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ZEROS OF A QUASI-MODULAR FORM OF WEIGHT 2 FOR F(‘)F(N)

SoYoung Choi and Bo-Hae Im

Abstract. Basraoui and Sebbar showed that the Eisenstein series F5 has in-
finitely many SL.(Z)-inequivalent zeros in the upper half-plane H, yet none in
the standard fundamental domain §. They also found infinitely many such re-
gions containing a zero of F, and infinitely many regions which do not have
any zeros of Es. In this paper we study the zeros of the quasi-modular form
Es(2) + NEo(Nz) of weight 2 for I'f (N).

1. INTRODUCTION AND PRELIMINARIES

It is well known by the the Valence formula [12, Section 1.3, Proposition 2] that
every nonzero modular form has finitely many SL,(Z)-inequivalent zeros in the upper
half-plane H. Several authors investigated the zeros of special modular forms for
SLo(Z) (for example, see [3, 4, 5, 9]). It has been proved that for an even integral
weight & the Eisenstein series Ej for SL2(Z), the zeros of Ej, in the fundamental
domain of the modular group SLy(Z) lie in the arc of the unit circle for 4 < k& < 26 by
Wohlfahrt [11] and for every k& > 2, by Rankin and Swinnerton-Dyer [8] later. Rankin
[7] generalized this result to a certain class of Poincaré series for SLy(Z).

For higher level cases, let T$ (V) denote the group generated by the Hecke con-

gruence group I'o(V) and the Fricke involution wy := <](\)f _01) Shigezumi [6]

investigated the zeros of the Eisenstein series for T'd'(2) and T'd (3). Recently Basraoui
and Sebbar [1] investigated some properties of zeros of the Eisenstein series E5 for
SLo(Z) which is a quasi-modular form. They showed that there are infinitely many

Received July 22, 2014, accepted March 2, 2015.

Communicated by Yi-Fan Yang.

2010 Mathematics Subject Classification: 11F03, 11F11.

Key words and phrases: Quasi-modular form, The Fricke involution.

SoYoung Choi was supported by Basic Science Research Program through the National Research Founda-
tion of Korea(NRF) funded by the Ministry of Education, Science and Technology(2012R1A1A3011711),
and Bo-Hae Im who is the corresponding author was supported by Basic Science Research Program
through the National Research Foundation of Korea (NRF) funded by the Ministry of Education, Science
and Technology (NRF-2014R1A1A2053748).

1369



1370 SoYoung Choi and Bo-Hae Im

inequivalent zeros of Es in the half strip & := {r e H| —1/2 < Re(r) < 1/2} and
proved that the fundamental domain § for SLy(Z) and infinitely many of its conjugates
in & contain no zeros of Fs, while there are infinitely many conjugates of § in &
which contain zeros of Fs. This is a different phenomenon from the cases for modular
forms.

In this paper, by applying the arguments in [1] we study the zeros of the quasi-
modular form Es(z) + N Ea(Nz) of weight 2 for I'f (IV), whose definition is given
in Definition 1.1. In particular, we show how to take care of the parts related with the
Fricke involution while the proofs in [1] deal with SLy(Z).

Throughout this paper, we let z = = + iy with z, y > 0 € R and denote I'y (V) or
IJ(N)byT.

Definition 1.1. [12, page 58] For a positive even integer &, an almost holomorphic
modular form of weight & and depth < A/ for I" is a holomorphic function F'(z) on
H such that

az+b\ k)2 i e b
F(cz+d)_<det7> (cz+d)"F(z) forally=( = ] €T

and the growth condition that it has the form

M
F(z) = Z Im(2)(=4my)~™, (where fo(z),..., far(z) are holomorphic on H)
m=0

for some nonnegative integer M (which is necessarily at most &/2).

The constant term, fy(z) of such a F' is called a quasi-modular form of weight &
for I'. We let ]\7@(1“) be the C-linear space of quasi-modular forms of weight & for I".
Then the space M, (T') = @ M(T) is a graded ring. Note that as mentioned in [12,
page 58], a direct definition of a quasi-modular form of weight & and depth < M on

" can be given as a holomorphic function f on H such that for v = <Z Z) eI, the
function (det~)*/%(cz 4+ d)~* f (%) is a polynomial of degree < M in —%.

