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A REMARK ON CHEN’S THEOREM WITH SMALL PRIMES
Yingchun Cai

Abstract. Let NV denote a sufficiently large even integer. In this paper it is proved
that for 0.941 < @ < 1, the equation

N = D+ P27 p < Ne
is solvable, where p is a prime and P, is an almost prime with at most two prime
factors. The range 0.941 < 6 < 1 extended the previous one 0.945 < 9 < 1.
1. INTRODUCTION

In 1966 J. R. Chen [4] announced his remarkable Theorem (the detailed proof was
published in [5]): Let NV denote a sufficiently large even integer, then the equation

N=p+ P,

is solvable, where and in what follows, p, with or without subscripts, denotes a prime
and P, denotes an almost prime with at most two prime factors, counted according to
multiplicity.

Chen’s theorem with small primes was first studied in [3]. For 0 < 6 < 1 put
U = NY and let S(N, ) denote the number of solutions of the equation

Then it is proved in [3] that for 0.95 < § < 1, we have

0.001C(N)U

S(N,0) >
<’>_ logZN

)

where
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p>2
p>2

In [15] the range 0.95 < # < 1 was extended to 0.945 < 6 < 1.

While working on [15], we tried to extend the range 0.945 < 6 < 1 by the sieve
process in [2] but failed, since we faced the difficulty which cannot be surmounted
that the mean value theorem in [16] is not sufficient to deal with some of the sieve
error terms involved. Now by establishing new mean value theorems for products of
large primes over short intervals, we can insert the delicate sieve process in [2] into
the arguments in [3] to obtain the following sharper result.

Theorem. Let N be a sufficiently large even integer. Then for 0.941 <6 <1 we

have
& 0.001C(N)U

log? N
Notations. In this paper x always denotes a sufficiently large real number, and
TTET < y < xexp(—lOlog% x),w = xf_4, K is an integer not exceeding . The letter
¢ denotes a positive constant which will not be the same at different occurrences. The
constants in O-terms and <-symbols are absolute. The letter p is reserved for prime
numbers. As usual, ¢(n) denotes the Euler’s function, and €2(n) denotes the number
of prime factors of n(counted according to multiplicity). We always denote by x a
Dirichlet character (modgq), by xo a principal Dirichlet character (modg), and by >°
Xq

S(N,0) >

and > * sums with x running over the characters and primitive characters (modgq)
Xa
respectively. Let
1
7 = {pipapspalaTi <py <py <ps<pi <
7 @) = {pipapspalaTi < py < py < ps < a5

88, (p1p2p3pa, K) = 1},

9_3 _
<ps <2 lpg Y (p1p2pspa, K) = 1},
1Y) = {p1popspanlpipapapa € .79, x — y < pipapspan
<x,pln=p>p,(n K) =1},
Y ={je N Q) =r}, r>5,
z* — (z —y)* 1

= b: 1 .
w(z,y, s) . , * oga

2. SOME PRELIMINARY LEMMAS

Let .~/ denote a finite set of integers, .~ denote an infinite set of primes, .~
denote the set of primes that do not belong to .. For z > 2, put
Pizy= [ » S(/;.7,2) = > 1,
p<z,p€. 7’ a€-/(a,P(2))=1
Ag ={ala €.”/,a=0(modd)}, 7(q) ={plpe 7, (p,q) = 1}.
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Lemma 1. ([10]). If

w(d —
Ayl =Dy i w0 @ =1
1 1
As) Z leog ng2+0 , 29 > 21 > 2,
P log 21 log z;
21<p<z2
where w(d) is a multiplicative function, 0 < w(p) < p, X > 1 is independent of d,
then
1
S(; . 7,2) > XV(2)< f(s) + 0 . — Rp,
log3 D
1
S(; . 7,2) < XV(2)X F(s) + O - + Rp,
logs D
where
log D
5T logz’ p = Z Iral;

d<D,d|P()

sz):(Xw)iéL <1+()<b;z))’

cw=TI(-22) (-5)

p

where ~ denotes the Euler’s constant, f(s) and F'(s) are determined by the following
differential-difference equation

