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A Classification Theorem for Complete PMC Surfaces with Non-negative

Gaussian Curvature in M"(c) x R

Zhong Hua Hou* and Wang Hua Qiu

Abstract. Let M™(c) be an n-dimensional space form with constant sectional cur-
vature c. Alencar-do Carmo-Tribuzy [5] classified all parallel mean curvature (ab-
brev. PMC) surfaces with non-negative Gaussian curvature K in M"(c) x R with
¢ < 0. Later on, Fetcu-Rosenberg [28] generalized their results for ¢ # 0. However,
the classification to PMC surfaces in M™(c) x R with K = 0 is still open. In this pa-
per, we give a complete classification to the PMC surfaces in M"(c) x R with K =0
whose tangent plane spans the constant angle with factor R.

1. Introduction

Let M™(c) be an n-dimensional space form with constant sectional curvature ¢ # 0. In
the past two decades, the submanifolds theory in product manifold M"(c) x R were widely
studied. There have been lots of interesting and significant results (cf. [6,10-12,/14}/18}[23}-
27,129,130 etc). For instance, Dillen etc in [19,22] characterized surfaces with a canonical
principal direction and in [20,21] completely classified constant angle surfaces in M?(c) xR.

Abresch and Rosenberg [1] introduced a quadratic form
Q(X,Y)=2Hh(X,Y) — c(X,0) (Y, 0),

on a surface ¥:? with constant mean curvature (abbrev. CMC) immersed M?(c) x R, where
X, Y are tangent vectors on %2 and 9; is the unit tangent vector to R. Denote by Q20
the (2,0)-part of @ and it is proved to be holomorphic. Then they completely classified
CMC surfaces with vanishing Q(*) as four classes in M?(c) x R. The scholars call these
kinds of surfaces Abresch-Rosenberg surfaces.

Alencar, do Carmo and Tribuzy [4] extended the quadratic form @ to immersed surface
¥? with parallel mean curvature vector (abbrev. PMC) in M"(c) x R, which is defined by

(1.1) QX,Y) =2 (h(X,Y), ﬁ> (X, ) (Y, ).
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And they concluded that Q%) vanishes for surfaces of genus zero, if |[dH| < g¢ ‘Q(Q’O)‘,
where ¢ is a continuous, non-negative real function and |dH| is the norm of the differential
dH of the mean curvature H of ¥2 in M?(c) x R. We call the surfaces with Q(*) vanishing
Abresch-Rosenberg type surfaces.

Batista 9] introduced a (1, 1)-tensor S on a CMC surface in M?(c) x R, which is given
by

S=2HA—c(T,\T+ g T2 1 —2H1,

where A is the shape operator, I the identity transform and 7 the tangent part to the
surface of the unit vertical vector field 0; of R. He proved that a complete surface in
M?(c) x R with S = 0 is an Abresch-Rosenberg surface. Fetcu and Rosebberg [28] defined

a more general (1,1)-tensor S on immersed PMC surface X2 in M"(c) x R, say

§ : «@ c 2 2

They showed that |S| = 0 if and only if Q>?) = 0 (cf. Lemma below). Therefore the
surface with |S| = 0 is an Abresch-Rosenberg type surface.
Alencar, do Carmo and Tribuzy [5]| obtained a well-known Hopf theorem and classified

the complete PMC surfaces immersed in M™(c) x R.

Theorem 1.1. (cf. [5]) Let x: X2 — M"(c) x R with ¢ # 0 be a complete PMC surface.
Then one of the following holds:

(1) 2 is a minimal surface of a totally umbilical hypersurface of M™(c);

(2) X2 is a CMC surface in a 3-dimensional totally umbilical or totally geodesic sub-
manifold of M™(c);

(3) 2 lies in M*(c) x R.

In [5], the following classification theorem is proved for ¢ < 0, and is generalized by
Fetcu and Rosebberg 28] for ¢ # 0.

Theorem 1.2. (cf. [5,28]) Let 2: %2 — M"(c) x R with ¢ # 0 be a complete non-minimal
PMC surface with Gausstan curvature K > 0. Then one of the following holds:

(1) K=0;
(2) 22 is a minimal surface of a totally umbilical hypersurface of M™(c);
(3) X2 is a CMC surface in a totally umbilical 3-dimensional submanifold of M™(c);