Indeed, if we choose a holomorphic function ¢ on H such that the function ¢*(z) :=
¢(z) — 1/(4my) satisfies the following,

(1) ¢*(v2) = (dety) ez + d)p*(2) for all v = <CCL Z) el

where z = x + iy, then clearly ¢ is a quasi-modular form of weight 2 for I". We can
show that every quasi-modular form of weight & for T" is presented as a polynomial of
a quasi-modular form ¢ of weight 2 with coefficients of modular forms as follows:
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Proposition 1.2. [12, page 59] For a positive even integer k& and an integer r such
that 0 < r < k/2, let Mj_o, (") be the space of modular forms of weight & — 2r for I’
where T is ['o(N) or T'j (V). A quasi-modular form of weight & for I is an element

in the ring @ffo Mj,—2,(T) - ¢", where ¢ is a holomorphic function on H satisfying
the condition (1).

We recall that the Eisenstein series Es(z) is written as
o
By(2) =1-24) o1(n)q", where oy(n) = > d.
n=1 1<d|n

Then this is a quasi-modular form of weight 2 for SLy(Z) and it satisfies that for
a b
v = <C d) € SLQ(Z),

@) B (Zi;) — (cz +d)*Ea(z) — %c(cz—i—d).

(This is by normalization of [12, Section 2.3, Eq. (17) and (19)].)
For convenience, we define the slash operator f — f|oy by

(Fl)(2) = et ez + )27 (E0) tor = (1)) e GLI®)

and so we have the definition,

(f(9)]27)(2) = (det y)(cz + d) "2 f((g(v2))), for a function ¢ : H — H.

We now prove that E5(z) + NEy(Nz) is a quasi-modular form of weight 2 for
T4 (V) and calculate some special values of Es(z) + N Eo(Nz) which will be needed
later.

Proposition 1.3.

(1) Es(2) + NE2(Nz) is a quasi-modular form of weight 2 on I'§ (N).
(2) Es(z) — NEy(Nz) is a modular form of weight 2 on I'y(NV).

Proof. We let

E3(2) i= Ea(z) — %

Then E3 is invariant under the slash operator | for all v € SLy(Z).
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(1) Let E(z) = Ey(z) + NEy(Nz). Then

5 B(2) = Ei() + % LN <E§(Nz) + %Ny)
= FE3(z)+ NE5(Nz) + 7%

Hence

(@) E(z) — 7% _ E3(z) + NE3(N2).

Let g(z) = Nz. Considering E5(Nz) = E3(g(z)), we have that for any v =
a b
<Nc d) € To(N),

(E5(9)l2 7)(2) = E5(Nvz)(cNz+d)~>

. (a(Nz)+bN L
=F| ———+ N
®) 2( c(Nz)—i—d)(c 2 +d)
= (E5|27")(Nz) = E5(N2) = E3(9(2)),
where ' = “ bil\f € SLy(Z). (Note that the last equality follows from the fact

that £3 is invariant under the slash operator |,.)

Hence this implies that for all v € T'o(N),

(B2 + NE5(9))27)(2) = E3(2) + NE;(Nz).

Now for wy = <0 ) we have that

N 0
(B3 + NE3(9))l2wn)(2) = (VN2) ™ <E5 <z:f_i) N B <_7))
©) = () e ()

-1 -1
= N(Nz)°FE; <N—Z) +272E; <7)

— E3(2) + NE3(Nz).
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Note that the last inequality follows from the modularity under <? 0 ) Hence we

have shown that for g(z) = Nz, ((E5+ NE3(g))|27)(2) = (E5(2) + NE5(Nz)), for
all v € T4 (V). This fact together with two conditions (1) and (4) implies that E(z)
is a quasi-modular form of weight 2 on I'§ (N).