{F(s):%, f(s) =0, 0<s<2,
(sF(s)) = f(s—1),  (sf(s)) =F(s—1),  s>2
Lemma 2. ([7]). We have

B 2e”

F(s) = —, 0<s<3;
S
2eY s~ og(t — 1
F(s) = =< <1+/ og( >dt), 3<s<5
S 2 t
2¢7 s~ og(t — 1
Fwwzﬁ_@+/“_ﬁﬁ_Jﬁ
S 2 t

s—3 s—1
log(t —1 1 —1
+/ Mdt/ —logu du |, 5 <s<T,;
2 t t+2 u t+1
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f(s) = : 254
s
2e7 s=Ldt (= Llog(u—1)
f(s) . <og(s )+/3 ; /2 " u)a
4 <s5<6;
v s=hgr =11 -1
1) = 2= (logts -+ [ F [ 2=
3t u
s—4 5—2
_ 1 —
+ / log(t 1>dt/ —log “ g du |,
2 t t+2 U t+1 +2
6<s<8
Lemma 3. Let
y:a:exp(—mlog% x), sziy Q(z) = Hp.

p<z
Then for 1 < » < 100, we have

3 1:w<u>lo:;z+0< Y )

rz—y<n<lx 10g2 z
(n,Q(2))=1

where w(u) is determined by the following differential-difference equation

w(u):%, 1<u<?,
{ (vw(u)) = w(u — 1), u > 2.
Moreover, we have
w(u) < 1563 u > 2;
{ w(u) < k53, u > 4.

Proof. The above asymptotic formula follows from the prime number theorem
with Vinogradov’s error term and the inductive arguments in section A.2 in [8]. For
the upper bounds of w(u), see [11]. [ |

Lemma 4. ([13]). Let
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where x is a Dirichlet character modulo ¢q. Then

> Ly [swa < (00 X)) Y jato
— ) " it, x)|“dt < < + —) a(n
Q<q<2Q wla) xg 770 @ n=M+1

forany Q > 1,7, and T > 0.

Lemma 5. Let [t| < z,L > 2®,q < log"z, where A and A are positive
constants. Then for a Dirichlet character x(modg), we have

A(Dx(1 Ly)3~i — (L,)z~% .
> ;;ﬁf):E‘)( d _St ) + O(L exp(—clog? x)),

1
Li<I<Lo> 2

where L < L1 < Ly < 2L and
1, if x = xo,
Ey = )
0, otherwise.
The proof of Lemma 5 is similar to that of (4) in [12], so we omit it here.
Lemma 6. For j = 1,2 we have

log —*=

Y P1P2P3P4 Y

E 1=(1+o0(1 E w +0 )
) ( (L) P1p2p3p4 log pa < log po ) < log? x )

le. 1O pip2p3pac. /D)

where w(t) is defined in Lemma 3.

Proof. We are motivated by [9]. We prove Lemma 6 in the case ;7 = 1 only, the
same argument can be applied to the case j = 2. We first show that the formula

(2.1) S =yCu(@) + O(yexp(—clog? x))

z—y<p1p2--pPr<z
pipg--pre. | )

holds, where C,.(x) is independent of y and 5 < r < 14.
By a splitting argument we know that the left hand side of (2.1) is the sum of
O(log" z) sums of the form

S, = > 1

z—y<p1p2-pPr<T
p;€J;j,1<j<r

where



1188 Yingchun Cai

¥7]:<N]7NJI], Nj<NJI~§2Nj, 1<5 <,
(2.2) w< Ny <N/ <Ny<N,<---<N, <N,
v < [[in Ny < .
Set
1 T
L) =Y = ) =[],
j=1

ps’
P;€J;

T = z exp(log% [IZ), Ty = exp(log% g;)
Yy

Then by Perron’s formula (Lemma 3.12 in [14]) we get
I .
Sy = — Fy(s)w(a,y, s)ds + O(y exp(—clog? ).
21 Jpir
On moving the line of integration we obtain
1 [T
Sy = 2—7” %_iT FT(8>’U)([B,y,S>dS

+0 (max%gggb xl_"%> +O(y exp(—clog% 7))

1 1+iT, 147, inT
=5 / +/ +/ F.(s)w(x,y, s)ds
e 141, 1T 14T,

+O0(y exp(—clog% x)).