(4) X2 lies in M*(c) x R C RS and there exists a plane P such that the level lines of the
height function p — (z(p),0:) are curves lying in planes parallel to P.
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Then the authors in 5] proposed an interesting and open problem: How to characterize
those surfaces with K = 0 in the above theorem. It seems to be difficult even for the case
of complete surfaces immersed in M?(c) x R. In the present paper, we intend to solve
this problem under the additional condition that |T'| is constant. Precisely, we proceed to

prove the following

Main Theorem 1.3. Let X2 be a complete non-minimal PMC surface with non-negative

Gaussian curvature in M™(c) X R, ¢ £ 0. Then one of the following holds:
(1) |S| =0, the surface is an Abresch-Rosenberg type surface;

(2) |S| is a nonzero constant and K = 0. In addition, if |T| = sin@ with constant
6 € [0,7/2], then
(i) 6 =0, X2 lies in M"(c); or
(ii) 0 = 7/2, ¥2 =y x R, where v is a curve of M™(c); or

(iii) 6 € (0,7/2) and X? lies in M*(c) x R C R® with ¢ > 0. Up to an isometry of
M*(c) x R, ¥2 is parameterized by

cos 6 cos(bu), cos 6 sin(bu), sm((;w)} cosécw) , %’ wsin 9> ’

(1.3) z(u,v) = <
where b =+vc+ ccos? 0, a = Vb2 + 4H? and H is the mean curvature of ¥2.

2. Preliminaries

Let %2 be a surface in an (n+ 1)-dimensional Riemannian manifold M. Choose a local
orthonormal frame field {e1,e9,...,€,41} in Vi along Y2 so that {e;, ez} are tangent
to ¥2 and the others are normal to ¥2. Denote the dual frame by {wl,wQ, . ,w”“}.
Let V (resp. V) be the Riemannian connection of 32 (resp. Hnﬂ). We use the following

convention on index ranges in the whole paper:
1<4,5,k1<2; 3<a,B,v<n+1; 1<ABC<n+l

Let {w%} be the connection form. The second fundamental form A and the mean curvature

vector H are defined by

(2.1) h:Zwi@)w?@ea:Zh%wi@wj@ea, ﬁ:ZHo‘ea,
a,t «a

o5727‘7

where

(2.2) Wi =) hfw!, K =hg, HY= (Z h;;) /2.
J i
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The mean curvature H is defined to be
1/2
(2.3) H=[H|= [Z(HQ)QI .
The Gauss-Ricci equations are expressed as
(2.4) ;‘kl = R;‘kl + Z(hﬁc G = hihfk), R = Rﬁkl + Z h h,ﬂl ﬁhfk)-
We define the covariant differential of i by

(2.5) VA = hfwh = thkw thjwz Zhjjf;
k

Then the Codazzi equation is

(2.6) o

a  pa
ijk ikj — “Yikj-

Let "' = M "(c) xR with ¢ # 0. Naturally, the ambient space M"(c) xR is endowed

with the metric
2 2 2
dSMn(C)XR == dSMn(C) + dt .
The induced metric on 2 is denoted by (, ). Let 9, = T + N, where T is the tangent
part and N the normal part of 9;. Then

(2.7) T=> Te, T =(ed); N= ZN%Q, N® = (eq, 0) .

7

For any X € F(TWH), we denote X|pn() = X — (X, ) O, which is the projection of
X onto the factor M™(c). Then

ei\Mn(C) = €; — TiBt, ea‘Mn(C) = €n — N“@t.
It follows that
—A
Rpep = ¢ ((ealmn(e), eclam(e)) (eBlan(e) enlamn(e))
— (ealun(e) enlun(e) (eslun(e) eclum () ,
from which we obtain

(2.8) Ejkz =c {5ik5jl 6k + Oy TIT* + 6, T°T" — 53 TIT" — 5'zTiTk} ,

(2.9) R,

iy = N (T8 — T"635), Ry = 0.
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3. Some lemmas

In this section, we introduce several lemmas needed for the proof of the Main Theorem.

The fundamental formulae of submanifolds are given by

(31) Veiej = Veiej + h(ei, Ej),

(3.2) Veea = —Aa(e;) + Viea,

where A, is the shape operator with respect to e,, and

(3.3) Ve = wk(ei)ek, Véea = wg(ei)eg, An(e;) = h%ej, h(e;,ej) = h%ea.

J

Lemma 3.1. (cf. [14,33]) Let X2 be a surface in M™(c) x R. Then we have

(3.4) VT = ZN%;;WJ,
o)
1 At ipo, g
(3.5) VIN® = =) T'hgwd.
2%

Let 32 be a PMC surface in M™(c) x R. According to (1.2), the coefficients {S;;} of
S are given by

(3.6) Sij =2 HOhY — I'TY + ; T2 65 — 2H26,;,
(6%

for any 4, j. The covariant derivatives {S;;,} of {S;;} are defined by
(3.7) D Sijpwt =dSi; = > Spwl =Y Spjwp
k k k

It is known that Vlﬁ = V+H%,, where
(3.8) VIH® = dH® + HPw§ = Hw".

