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Normalized Laplacian Eigenvalues and Energy of Trees

Kinkar Ch. Das* and Shaowei Sun

Abstract. Let G be a graph with vertex set V(G) = {v1,vs,...,v,} and edge set
E(G). For any vertex v; € V(G), let d; denote the degree of v;. The normalized
Laplacian matrix of the graph G is the matrix £ = (£;;) given by

1 ifi=jandd; #0
Eij - dli 7 if VU5 € E(G)
0 otherwise.

In this paper, we obtain some bounds on the second smallest normalized Laplacian
eigenvalue of tree T' in terms of graph parameters and characterize the extremal trees.
Utilizing these results we present some lower bounds on the normalized Laplacian
energy (or Randi¢ energy) of tree T and characterize trees for which the bound is
attained.

1. Introduction

Let G = (V, E) be a connected graph with vertex set V = {v1,v2,...,v,} and edge set
E = E(G) (JE(G)| = m). Also let d; be the degree of vertex v; for i = 1,2,...,n. The
maximum degree and the second maximum degree of G are denoted by Ay = A;(G) and
Ay = Ay(G), respectively. Let Ng(v;) be the neighbor set of the vertex v; € V(G). The
distance dg(v;, vj) between the vertices v; and v; of the graph G is equal to the length of
(number of edges in) the shortest path that connects v; and v;. The diameter of a graph
G, denoted by d, is the maximum distance between any two vertices of G. If vertices v;
and v; are adjacent, we denote that by v;v; € E(G). Let A(G) and D(G) be the adjacency
matrix and the diagonal matrix of vertex degrees of GG, respectively. The Laplacian matrix
of G is L(G) = D(G) — A(G). The normalized Laplacian matrix £(G) of G is defined as
D=YV2(GQ)L(G)D~Y2(G). Let p1 > pa > -+ > pu_1 > pn = 0 denote the eigenvalues of
L(G). Denote by Spec(G) = {p1,p2,...,pn} the spectrum of L(G), i.e., the normalized
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Laplacian spectrum of G. Then we have Y " | p; = n. When the graph G is disconnected,
Pn—1=pn =0.

For a subset U of V(G), let G — U be the subgraph of G obtained by deleting the
vertices of U and the edges incident with them. If U = {v;}, the subgraph G — U will
be written as G — v; for short. For any two adjacent vertices v; and v; in graph G, we
use G — v;v; to denote the graph obtained by deleting an edge v;v; from graph G. As
usual, K, and S,, denote, respectively, the complete graph, and the star on n vertices.
Let DS(p,q) (p+q =n, 2 < p < q) be a double star obtained by joining the centers of

two stars .S, and S, with an edge. The normalized Laplacian spectrum of DS(p, q) is

(1.1) Spec(DS(p, q) = 4 2,1 + \/<1 _ ;) <1 - ;)L,_lo
4

For other undefined notations and terminology from graph theory, the readers are referred
to [1].

Chung [6] gave an upper bound on p,_; in the following:

m( 2>+2, (d>4).

1-2
Aq

From the above, we can see that the upper bound for p,_1 of graphs is very close to 1. Li

et al. [12] obtained the following result:

n—1

(1.2) pn—1(T) <1-— - ma

(T2 S,, n>05)

with equality holding if and only if 7" = DS(2, n—2). Li et al. [13] presented the following
upper bound:

(1.3) pa<1- 0 (35 a5

We give an upper bound on p,_1(7T) in terms of A; and Ag, and we state the theorem as

follows.

Theorem 1.1. Let T be a tree of order n > 3. Then

e R (R e

/ 1
1-— 1—A72, Ulvg#E(T),

where A1 and Ao are the mazimum and the second mazximum degrees of vertices v1 and
vy in T, respectively. Moreover, the equality holds in (1.4) if and only if
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(i) when viva € E(T), T =S, or T = DS(A2, A1), A1 + Ag =n.
(ii) when vive # E(T), T = T(n,k,n1,na,...,ng), n1 = na.