2.3)

Since for Re(s) = 1 we have

|F(s)| < 22
and
w(z,y,s) = 2"y + O(|s|z"2y?) for [Im(s)| < T,
we obtain
1 [3+iTo
i ) F(s)w(z,y,s)ds
21+‘g“
2.4 3+iTo
(2:4) :L ’ Fr(s)xs_lds—l—O(Tgx_%ny%)
27TZ %—iTO

— yE,(z) + O(yexp(—clogs ),

where E,.(z) is independent of y.
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Next we show that for T, < T < T,
1

2 1 1
(2.5) / E, <§ + it) ’ ’w <a:, Ui 3 + it) ’ dt = O(yexp(—clogs x)).
T

By Lemma 5, for |¢| > Ty, we have

(2.6)

1
fi < + Zt) ’ K NP exp(—clog% x).

By (2.6) and Cauchy’s inequality we get

2T,
J; ( o (g v )]
1 1 2T,
< min N7 exp( clog5 x) /
T

1+,
2

1
N7 ex clog5 x) (Th + Na)

N|—=

f2 <1 +Zt)

2
dt>

T
T
< 1+N1N2)

5
2T1 7"

N|—=
N|—=

< min

1)
€T2
1)
€T2
< yexp( clog5 x)

where the bounds
1 1 . . Y g;%
(2.7) w< N <Ny L 4, w x,y,§+zt < min _l’T_
2

and Lemma 4 with @ = 1 are applied.
Now (2.1) follows from (2.3)-(2.5) easily.
By (2.1) we get

(2.8) S 1=yEy(z) + O(yexp(—clogs z)),
le. 1 ()

with Ey(z) independent of y. From Lemma 3 with y = z exp(—10 log? x)), we have

P!

le. /(D

X
_ Z Y w log P1P2P3P4 +O< Y . )
(2.9) Pp1p2p3pa logpa log p2 p1p2p3palog” x
p1p2pspsc. /(D)

T

= Z Y w log Pip2pspa | ) < y2 ) .
P1P2p3palogpe log po log” =

p1p2p3pa€. /(1)
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Upon comparing (2.8) and (2.9) we get

1 log -—>
Eo(x) = (1+0(1) Y w (e )
P1p2p3p4alogpa log po
p1p2apspa€. 7/ (D

and the proof of Lemma 6 is completed.

3. MeaN VALUE THEOREMS

In the proof of the Theorem we need the following mean value theorems.

Lemma 7. Let g(n) be an arithmetical function such that

2
n

n<x
for some ¢ > 0. Let r1(a, h) and r2(a, h) be positive functions such that
u < ari(a,h),ars(a,h) <u+h.

For (al,q) = 1, define

— 1 . .
H(u,h,a,q,l)= > 1—;Gﬂu@xmm>—uwﬂmm».

r1(a,h)<p<rg(a,h)
ap=l(q)

Then for any given constant A > 0, there exists a constant B = B(A, ¢) > 0 such
that for

3 50 — 3

5<9§L k=2% 0<pB< g A=0-

we have

1
3 D =z log_B z,

k

logA z

max max max g(a)H(u, h,a,d,l)| <

ld)=1 h<k Z£<u<
a<p 9 2= | a<af (a,d)=1

Proof. This result can be proved in the same way as the Theorem in [16]. |

Lemma 8. For j = 1,2 and any A > 0, there exists a constant B = B(A) > 0
such that for Q = ya~7 log~? =, we have

1
=1
<@ T O T o8 ¥
m=a( mod q) (m,q)=1
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Proof. We prove Lemma 8 in the case j = 1 only, the same argument can be
applied to the case j = 2. We may assume A > 300. It suffice to show that for
5 < r < 14, the bounds

1 y
mex 2. ltom X Y<pa
(a,q)=1 plq og” T
<Q pipg-pre | D pipo--pre- |
p1p2-pr=a( mod q) (p1p2-pr,a)=1

hold. ]

By the orthogonality of Dirichlet character, for (a,q) = 1 we have

(1) ¥ q> (1)
p1pP2-Pre: / r pP1pP2-Pre- / r
(3.1) p1p2--pr=a( mod q) (p1p2-pr,q)=1