Then VLﬁ = 0 implies H C,; =0, for all k£ and «. Taking the covariant derivatives of both
sides of equation (3.6 and using (3.4]), we get

Sigi =2 HOWYy — TV TV — ¢TIV, T' + gaijvekqﬂ?)
(3.9) ° , . l
=2) Hhy — T Y Nh$j, — TV Y Nh + cdiy »_ NOT'hjj.
« « « a,l
Lemma 3.2. (cf. [9,28]) Let X2 be a complete PMC surface immersed M™(c) x R. Then
S| = 0 if and only if |Q*Y| = 0.
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Using the results in [39], the authors in [28] obtained the following Simons type equa-
tion for |S|%:

Theorem 3.3. (cf. [28]) Let %2 be a PMC surface immersed M™(c) x R. Then
1
(3.10) iA(\S\Q) = |VS|* + 2K |S|?,

where |[VS|> =3

2 : : 2
ik Sijk and K is the Gaussian curvature of 3.

At the end of this section, we prove the following lemma:

Lemma 3.4. Let %2 be a complete PMC surface in M™(c) x R. Let {e1,es} be the local
orthonormal tangent frame field on X2 such that {S;;} is diagonalized. If |VS| =0, then

|S| =0 or|S| is nonzero constant and (w;) =0.

Proof. From , it is easy to see that S is symmetric and trace-free. Choose the or-
thonormal tangent frame filed {e1, es} on ¥? such that S;; = w;d;;. Then py = —ps = p.
So |S|? = 2u2.

|VS| = 0 implies S, = 0, for any i,7,k. Settingi=j=1andi=1, j=2in ,

we obtain

0= Z Syppw® = du — Z Slkwlf — Z Sklwlf = du,
k k k

0= Z Slgkwk = — Z Slkw§ — ZSkgwf = 2,uw%,
k k k

which imply g = 0 or p is nonzero constant and w} = 0. The proof of Lemma is
completed. O

4. A classification theorem

In this section, we firstly prove a classification theorem. Then, we solve the problem

proposed in [5] under the condition that |T'| is constant.

Theorem 4.1. Let z: 2 — M"™(c) x R be a complete PMC surface with Gaussian cur-
vature K > 0. Then |S| =0 or |S| is nonzero constant and K = 0.

Proof. According to and the hypothesis, it follows that A |S |2 > 0. By a result of
Huber [34], a complete surface with non-negative Gaussian curvature is a parabolic space.
Therefore, |S|* is harmonic. One can immediately get |VS| = 0 by again. Note
that dwi = Kw' A w?. Following Lemma we complete the proof. O



A Classification Theorem for Complete PMC Surfaces in M™(c) X R 211

It is known that the surface with |S| = 0 is an Abresch-Rosenberg type surface. In the
sequel, we proceed to consider the rest case.

Denote |T| = sinf with 6 € [0,7/2]. It is obvious that X2 lies in M"(c) when § = 0
and X2 = v x R in case § = 7/2, where 7 is a curve in M™(c). So we need only to treat
the problem for 6 € (0, 7/2).

Lemma 4.2. Let z: ¥? — M"(c) x R with ¢ # 0 be a complete non-minimal PMC surface
with non-negative Gaussian curvature so that |S| is nonzero constant. If 0 € (0,7/2) is

constant, then X2 lies in M*(c) x R and the mean curvature vector is orthogonal to 0.

Proof. According to Theorem and the fact that 6 is a non-zero constant, it follows
that the surface X2 lies in M*(c) x R. By Lemma |S| is nonzero constant and

(4.1) wt =0,

under the chosen tangent frame {ej,es2}. We choose a local orthonormal normal frame
field {es, e4, e5} so that span {ﬁ, N} = span {e3, e4}. Then ﬁ and N can be decomposed
as

H = Hs + H', N = N3+ Nley.

Using (3.4)), we get

(4.2) Ve, TP =2)  N°T'hf; =0,

a,l

for j € {1,2}. From (4.2), we have a linear system of linear equations on {Tl, T 2},

<Z N ;g) T + (Z Nahgj> 7% =0,
[e]

[0}

for j € {1,2}, which has non-zero solutions. Hence we obtain

2
(v ) (o) - (v ) o
which is equivalent to
(4.3) (N®)2det(As) + (N2 det(Ay) + N3N4 (B3, h3, + hi b3, — 203,h1,) = 0.