(2) Let g(z) = Nz. For all v € T'o(N), we have

(B2 = NEa(9))|2v)(2) = (B3 — NE5(9)[27)(2)
(7 = E5(z) - NE5(Nz)
= EQ(Z) - NEQ(NZ)

Also, we note from (2) that for each <Z Z) € SLq(Z),

az+b _9 6: ¢
E d)2 = Ey(z) — —— .
2 <cz+d) (cz+d) 2(2) 7 (cz +d)

Let vy = <Z’ Z) € SLy(Z) and let s := yoo = <. Then <](\)[ (1)) v =~+'U for
a/

/
Z,) € SLy(Z) and U = <§ u%) € M5(Z). So N = zwg, ¢ = 'z

and d = 'y + d'ws. Hence N/w;s = ¢/c. Therefore, we have

some v = < ,

o

Es(Nvz) = Eq(7'Uz)

/.
— (U2 + dV2Ey(Uz) — Y Uz + )
™
~ (cz+d)?Ey(Uz) _ 6ci(cz +d)
B w? Tws
Hence,
o Ey(Uz) 6cdi 1
Ey(N d)~? = —
- 2(Nyz)(ez 4 d) w? Tws (cz+d)
8
_ By(Uz)  6ei 1
- w? N7 (cz+d)’

So
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(B2 — NEx(9))|27)(2) = (B2(v2) = NE2(Nv2))(cz +d)~

6ci 1 N 6ci 1
— Fo(2)— ——— — L E(U o
) 2(2) T (cz+d) w? 2(U2) + T (cz+d)

— By(s) - %sz)

s

and this implies that Es(z) — N E9(Nz) is holomorphic at the cusp s. Consequently
Es(z) — NE3(Nz) is a modular form of weight 2 on T'y(N). |

Throughout this paper, as in the proof of Proposition 1.3 we let

E(z) := Ea(z) + NEy(N=z)

for z € H. Then for v = <Z b) € I'y(IV), we can easily show by (2) that

d

(10)

E(az—i—b

) = (2 dPB(:) - 172%@2 +d).

Note that py := €*(37/4) /1/2 is an elliptic point of nonzero modular functions of
weight & for T (2) by [6, Proposition 3.1] and p3 := ¢'®™/%) //3 is an elliptic point
for ' (3) by [6, Proposition 4.3].

Lemma 1.4.
12
(@ E(pa) = — for N = 2.
T

0) Eps) = 23 tor N =3,

™

Proof. Note that for 7 € H,
(- 5p) =2 ((? _01) <NT>)
(11) = £z <<(1) _01) (Nr)) + NE, <N (? —01) (NT>)

— (NT)2Ey(NT) + > (N7) + NEy (-%) by (2)

e
12N

= ’NE(1)+ —/.
i

(a) By (11), for 7 = py = €B3™/4 //2 with N = 2,
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(12) E<_2LP2> = —iE(p2) + jr—i(—l +1).

Now since QoWapy = P2 for ay = <_12 (1)) & F0(2> and Wo = <g _01), we

get from (10) and (12):
E(p2) = E((aaw2)p2) = E(as(wz2p2))

—24
= (—2wapy + 1)2E(w2p2) + ?(—ngpg +1)

1 2 1 24 (1
:<—+1) E(——)——.<—+1)
P2 2p2 T\ P2

12
—iE 1+
i (P2)+m.( + 1)

by (12).
Hence we solve E(p2) = iE(ps) + £2(1 + ) for E(po) and we get
12
E(p2) = —.
™

(b) Similarly, with p3 = ¢*>7/6) /\/3 and N = 3, we have from (11) that

(13) E<—3—;3> - (1_2‘/§i)E(p3)+%(—3+\/§i).

And since azwsps = p3 for az = (_13 (1)) and w3 = (0 _1), we have that

3 0
E(p3) = E((asws)ps) = E(as(wsps))

—36
= (—3wsps + 1)*E(wsp3) + ?(—3103% +1)

1 2 1 1
= <—+1) E(——) —3—§<—+1)
P3 3p3 T\ P3

- (1 *fl') B(ps) + (3 + V3i)
by (13).
So we solve E(ps) = (X531) E(ps) + 5(3 + v/3i) for E(p3) and get
B(ps) = 1202 .

