ = 0 for any nilpotent x € I. Let a € R. We use a;, to
denote the right R-module homomorphism from R to R given by az(r) = ar for
any r € R.

Corollary 3. Let I be a bounded ideal of an exchange ring R. Then the
following hold:
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(1) For any unit-regular a € 1 + I, there exist an idempotent e € R and a left
cancellable © € R such thata = e+ v and aRNeR = 0.

(2) For any unit-regular a € 1 + I, there exist an idempotent e € R and a right
cancellable v € R such that a = e + v and Ra N Re = 0.

Proof. (1) Leta € 1+ I be unit-regular. Then we have a unit x € 1 + I such
that a = axa. Hence a;, € EndgrR is unit-regular. Clearly, Endr(Imar) is an
exchange ring. On the other hand, Endg(Kerar) = (1 — za)R(1 — za). Since I
is a bounded ideal of R, (1 — za)R(1 — xa) is an exchange ring of bounded index.
By [18, Corollary 4], Endr(Keray) has stable rank one. It follows by Theorem
1 that there exist an idempotent e;, € EndgrR and a left cancellable u;, € EndrR
suchthat ar, = er, +ur and apRNerR=0. Lete = er(1) and u = ur(1). Then
e € R is an idempotent and u € R is left cancellable, as required.

(2) Let R°P be the opposite ring of R. Then I°? is a bounded ideal of the
exchange ring R°P. Applying (1) to a®? € R°P, we obtain the result. ]

Let I be an ideal of a ring R. We say that I has stable rank one provided that
aR+bR = Rwitha e 1+ 1 and b € R implies that there exists y € R such that
a + by is a unit of R. An ideal I of an exchange ring R has stable rank one if and
only if for any regular a € 1 + I, there exists a unit u € R such that a = aua(See
[7, Proposition 2.3]). It is well known that every bounded ideal of a regular ring
has stable rank one. We note that an ideal I has stable rank one only depends on
the ring structure of I and doesn’t depend on the choice of R. In other words, I has
stable rank one as an ideal of R if and only if I has stable rank one as a non-unital
ring.

Theorem 4. Let I be an ideal of an exchange ring R. If I has stable rank
one, then for any regular a € 1 + I, there exist an idempotent e € I and a left
cancellable v € 1 + I such that a = e +w and aRNeR = 0.

Proof. Leta € 1+ I be regular. Then a = axa for some x € R. Since I
has stable rank one, it follows by [7, Proposition 2.3] that a € R is unit-regular.
This means that ay, is unit-regular. Obviously, Endr(Imay) is an exchange ring
and Endgr(Kerar,) has stable rank one. Similarly to Theorem 1, we get R =
arR®(1p—arzr)R=2rarR®(1g —xrar)R. Since R is an exchange ring, we
have right R-modules X, Y] such that R = aR @ X; @ Y with X; C (1 —za)R
and Y7 C xzaR. Furthermore, we have right R-modules X, and Y5 such that
(1 —za)R = X; @ Xo and zaR = Y7 ® Y,. Also we have k£ : X; & Y) =
Cokera 2 Kera=2 X1oXoandy : Xo =2Y). Leth . R=X10XopY10Y5 —
X191 Xo0PY = R given by h(acl + 29 + U1 —|—y2) = k‘l(xl + 1‘2) + 1
for any r; € Xi,x9 € Xg,yl € Yl,yg ceY. Letv: R=X1 oY1 XopYy —
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X1 Xo0Y10Y, = Ragiven by v(zy +y1 + 22 + 32) =
for any r; ¢ Xl,yl € Yl,wg € Xg,yg €Yy Lete = h(l)’l)
Theorem 1, we get a = e+ and aRNeR = 0.

Assume that 1 = aq + b1 + ag + by With a1 € Xq,b1 € Yi,a0 € X5, b9 € Y5,
Clearly, ap = a%. Then we have h(l)?}(l) = hv(al +b1 —|—a2—|—bg) =a1+b; —|—'Lﬂ(a2).
So we have some r € R such that a; + b = k= ((1 — za)r) = k=1 (1 — za)(1 —
za)r € I. Also we have some ¢ € R such that a = (1 — za)t € I; hence
P(ag) = ¥ (a2)(1 — xza)t € I. This shows that e € I, as desired. ]

k(z1+y1) + (2)
(1). Analogously to

Let I be an ideal of a exchange ring R. Since R is an exchange ring, so is the
opposite ring R°P. Also we know that if I has stable rank one then so does I°P.
Applying Theorem 4 to the ideal 7°? of the ring R°P, we prove that for any regular
a € 1+ I, there exist an idempotent e € I and a right cancellable v € 1 + I such
that « = e + w and Ra N Re = 0. We note that the matrix [[;2;]] € CFMy(R)
is left cancellable, while it is not right cancellable. We don’t know whether "a left
cancellable v € 1 + I could be replaced by ”a unit w € 1+ I in the proceeding
theorem. A ring R is cohopfian if any injective right R-module homomorphism
from R to R is an isomorphism. As a consequence of Theorem 4, we now derive
the following.