The normalized Laplacian energy [4] (or Randi¢ energy) of a graph G is
n
(15) Ee(@)= Y loi 1]
i=1

For several lower and upper bounds on normalized Laplacian energy, see [3,4,8-10]. In
this paper, we obtain the following lower bound on E,(T') in terms of A; and Ag of trees
T.

Theorem 1.2. Let T be a tree of order n > 3. Then

o e D). v

242 1—i, Ulvg#E(T),
V Ag

where A1 and As are the mazimum and the second mazximum degrees of vertices v1 and
ve in T, respectively. Moreover, the equality holds in (1.6|) if and only if

(i) when vivg € E(T), T = S, or T = DS(Ag2,A1), A1 + Ay =n.

(ii) when vive # E(T), T = T (n,?2, nT_17 n?_l)

2. Preliminaries

In this section, we shall list some previously known results that will be needed in the next

two sections.

Lemma 2.1. [6] Let G be a connected graph of order n > 2. Then pp—1 < 5 with
equality holding if and only if G =2 K,,. If G is not the complete graph K, then p,—1 < 1.

Lemma 2.2. [6] Let G be a graph and f be a harmonic eigenfunction of L associated with
eigenvalue p. Then for any v; € V(G), we have
1

(2.1) fo) == > flw) =pf(v).
' ’Ui’UjEE(G)
Lemma 2.3. [5] Let G be a graph, and let H = G — e, where e is an edge of G. If
p1(G) = p2(G) = - = pu(G)  and  pr(H) = pa(H) = -~ > pa(H)
are the eigenvalues of L(G) and L(H), respectively, then
pi-1(G) = pi(H) = piy1(G)  fori=1,2,...,n,

where po(G) =2 and pp+1(G) = 0.
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Lemma 2.4. Let T be a tree of order n. Also let T* be a tree obtained by removing k

pendant vertices from T. Then

pn-1(T) < png—1(T7).

Proof. Denote by T? the tree obtained by removing one pendant vertex from 797!, 1 <
i < k, where T° 2 T. Then we have T* = T*. By Lemma we have

Pn-1(T) < pp—2(T") < pn—3(T?) <+ < ppi—1(T") = p__1(T"). O

Let e = uv be an edge of a graph G. Let G’ be the graph obtained from G by
contracting the edge e into a new vertex u. and adding a new pendant edge ucve, where
Ve is a new pendant vertex. We say that G’ is obtained from G by separating an edge uv.
In [12], Li et al. study how the second smallest normalized Laplacian eigenvalue behaves

when the graph is perturbed by separating an edge.

Lemma 2.5. [12] Let e = wv be a cut edge of a connected graph G and suppose that
G—uw = Gi UGy (|[V(G1)|,|V(G2)| > 2), where G1 and G2 are two components of
G —uv, u € V(G1) and v € V(G2). Let G' be the graph obtained from G by separating
the edge uwv. Then pp—1(G) < pp—1(G"), and the inequality is strict if f(ve) # 0, where f

is a harmonic eigenfunction associated with pp—1(G').
The following result is obtained by Chung [6].

Lemma 2.6. Let G be a bipartite graph of order n. Then p;(G) + pp—it1(G) =2, 1 <
i< T3l

Lemma 2.7. [12] Let G be a connected graph with a cut vertex v. Then pp—1 < 1.
Moreover, if p,—1 = 1, then v is adjacent to every vertex of G and 6(G) = 1, where 6(G)

is the minimum degree of graph G.
The following result is very similar to the result in 7], so we omit the proof.

Lemma 2.8. Let G = (V, E) be a graph with vertex subset V' = {v1, v, ..., v} having the
same set of neighbors {vg41, Vkt2,...,0s}, where V.= {v1, ..., 05, ..., s,...,0n}. Then

this graph G has at least k — 1 equal normalized Laplacian eigenvalues 1.

