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AN EXTENSION OF THE WEIGHTED HARDY INEQUALITIES AND ITS
APPLICATION TO HALF-LINEAR EQUATIONS

Ryskul Oinarov, Khanym Ramazanova and Aydin Tiryaki

Abstract. In this paper we consider a suitable extension of the weighted Hardy
inequalities and by applying to second order half-linear equations we establish
some oscillation and nonoscillation results.

1. INTRODUCTION

In the literature many authors including G. H. Hardy, J. E. Littlewood and G. P6lya
[9] considered the continuous Hardy inequality:
If f is a nonnegative function whose p-th power is integrable over (0, c0) for p > 1
then f is integrable over the interval (0, z) for all z > 0, and

(11) /OOO (i /Omf(t)dt)pda: < (1%);7/000 7 (2)dz.

p
The constant Ll in the inequality (1.1) is sharp in the sense that it can not be

replaced by any smaller number.

The inequality (1.1) was proven by Hardy in his famous paper [7] and it has been
generalized and applied in analysis and in the theory of differential equations. In
1928, G. H Hardy [8] proved the estimate for some integral operators, from which the
following “weighted” modification of the inequality (1.1) is obtained:

(1.2) /OOO <i /Oa: f(t)dt)px‘sda: < <1$)P/Ooo fP(x)xdx

for p > 1 and ¢ < p — 1, for all measurable nonegative functions f (see [7], Theo-

P p
1) is the best possible.

rem 330), where the constant <
p—e—
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During the last decades the inequality (1.2) has been developed to the form

(13) < / ’ < / ’ f(t)dt)qu(x)da:) v c< / ’ fp(x)v(x)da:)l/p

with a, b real numbers satisfying —oco < a < b < 0o, u, v positive measurable weight
functions in (a,b) and p, q real parameters, satisfying 0 < ¢ < oo and 1 < p < oo.
This is sometimes called the weighted form of the continuous Hardy inequality.

In 1961, R. R. Beesack [4] connected the validity of the corresponding inequality
(1.3) for the case p = ¢ with the existence of a (positive) solution y of the nonlinear
ordinary differential equation

(14) % <v(m) <%)H) + @)y (@) = 0

which is in the fact the Euler-Lagrange equation for the functional

J@:Awww%m—wmme.

Although Beesack’s approach was not the variational one, his approach was extended
to a class of the inequalities containing the Hardy inequality as a special case [18].

In 1969, Tomaselli [27] followed Beesack’s approach via equations and he has
shown that the solvability of the equation (1.4) is not only sufficient but in a certain
sense even necessary for (1.3) to hold.

Note that, the Tomaselli’s paper [27] plays a fundamental role in the development
of the Hardy inequality. Some of these developments, generalizations and applications
have been described and discussed in the books [6, 7, 10, 11, 18]. A history of
developments on weighted Hardy inequalities can also be found in [10].

The main aim of this paper is to obtain a suitable extension of the weighted Hardy
inequalities, namely the “three-weighted Hardy type inequality.” By applying this in-
equality, we establish some oscillation and non-oscillation results related to half-linear
second order differential equation.

Applying the results of the weighted Hardy inequality (1.3) to the question oscilla-
tory and non-oscillatory half-linear equations are in the works [13, 16, 17].

2. MAIN REsSULTS
Let I = (a,b), —0o<a<b<oo,l<p<oco and p = Z%. Assume that

w,r, pand p!~?" locally summable on the interval I and w > 0,7 > 0, p > 0in I. Let
Wpl(p, r; I) be the space of locally absolutely continuous functions f on I such that
the norm

&) 1/p
g = ([ (ol +ra)ae)
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is finite. In case p = 1 and r = 1, we put W(1,1;1) = W(I). Let AC,(I) =
{f € W(p,r;1)) : supp f C I}. We denote by W} (p, ;1) and W}(I) the closure
AC,(I) respectively in the space W} (p, ;1) and W} (I).