1
< — E E Xq(P1P2 - - - pr)] -
pla) —, o
Xa#Xq |p1pa-pre. | |

It is easy to see that the inner sum in (3.1) is the sum of O(log" ) sums of the form

Selxg) = >, Xep2---pr),

pj €T}, (pj,K)=1
1<j<r

where the J; is defined by (2.2).
Put

N

S
p;i€Jj,(ps, K)=1 b

p T

pev= Y M peg=[hen =0
j=1

Then by Perron’s formula (Lemma 3.12 in [14]) we get

1 b+iT 1
506 =57 [ Flso0u(eps)ds+ 0.

On moving the line of integration we obtain

1 %—I—’LT xo 1
Sr(xq) = =— FE.(s, x)w(z,y,s)ds+O | max g +0(x2)
2mi J1 $<o<b T

" omi )i Fy(s, \)w(z,y, s)ds + O(a?).
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Let x7; denote the primitive character which induce x,, then 1 < d|gq, x4 = XSXZ} and

Zisxqi«ZZ Zirxq

(3.3) Z
1<d<Q q<Q

qSQ
Now by (3.2)-(3.3) we need only to show that
(3.4) 1<d<Q q<|Q /
q
< ylog™4

(s, xa)l[w(z, y, s)||ds]

By the estimation
1 log @

g
S
=

A

5

=

q<Q
dlq

and a splitting argument we need only to show that for
"n<T, 1<D<Q

we have the estimation
1 2T 1 1
—_— * F.[ = )t — it )| dt
2 w(d>2/ 7"(2“’*“)”‘”(”””2“)’
(3.5) D<d<2D xa “T
< ylog_GA

Now we prove (3.5) in two cases.
(1) D < log'®4 2. By Lemma 5 and summation by parts we obtain

1 1

(5 +it)| < N2 exp(—logt ) + N, 2

(3.6) .
< Ny exp(—
From (2.7), (3.6), Cauchy’s inequality and Lemma 4 we obtain

1 2 1
— / < —i—tid)H <a:y,2—i-zt)’dt

D<d<2D ( Xd

log% x).

1
3 1
< min <i1 ?—2 N7 ex log6 x)
xr2
1
1 2T, 2 2
> fz( it d
@2 I,

D<d<2D
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1
2
T

X Z /ZTIHf]< —i—tid) dt

D<d<2D
1 1
2 No\ 2 2
< min < Y ?j) N2 exp(— log% ) <DT1+32) <DT1+N1;\:[2D)
<Ly log_

(2) D > 10g'%4 2. By Cauchy’s inequality and Lemma 4 we have

2T 1
Z/ < —i—tid)H <a:y,2+zt)’dt

2 \ 3

1 1 2T}
< min %,E —E / < +1t, Xd) dt
€2 Ty (

2

X _Z %% /ZTlf[f]< —i—tid) dt

D<d<2D

W=

D<d<2D ¥
3 NiNy\ 2 :
. Yy x2 14V2 ) 2 y 2
< min [ =, — DTy + DTy +
<x% T1>< ) ) < ! NlNgD)
< ylog_GAx

Now (3.5) is proved, and the proof of Lemma 8 is completed.

4, WEIGHTED SiEVE METHOD

Let
(4.1) U=N"M" /={N-ppp<U}, »={p(p.N)=1}

Lemma 9. We have

1
25(N,6) > gS( 7, Nﬁ) + 5S(x/; 7, N#)
+5 Z S( /1711727 /7N14>
Nﬁ§p1<p2<N£_8
1 (p1p2,N)=1
1
+§ Z S(- 7 pipy; -7, N11)

L 1 1 2
NT4<p;<NBB<pyg<U2N Tdp;
(p1p2,N)=1
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1 4.0871 1 1l 3
NTZ<p<N~ 14 N1d <p<U2Z N~ 14
1 (p,N)=1 (p,N)=1
_5 E : S(‘ '/plpz; ‘ 7’(171), p2>
1 1 1
NT11<p; <N 3106 §p2<(%> 2
(p1p2,N)=1

1
1 N \ 2
_5 § : S <‘7/p1p2; '7)<p1>7 <p1p2) )