3. Bounds on the second smallest normalized Laplacian eigenvalue of trees

Let e = uv be an edge of graph G, and define two sets Ny, (e) and N,(e) as follows:

Ny(e) ={w € V(G) | dg(w,u) < dg(w,v)},
Ny(e) ={w € V(G) | dg(w,v) < dg(w,u)}.
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The number of elements of Ny, (e) and Ny(e) are denoted by n,(e) and n,(e), respec-
tively. Thus, n,(e) counts the vertices of G lying closer to the vertex u than to vertex
v. The meaning of n,(e) is analogous. Vertices equidistant from both ends of the edge
uv belong neither to Ny (e) nor to Ny(e). Note that for any edge e of G, ny(e) > 1 and
ny(e) > 1, because u € Ny(e) and v € Ny(e). We now give some upper bounds on the

second smallest normalized Laplacian eigenvalue of trees.

Theorem 3.1. Let T be a tree of order n. Then

(3.1 pa-a(T) S 1= mac {\/ (1 - nwl()> (1 ) nl<>)}

where ny(e) counts the number of vertices of T lying closer to the vertex w than to vertex
z, where e = wz € E(T). Moreover, the equality holds in (3.1)) if and only if T = S, or
T=DS(p,q), p+q=n.

Proof. Let d be the diameter of tree T'. For d = 2, we have T' = S,, and hence p,,_1(T') = 1,
the equality holds in (3.1)). For d = 3, we have T' =~ DS(p, q), p+ ¢ = n, p < ¢. By (L.1),
we get the equality in .

Now we assume that d > 4. Suppose we consider an edge e = wz € E(T') such that
n, > ny > 2. Let T! be the tree obtained from T by separating an edge uv such that
e =wz # uwv and dy,d, > 2. By Lemma we have p,_1(T) < pn_1(T"). Repeating the

above process by at most n — d,, — d, times, we can obtain a sequence of trees:
T, 7Y, 72%,... 71, 7F = DS(ny,n.) (ny +mn.=n, n, > ny)

with pp—1(T) < pp—1(T") < po1(T?) <+ < 1 (T < po1(TF) = pu—1(DS(nu, n2)).
By Lemma we get pn_1(T* 1) < pp_1(T*) = pr_1(DS(nyw,n.)) (otherwise, the har-
monic eigenfunction f associated with p,_1(T%) = pn_1(DS(ny,n.)) must be equal to
zero, a contradiction). By , we get the required result. O

We now obtain a lower bound on pa(7") of tree T'.

Theorem 3.2. Let T be a tree of order n. Then

o e ()6

where ny(e) counts the number of vertices of T lying closer to the vertex w than to vertex
z, where e = wz € E(T). Moreover, the equality holds in (3.2)) if and only if T = S, or
T =DS(p.q), p+q=n.
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Proof. By Lemma we have po(T) =2 — pp—1(T). By (3.1]), we get the required result
in (3.2). Moreover, the equality holds in (3.2)) if and only if T = S,, or T" = DS(p, q),

(p+q=n, p<q), by Theorem [3.1] O
Denote by T'(n, k,n1,n2,...,nk) the tree of order n formed by joining the center v; of
star S, to a new vertex v for i = 1,2,...,k; that is,

T(n,k,ni,ng,...,ng) —{v}=5p, USp, U---US,,.

Therefore this tree T'(n, k,ni,na, ..., nk) has ny+ng+- - -+ni+1 = n vertices and assume
that ny > ng > --- > ny > 1. In particular, T'(n, k,ni,ng,...,ng) = S, for n; = 1. Let
T=T(n,k,ni,ng,...,ng) and

SN(v) = {v; € V(T) : there exists a vertex v; € Np(v) with n; =n;,1 <i# j <k}.

Lemma 3.3. Let T = T(n,k,n1,na,...,ng) be a tree of order n with ny > ng > --- > ny,.