On the interval Iy = («, 3) such that a < o < 8 < b, we consider the following
inequalities

1é] B .
@y [Culsrar<c [ (olrpenlar)in e Wi,

Here and the sequel Iy = (a, ).

Equivalent criteria for the validity of inequality (2.1) follows from the results of
[12, 14, 15, 19]. However, the equivalence coefficients of the best constant in (2.1)
are not pointed out in these works. Here we investigate inequality (2.1) by a method
that allows us to find the equivalence coefficients more precisely.

We begin with a lemma for our purpose.

AP
T -1
on (1,00) C R. Then there exists a Ay := Ao(p) such that 1 < Ay < 2 and

Lemma 2.1. Let p > 1 be real number. Let g be defined as g(\)
1

(A—=1)p
! _ X and g(A) >0for A > Npand g(A\) <O0for1 <A< A
. . AP(A—=1)P . I
Proof. It is clear that g(2) > 0 and Ahnla+ -1 = 0. Using the definition of
AP(X —1)P AP 1

limit there exists a & > 0 for e = 1 such that = <lor= < —= ,
AP —1 AP —1  (A=1)p

for every A € (1,1+ ). Thus g(\) < 0. Since the function g is continuous in (1, co)
there exists a Ag € (1, 2) such that g(\g) =0, i.e.,

oo
M =1 (A—1)

or MM —1)P =X)—1.

. . 1 AP .
Let us define the functions g;(\) := oy and ga(\) == > 1 which are
strongly decreasing in (1,00). Then ga(A) > g1(\) at A> Ag and g1(A\) > ga(\) at
1<A< . [

Remark 1. Calculation shows: \o(2) ~ 1.8393, Xo(3) ~ 1.9531, \o(4) =~
1.9834, X\o(5) ~ 1.9936.

We introduce the following functions defined in I as follows;

@2 ¢ (@x) = (a)= inf { (/t pl_p/(t)dt)l_p + (/jra)dt)}
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and
ey wwm=erwn =t {([orwa) " [ron))
Let
e B, = Bry(a, ) . J -1
oo " (e [ )

Theorem 2.1. Let \g and X be defined as in Lemma 2.1 and let a < o < 8 < b.
The inequality (2.1) holds if and only if B, ,,(«, 3) < co. Moreover the best constant
C'in (2.1) satisfies

(25) Br,w < C < FYpBT,wu
where

AP(AP —1)
(2:6) T = 1<1>{l</\0 (A=1)p

Remark 2. Calculation shows: 7, &~ 11.0902, v3 ~ 54.9637, 74 ~ 238.802.

Remark 3. Let us notice that the value B, ,,(c, ) can be obtained from the results
of [12, 19].

Proof. ~ From the hypotheses assume that the inequality (2.1) holds for all f €
W (p,r;1o). Leta < pu < ¢ <d <7 <[ We introduce the function fy(t) defined
on I as the following

t c -1
</ pl_p/(s)ds) </ pl_p/(s)ds) p<t<c,
7 H
folt) = 1 ) ) B c<t<d,
</ pl_p/(s)ds) </ pl_p/(s)ds) d<t<rT,
t d
0 t € (o, B)\ (1, 7).
It is clear that fy € AOC'p(a, 3). Simple computations show that
3 d
@ | wolnra> [ u
¥} T
2.8 )| fo(t)|Pdt < t)dt,
@8) [ retnwrars [

and
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/‘f PO = / (0 ()t ( A 7 (t)dt) :

m

2.9) 4 /d Tp(t)pp(l_p/)(t)dt< /d ’ pl—p<t>dt) -’

_ </Mcp1_p/(t>dt)1_p + </dT pl‘p/(t)dt)l_p.

We combine (2.7), (2.8) and (2.9) to obtain

/cdw(t)dt < C[(/Mcpl—p/(t)dt)l_p
o [rwas () pl—p/<t>dt)1_p+ | rtwies [ dr<t>dt].