™



1376 SoYoung Choi and Bo-Hae Im

2. Zeros oF E For T'§ (N)

In this section we study the zeros of E for I'§(N), where E(z) = FEa(2) +
NEy(Nz).

Proposition 2.1. For a positive integer N, the quasi-modular form E for F(}L(N)
has a unique zero 7y on the imaginary axis. And for N = 2,3, E for I'{ (N) has a
1

zero 71 on the axis Re(z) = 3.

Proof.  This uses the proof of [1, Proposition 3.1] for Es.

For 7 = iy, since Ex(7) is real and increasing on (0, co) by definition of Ey, E(7)
is also real and increasing on (0, co).

Also since il_r% Es(iy) = —oo and yli_}rglo Ey(iy) =1,

(14) lim E(iy) = —oo and lim E(iy) =1+ N > 1.

y—0 Y—00
Since E(iy) is continuous and increasing, this implies that £ has a unique zero, say
7o on the purely imaginary axis.

Note that E5(7) is real for 7 = 1 + iy, y > 0, and lim Ey(3 +iy) = —oo. If N
y—>

is even, then

1 1
lim E(— n z’y) — lim (Ez(— n iy) n NEg(Nig)) — oo,
y—0 2 y—0 2

and if IV is odd, then

1 1 1
g (3 i) = oy (2 +0) Vs 0) =
If N =2, by Lemma 1.4 (1), E(p2) = E(p2 + 1) = 172 > 0, hence we conclude
that there exists a zero 7, of real part 1/2 and whose imaginary part is less than 1/2.
If N =3, by Lemma 14 (2), E(p3s) = E(ps+1) = %\/5 > 0, hence we conclude
that there exists a zero 7; of real part 1/2 and whose imaginary part is less than

1/(2v3). m

Proposition 2.2. For each integer N > 2, two zeros of E are T'd (V)-equivalent
if and only if one is a translation of the other by an integer.

Proof.  Suppose that z; and z are any two zeros of E in H that are equivalent
modulo T (N), i.e. 21 = az, for some a € T (NV).
If o € To(IN), @ must be a translation as in the proof of [1, Proposition 3.3].

b 0

If @« = ~wy, where v = d) € Io(N) and wy = <N _01) then we have

from (10) and (11) that
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12¢
0=FE(z1) =E(y(wn-22)) = (cwnza + d>2E<’U}N22> + ﬁ(CU)NZQ +d)

and

12N 12N
E(wnz) = ?22 +NZ%E(22) = ?22.

Hence 0 = (cwpnze + d)Q%ZQ + %(chZQ + d) implies that cwyze +d =0
or (cwnyzo + d)Nzz+ ¢ = 0. Note that wy - zo € H implies that cwy - 22 + d # 0,
since v € ['o(IN). S0 0 = (cwnz2 +d)Nzo+c = (—55; +d)N22+c = dNzo. Then
d=0and —bc =1, s0 ¢ = £1, and then ¢ I'x(V'), which is a contradiction.

The invariance of E under translation proves the converse. ]

Corollary 2.3. For each integer N > 2, no two distinct zeros of E for I'§ (N) in
the half-strip & = {r € H: —3 < Re(r) < 1} are equivalent modulo I'{ (N).

Theorem 2.4. For each integer N > 2, the quasi-modular form E for T'§ (N) has
infinitely many T'J (V)-inequivalent zeros in the half-strip &.

Proof. By [10, Proposition 5.3] with f = NEy(Nz) — E9 and ¢y = 2E, for
E = f + ¢o, E has infinitely many zeros that are inequivalent relative to I'o(N), so
to I'j (V). Hence since it is invariant under translation, the theorem holds. ]

Next, we are interested in A}, for N = 2, 3 defined as in [2, Eq. (10)]:

8, ifN=2

(15) A} = (n(z)n(Nz))°, where § = {12’ N

Corollary 2.5. A} has infinitely many critical points for N = 2, 3.