Corollary 5. Let I be an ideal of a cohopfian exchange ring R. Then the
following are equivalent:

(1) I has stable rank one.

(2) For any regular a € 1+ I, there exist an idempotent e € I and a unit
uel+Tsuchthata =e+wuand aRNeR = 0.

Proof. (1) = (2) Let a € 1+ I be regular. By Theorem 4, there exist
an idempotent e € I and a left cancellable v € 1 + I such that a = e + u
and aRNeR = 0. Letur : R — R given by ur(r) = wur for any r € R.
Since u € R is cancellable, u, is injective. As R is a cohopfian ring, uy, is an
isomorphism. Assume that upv = 1 = vuy, for a v € EndgR. This infers that
u=wv(1)"t € U(R), as required.

(2) = (1) For any regular a € 1+ 1, there exist an idempotent e € I and a unit
u €1+ TIsuchthata =e+uand aRNeR = 0. Hence au~le = (e +u)u'le =
eule+e€aRNeR =0, and then au=!(a — u) = 0. This gives a = au"'a. So
I has stable rank one by [7, Proposition 2.3]. ]

Recall that a ring R is said to be strongly w-regular in case for any = € R
there exist a positive integer n and a y € R such that z” = 2"*1y. A right R-
module M is said to satisfy Fitting’s lemma if, for all f € EndrM, there exists
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a positive integer n such that M = f™(M) @ Ker(f™). It is well known that a
module satisfies Fitting’s lemma if and only if its endomorphism ring is a strongly
m-regular ring. Also we know that every strongly w-regular ring is a cohopfian
exchange ring having stable rank one. Let R be a strongly w-regular ring. Using
Corollary 5, we prove that x € R is regular if and only if there exist an idempotent
ec€ Randaunitu € Rsuchthata =e+wu and aRNeR = 0.

Let R = M, (F|[xz]/(2?)), where F is a field. Then R is strongly w-regular, so
it isa cleanring. Leta = (8 % ) € R, and let u = (% % ) Then a = aua
with u € U(R); hence, a is unit-regular. Thus we have an idempotent e € R and a
unit v € R such that a = e +u and aRNeR = 0. But a? can not be written in the
form above. This is because a? is not regular. In other words, some elements in a
ring R can be written in this form, while the other elements can not be written in
this form.

Aring R is a w-regular ring in case for any a € R there exists a positive integer
n(x) such that a™(®) = ¢™(*)ca™®) for a ¢ € R. Clearly, every w-regular ring is an
exchange ring.

Corollary 6. Let I be an ideal of a 7-regular ring R. Then the following are
equivalent:

(1) I has stable rank one.

(2) For any regular a € 1 + I, there exist an idempotent e € I and a unit
uel+Tsuchthata=e+wuand aRNeR =0.

Proof. (1) = (2) Let @ € 1+ I be regular. By Theorem 4, there exist
an idempotent e € I and a left cancellable v € 1 + I such that « = e + « and
aRNeR = 0. Since R is w-regular ring, we have a positive integer n such that
u™ = u"vu™ for a v € R. Hence v™(1 —vu™) = 0. As w is left cancellable, we
deduce that vu™ = 1. Clearly, v € 1 + 1. Fromvu*+0=1,wecan finday € R
such that v = v 4+ 0 x y € U(R) because I has stable rank one. This means that
u e U(R).

(2) = (1) is analogous to Corollary 5. |

Let 7 be an ideal of a w-regular ring R. Analogously, we prove that I has
stable rank one if and only if for any regular a € 1 + I, there exist an idempotent
e € Iand aunitu € 1+ 1 such that a = uw —e and aR NeR = 0. Let
R =73 NZi) ={a/b|a,beZ,b##0and 31band51{b}. By [1, Proposition
16], each element a € R can be written in the form a = u + e or a = u — e where
u € U(R) and e € R is an idempotent. But R is not a clean ring. In other words,
there exists an element a € R which is not a sum of an idempotent and a unit can
be written in the form a = u — e where v € U(R) and e € R is an idempotent.
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Corollary 7. Let R be a regular ring, and let a € R. If RaR has stable rank
one, then there exist an idempotent e € R and a unit u € R such that a = e + u
and (1—a)RN(1—e)R=0.