Since the left hand side of the above inequality are independent of 1 and 7 and with
(2.2), (2.3), we have

/cdw(t)dt < C(cp_(a, c) + /edr(t)dt + ¢t (d, ﬂ)),

</cdw(t)dt) <(p_<a’c>+/cdr(t)dt+9‘7+<d75>)_l <c

Taking supremum of both sides for a < ¢ < d < 3, we have

or

(2.10) By < C.

Conversely, let B,.,, < oo. Without loss of generality we assume that f AOC'p(IO)
and f > 0. Our purpose for A > 1 and for k € Z we define the set T, := {t € I :
f(t) > AF}. Since the function f is bounded, then there exists an n = n(f) € Z such
that

(2.11) Ty #0, Thy1 =0 and Iy = U T, = U AT,
keZ keZ

where ATy, = Tp\Tj41. Let n > k > —oo. The set Ty, is open. Then it is sum of
a countable number of disjoint intervals J5 = (c%,d¥), i.e. Ty = U;JF. We denote
M} = Typy1 N JF. We see that MF # . We put of = inf MF and g} = sup MF.

Considering also the definition of o and 37, we obtain

(2.12) Ty € | J(of, 85, AT, S (ch, ob) u (8, db),
JjE€Z jEZ
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faf) = £(B)) = Nt and f(cf) = f(dy) = A",
By (2.12) and Holder’s inequality, we can obtain the following
o}
M= 1) =X = e f(eh) = [ r e

k
J

k k

(/ P 0 " (/ sl "

1-p/ o 1 3 !(+)|P
proa) < ot [, sorropa

IN

or

k

(2.13) APk < / :j

Similarly, we have

d;? ) 1-p d;?
(2.14) Apk</ pl P (t)dt) < (A_lim/ﬁk p(t)|f'(t)[Pdt.

B}

Now, we are ready to estimate the left hand side of (2.1). By using (2.11), (2.12)
and considering that \**1 < f(t) < A**2 for t € AT}, and equality \P* = (1 —
A7) SOF_APE we obtain

Jé] n—1
[wirpar= 37 [ wifeae
(0% k‘:—OO ATk+1

n—1 n—1
< AP(k+2) / wdt = \?P APF / wdt
k‘ZOO A’Tk-ﬁ—l k‘ZOO ATk+1
n—1 k A
= AP(1-27P) Y </ wdt Y /\p’)
k=—o00 ATyta i=—00
n—1 An—l
= MNP —1) Y A wdt
i=—o0 k=i’ ATk+1
n—1 A
=PUCLES I Ap’/ wdt
i=—00 Tit1
= 8
=PUCLES I /\WZ/_ wdt.
i=—00 j O‘;'

From the definition (2.4) of B, ,, and the definitions (2.2), (2.3) of functions ¢, p*
and taking into account o < ¢ < aj, §; < d; < 3, we have
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B; A B;
1) [ Twirs (v t@ad+ [ oot @59),

. ai. , l—p ai.
(2.16) ¢ (a,aj) < </ ’ P dt) + / g r(t)dt
c;- c;-
and
) i , 1-p de
(2.17) 0t (8L, 8) < </] piP dt) + /i] r(t)dt.
J J

By using (2.15), (2.16) and (2.17) from the above inequality, we obtain

&)
| wirpar

< BruwAP(AP = 1) nz::l Apiz (@‘(0«0&?) +/jr(t)dt+cp+( }B))
sl ([ )
w(/ o) ) 323 [ oa)

On the other hand, by using (2.13), (2.14) and taking into account (2.12) we have
the following estimates

n—1 1-p di 1—p
. J /
5 Z[w (/ 1%5) Y (/ pl—pdt> |
S ;

i=—00 J

e <t Sy ([ Carran [

z*ooy J

1 ' 1 /ﬁ ,
dt = Pdt
5 i}_joo/ﬂi oIt = | ol

p\f’\pdt>

IN

and
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3 wz/ S w/ rdt= sz/

i=—00 i=—00 i=—00 AT’“
= rdt Y AP = AP / rdt
(2.20) Z /ATk iz—:oo 1_“7;;_:00 AT,
< r\ fIPdt
k*—oo

AP
_ /\P—l/ rlf|Pdt.