Proof. Note that for f € M (T§(N)),
kE
&jz&f—ngeM“xﬂﬂN»
By (15), Ay = (n(2)n(22))® and AF = g + O(¢?) € Ss(T'§(2)). Hence,
S8E
OsAf = 00] — Z AS

SE

=0(q) - 5,0(d)

= O(q) € S10(T (2))-

Since dim(S1o(T'§ (2))) = [%} — 1 =0, we have that 9sAJ =0, so 0A] = 8EAT

N
QAA;% ) Therefore our assertion for N = 2 follows from Theorem 2.4.
2

andE:B(
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Again, by (15), AT = (n(2)n(32))*2and A7 = ¢>+0(¢%) € S12(Td(3)). Hence,
DuA] = O8] — EAL

=0(¢%) - %O(cf)

= O(¢*) € Suu(T' (3)).

Since dim(S14(Tg (3))) = [%4} — 1 = 1, there is no a nonzero modular form with

a Fourier expansion at oo starting ¢ for n > 1, which implies that 9;2A3 = 0. So
+

0AT = ZEAT and E = 2(%}). Therefore our assertion for N = 3 follows from

Theorem 2.4. ’ ]

3. DISTRIBUTION OF THE ZEROS OF E FoR T (2)
Note that a fundamental domain for I'j (2) is given by
FT(2) == {|2| > 1/V2,-1/2 <Re(2) <0} U {|z| > 1/V2,0 < Re(z) < 1/2}.

(Refer to [6, p. 694].)
We consider fundamental regions within the half-strip that contains zeros of E and
fundamental regions that do not contain any zeros of E.

Theorem 3.1. There exists a positive integer cq such that for all odd integers ¢
with |c| > co, there exists a fundamental domain with a vertex at < containing a zero
of E. Therefore, there exist infinitely many fundamental domains within the half-strip
that contains zeros of E.

Proof. By generalizing the idea of the proof of [1, Theorem 4.1], let 7y be the
unique zero of E on the imaginary axis and let o = <z Z)) € T'o(2), where ¢t # 0.

Then,

E(rg) =0= E(ofl(om))) = (—vary + t)2E(aTg) — 1722.(—1))(—1)0470 +1).

This is true if and only if

E(am) v
(16) =2
CW'()E(CW‘()) + e t

Note that 7o € woFT(2). In fact, from (11) we have that

() - (o) =) 2 s
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which implies that

E(%):¥>O.

Since E is strictly increasing on (0, co) along the imaginary axis, 7o = iy is below
i 1
7 therefore 0 < y < 7 Note that
N 1 . 11 1
T0 E Wl (2) S wyrpg=——=—"€F (2) == |m<’w27'0>=—>— S 0<y<—.

—2iy 2y 2y V2 V2
Hence, when
__ E()
f(z) = zE(z) + }r—f

and o = S_o := <_12 (1)) this implies that f maps a neighborhood Dy of S_57y,

which can be chosen to be in the interior of S_w.F*(2) onto a neighborhood Uy of
—2.

There exists a positive integer ¢ such that for all integers ¢ such that |c¢| > ¢,
-2 — % € Uy. For each odd integer |c| > ¢y, let z. € Dy such that f(z.) = —2 — %

c=1
Therefore, if v. = <201 5 i ) € I'p(2) C T (2), then since

E<7;1<7czc>> _ E<Zc>

76_1<7020>E<76_1<7620>> + 71% ZCE<ZC> + 71r_%’

recalling (16), .z is a zero of E belonging to v.S_swoF(2). For all odd integers ¢
such that |c| > ¢,

c—1 -1
’ycS_QwQ = < % _2) S Fb'—(?),
and y.S_ows(00) = 5L, Hence v.S_sws FF(2) is the fundamental domain which
has a vertex at the cusp % ]

Proposition 3.2. The Eisenstein series E for T'§ (2) has no zeros in the fundamental
domain §*(2) for T (2).

