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ON THE REGULARIZED IMAGINARY DOI-NAGANUMA LIFTING

Seokho Jin* and Subong Lim

Abstract. Asai and Friedberg studied the imaginary Doi-Naganuma lifting which
sends elliptic modular forms to automorphic forms over an imaginary quadratic
field. In this paper we extend this lifting to weak Maass forms by using regularized
integral. We construct an automorphic object with singularities on the quadratic
upper half-plane £ by the regularized theta lifting of a weak Maass form. We
also give the convergence region and describe its singularity type. Finally we
compute the Fourier coefficients of the lifted form explicitly and present the case
of Poincaré series as an example.

1. INTRODUCTION

A theta lifting gives a correspondence between automorphic forms associated to
two groups by the integration with a suitably constructed theta kernel of two variables.
A theta lifting has been an important tool in studying automorphic forms by forming
connections between different types of automorphic forms. For example, Katok and
Sarnak [16] used theta liftings to prove the relation between the central values of the
L-series of Maass cusp forms to the Fourier coefficients of counterparts under the
Shimura correspondence. Theta liftings were also used to study generating series in
arithmetic and differential geometry (see [17, 18, 19]).

These classical theta liftings were mainly focused on cusp forms. But there are
many interesting researches about weak forms which have possible singularities at
cusps (for example, see [3, 24, 25]). Therefore it is natural to consider and study
the theta lifting of weak forms including weak Maass forms. Borcherds [2] used a
regularized theta lifting to get a remarkable product expansions of automorphic forms
for O(p,2). This regularization, which was introduced by Harvey and Moore [13],
allows us to overcome the convergence issue and extend theta liftings to weak forms.
For related works, see [5, 6, 7, 23].
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Our goal is to extend the imaginary Doi-Naganuma lifting to weak Maass forms
using the regularized integral. The imaginary Doi-Naganuma lifting is a map from
elliptic modular forms to automorphic forms over an imaginary quadratic field, intro-
duced by Asai [1] and Friedberg [10, 11]. This kind of lifting was first studied by Doi
and Naganuma as a precursor of the base change lifting (see [9, 20]). In this paper we
construct an automorphic object with singularities on the quadratic upper half-plane
$' by the regularized theta lifting of a weak Maass form. To obtain this result, we
study the convergence of the regularized theta lifting and show that the lifted form is
an eigenfunction of the Casimir operator. We also give the convergence region and
describe its singularity type. Finally we compute the Fourier coefficients of the lifted
form explicitly and present the case of Poincar¢ series as an example.

From now on we try to explain the results more precisely. Let k be a natural
number and f, g functions on the upper half plane § such that (f|xo)(2) = f(2),
(9]ko)(2) = g(z) for all 0 € I'(N). We define

[ s ey = [ S ()@@ 2dady,

(N)\f.) SL?(Z)\fJ ’YEF(N)\SLQ(Z)

where |, gz‘z (z)\sy 18 the regularized integral in the sense of Borcherds (see [2, section
6] for the definition) and z = x + iy € H. In this paper we use this to define the
regularized Doi-Naganuma lifting. We are given a quadratic lattice A of signature (3,1)
arising from an imaginary quadratic field K and an element V' of the dual lattice of A.
The regularized lifting of a weak Maass form f of weight k£ associated to A and V' is
given by F"9(g, V, A; f) = H(F{%,,- -+, F}.%%), where for |a| < k — 1 the component
Fo9(g,V, A; f) is defined by

(g VAT = [

T(N)\

reg

9k7a(z, V7 g, A>f<2)yk_2da:dy
)

Here, A denotes the transpose of A and 0, »(z, V, g, A) is a theta function of variables
z € $Hand g € SLy(C). Then it turns out that the result is a weak Maass form for K

of weight 2k — 2 for g = g(u, v) = (”10/2 “V”__ll/; ), when p + vk € $' (Theorem 3.2).

It is also important to compute the Fourier expansions of the regularized theta lifting
and study its singularities. We compute the singularity type in Theorem 4.1 and the
Fourier expansion in Theorem 4.2 and Theorem 4.3.