Combining (2.19) and (2.20) with (2.18), we have

B 1 AP B ,
[t < 5w - ymax{ g 2 [l

Since the first part of the above inequality is independent of A > 1, the following
inequality can be obtained using Lemma 2.1,

B
/w\f\pdt < By inf § AP(N — 1) max ! A /ﬁ( [f'1? +r|fIP)dt
PSS! O—npxw—1f ),

P_1 B
= By min{ inf /\Z’(/\ >, inf /\2p}/ (plf'|P + r|f|P)dt

1<A<Ao (A =1)P7 A=

B
= B [ (AP rirP)e

Thus the inequality (2.1) holds with C' < ~,B,.,, where C' is the best constant
which together with (2.10) gives (2.5). This completes the proof. ]

Now, we consider the inequality
I 8 .
@21) [ wirpar<c [Colrpar, f e it
where W} (p; Io) is the closure of AC),(Io) in the norm

B 1/p
1w = ( / P\f’(t)\pdt) o)l

and zo € I is a fixed point. In case » = 0 from (2.2) and (2.3) we have
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et = ([ pl-p/<t>dt)l_p, et =( [ ﬁpl_p/(ﬂdt)l_p.

From the proof of the Theorem 2.1 follows

Theorem 2.2. Let a < o < < b. The inequality (2.21) holds if and only if
By(a, ) < co. Moreover the best constant C' in (2.3) satisfies

B, < C < 7pBu,

where
B, = By(a,
(Ck B> d ¢ - 1-p 3 - 1-p7-1
— -p —p
2, (o) [(fLorom) ([0 om) ]
and o wpe-
T T

Inequality (2.21) is the Hardy inequality in differential form. It is well studied
(see., e.g., [1, 11, 18]). Compared to previous studies, Theorem 2.2 gives a criterion
for the inequality (2.21), regardless of summability or nonsummability function p!—#'
at the ends of the interval I.

3. ArpLICATIONS OF WEIGHTED HARDY TYPE INEQUALITIES TO OSCILLATION RESULTS
OF HALF-LINEAR DIFFERENTIAL EQUATIONS

We consider the following second order differential equation on the interval I =
(a,b), —00 < a < b< +o0:

(3.) (p<t>\y'\p-2y') L@l =0,

where 1 < p < oo, p and v are continuous functions on . Moreover p(t) > 0 for any
t € I. When p = 2, the equation (3.1) becomes the linear Sturm-Liouville equation

(3.2) <p(t)y’)/ +o(t)y = 0.

The investigation on qualitative properties of the solution of this equation was
started by J. Sturm [21]. When p # 2, the equation (3.1) is called half-linear because
the set of its solutions has the property of homogeneity but not additivity.

By a solution of (3.1), we mean a function y : I ¢ R — R such that y and
ply'|P~2y, are continuously differentiable and satisfy (3.1) for ¢ € I. A nontrivial
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solution of equation (3.1) is called oscillatory at ¢t = b (¢t = a), if it has infinite number
of zeros converging to b(a), otherwise it is called nonoscillatory at ¢ = b (t = a).
Equation (3.1) is called oscillatory (nonoscillatory), if all its nontrivial solutions are
oscillatory (nonoscillatory). Since Sturm Theorems hold for equation (3.1), Eq. (3.1) is
oscillatory (nonoscillatory), if one of its nontrivial solution is oscillatory(nonoscillatory)
[5].

To investigate the oscillation properties of (3.1) it is proper to use the notations such
as conjugacy and disconjugacy. Equation (3.1) is called disconjugate on the interval
(o, B) C I, if of its any nontrivial solution has no more than one zero on (a, f3).
Otherwise it is called conjugates on («, j3).

Currently, there is plenty of work devoted to the study of the oscillatory solutions
of the equation (3.1) using different methods [2, 3, 22, 23, 24, 25, 26]. Many of the
results on oscillatory solutions of (3.1) are related to the integrability of the coefficient
functions p and v. Some of these results are given in terms of the global integral
functions p, v and some of them depend on whether or not the functions p!~?" and v
are integrable on the end points of the integral I (see, e.g., [5, Sections 2 and 3]).