If any v; € SN(v) # 0, then
/ 1
(T <1—4/1——.
Pn 1( >_ n;

Proof. We only have to prove 1 —,/1 — n% is an eigenvalue of T'. If n; = 1, then there exist
two vertices v; and vy, in 7" such that n; = ny = 1 with v;v € E(T), vgv € E(T) (from the
given condition). By Lemma p=1=1—,/1— n% is an eigenvalue of 7. Otherwise,

1
n;

n; > 2. Then we have to prove that p =1 — /1 — = (< 1) is an eigenvalue of T'. Let

r=max{j|n; >1,1<j <k} Thenn,yy =no=---=n,=1 InT, d(v) =k and
vo; € B(T), 1 < j < k. Since d(v;) = nj, we can assume that v;1,vj2,...,Vjn;—1 are
the remaining vertices adjacent to vertex v;, j = 1,2,...,r. Again since ny > 2, we can

assume that p (# 1,2) is a non-zero eigenvalue of 7. From ({2.1]), we can easily get

fwj1) = f(vj2) == f(vjn;—1), 1<j<m,
f(ors1) = f(org) = -+ = flug).
We denote f(vj1) by ; for 1 < j <, f(vj) by y; for 1 < j <k (yr41 =Yr42 =" = Yi)-
For 1 <j <r, from , we have
(33) pTj = Tj — Yj,
(3.4 == - ()
. PY; = Yj n; 5 n; s
and
(3 5) PYr+1 = Yr41 — f(?./),
1 E
(36) pf0) =) =+ v;
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From (3.3) and (3.4]), we get
(3.7) (1—p)f(v) = (njp* —2njp+1)y; for 1 <j<r.

Note that (3.7)) is also true for r +1 < j <k by (3.5)) (since nj =1, 741 < j < k). Then

we have

(3.8) (1—p)f(v) = (njp* —2njp+1)y; for 1 <j <k,
k
(3.9) KL= p)f() =) v
j=1
Let

aj:njp2—2njp+1, j=12... k.

Also let
r+1
Aj= ] @ for j=1,2,....r+1 Aj1=App=-- = A
Denote by
r+1
A=]Ja;=a;4;, 1<j<k
j=1

If yj = 0,1 < j <k, then by ,Wehavexj:O,1§j§randf(v):0,a
contradiction. Thus all the y;’s can not be zero. Then there exist two vertices vy, vy € V/(T')
(1 < p,q <r) such that y, # 0 and y, # 0. (Otherwise, from (3.3), (3.4), and (3.6),
we get that all the eigencomponents are zero, a contradiction.) If f(v) = 0, then from
, we get a, = ag = 0. Then we have A; =0 for j =1,2,...,k and hence

k
(3.10) > njA;=0.
j=1

Otherwise, f(v) # 0. By (3.8), a; #0, 5 =1,2,...,k. Then A; #0, j =1,2,...,k.
Multiply by A; to each side of (3.8), we have (1 — p)A;f(v) = a;Ajy; = Ay, 1 < j < k.
Using this result with (3.9)), we get

(L=p)f(0) Y 4=

k
Jj=1 Jj=

k k
(1=p)A;f(0) = Ay; =AY y; = (1 - p)kAf(v).
pust =1

1
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Thus we have

k
:ZAj(njp2—2njp) as a; :njp2—2njp—|—1

that is,

k
anAj =0, asp#0,2,
j=1

again satisfies (3.10]).
Now we have to check whether 1 — /1 — L is a solution of (3.10]) or not. For this we

o
assume that p=1— /1 — n% Then there exists a vertex v, in SN(v) such that n; = n,.
Since a; = njp2 —2n;p + 1, we have a; = a, = 0. Thus A; =0 for all j = 1,2,...,k,
which satisfies (3.10]). Therefore

1
p=1—4/1——, wv; € SN(v),
Voo

is a solution of (3.10)), that is, p is an eigenvalue of tree T'. This completes the proof. [J

Lemma 3.4. Let T = T(n,k,n1,na,...,n;) be a tree of order n. Then 1 — /1 — L
(ni > 1) is an eigenvalue of T if and only if v; € SN(v) # 0.