Following (4.2]) again, we get another system of linear equations on {N 3N 4},

(Z Tihg’k) N3+ | Y 1ind, | N* =0,
( J
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for j € {1,2}, which has also non-zero solutions. And we also get

(4.4) > T (B by — hiihd,) =0,
(2]

Suppose that Vlﬁ = 0. From the first equality in (3.8 we have, for every a,
(4.5) dH® + HPw§ = 0.

Taking the exterior derivative on both-sides of (4.5)) and using the structure equation, we
obtain

ZHﬁ(dwg — wg AwT) = Z H'BRgijwi ANw; = 0.

B’i B?ihj
It follows from (2.4)), (2.9) and the third equality in (3.3) that

(4.6) [Aﬁ, Aa} = AgAo—AuAg = [ S HPRS, | =0,
B 2%2

for any a. Setting o = 3,4 respectively, one has
H3(A3Ay — AyA3) = HY(A3Ay — Ay4A3) = 0.
Since (H?)? 4+ (H*)? > 0, we obtain
(4.7) AzAy = Ay As.
According , one can obtain
(4.8) h?Q(hzlll - hgz) = hzllz(hzfl - h§2)7
which is equivalent with
(4.9) h?lhzﬁ - hillh?Q = h%Qh%z - h§2hz1))2-

Define four normal vectors in the normal space span {es, es} as follows:
4 4 4 4
A=) "hfjea, B=) hseq, C=) hiea, D=A-B=>Y (hf) - hs)eq.
a=3 a=3 a=3 a=3

In order to prove Eﬁat, it suffices to prove <N , ﬁ> = 0. Now, we divide our proof in two
cases.

Case 1. D is nonzero.
It is clear that C is parallel to D by . So we have C' = AD for some function A\ on
Y2, which implies

(4-10) h?2 = A(h?l - ]732),
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for a € {3,4}. Substituting (4.9) and (4.10]) into (4.4), we have
0= [(T")? = (T%)*] (W15 — hiyhia) + T'T?(hi hay — i hd,)

(4.11) 2N [(TY? = (T2)2) (i by — Bdy) + TVT2(h by — i)

= {)\ [(T1)2 - (TQ)Q] - T1T2} (hil1h%2 - h?lh%2)7
which implies A [(T1)? — (T2)?] = T'T? or h{,h3, = h$,h3,. We discuss it in two subcases.

Subcase 1. X [(T1)? — (T%)?| =TT

If T1T? # 0, then (T1)? # (T?)? and )\ # 0. From (3.6) and (.10)), we have

S12=2> Hh$y —cT'T? =2 HOA(hSy — h$y) — T'T?

= 4\ (Z HhS, — H2> — eI T? =0,
(0%

from which we obtain

(e N6 C
=51 =2 Ea HORS, — e(TY)? + 5 IT|* — 2H?
T'T?
(4.12) =2 (C ot H2> + g [(T%)% — (T")?] - 2H?

= LTI L AT - ()]} =0

that contradicts to the assumption |S| # 0. Therefore, T'T? = 0. Without loss of
generality, we assume 72 = 0 and T* = sin@. It follows from (4.1]) that
VI =dT" + ) Thwj, = T'w} =0,
k
for any i. Using (3.4]), we obtain

(4.13) Ve, T'=> N°h$; =0,

for any i, j. Setting ¢ = j and taking summation, we have <N, ﬁ> =y, NH*=0.
Subcase 2. hi h3, = h} h3,.

In this case, A is parallel to B. Owing to the non-minimal property, A and B do not vanish

simultaneously. Without loss of generality, we assume that h{| = vh$, for a € {3,4},

where v # —1 is a function on X2 since H # 0. Using , we obtain

2v 2 2A(v —1)
o _ o a o a
(4.14) 1= Z/JrlH , hoy V+1H ,  hiy L1

which is equivalent with A, = H*Agy, where

(6%
)

2 v Av—1)
v+l \Av-1) 1

(4.15) Ag =
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By (4.14]) and (4.15), we have

4
o2 2 2
Substituting (4.14) and (4.16) into (4.3)), we get
2
(4.17) 0= (N*H® + N1HY)? det(Ay) = <N, Ff> det(Ay).

It follows that <N, H) =0 or det(Ag) = 0. In latter case, we have v = A\2(v — 1)2. By
applying (3.6) and (4.14)), we obtain

v—1

— 172 _ 2
(4.18) 512_2%:Hah%2—cTT = 4NH <V+1

) — T2 = 0.