In [20], Rehak discusses that integrability of p>~*" is not required at the ends of the
interval I to study the behavior of solution of (3.1). This gave us the idea that behavior
oscillation of (3.1) can be studied whether or not p'*' and v are integrable at the
ends of the interval I. On the other hand, when the function v in (3.1) is nonpositive,
then equation (3.1) is nonoscillatory. Therefore the oscillation of (3.1) depends of the
positive part of v. This raises the following question: What are the contributions of
negative and positive part of v and integrability or nonintegrability of p* " at the ends
of the interval I for the oscillation of (3.1)? The same question also arises in the study
of perturbed equations. Our study is associated with the above issues.

Consider the equation

!
(33) (p<t>\y'\p-2y’) w2y — ey =0, te I,

where w, r nonnegative continuous functions on I. Equation (3.1) is a special case
of equation (3.3), since v = vy — v_, where vy (t) = max(0,v(t)) and v_(t) =
max(0, —v(t)) for ¢ € I. Equation (3.3) can be considered as a perturbation of the
nonoscillation Equation

(3.4 (p<t>\y'\p-2y’) 0y = 0.

One of the fundamental results in the qualitative theory of half-linear equation is the
“Roundabout theorem” [5]. Our study of the equations (3.1) and (3.3) is based on the
variational principle derived from “Roundabout theorem.” According to Theorem 5.8.1
from [5] we have the following result.
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Lemma 3.2. Let a < o < 3 < b. Equation (3.1) is disconjugate on Iy = («, () if
and only if

63
(35) F(f;a.f) = /

<p<t>‘f"p - v<t>\f\p) dt >0
for all f € W}(Iy).

Remark 4. If in Lemma 3.1 the interval («, 3) is replaced by the closed interval
[c, 3] then by Theorem 1.2.2 from [5] the sign > in the inequality (3.5) is replaced by
the symbol >.

Since v € Cla, f] and f € Cla, 3], then ffv(t)\f(t)\pdt < oo. Thus the inequal-
ity (3.5) is equivalent to

B8 B8
(36) / o(t)| f(B)[Pdt < / o(1) /(1) Pt

a

for all f € W (Io).
On the other hand, since w € C[a, 8] and r € C|a, 3] then in case v = w — r the
inequality (3.6) are equivalent to

B 8
e [ wolsoras [

[0}

<p<t>\f’<t>\p n r(t>\f<t>\p) it

for all f € W)(Io).
We have the following

Lemma 3.3. Let a < o < B < b. Then W, (I) = W} (p,; Ip) and their norms
are equivalent.

Proof. Let~} = max{max,<i<g p(t), maxo<;<5r(t)}. Then it is obvious that
HfHWI}(p,T;Io) < 71HfHWI}(Io)7 f € WP<IO>
and, hence
(3.8) W, (Io) = W, (p, r; Io).-

Since p > 0on I and p € Cla, f] then

8 B
(3.9) [ i< wax (o)™ [ ol P

a<s<f
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Using f(a) = f(8) = 0 for f € AC »(Io) and f(t) f f'(s)ds for all t € Iy and by
Holder’s inequality for every f € AC'p(IO) we have

/j\f(tﬂpdt -1
(310) <[ ’ (/ tpl-p/<s>ds)p_ldt( / ﬁp(tﬂf’(t)\pdt)
< (6- a>( / ﬁp) / S or

By using (3.9) and (3.10), we have

ew  [iswpa [Cirwpa <o [ ooirora)

forall f e AOC'p(IO), where

of = { (5 - a>(Aﬁpl_p/@dt)p_l’a%?;(g ()"}

Since the set AC,(Iy) is dense in W, (p,r; Io), then the inequality || £l () <
2l flw (p.ri10) holds for all f € W (p, 7 Io). Hence

t P
'(s)ds| dt

(3.12) W, (p, 3 Io) — W, (o).