Proof. Suppose that v; € SN(v) # 0. Then by the proof of Lemma we have that

1—4/1— n% is an eigenvalue of T

Conversely, let p =1 — /1 — n% (n; > 1) be an eigenvalue of T. By contradiction
we will prove that v; € SN(v) # () for n; > 1. For this we assume that v; ¢ SN(v).
Then there is no vertex v; such that n; = nj, j = 1,2,...,k (j # ¢). From the proof of
Lemma we have a; = nyp?> —2nyp+1,t=1,2,.... k. Moreover, Ay = H::ll,t;és az for
s=1,2,...,r+1. Since p=1—,/1 — n% (n; > 1) is an eigenvalue of T', we have a; = 0
and a; #0 asn; #ng, t =1,2,...,k (t #1i). Therefore A; #0 and A, =0,t=1,2,...,k
(t # 1), that is, Z?:l n;A; # 0, a contradiction by (3.10). This completes the proof. [
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Lemma 3.5. [2| Let T = T(n,k,n1,ni,...,n1) be a tree of order n. Then the distinct

normalized Laplacian eigenvalues of T are:

1 1
2, 144/1——,1,1—4/1——,0.
ni ni

Corollary 3.6. Let T = T(n,k,ni,na,...,ng) be a tree of order n with ny = ny. Then

po1(T) =1 — /1 — —.

Proof. Since v; € SN(v), by Lemma [3.3] we have

1
n—1(T) <1—4/1——.
pn-1(T) <1 =/ -

Let T™ be a tree obtained from T' by adding s; (> 0 pendent edges to v; (i = 3,4, ..., k)
such that T* = T'(n*, k,n1,n1,...,n1), where n* = n + Zf:3 s; = kni1 + 1. Then by
Lemmas [2.4 and [3.5] we have

" 1
Pn-1(T) > pp—1(T*) =1 — /1 — —.
ni
Hence
1
pn—1(T)=1—4/1 - —. O
ni
Theorem 3.7. Let T = T'(n,k,n1,na,...,n) be a tree of order n with ny > ng > -+ >
ni. Then
1
(3.11) par(T) 21— J1- L
ny

with equality holding if and only if ny = no.

Proof. By Lemma and Corollary we can get the required result in (3.11]).
If T= T(n,k,ni,ng,...,ng), n1 = ng, then by Corollary the equality holds in

(3.11]). Conversely, let
1
1(T)=1—4/1 ——.
R

If ny =1, then T = T(n,n — 1,1,...,1). Otherwise, by Lemma we have T =2

T(n,k,ni,na,...,ng), ny = na. O
Theorem 3.8. Let T = T(n,k,n1,n2,...,n) be a tree of order n with ny > ng > -+ >
ni. Then

1
(3.12) oot () <1—f1- L

n2

with equality holding if and only if n1 = no.
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Proof. The first part of the proof is similar to the proof of Theorem [3.7}
If T T(k,ni,ne,...,ng), ng = ng, then by Corollary the equality holds in

(3.12). Conversely, let p,—1(T) = 1 — /1 — n% By contradiction we will prove T =
T(n,k,n1,n2,...,n;) with n; = ng. For this we assume that T = T'(n, k,ni,na, ..., ng)

with ny > ng. Ilf ng = 1, then T 2 DS(p,q) (p < ¢, p+ q=n). By (L.1),

s D e

a contradiction. Otherwise, no > 1. We denote by T**, a tree obtained from T such that
T = T — {vs,v4,...,v}. Therefore T** = T(ny + na + 1,2,n1,n2). Since n; > na,
vy ¢ SN(v) and hence by Lemma 1—4/1— 7712 is not an eigenvalue of T**. By (3.12)),

we have
k% 1
Prn—1(T) < pryng (T77) <1 — \i- .