Moreover, we have

9 (V—1 12, € 42
_ _ —o(T 2T
M—511—2H <I/ 1> C( ) —|-2| |

which implies

—1 c v—1
41 T = ST yom? (22 = 722 = S |72 — 212 .
(119)  or'Y = SIrf 2w (L) = ST )

Using (4.18]) and (4.19), we obtain via a straightforward calculation

16vH*  16\*(v — 1)?H*
w+12 (v +1)?

T [u A DI I)HT 2
T :

v+1

where we used v = A?(v — 1)? in the first equality. Simplifying the above equation, we
find

v—1  A|T"—16H* — 4>
v+1 16pH? ’

(4.20)

which is constant. Therefore, both T' and T? are constant by and (4.20). By

similar argument as in Subcase 1, we obtain , from which we obtain <N ) =0.
Case 2. D is a zero vector.

In this case we have A = B = ﬁ Applying , we have

0 = (TY2(H Yy — HUy) + (T2)2(, Y — by 1) + TV T (P H — H )

20 = [(TY)? — (T%)?] (H?hiy — H'hY),

from which we get (T1)? = (T2)% or H3h{, = H*h3,. When (T1)? = (T?)2, we can see
that 7' and T2 are constant, which implies that <N , ﬁ> = 0.
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Suppose that H3h%, = H4h3,. Then C is parallel to H. Set C = pH. Then h$, = pH®
for a € {3,4}. Tt follows that det(As) = (H?)?(1 — p?) and det(44) = (H*)%(1 — p?).
According to (4.3)), we find

0= (N*HP)2(1 = p2) + (N*HY2(1 - %) + 2N NAHPHA(1 = p?)
= (1 _p2) <N7ﬁ>27

from which we have <N , ﬁ> =0 or p?> = 1. In case p? = 1, we have from (3.6) that

(4.22)

0=S12=2) Hh§y — T'T? = 2pH” — T'T?,
(0%

which implies
(4.23) (cT'T?)? = (2pH?)? = 4H*.

According (4.23) and the fact that (71)% + (72)% = sin? 0, it follows that 7' and T2 are

constant, which means that <N , > =0.

Summarizing the above cases, we claim that ﬁ is orthogonal to N. Our statement is
proved. ]
Then we present an example that satisfies all the conditions described in Lemma (4.2

Example 4.3. Define the map z: R?> — RS as follows:

z(u,v) = (a1,..., 25

(4.24) i 2H
(cosﬁ cos(bu), cos 6 sin(bu), smiav)’ cos((lav) 2 o sin 9> 7

where b = v/c+ ccos?20, a = Vb2 +4H? and H,c > 0, § are constant. Let X2 = x(R?).
Then X2 is a surface described as in Lemma [4.2]
Firstly, °°_, (2))2 = 1/c, thus 2 lies in M*(c) x R. Let 9, = (0,...,0,1) and

(4.25) Oy = xy = (— cosOsin(bu), cos cos(bu), 0,0, 0,sin ),

(4.26) Oy = x, = (0,0, cos(av), —sin(av), 0,0) .
Then we have

(4.27) 2o = 2o =1, (zu,2,) =0, w'=0, K=0,

(4.28) T = (8, 20) Ty + (8y, ) 2y = sinbz,, |T|* = sin? 6.
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Let us consider M*(c) x R as a hypersurface in RS. Its normal vector g = (x!,...,2°,0).
Denote its unit normal vector by eg = y/cég. Let D be Euclidean connection and h be the
second fundamental form of M*(c) x R in RS. Then

(429) E(Xv Y) = —cC <X‘M4(c)7 Y|M4(c)> €6 = C(<X7 at> <Y7 at> - <Xa Y> €6,
for any X,Y € 2 (M*(c) x R). From (3.1)), (4.29) and the third fact in ([#.27), we have
(4.30) MX,Y)=DxY —=VxY —h(X,Y) = DxY + c(X|pa(e), Y lmra(e)) @,

for any tangent vectors X,Y € 2 (X2). Using (4.25), (4.26) and (4.30)), we obtain

h(Oy,0u) = Ty + ccos® 0 - g
= (=bcos b cos(bu), —bcos b sin(bu),0,0,0,0)

9, [cost cost . sin(av) cos(av) 2H
+ ccos” 0 (b cos(bu),—b in(bu), P e ,0
— ceosd ~ cos(bu) ’ _sm(bu)7 cos@sm(cw)7 cos@cos(av)’ 2H 005970 7
b b a a ab
(4.31)
h(@u, 81)) = Tyy T C <au‘M4(c)7 av']V[4(c)> eg = 07
h(Dy, Oy) = Xy + ceg = (0,0, —asin(av), —a cos(av), 0,0)
cosf cosf . sin(av) cos(av) 2H
c ( 7 cos(bu), Tsm(bu), PR ’E’O
42 42 2 H
= (ccos@ cos(bu), ccosf sin(bu), — sin(av), — cos(av), —Zb ,O) .
Thus