Proof. Let]/ = RaR and b =1—a. Then I has stable rank oneand b € 1+ 1.
By Theorem 4, there exist an idempotent f € I and a left cancellable v € 1+ I
such that b = f +wvand bRN fR = 0. As R is regular, there exists a w € R such
that v = vwv. So we see that v € 1+ I is left invertible. On the other hand, I has
stable rank one. Hence v 147 isa unit. Lete=1—f. Then e€ R is an idempotent.
In addition, we have a =1 —b = e+ (—u). Set w = —v. Then v € R is a unit
and a = e + u. Furthermore, we have (1 —a)RN (1 —e)R =0, as required. =

Let R be a regular ring, and let A = (a;;) € M, (R). If every Ra;;R has stable
rank one, we claim that there exist an idempotent E € M, (R) and an invertible
U € M,(R)suchthat A= FE+U and (I,,— A)M,(R)N(I,— E)M,(R) = 0. Set
I'= > Ra;;R. One easily checks that I has stable rank one. Clearly, M, (R)

1<ij<n
is regular. It follows from M, (R)AM,(R) C M,(I) that M, (R)AM,(R) has
stable rank one. In view of Corollary 7, we are done.

Let LT M, (R)(UTM,(R)) be the ring of all lower(upper) triangular matrices
over aring R. We note that LT M, (R) is not a regular ring even if R is regular. The
reason is that (1) 8 ) is not a regular element in LT'M>(R). Now we investigate
the conditions under which a triangular matrix can be written in the form above.

Theorem 8. Let R be regular, and let A = (a;;) € LTM,(R). If every
Ra;; R has stable rank one, then there exist an idempotent E € LT M ,,(R) and an
invertible U € LT M,,(R) suchthat A= E + U and (I,, — A)LTM,(R)N (I, —
E)LTM,(R) = 0.

Proof. If n = 1, then the result follows by Corollary 7. Assume that the
result holds for n = k(k > 1). Letn = k+ 1. Givenany A = A0 )

* QAnn
with any Ra;; R has stable rank one, by the hypothesis, we can find an idempotent
E, € LTM;(R) and an invertible Uy € LT My (R) such that A = E; + U; and
(Ix—A1) LT M (R)N(Ix—E) LT M(R) = 0. Similarly, we can find an idempotent
eo € R and an invertible uy € R such that a,,,, = e2 + ug and (1 — a,,)RN (1 —
e)R = 0. One easily checks that A = diag(E1,e2) + ( *Ul 2 ) Clearly,

2
diag(FE1,ez) € M,(R) is an idempotent matrix and U 2 € M,(R) is an

invertible triangular matrix. Furthermore, we verify that (1, — A) LT M,,(R) N (I, —
E)LTM,(R) = 0. By induction, we complete the proof. ]
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Corollary 9. Let R be unit-regular, and let A € LTM,(R). Then there
exist an idempotent £ € LTM,(R) and an invertible U € LT M, (R) such that
A=E+Uand (I, — A)LTM,(R) N (I, — E)LTM,(R) = 0.

Proof. Since R is unit-regular, it is shown that every Ra;; R has stable rank
one. Therefore the result follows by Theorem 8. ]

Let R be unit-regular, and let A € UT M, (R). Analogously, we deduce that
there exist an idempotent £ = (e;;) € UT'M,(R) and an invertible U = (u;;) €
UTM,(R)suchthat A= E+U and (I,,—A)UTM,(R)N(I,—E)UTM,(R) = 0.

DefineQMg(R):{<Z’ 2) la+c=b+d,a,b,c,de R}.

Corollary 10. Let A = (a;;) be a 2 x 2 matrix over a unit-regular ring R. If
ai1 + a1 = a2 + age, then there exist an idempotent £ = (e;;) € M>(R) and an
invertible U = (u;j) € M>(R) such that

1) A=E+U.
(2) e11 + e21 = e12 + €2a.
(3) w11 + w21 = ui2 + uge.

Proof. ~ Construct a map ¢ : QM2(R) — TM(R) given by ( Z Zc)l ) -

a+c 0 a b z 0
( d_c>forany<c d)eQMQ(R). Forany(z )eTMg(R),

c Y
" r—2 x—y—z2\ _(x 0
z y+z Sz oy )

we have
Thus 4 is an epimorphism. It is easy to verify that ¢) is a monomorphism; hence,
it is a ring isomorphism. Therefore we complete the proof by Theorem 8. ]

Let A = (ai;) be a 2 x 2 matrix over a unit-regular ring R. If a;1 + a1z =
ag1 + age, analogously to the consideration above, we conclude that there exist an
idempotent £ = (e;;) € M>(R) and an invertible U = (u;;) € M>(R) such that
(1) A=F+U; (2) e11 + e12 = eg1 + e99; (3) U1 + U192 = w21 + u99.
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