a contradiction. This completes the proof. O

Denote by T;(n*, k,ni,ne,...,ng, h) (see, Figure , a tree of order n* (= n + h)
obtained from T'(n,k,ni,n2,...,nk) (np > 2) by adding h pendant edges to a pendant
vertex, neighbor of v; (1 <i < k), that is,

E(n*7k7n17n25 s 7nk7h’) -V

= DS(h+1,m — 1)U Sy, USp, U+ USy , USp,, U---US,.

Therefore this tree T;(n*, k,n1,ng, ..., ng, h) has Z?Zl nj+h+1=n* vertices. Moreover,
the tree T;(n*, k,n1,no,...,ng, h) has diameter 5.

Figure 3.1: Tree T;(n*, k,n1,na,...,ng, h).
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Lemma 3.9. Let T = T;(n*, k,ni,n1,...,n1,nk, h) be a tree of order n* (= (k—1)n; +
———
k—1

ng +h+1) withny >ng >2, k>3. Then

1
prr—1(T) <1— )1 ——.
n

Proof. Let Hy 2 T(n*, k,n1+h,n1,...,n1,ng), Ho = Tn* k,ng+h,ni,ny,...,n1) (ng <

—_—— —_——

k—2 k—1
ng + h) and Hs = T'(n* k,n1,n1,...,n1,ng + h) (n1 > ng + h). By Lemma one can
—_———

k—1
see easily that
(313) pn*fl(n(n*akanlanla <oy N1, N, h)) S Pn*fl(Ht), t= 17273

—_——
k—1

and the inequality is strict if f(ve) # 0, where f is a harmonic eigenfunction associated

with pn+_1(H;) and v, is a pendant vertex adjacent to vertex v; in Hy, t = 1,2,3. By

Theorem

1
poe1(H) <1—J1— — (t=1,2)

ny

and

(3.14) pe 1(H3) < 1—]1— ni

Now we have to prove that the inequality in is strict for Hs (for this tree i = k).
We prove this by contradiction. For this we assume that f(ve) = 0. Then by , we
must have f(vg) = 0 and f(vg,) = 0, vy, is a pendant vertex with vyvy, € E(Hs). Again
by at vg, we have f(v) = 0. At v, we have

k—1
(1= pue—1)f(0) = 7 Y f(vy).
j=1

By symmetry and from the above, we get f(v1) = f(v2) = --- = f(vg—1) = 0. Similarly,

x| =

one can see easily that f(vj,) = 0, v;, is a pendant vertex with v;v;, € E(Hs), j =
1,2,...,k — 1. Therefore all the eigencomponents corresponding to p,+_1(Hs) are zero, a
contradiction. Hence the inequality in (3.13) is strict. From (3.13)) and (3.14]), we get the

required result. O

Theorem 3.10. Let T;(n*, k,ni,na,...,ng, h) be a tree of order n* (= Zle ni+h+1)
with ng > 2, k> 3. Then

N 1
pns—1(Li(n*, k,ni,ng, ... ,ng, h)) <1—4/1— .
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Proof. For i =1 or 2, by Lemma [2.5] and Theorem [3.8 we get

o —1(Ti(n* kyny,na, .o yng, b)) < pps—1(T(n*, k,nl,nh, ng, ... ng))

1
<l—y/1-—,
ng

where (n},nb) = (n1 + h,n2) or (ny,ny + h). Otherwise, 3 < ¢ < k. By removing
pendant vertices associated with vertices vs, vy, ..., vi—1,Vi+1, ...,V and n; — ne number
of pendant vertices adjacent to vy from T;(n*, k,ny,na,...,ng, h), we obtain a new tree
T5(n**, 3, n2,n2,n4, h), where n** = 2ny + n; + h+ 1. For 3 <i < k, by Lemmas and