(4.32)  H= %[h(@u,ﬁu) (00, 00)] = 2

— (0,0, —2H sin(av), —2H cos(av), b,0),
a

and
(4.33) <ﬁ,h(au,au)> - <ﬁ h(au,a,,)> —0, <ﬁ,h(&,,&,)> — 2K,
From and ([4.33)), we get

(SOy, 8) = —%Sin2 0 —2H? = — (S0,,0,), (S8y,d,) =0,
which imply
(4.34) 15> =2 (g sin® 0 + 21{2)2 ,
which is a nonzero constant. From (4.25)), and (4.32)), we have

<ﬁ,at> - <ﬁ,au> - <ﬁ,av> —0.
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Using , we get
B0, H) = h(0y, H) = 0,

from which, together with (3.1}, (3.2)) and (4.33)), we obtain
Vi H = Do, H + A, — 70, H) = (H)u +0+0=0,

(4.35) -
Vo H = Do, H + A0, — h(9,, H) = —2H%3, + 2H%9, + 0 = 0,

which imply VLﬁ = 0. Therefore, ¥? defined by (4.24) satisfies all conditions described
in Lemma

In the sequel, we proceed to characterize the surfaces in Lemma and prove that
the kind of surfaces in Example is the only class, up to an isometry of M%(c) x R.

Lemma 4.4. Under the same conditions as in Lemma 2 lies in M*(c) x R with

c>0 and ﬁJ_N. With respect to the normal frame field § e3 = ﬁ/H, eqs = N/|N| ,65},

the shape operators A, and the connection form matrix (wg) are represented as

0 0 \ccos 0
(436) A3 = ) A4 = 07 A5 =
0 2H 0 —+/ccosd
0 0 0 0 Vecosfw!
0 0 2Hw? 0 —\/ccosfw?
(4.37) (wi) = 0 —2Hw? 0 0 0
0 0 0 0 —y/csin O w?
—/ccosfuwt \/ccoshw? 0 Vesin 6wt 0

Proof. Owing to Viﬁ = 0, we have

0=dH"+Y Hw§ = Huf,
B
which implies w§ = w§ =0, for a € {3,4}. Thus by (3.5), we have
ZTZh'Lajwj — _vLNOz = —dN©® — ZNﬁwg = — |N|w$ =0,
i,j B

which is equivalent with
(4.38) T8, +T%h$, =0 and  — T?h$, + T1hS, = —2HT?,
for a € {3,4}. By Cramer’s Rule, we obtain

B 2OH (T2)2 _T1T2

(4.39) Ay = =
TP\ —rir? (712
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and A4 = 0 which is the desired form. From (3.6)) and (4.39), we get
1 4H?
(4.40)  p =Sy =2Hh}, —c(T")? + g T —2H? = S [(T*)* = (T")?] <c + \T!2> :

3 12 12 4H?
which imply T'7? = 0. Without loss of generality, we assume 72 = 0 and T* = |T’|. Then,
As becomes the desired form. From (4.6)), we get AzAs = AsAs, which implies h?Q = 0.
It follows that

(4.42) 0=K =ccos’0 + Z det(Ay) = ccos? 0 + det(As) = ccos? 6 — (h3;)?,

(0%
which implies that ¢ > 0. We can set hi; = \/ccosf (one can change the direction of e;
if necessarily). Consequently, A5 has the desired form. At last, by (3.5)), we obtain

cosfw; = dN° +ZN%§; = VIN®

«

(4.43) ' '
=— ZTlh?ij = —T'h},w! = —\/csinf cos fw?,
1,J
which implies wj = —y/csinfw!. To summarize what we have proven, and applying
w = y h%wj , we can see that the connection form matrix is given by (4.37). This
completes the proof of Lemma [£.4] O

In Lemmal4.4] we obtain the connection form of the surface and, following the existence
and uniqueness theorem of submanifolds, the surface is unique (up to an isometry of
M*(c) x R) for a fixed 6, and given by Example Next, we will give a way of looking
for the surface of Example which is similar to that in [20,21].

Theorem 4.5. Let x: X2 — M"(c) x R with ¢ # 0 be a complete non-minimal PMC
surface with non-negative Gaussian curvature and |S| # 0. If 6§ € (0,7/2) is constant,
then 2 lies in M*(c) x R with ¢ > 0. Up to an isometry of M*(c) x R, the immersion is
given by .