L

1 1
NEE <py<N373 <py<($)2

1 (p1p2,N)=1 " .
D) Z S( /p7 /17N14>_§ Z S( /p7 7/’N$>
N4‘q§171 <p<N3 1106 U%N_%S <Nﬁ
1 (. N)=1 (. N)=1
D) Z S(- prpopspas -7 (P1): P2)

1 1
N 14 <p1<po<p3z<pg<N8.38

) (p1p2p3p4,N)=1
9 Z S(‘ r/p1p2p3p4; '7’(291),]92)

L1 1 1 3 _
N 14 <pj<po<p3z<N88<py<U2N 14p3

(p1p2p3pa,N)=1
B Z S( 7/p1p2; '7J<p1>7p2>

N N
N 3.106 Sp1<p2<(ﬁ>

(p1p2,N)=1 )
- Z S(- “pip2> (p1), p2) + O(N1

T N
N3.73 Sp1<p2<(ﬁ>

(p1p2,N)=1

1 1 1
= 5(3511 + S12) + 5(521 + S22) — 5(531 + S32)

1

M=

e

)

=

1 1 1
—5(541 + Sy2) — 5(551 + Ss2) — 5(561 + Se2) — (S71 + S72)
1

1 1 1 1 1 13
S P S N M 3 PR 3 S 3 N Nit).
2 1—1—2 2 75T 5R T 545 T 526 7+ O(N14)

Since the Proof of Lemma 10 is similar to that of Lemma 6 in [2], so we omit it
here.

5. PROOF OF THE THEOREM

In this section, the sets .~/ and .~ are defined by (4.1) and (4.2) respectively, and
6 = 0.941. Then in Lemma 1 we have
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U dt U p—1
X = —_—~ —2” 1— =2C(N).
/z logt  Olog N’ < )2) P2 (N)

p>2

(1) Evaluation of X1, 39, 33.

By Lemma 1, Lemma 2, Bombieri’s mean value theorem in [1] and some routine
arguments as in [3], we get that

2 og(s—1),  70-1 8C(N)U
> -1 1
Si1 > (140(1)) <1og(79 )+/2 S 08 T ds 02 log N
> 16.70640(];[)(],
log” N
4.40-2
(5.1) > (1+0(1)) [ log(4.40—1 / log(s71) g 2401 ;) BOMNU
Sz > (1+0(1)) | log(4. )+ ) s 8 541 3 02 log> N
N
> 10.3392 < Q)U,
log” N

C(N)U
log2 N

31 = 3511+S512 > 60.4580

)

55 (5% log(70—1—14(t1 +t2))
Sox > (1o / / dtdts,
21 ( 9 lOg N tltg 9 2(t1 +t2)) e

2

a8 v el lo 79 1-14

g (t1+t2))
Soo > (140(1 / dt1dts,
22 > (1+o( ))910g I it (0—-2(th+t2))

(5.2) Yo = Y21+ 522

8_2 4
2712 —1-14
(1+ /88/ Og 79 (t1+t2))dt1dt2
910g N f ti1ta(0 — 2(t1+t2))

C(N)U

> 5.9160
log

S31 < (1+0(1))

8C(N)U ( 4.0871(146 — 2)

62 log?> N 140 — 8.1742
70-2 ] 1 -1 -1-
Ny SIS S ES
9 S S+1
5.3
(5.3) 4 log(s—1)  [T21  t—1_  (10—1-1)(70—1)
+ ——=ds = log log dt
. s a2 L s+1 t+1
C(N)U

< 24.6357T ——,
log® N
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532 < (1+O(1))

SC(N)U (10 (76 — 3)(70 — 1)

02 log® N 3
76-2
1 -1 -1 —1-
) / og(s 1), (-8 -1-5)
2 S s+1
760—4 76-2
1 -1 1 t—1 70—1—-1t)(70 -1
+ / Mds/ —log log( I )dt
2 S 52 t S+1 t+1
C(N
< 21.8089 ( 5 )U,
log® N )
C(N)U
Y3 = S31+S532 < 46.4447 ———.
3 31+032 < Tog? N

(2) Evaluation of >4, 7.