Then by (3.8) and (3.12) we have W} (p,r; Io) = W;}(I5) and their norms are equiva-
lent. ]

By using Lemmas 3.1 and 3.2, we have the following result.

Theorem 3.1. Let a < a < (3 < b. Then the equation (3.3) is disconjugate on the
interval I, if and only if

8 8
(3.13) / w(t)\f(t)\pdtﬁ/ <p(t>\f'(t)\p+7’(t)\f(t)\p)dt

for all nontrivial f € W (p, r; I).

Remark 5. According to Remark 3, if in Theorem 3.1 the interval («, (3) is replaced
by the closed interval [«, 5] then the sign < in the inequality (3.13) is replaced by the
symbol <
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Following Theorem 3.1, we can extend the above result to the general interval I,
where the functions p!~#', r and w can not be summable on the interval 1.

Theorem 3.2. Let a < a < [ < b. The equation (3.3) is disconjugate on the
interval I if and only if the inequality (3.13) holds.

Proof. We will prove this by a contradiction. Suppose that (3.13) holds but
the equation (3.3) is conjugate on («, ) i.e. if the solution y of (3.3) have conjugate
points ¢, 3 such that o < ¢; < t2 < (3, then there exist ¢ € (o, t;) and d € (2, 5)
such that the equation (3.3) is conjugate on (¢, d) C («, 3). From Theorem 3.1, there
exists f € W} (p,7; (c,d)) = W (c, d) such that

d 5 d 5 5
[Cufeas | (p\f’\p+r\f\p)dt

f {f te Cd),
Lo t € (a,B)\(c, d).

Then f ¢ W2 (p,7; (a, B)) and f satisfies the following

ﬁ = ﬁ = =
[ uldvars [ (i i)

which contradicts with (3.13). Hence equation (3.3) is disconjugate on I = («, [3).

Conversely, we assume that the equation (3.3) is disconjugate on I but the inequality
(3.13) does not hold. Then (3.3) is also disconjugate on all (¢,d) C («, 3). Then for
arbitrary (c,d) C («, 8) (but (¢, d) # («, 5)), by Theorem 3.1 we have

Define

d d )
(3.14) /w\f\pdtg/ <p\f’\p+r\f\p)dt, for all feW(p,r;(c,d)).

Since supp f C (a, B) for f € AC,(a, ), then there exists (c,d) C (a, 3) such that
supp [ C (c,d). Then from (3.14) we obtain that the inequality (3.13) holds for all
f € ACy(a, 3). Because the set AC,(cv, 3) dense in W} (p, r; (e, 3)) then inequality

(3.13) holds for all f ¢ Wpl (p,7; (o, B)) which contradicts with our assumption. Thus
the proof of Theorem 3.2 is completed. ]

Theorems 2.1 and 3.2 give the following criterion, for the equation (3.3).

Theorem 3.3. Let a < o < 8 < b. Then,

(i) for the disconjugacy of equation (3.3) on the interval Iy = («, [3), the necessary
condition is B, ,,(c, 8) < 1 and the sufficient condition is v, B, ,(c, §) < 1.
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(i) for the conjugacy of equation (3.3) on the interval Iy = («, 3), the necessary
condition is v, B, (e, 3) > 1 and the sufficient condition is B, ,,(c, §) > 1.

Proof. Assertions (i) and (ii) are equivalent. We prove assertion (ii). Let
the Equation (3.3) is conjugate on the interval Iy = (a, 3). Then by Theorem 3.2
the inequality (3.13) does not hold. Hence C' > 1, where the best constant C' is
given in (2.1). Then in view of (2.5) we obtain ~,B, ., («, 3) > 1. Conversely, if
B, (o, 8) > 1, then from (2.5) we have C > 1 for the best constant C' in (2.1).
Therefore the inequality (3.13) does not hold. Then by using Theorem 3.2 the equation
(3.3) is conjugate on the interval Iy = («a, ). [ |

From Theorem 3.3 we have the following:

Corollary 3.1. Let a < a < 8 < b. If there exist a < ¢ < d < 3 such that

d d
/ w(t)dt > cp‘(oz,c)—i—/ r(s)ds + " (d, B)

then the equation (3.3) is conjugate on the interval Iy = («, ). If the equation (3.3)
is conjugate on the interval I, then there exists an interval (¢, d) C I such that

(3.15) /cdw(t)dt > 'yp_l <cp_(a, c)+ /cdr(s)ds + ¢ (d, B))

If the equation (3.3) is disconjugate on the interval I then

d d
(3.16) / w(t)dt < ¢~ (a,¢) + / r(s)ds + ¢t (d, B)
for all an interval (c, d) C I.

Remark 6. Leta < a < 8 < bin Corollary 3.1. If the interval I is replaced by the
closed interval [« 3] then in Corollary 3.1 the (¢, d) C Iy is replaced by [c, d] C [, (]
and all sign > (resp.<) is replaced by symbol > (resp.<).

Remark 7. Corollary 3.1 shows that the local behavior of the perturbation w can
turn the disconjugate equation (3.4) to the conjugate equation (3.3). For example, let
a<c<d<fand w = pw;, where w; is a continuous function on Iy = («, 3) such
that suppw; C (e, d) and fcd wy(t)dt = 1. Then, for u > ¢~ (o, ¢) + fcdr(s)ds +
©T(d, 8) the equation (3.3) is conjugate on the interval .

In the next theorem we give a criterion of oscillatory or nonoscillatory of equation
(3.3) without assuming the integrability or not integrability of functions p'~7" at the
end of the interval I.
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Theorem 3.4. If limy—p By (o, b) > 1 (limg—q By (a, 5) > 1), then the equa-
tion (3.3) is oscillatory at t = b (¢t = a). If there exists an a € I (8 € I) such that
YpBrw(a, b) <1 (v,Br(a, §) < 1) then the equation (3.3) is nonoscillatory at ¢ = b
(t=a).

Proof. We prove only for ¢ = b, and for ¢t = a, the proof is similar. Let
limg—p Brw (v, b) > 1. Then there exists a sequence {ak}iil such that limy, .o o, =
b, By.(ag,b) > 1, and by Theorem 3.3 the equation (3.3) on the interval (c, b) has
at least two conjugate points, i.e. there is a nontrivial solution of the equation (3.3)
with two zeros in this interval. Then there exists a subsequence {d, } ~, C {ox},_,
such that for each interval (a,, a,+1) there exists a nontrivial solution of the equation
(3.3) which has two zeros in it. Consequently, by Sturm theory, there is a nontrivial
solution of the equation (3.3) having at least one zero z,, € (&, a,,+1) at each interval
(Qln, Qny1). Since limy, oo o, = b, then lim,, .z, = b. Hence this solution is
oscillatory at ¢ = b, and therefore, all solutions of the equation (3.3) is oscillatory, i.e.
Equation (3.3) is oscillatory at ¢ = b.

Now, suppose that there exists a point o € I such that v, B, ,,(c, b) < 1. Then by
Theorem 3.3 equation (3.3) is disconjugate on the interval («,b), i.e. all non-trivial
solutions of the equation (3.3) does not have more than one zero in the interval («, b).
Hence the equation (3.3) is nonoscillatory at ¢t = b. ]

From Theorems 3.3 and 3.4 we have the following:

Corollary 3.2. If there exist the sequences of numbers oy, cg, di, k > 1 such that
a<ag<cp<dg<cgr1 <b, ap —bask — oo and

dg dg,

| wvie> g (e + [ rod+ o ()
Ck Ck

for all £ > 1 then the equation (3.3) is oscillatory at ¢ = b; If the equation (3.3) is

oscillatory at ¢ = b then there exist the sequences of numbers oy, ¢k, di, k > 1 such

that a < ap < ¢ < di < cp41 < b, ap — b as k — oo and

dy, dg,
[t v o) + [ 0+ o @),

Ck Ck

Remark 8. Under the conditions of Corollary 3.2, we set w = Y 7 | ppws, where
ur > 0 and the function wy, & > 1 is continuous on I and satisfy the conditions
supp wg, C (cg, di) and fci’“ wg(t)dt = 1. If pg > @ (o, ck)—l—fci’“ r(t)dt+o; (dg, b)
for all sufficiently large &, then the equation (3.3) oscillatory at ¢ = b, i.e. repetitive
impulse perturbations translate nonoscillatory equation (3.4) to the oscillatory equation
(3.3).
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In particular, from Theorems 3.3, 3.4 and Corollaries 3.1, 3.2 we have