Proof. By Lemma [£.4] %2 lies in M*(c) x R with ¢ > 0. Let (u,v) = (2',...,2%) be the
position vector satisfying Z?zl (%)? = 1/c. We choose the same frame {ey,...,e5} as in
Lemma Thus, one can take coordinates (u,v) on ¥2 with 9, = e1, 0, = ea. Then we

have
T =sin 0 0y, ﬁ:Heg, N = cosfey.

Regard M*(c) x R as a hypersurface in RS. The normal vector of M*(c) x R in RS is
e = (z1,...,2°,0). Let eg = v/ceg and denote

o = (&1, &6,
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for « € {3,4,5}. Then {60}223 forms a normal frame of X2 in R®. We denote by
D (resp. D') the Euclidean connection (resp. the normal connection). Then, for any
X € Z°(¥?), we have

(4.44)
5

Dx@ = X|aa(e) = X — (X,0) 0, Dxe6 = Y (Dx@, €a) a = —cosb (X, T) ey,

a=3

from which one gets
(4.45) AgyX = —Dxeg + Dyég = —X‘M4(c) —cosf (X, T)es=—-X+(X,T)T.

By applying (4.45)), we obtain

— COS2 Qau == _811, + <aua T> T = AEG (au)

“’M‘l(c) — cosfsinf ey,

)
—av = —61; + <81)7T> T= AEG(av) = _81)‘]\/[4(‘3).

It follows that

1

_ 2 _
= sin 0 cos 0 <_8U|M4(C) + cos 68u) , av = av’M4(C)’

from which we have, by rewriting them into components of ey,

(4.46) (27), = —5]4 cotf, 1<j<5,
(4.47) (2%), = &4 tan @ = tan @ (eq, d;) = sinh, (2%), = 0.
From , we can take 2% = usin 6. Using , we have
(4.48) WX, eq) =c(X,T) (ea, N)€s = cdsq cos (X, T) e,

for any o € {3,4,5} and X € 2 (£?). By the fundamental formulae of submanifolds, we
get
Dxeq = —AoX + Vieq +h(X, eq)
(4.49) =—A X+ 25: wWi(X)eg 4 cd40 cosf (X, T) e,
B=3
from which we obtain
Dy, e3 = —A3(0y) =0, Dy ez =—A3(0y) = —2HO0,,
Dy, eq = wi(y) es + ccosd (D, T) &g
(4.50) = —+/csinfes + csinfcosfeg, Dy,eq =0,
Dg,e5 = —As(0y) + wi(9y) ea = —y/ccos 0, + /esinb ey,
Dg,e5 = —As(dy) + wi(dy) e4 = \/ccos 0 D,
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By rewriting (4.50]) into components of e,’s, we have

(4.51) (E)u =0, (€3 =—2H("),
(4.52) (ff-)u =— csin@f? + csinf cos @z,
(4.53) (€8)u = —/csinf €,

(4.54) (€40 =0,

(4.55) (€3)u = —v/ccos b (z), + Vesinf €4,
(4.56) (€3 = Vecos b (z),,

where 1 < A <6 and 1 < j < 5. Substituting (4.46) into (4.55)), we have

Ve

sin 6

(4.57) (§J5)u = ﬁcos@cotﬁf? + ﬁsinﬁf? = §;~1.

Taking the derivative of (4.52]) with respect to w and using (4.46)) and (4.57]), we obtain

4 . \ﬁ 4 . 4 2 4
(4.58) (&§)uu = —Vesinb ij +csinfcosf (—cot 0&;) = —c(1 + cos™ 0)¢;.

By solving (4.58]) and using (4.54)), we get
(4.59) f;* = C’; sin(bu) + C]2 cos(bu) + Cf,

where b = V¢ + ccos? 6 and C}, CJZ, C’? are constants. Combing (4.46|) and (4.59)), we

have
(z7), = —cot 6 [le sin(bu) + C]2 cos(bu) + C](-S] ,

from which, we obtain

cot 6

(4.60) z) = [C’1 cos(bu) — C’]2 sin(bu)| — cot§ C'Jﬁu + 9 (v),

J

where 1);(v) is a function with respect to v, for all 1 < j <5.
From ([4.29)), we have h(d,,0,) = —cég. From

5
Dp,0s = Vo,00 + > _ (Aa(Dy),00) eq + h(Dy, Dy) = 2Hes — v/ccos b e5 — ceg,

a=3

it follows that
(4.61) (27)py = 2HE? — \/ccosO €7 — ca?.
Substituting (4.60) into the second equality of (4.51)), we obtain

(&) = —2H(27), = —2HY(v),
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from which, combining with the first equality of (4.51]), we get
(4.62) & = —2Hy;(v) + G,

where C]‘?’ is a constant. According to (4.52)) and (4.59), we have

1 :
f? = [c sin@ cos 0z’ — (f;l)u]
(4.63) ve flne
_ . i 1 2
e snd [csinfcosf bC; cos(bu) + bC sin(bu)] .