By Chen’s switching principle, Lemma 1, Lemma 2, Lemma 7 and some routine
arguments used in [3], we get

_sCuu_ = L
(20 —1)logN 1 o
NHépmngpK(%) 3

N 13 log (2.106 — 3:106

< (140(1))—EIU ( L0 )dt
(20 —1)log”™ N J2.106 t
C(N)U
10g2 N )
SC(N)U )

(5.4) Sis < (140(1)) —2CMT_ 5 1

_ N
(20 —1)log N . pip2log oo

S < (140(1))

< 7.2603

== = N2
N 8.8 <p1 <N 3.73 §p2<(a>

sovyy s log (273 - 412
(20 — 1) log2 N Jors t
C(NU
log? N’

IN

(1+0(1)) dt

IN

6.8019

C(N)U
Y4 = Sy 4S8 < 14.0622——"—,
4 411T042 < 10g2 N

8C(NU Z 1
(20 — 1) log N . p1p2log
1 __ 5 pP1p2
N'3.106 <p; <P2<(%) 2
8C(NU /“06 log(t — 1) ,
(20 — 1) log2 N Jo t
C(NU
log2 N’

571 < (1+O(1))

(5.5)

IN

(1+0(1)) t

0.0238

IN
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8C(NU Z 1
(20 —1)logN L Pip2log -
NWSP1<P2<(%> 2

Sz < (1+0(1))

8C(N)U 213 Jog(t — 1
< (Lro(t) ol [T RE= Dy
(20 —1)log" N Jo t
C(NU
< 0.8040 (2) ,
log® N
C(NU
< 21.8089 (2) ,
log® N
C(NU
Y7 = Sy +Sm < 0.82781 ( 2) .
. 0g
(3) Evaluation of Xg.
We have
Se1 = > > 1
1 1 p=N—p1p2ap3pgn
(5.6) N T4 <p;<pa<p3<pa<N B8 N-U<pi<py<p3<pgn<N
(P1p2p3pa,N)=1 (n.py LNP(p2))=1
- SGI'
Let

cr

1 1
= {e ’e = p1pop3pan, N12 < p1 < po < p3 < pg < N33, (p1p2p3p47N> =1,
N —U < pipapspan < N, (n,py 'NP(ps)) = 1},
v ={lll=N—-eec }.

Then Sg; does not exceed the number of primes in /, hence

(5.7) Se1 < S(/,D2)+0(D?), D < N7,
By Lemma 1 we get
1 8C(N)| |
. c < —_—
(5.8) S(~,D2) < (140(1)) 20—1) IOgN+R1+R2;
where

D = Nzlog BN (B = B(10) in Lemma 8),

1
Bi= > X ttpm 2



1198 Yingchun Cai

It is easy to show that

1
(5.9) d<D wld) "

< UN™1 log® N.

By Lemma 8 we get

5.10 R« ——.
( ) ! log10 N

Now by Lemma 6 and Lemma 3, we have

|| = Z Z 1

SL N-— U<np1p2p3p4§N
( 9.

1
N 14 <pq<pg<p3z<ps<N
<p1<p2<p3<p4 n,pT NP(pz)):l

(p1p2p3pa,N)=1
(5.11) < (1+0(1))

)3 3
1.7803 4 P1p2psp log p2
NTI<p; <p2 <pz<pa<N

1
25 dty [&s 1
— (1+o(1 - ) dts.
(o)) T 750310 ¥ 780310gN/ /t < t 2) 2888,

By (5.6)-(5.11) we get

Se1

(5.12) 11

1
88dt1 88 1 1
< (140(1 / —|———1lo dts.
<( <>>1780329 110g2N y to <t1 tg) S 88t

By a similar method we get

1
88dt) 881 /1 1 0 2
< T (22 ) log (88 (2—— —to) ) at
562_<1+o<1>>/%4 T (m h) og( (2 2 )) :

8C(N)U
1.7803(20 — 1) log? N’

(5.13)
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By (5.12) and (5.13) we obtain

Y6 = S61+S62
3 dty 55 1 g— ﬁ

(1+0(1 / / —<———)log 204 gy
14 4 2 \t1  t2 to

X 2
1.7803(29— 1) log? N

C(N)U
0.7691 (2> .
log® N

| A

(5.14)

IN

(4) Evaluation of X5.