Theorem 35. Leta < o < f < b. If B,_,, (o, 3) > 1, then equation (3.1) is
conjugate on the interval Iy = (a, 3) and if the equation (3.1) is conjugate on the
interval Iy = (a, ) then v, B,_ o, (o, B) > 1.

If v, By_ vy (o, B) < 1, then the equation (3.1) is disconjugate on (a, ) and if the
equation (3.1) is disconjugate in (a, ) then B,_ ,, (o, 8) < 1.

Theorem 3.6. If limq—p B,_ v, (o, b) > 1 (limg_q B,_ v, (a, 5) > 1), then the
equation (3.1) is oscillatory at ¢t = b (¢t = a). If there exists an « € I (6 € I) such that
YpBo_ wy (a0, 0) <1 (yBy_ v, (a, 3) < 1) then the equation (3.1) is nonoscillatory at
t=">(t=na).

Corollary 3.3. Leta < a < 8 <b.
(i) If there exist a < ¢ < d < (3 such that

d d
/ v (t)dt > @7 (o, ) + / v (s)ds + (p:'_ (d,3)
or g
[ vtde> o7 (a0 + ¢f (d5)

then the equation (3.1) is conjugate on the interval Iy = («, ).

(ii) If the equation (3.1) is conjugate on the interval I, then there exists an interval
(¢,d) C I such that

[ o>t (e + [0 ota )

(iii) If the equation (3.1) is disconjugate on the interval I, then

d
| vt < (@0 + (@)
for all interval (¢, d) C I.

Remark 9. Let a < a < 8 < b in Theorem 3.5 and Corollary 3.3. If the interval
Iy is replaced by the closed interval [«, 3] then in Theorem 3.5 and Corollary 3.3 the
(c,d) C Iy is replaced by [c,d] C [a, 5] and all sign > (<) is replaced by symbol >
(<).

Corollary 3.4. Let b = oo. Equation (3.1) is oscillatory at ¢ = oo if any one of
the conditions holds:
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(i) there exist the sequences of numbers ag, c, di, & > 1 such that a < ap <
cp < dp < cke1 < b, ap — bask — oo and

dg,
/ v(t)dt > o (a, k) + @ (di, 00)

Ck
for all £ > 1;
(ii) for some h > 0

y S u(tydt .
11m su .
c—»oop o~ (c—=h,c)+ot(c+h,b)

Remark 10. Under the conditions of assertion (i) of Corollary 3.4 if v~ (t) =
0,Vt € (¢, dg), Vk > 1 and

dg,
/ vt (t)dt > o (a, cx) + o (di, 00)

Ck

for all sufficiently large % then the equation (3.1) is oscillatory at ¢t = oc.
In the case of v > 0 from Theorems 3.5 and 3.6 we get the following results:

Theorem 3.7. Let a < a < f < band v > 0. If B,(a, ) > 1 then the equa-
tion (3.1) is conjugate on the interval I, and if lim,—.; B, (a, b) > 1 the equation (3.1)
is oscillatory at t = b. If 7,B,(c, §) < 1, then the equation (3.1) is disconjugate on
the interval I, and if there is a point ¢ € I such that 7,B,+(c,b) < 1 then the
equation (3.1) is nonoscillatory at ¢ = b.

The general results for half-linear equations in Theorems 3.5, 3.6 and 3.7 and
Corollaries 3.2 and 3.3 also hold for the linear equation when we assert p = 2.
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