Proof.  Let 79 = iyy be the unique zero of E on the imaginary axis. Then, by
(11), we have that

1 . . 24 24
E <_2 : ) = (zy0>22 . E(Zyg) + — -iyg = —yo < 3.
T i T
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The last inequality follows from the following : Since lim E(iy) = 3 by (14), and E
y—00

is strictly increasing on (0, co) along the imaginary axis, we have that £ <— , ) =
1Yo

24
ZYo < 3.

This inequality implies that yo < Z. If 7 = 2 + iy € §(2) is a zero of E, then
y=Im(r) > 1 > Z > y,. Hence we have

21_4‘3 —E(r)| < 21—4(\1 — Bo(7)| + 2|1 — E5(27)])

+2

0 .
Z o1 <n>e27rzn’r
n=1

0 .
Z 01<n>€4mnT
n=1

x x
< Z Ul(n)e_%"y +2 <Z Ul(n)e_47r"y>
n=1 n=1
D 0
< Z Jl(n)e_%”yo +2 <Z Ul(n)e_47r"y°>
n=1 n=1

1 1
- _—_(3-E =z,
Hence |3 — E(7)| < 3, hence 7 cannot be a zero of E if 7 € F(2). ]

Now we will find more fundamental domains which do not contain any zeros of

Lemma 3.3. For an odd positive integer ¢, let S = <02_01 _142302) €

[o(2)ws. Then the fundamental domain S g1 (2) is the region with the edge joining

<L and S (p2) which is an arc of the circle Cy(c) centered at ¢1(c) = 5;;;2;; with

radius 1(c) = 55,797, and the edge joining <+ and S;f (p2 + 1) which is an arc of

the circle Cs(c) centered at ca(c) = 3233—;—21) with radius ro(c) = 20(31c+2)'
Proof. Note that S;"(c0) = % — QLC
13¢2 —3c—3 i

SF(p2) =
c (2) 2(132 + 10¢ 1 2) | 2(132 1 10c + 2)’

and
5¢24+c—1 i

(5¢2 + 6¢ + 2) * 2(5c2+6¢+2)

Sc+<P2+1):2
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Hence, from the equation of the circle centered at ¢;(c) € R with radius ri(c) :=
|c1(c) — 52| passing through SZ(p2), we find that
5¢2—3c—1 1
= ————— and =—
cile) 2¢(5¢+ 2) ra(c) 2¢(5c+2)’
and similarly from the equation of the circle centered at c3(c) € R with radius ro(c) :=
|ca(c) — 2| passing through S (p2 + 1), we get that
32 —c—1 1
=——— and =
c2(c) 2¢(3c+ 2) ra(c) 2¢(3c+2)
If we describe the fundamental domain S §*(2) more closely for better under-
standing, its vertices are
c—1
2c
Also since c is positive, we have that

,Sj(pg), and S;F(p? + 1)'

c—1
2c

< ci(c) < ea(c) < Re(S(p2)) < Re(SS (p2+1))

and
Im(SS (p2)) < IM(SF(p2 +1)) < r1(c) < ra(c).

Thus we have the following Figure 1.

ST+ 1)

Se ci(c)  cafc)

Figure 1. The fundamental domain S;” §*(2). [

Theorem 3.4. For each integer m < —4 and each odd integer ¢ > 3, let

S (m) = <02_c1 m;(cc;ll_) ;)1) € To(2)wa.
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Then E has no zeros in S (m) §T(2).
In particular, there are infinitely many fundamental domains for T'§ (2) which
contain no zeros of E.

Proof.  Suppose there is a zero z of E in the fundamental domain S (m) F+(2).