Let D = N%~zlog™B N with B = B(10) > 0 in Bombieri’s theorem [1], and

p=7

Lemma 10. ([2, 6, 17]). For N5 < Dy < Dy < N3 We have

Z S Q2L> < Z S(-7p 75 )
D1 <p<Dgy Dy <p<Ds
(p N)=1 (p,N)=1
1
1YY S
D1<p<D2 1
(p,N)=1 p3675<p1 <p25
(p1p2,N)=1
L _1
—’_2 Z Z S(‘ '/pplmps; - <p1>7p2>+O(UN 20).
D1 <p<Dy 1

(p,N)=1 p3- 675 <p1<p2<p3<p2-5
(p1p2p3,N)=1

0871
For p > N , We have
1 1 1

p?5 < N,  S(. ;. ~NT) < S( ;.7 p25).

By Lemma 10 we have

1 1
Si= Y. SlmoaNT < Y S(44pT)
—4‘({?171 3 1106 N4 (ﬁn < N311W
N <p<N 3. <N3:
(515) (p7ﬁ)<:1 (p, NI; 1

1 1
<Ii- §F2+§F3+O(UN_"’1—°>~
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By Lemma 1, 2, Bombieri’s theorem [1] and some routine argument we get

I, = Z S("/p; ,7;]33‘;75)
N4‘({4 §p<N31106
(p,N)=1 L
306 dt 267 log(t — 1)
. < (1 1 _— 1 dt
(5.16) < (1+o(1)) <A‘(ﬁ71 t(9—2t>> < +/2 t )
8C(N)U
X ———,
flog® N
L= Y > S #pT)
4.0871 1
N 14 <p<N3106 p3.675 <pp pﬁ
R )=t
s 2.675 |og(2.675 — %0675
(5.17) > o) | [0 S i ) g
2.0871 t(0 — 2t) 1.5 t
“ 8C(N)U
flog? N

By an argument similar to the evaluation of Sg; we obtain

T3 < <1+o(1))% >

X E E 1
1 1 N-— U<npp1p2p3§N

p3.675 <p1<pa<p3z<p2.5 _
(p1p2p3,N)= 1 (npy N P(p2))=1

8C(N)U
< (+o(1) 176320 1)10gN

. [
sosT1 ) plogp

N~ 14 <p<N3.106

/ /25 dtldtgdtg
t1 to t1t2t3
(p,N)=1

1
3.106 dt 3.675
< 1 SR 1751log —— — 2.
< (1+o(1)) <A‘?iﬂ t(9—2t)> <6 75 log 2.5 35)

16C(N)U
1.763(20 — 1) log? N’

(5.18)

By (5.15)-(5.18) we get
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1
3106 dt 8C(N)U
51 < (+o)-2) [
(5.19) - sosn (6 —2t) | flog® N
< 2.5212 <2>U,
log® N

where and below
1 2675 10p(2.675 — 2675 2.675 100 (t — 1
1 2

2 )15 t t
0 3.675
— 7 (6.175log 22> — 2.35
1.763(20 — 1) < 8795 )
> 0.01032.

In the same way we have

1

Ss2 < (1+0(1))(1—-A) </;__7; twcff%)) 8C(N)U

2
(5.20) . flog* N
< 0.9155 % 2> :
log® N
Finally, by (5.19) and (5.20) we find that
(5.21) Y5 = S51+ 55 < 3.4367C<]Z>U.
log® N
6) Proof of the Theorem
By (5.1)-(5.4), (5.14) and (5.21) we get
C(N)U
5.22 Y1+Xs > 66.3740
(5.22) 1t22 = o2 N’
N
(5.23) Y3+ S+ S5+ < 64.7127C< - >U.
log® N

By (5.5), (5.22), (5.23) and Lemma 10 we obtain

1 1
QS<N, U) > 5(214—22) — 5(23+Z4+Z5+26> — X7

3740 — 64.7124 N
> 66.3740 — 64.7 — 0.8978 0(2)(]
2 log® N
0.002C(N)U
> 5
log® N
.001C(N
S, > PO
log® N

The Theorem is proved.
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