[3:9, we get

prs—1(Ti(n*, k,ni,ne, ..., g, b)) < ppe—1(T3(n™, 3, n2, n2,n4, h))

/ 1
<1l—4/1——. O
n2

We are now ready to give our proof of Theorem

Proof of Theorem [I.1 Let d be the diameter of tree 7. For d = 2, then T' >~ S,, and the
equality holds in (1.4)). For d = 3, then T' = DS(A2, A1), A1 + Ay = n and the equality
holds in ((1.4)), by (1.1). Otherwise, d > 4.

First we assume that e = vijv2 € E(T'). By Theorem [3.1, we have

S \/<l_ m@) (@) <1 \/<1‘ 5) (- 5)

as ny, (e) > A1 and ny,(e) > Ay with at least one of them must be strict.

Next we assume that vive ¢ E(T"). We now consider two cases:
Case (i). d = 4. In this case T' = T'(n,k,n1,na,...,nk). Therefore n; = A; and
ng = Ag. These results with Theorem we get

1 1
-1 (T)<1—4/1——=1—4/1——
pr1(T) <1 =4/ - Vi A,

with equality holding if and only if 7' = T'(k,n1,ng,...,nk), n1 = na.

Case (ii). d > 5. Since vivy ¢ E(T), then there exists a vertex v of degree k (> 2)
such that e, = vv, € E(T) and e, = vvg € E(T), where ny,(e;) > Ar and ny,(eq) > Aa.
Without loss of generality, we can assume that n,,(e,) > ny,(eq). Let T” be a tree
obtained from T" by separating an edge wz such that e = wz ¢ {ep, e,} and dy,,d, > 2.
By Lemma we have p,_1(T) < pp—1(T"). Since d > 5, repeating the above process,

we can obtain a sequence of trees:

.7, 7",..., TN T" = Ty(n*, k,n1,na, ..., ny, h)
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with pn—l(T) < pn—l(T/) < pn—l(T”) < - < pn—l(Tn,_l) < pn—l(Tn/)~ By Theo-

rem [3.10, one can get easily that

' 1 1
Pn-1(T) < pp_1(T") <1 —4/1——<1—4/1—— asng > As.
no AQ

This completes the proof of the theorem. ]

Corollary 3.11. Let T be a tree of order n > 3. Then

1
<
= A,

with equality holding if and only if T = S, or T = DS(n/2,n/2) (n is even).

(3.15) pn—1(T)

Proof. For vive ¢ E(T'), we have Ay > 2 and hence

eae0-a)03)

Since A1 > Ay, one can see easily that

RICIEEE

with equality holding if and only if As = 1 or Ay = A,. By Theorem [I.1] we get the
required result in (3.15)). Moreover, the equality holds in (3.15)) if and only if 7" = S, or
T =2 DS(n/2,n/2) (n is even). O

Remark 3.12. For As > 2, one can see easily that

1— /1fi<1, 1fn7_1
AQ 2(71—2)

Therefore our result in (1.4)) is always better than the result in (1.2) when vive ¢ E(T).
Remark 3.13. For Ay > 3 with vive ¢ E(T), our result is better than the result in (|1.3)).

Remark 3.14. For d > 5, one can easily check that the upper bound in (1.3)) is always
better than the upper bound in (1.2). For vjvy € E(T), the upper bound in (1.4) is better
than the upper bound in ([1.3)) when As > 6 because

DD

(Al — 3)(A2 — 3) > 6.

But for the graph H; (see, Figure , the upper bound in ([1.3)) is better than the upper
bound in (1.4)).

that is,
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Figure 3.2: Tree H;.

Remark 3.15. For any given n, we can always make a tree T'(n, k,ny,na,...,ng) (n1 = na)
such that the equality holding in (1.4).