Then, S (m) §(2) has a vertex at S+, as does S §T(2) given in Lemma 3.3. For
convenience, we let

b=m(c—1)—1and d = 2(cm — 1), so the given S;f (m) = <02_01 Z) .
Then, since we assume that m < —4 and ¢ > 3, we have that (b, d) # (1—2¢, —4c—2).
So S T (2) N SFH(m) FT(2) is an empty set. Hence, ST (m) FT(2) is either within
the circle C(c) or outside the circle C(c) on H given in Lemma 3.3 with referring

Figure 1.
Note that
n (2¢m? — 2¢?m — 2em? 4+ 2 — 2em +c+2m + 1) + i
Sc <m><p2> - 2 )
4(em —1)(e(m—1) — 1)+ 2¢
and

(2¢2m? + 2¢2m — 2em? + ¢ — 6em — 3¢+ 2m + 3) + i
4(em —1)(c(m+1) — 1) +2¢2 ’

hence, since m < —4 and ¢ > 3, we can easily show by computation using MAPLE
16 that

m(S7 (p2)) — IM(SF (m)(p2 + 1))
_ e(m +3)(c(m — 2) = 2)
(13¢2 + 10c + 2)(2(cm — D) (c(m + 1) — 1) + 2)

IM(S(m)(p2)) — IM(S (m)(p2 + 1))
2¢(em —1)

S&(m)(p2+1) =

> 0,

= Rlem—Dem-1D -+ 2em-Dem+ -1+ -
Re(S; (p2)) — Re(S, (m)(p2 + 1))

_ (m 4+ 3)(c*(5m + 3) + 2¢(m — 2) — 2) >0
(13¢2+10c+2)(2(em — 1)(e(m+1) = 1)+ ¢2) = 7
Re(S; (m)(p2 + 1)) — Re(S; (m)(pz))

B 2(cm —1)% — >0
(2(em —1)(e(m—1) — 1)+ 02)(2(cm —1D(e(m+1)—1)+c?) ’
Re(S: (m)(pa) — ot = oD Ay

2¢ 2¢(2(em —1)(e(m—1) = 1) + ?)
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5o
IS (m)(p2)) < IM(S7"(m) (92 + 1)) < IM(SF (p2) < IM(S (o2 + 1),

and

C o < Re(SF(m)(p2)) < Re(SZ (m)(p2 + 1)) < Re(S7 (p2)) < Re(S(p2 + 1),

which implies that S} (m) §+(2) is within the circle C;(c) on H with vertices -t
S (m)(p2) and S (m)(p2 + 1) as shown in Figure 2.

)

SHp2 +1)

DO(C)
Z m SHm)(p2 + 1)
1 S (m)(p2)

Figure 2. The fundamental domains S §*(2) and S (m) T (2).

By showing, that a given zero z, is outside Cy(c) (hence outside C(c) and
St (m) §*(2)), we will get a contradiction.

—p <1 —
Note that S (m) = <_Z i ) <g 01) and —bc+d- 5 =1. So

2(5F(m)) ™" = <_02 (1)) (:z _—?)

_c—1
Note that (5. (m)) 2o = 2(SS(m)) 2. Let 2 := <ccl —12) ) =0
Then,
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24
= Z% -2 E(Zl> + Ezl by (11)

_ 2.9, <(dzo —B)2E(z0) + Lid(dzo _ b)) v 2—21,21 by (10)
T T

— (ﬁ)? 12 d(dzo—b) 24 (ﬁ)

dzg — b dzp —b
c—1
(by the fact that — =1)
24 c—1
= EC(CZ() — 9 >
So we have that
Zgl e2min (Sd(m + 92 Z il 27rzn2((5'+( )" 20)
_ i ~ L pestm) !
= 57~ 5 E(SE ) 20)
1 1 /24 c—1
=5~ 51(ze(e0-57))
c? c—1 e
-S- ()
Since (S} (m)) "tz € FH(2), Im((SF(m))~t20) > L. Hence
Z Ul 27rzn (S ¢( + 92 Z Ul 27rin2((5';" (m)) ™" 20)

< Z o1(n)e™"" +2 Z o1(n)e 2" ;= M.
n=1 n=1

Therefore, we have that

c—1 ! T
— — | < M—.
’ZO ( 2c +802>’ -2

Let Dy(c) be the disk centered at co(c) = S + &% with radius ro(c) = M Z.
Refer to Figure 2. Then z, belongs to Dy(c). In order to show that Dg(c) lies outside
the circle Cy(c) , we show that |co(c) — ca(c)| > r2(c) + ro(c).