Substituting (4.60)), (4.62), (4.63)) into (4.61]), we obtain

Y7 (v) = —4H?;(v) + 2HC§’ —cotd [esinf cos 0 7 — bC]1 cos(bu) + ij2 sin(bu)] — cz?
= —4H*);j(v) + 2HC; + beot § [Cf cos(bu) — C sin(bu)] — b2’
= —(4H? + b*);(v) + 2HC? + b cot § CPu,

which is equivalent with
(4.64) Y7 (v) + a*i(v) = 2HC’]‘?’ + b? cot 6 C’Jﬁu,

where a = vV4H? + b?. Since u,v are two independent parameters, we have from (4.64))
that

6 _
(4.65) cY =0,

(4.66) ! (v) + a*1pj(v) = 2HCY,
for any 1 < j < 5. From ({4.66]), we have

(4.67) Yi(v) = C;-l sin(av) 4 C7 cos(av) + i—l;[C]?’,

where C;-L, C’? are constants. Putting (4.65]), (4.67)) into (4.60)), we get

(4.68) o) = pj(u) +;(v),

for any 1 < j <5, where

cot 0 )
(4.69) j(u) = a [C’]l cos(bu) — C']2 sin(bu)] .
Next, let us characterize C;- for 1 <i,j < 5. Denote C7 = (C’j, ey C’g), and suppose
that
cot 6 1. 9
o(u) = 5 [cos(bu)C" — sin(bu)C?] ,
(4.70)

2H

P (v) = sin(av)C* + cos(av)C® + 2 c3.
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Then from (4.59), (4.62), (4.63) and (4.68), we have

e1 = 2y = (¢'(u),sinb), ez =z = (¢'(v),0),
(4.71) e3 = (—2Hvy(v) + C3,0), eq = (—tanf ¢'(u), cos ),
65 = (y/a(cos 0(v) — cos™ 0ip()), 0), €5 = V(i () + (), 0).

From (ej,e1) =1, we get
1 2 2 1 2 2 . .
3 (‘Cl‘ + }CQ‘ ) t3 (‘Cﬂ — || )cos(?bu) +(C*, C?) sin(2bu) = sin® 0,
which implies
(4.72) ') = |2 = sin®0, (C',C?) =0
Similarly, by (eq, e2) = 1, we have
1 2 2 1
3 (‘Cﬂ + ‘05‘ ) + 3 (‘04} ‘05} )cos (2av) + <C’4 C5>51n(2cw)
which implies
(4.73) ct® = | (ch,c%y =0

- @

By (e1,e6) = 0, we obtain
1 A\ 1 A5 2H |, 1 s\ .
= [(C ,C*)sin(av) + (C*, C°) cos(av) + el (c,c >] sin(bu)
+ [<C’2, C*) sin(av) 4 (C?,C®) cos(av) + 2%[2[ (c?, 03>] cos(bu).
It follows that
(4.74) (ct,c*y={(C*C*) =0

for any a € {3,4,5}. In the same way, we have from (es, eg) = 0 and (e3, eg) = 0 that

2 a?

(4.75) (c?,ct)y=(Cc* Cc’y =0, |C? =13

Using (4.72) to , we conclude that {Ci}?zl is orthogonal with each other and
|C’1‘2 = ‘02}2 = sin?6, ‘2 = a?/b?, }6’4‘2 = ‘05‘2 = 1/a®. Through an orthogonal
transformation, the surface is given by and it is unique for a given 6, up to an
isometry of M*(c) x R. O

Remark 4.6. For any fixed 6 € (0,7/2) and given real number H, we construct a class of
surfaces with constant mean curvature H, as described in Lemma Therefore, we get

a kind of surface which is not Abresch-Rosenberg type surfaces.
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Proof of Main Theorem. Following Theorem |4.1) we obtain case (1) and case (2). In the
latter case, § = 0 implies that X2 lies in M"(c), and § = 7/2 means that 32 = v x R
where 7 is a curve of M™(¢). When 0 € (0,7/2), we have from Theorem that ¥2 lies
in M*(c) x R with ¢ > 0 and is parameterized by (4.24)), up to an isometry of M*(c) x R.
This completes the proof of Main Theorem. O
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