4. Normalized Laplacian energy of trees

In this section we give some lower bounds on the normalized Laplacian energy of trees. In
the literature several lower bounds were established [911], but all the lower bounds are in
terms of several graph invariants, not easy to compute. Here we give some lower bounds

on normalized Laplacian energy of trees.

Theorem 4.1. Let T be a tree of order n. Then

o mmere s () (k)

with equality holding if and only if T = S, or T = DS(p,q) 2<p<gq,p+qg=n).

Proof. Let d be the diameter of tree T. For d = 2, T' = S,, and hence the equality holds

in (4.1). For d=3, T =DS(p,q) (2<p<gq,p+q=n). Using (L.1) in (1.5), one can see
easily that the equality holds in (4.1]). Otherwise, d > 4.
Let v (1 <v <n—1) be the largest positive integer such that

py > 1.

Also let Sg(T) be the sum of the largest k& normalized Laplacian eigenvalues of tree T
Then

k
i=1
One can easily see that

Su(T) = Sp(T)= Y pizv—k forv>Ek,
i=k+1

k
Sp(T) — S,(T) = Z pi<k—v fork>v
i=v+1
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and
Sy(T) = Sk(T) for k =v.
From the above, we conclude that for any k, 1 < k <n —1,
Su(T) = Sk(T) 2 v —k,

that is,
25,(T) — 2v > 2S5, (T) — 2k.

Using the above result in (|1.5)), we have

Ec(T) = Z(Pz‘ - 1)+ Z (1—pi)
i=1 i=v+1
n—1
=25,(T) —2v as Zpi =n
i=1

> 2Sn—2(T) - 2(n - 2)
Since Sp,—2(T) =n — pp—1, we get
Ee(T) > 4—2p,m1.

Since d > 4, by Theorem (3.1

Be(l)>2+2 o, {\/ (1 - n1<>> <1 - n1<>> } '

This completes the proof. ]
Lemma 4.2. Let T =2 T(n,k,ni,n2,...,ng) withny =ng >nz >--->ng (n1 >2) be a
tree of order n. Then ps = py =+ = pp—2 = 1 if and only if T = T(n,2, %47 an)

Proof. If T = T(n,2, "Tfl, %), then the normalized Laplacian spectrum of tree T is the

following;:
-3
214 /=2 1,1,...,1,0
n—1" — —
n—4
Thus we have p3 = py = -+ = pp—2 = 1. Otherwise, kK > 3 and hence T' O T'(n*, 3,n1,n1, 1)

(n > n*). The normalized Laplacian spectrum of tree T'(n*,3,n1,n1,1) is the following:

1 1
92,14 /1 ,1i\/”17,1,1,...,1,0
ni M| N——
n*—6
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By Lemma [2.3] we have
pn—2(T(n, k,ny,ny,ns, ..., ng)) < ppr—o(T(n*,3,n1,n1,1)) <1 (n>n").
This completes the proof of the lemma. O
We are now giving our proof of Theorem

Proof of Theorem [1.2] For T = S,, or T' = DS(Ag, A1), A1 + Ay = n, vivg € E(T), one
can see easily that the equality holds in (1.6). Otherwise, d > 4.

Similarly, from the proof of Theorem [4.1] we get
Ep(T)=25,(T) —2v >255(T) —4=2py as p1 =2.

By Lemma with Theorem we get the required result in . The first part of the
proof is done.

For d > 4, the equality holds in ifandonly if v =2and T = T'(n, k,n1,n2, ..., nk),
ny = ng > 2, vivg ¢ E(T), by Theorem Sincev=2,p,<1,i=3,4,...,n—1. By
Lemma p2 + pn—1 = 2. Thus we have Z?;?)z pi = n — 4, this implies that ps = py =
-+« = pp—2 = 1. Hence the equality holds in if and only if T = T'(n, 2, ”T_l, "T_l) with
vivy ¢ E(T), by Lemma O
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