Since the cusp 3 — = and ¢o(c) are on the same vertical axis,

lea(e) = cole)|* = ra(c)® + (%)2 .
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So it is enough to show that

2
rg(c)2 + 2rp(c)ra(c) < (l> )
which is equivalent to

C
64 ([ M2+ M—— ) <1
( * (3c+2)7r)

By modifying the proof of [1, Lemma 4.3], we set
g=¢ " = 0.04321391825.

Then
0< M= Z o1(n)¢" +2 Z o1(n)g®"
n>1 n>1

= na”_ L, > ng" (as in the proof of [1, Lemma 4.3])
- 1—q» 1— g2 P ' '

n>1 n>1

1 1 )
— E ng" + E 2ng“"
1_qn>1 1_an>1

IN

q ¢

<
~(1-9q) (1—¢?)3
~ 0.05309361050.

3+2

Since 597 < £ forall ¢ > 3 > 1, we have that

1

64 ( M2+ M—S— ) <64 ( M2+ M— ) ~ 0.5409496650 < 1.
(Bc+2)m 3

Hence we have shown that Dy(c) is outside the circle C2(c). This completes the

proof. ]

Remark 3.5. We note that Theorem 3.4 gives a more general and explicit descrip-
tion of regions comparing from the results in [1]. In particular, we show how to take
care of the parts related with the Fricke involution while the proofs in [1] deal with
SLo(Z).

ACKNOWLEDGMENTS

We would like to thank to Professor Yifan Yang for handling our paper efficiently
and the referee for his or her helpful and valuable comments. And we would also like
to thank KIAS (Korea Institute for Advanced Study) for its hospitality while we have
worked on this result.



1386 SoYoung Choi and Bo-Hae Im

REFERENCES

1. A. E. Basraoui and A. Sebbar, Zeros of the Eisenstein series E5, Proc. Amer. Math. Soc.,
138(7) (2010), 2289-2299.

2. S. Choi and C. H. Kim, Basis for the space of weakly holomorphic modular forms in
higher level cases, J. Number Theory, 133(4) (2013), 1300-1311.

3. J. Getz, A generalization of a theorem of Rankin and Swinnerton-Dyer on zeros of
modular forms, Proc. Amer. Math. Soc., 132(8) (2004), 2221-2231.

4. S. Gun, On the zeros of certain cusp forms, Math. Proc. Cambridge Philos. Soc.,
141(2) (2006), 191-195.

5. W. Kohnen, Zeros of Eisenstein series, Kyushu J. Math., 58(2) (2004), 251-256.

6. T. Miezaki, H. Nozaki and J. Shigezumi, On the zeros of Eisenstein series for I';;(2) and
I's(3), J. Math. Soc. Japan, 59(3) (2007), 693-706.

7. R. A. Rankin, The zeros of certain Poincaré series, Compositio Math., 46(3) (1982),
255- 272,

8. F. K. C. Rankin and H. P. F. Swinnerton-Dyer, On the zeros of Eisenstein series, Bull.
London Math. Soc., 2 (1970), 169-170.

9. Z. Rudnick, On the asymptotic distribution of zeros of modular forms, Int. Math. Res.
Not., 2005, no. 34, 2059-2074.

10. H. Saber and A. Sebbar, On the critical points of modular forms, J. Number Theory,
132(8) (2012), 1780-1787.

11. K. Wohlfahrt, Uber die Nullstellen einiger Eisensteinreihen (German), Math. Nachr., 26
(1963/1964), 381-383.

12. D. Zagier, The 1-2-3 of modular forms, 1-103, Universitext, Springer, Berlin, 2008.

SoYoung Choi

Department of Mathematics Education
Gyeongsang National University

501 Jinjudae-ro

Jinju, 660-701

South Korea

E-mail: mathsoyoung72@gmail.com

Bo-Hae Im

Department of Mathematics
Chung-Ang University

84 Heukseok-ro, Dongjak-gu
Seoul 156-756

South Korea

E-mail: imbh@cau.ac.kr