In [10] Friedberg gave an interesting example showing that the lifted form of the
non-holomorphic Eisenstein series of weight £ > 1 is a Poincaré type series. The
following example shows that the same phenomenon happens in the case where f is
a weakly holomorphic Poincaré series. Let i) be a negative integer. Then it is known
(see [15]) that the Poincaré series

627ri¢wz

fu(z) == Z er+ d)F

Y€l \I'(N)
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vanishes at all cusps of I'(V) except possibly at ico, and at ico it has a Fourier
expansion of the form

f¢(2> _ e27ri¢vz + Z am(w>e2m‘mz.
m>0
Then the regularized lifting F"9(g(u, v); gy) is equal to

NT'(k—1/2)
Z T(RIW)[X — V] + op)k=1/2

XeA
QX —-V]=2v
Since the result is absolutely convergent for £ > 2, it can be regarded as a type of
Poincaré¢ series.

The remainder of the paper is organized as follows. In section 2, we deal with pre-
liminary notions. We define weak Maass forms on $) and ! respectively and introduce
the theta functions ¢, and their properties. This enables us to compute the Fourier
expansion of 0, at arbitrary cusps. In section 3 we prove several properties of the
regularized theta lifting to prove Theorem 3.2. We compute the convergence region and
study the modularity and the behavior of F”/(g(u, v); f) under the Casimir operators.
Finally in section 4 we compute its singularity type and the Fourier expansion.

2. PRELIMINARIES

In this section we set several notations and define basic objects, following [10]. For
a function f(z) on §) and a matrix v = (¢ Y) € GLJ (R), we define the slash operator
of integral weight k by (f|x7)(2) = (det)*/%(cz + d) " f(vz), where yz = 28

cz+d
2.1. Weak Maass Forms

We start with the definition of a weak Maass form. Let Ay be the hyperbolic
Laplacian of weight £ given by

0? 0? 0 0
Ap = =— + =— ky | — +i— ).
b <<9332+8y2)+Z y(f%rﬂay)
Definition 2.1. A weak Maass form of weight k € Z on the congruence subgroup
I' C SLy(Z) and eigenvalue —\ € C is a smooth function f : $ — C such that

(1) fliy = f forally €T,

(2) Arf=-Af,

(3) f(z) has at most linear exponential growth at all of the cusps, i.e., (f|xy)(z) =
O(e%) for all v € SLo(7Z), for some § > 0.

We denote the space of weak Maass forms by WM Fj, _(I).



104 Seokho Jin and Subong Lim

Let v € SLo(Z). 1t is known that the Fourier expansion for a weak Maass form
(flky 1) (2) € WMFy, _(T'(N)) at the cusp corresponding to 7 is given by

(fl‘k’)’_l)(z)
¥
~ E TINT
— av(n, s)\47rny/N\ 2W—sgn(n)%,s—%(_477‘n‘y/N>62 /N
(1) "i;gw k
+ E\{ }av(n, S>‘47Tny/N‘_5 ngn(n)%,s—%(477‘n‘y/N>@27”nl’/N
nezZ\{0

ay (0, 8)y" % + ay (0, 5)y 58,

where n, 1, € N, Wy, (y) and W_j, ,, (—y) are the standard W-Whittaker’s functions
and -\ = s(1—s)+ k212k (for the details see [4]). It is also known that a(n,s) =
O(eV™) for some C > 0 (see [5, 6]). We define a subspace WMF;} ,(T(N)) by

WMF]_\(T(N)) ={f € WMF;,_x(T(N))|a,(n,s) = 0 for n > 0}.

2.2. Weak Maass forms for Imaginary Quadratic Fields

Now we introduce the space of Hilbert modular forms on the quaternionic upper
half space H! = {u + vk € H(—1,—-1)|u € C,v > 0}, where H(—1,—1) is the
quaternion algebra with the standard basis 1,1i,j, and k. Recall that ¢ = (“c‘ Z) €
G = SLy(C) acts on z; in H! by 021 = (az; +b)(cz1 + d)~! and that the stabilizer
of k is SU(2,C), the special unitary group. Note that SU(2,C) is not abelian so
we need to consider multi-dimensional representations of SU (2, C). For n € Zx>g let
(ab)y = “a",a" b, -, ab™ ' b") and define the n-fold symmetric representation
pn(g), for g € SLy(C), by pn(g)(a b)y, := ((a b)tg),. Then p, gives an irreducible
(n + 1)-dimensional representation of SU (2, C).

Let p(z1 = p+vk) = (4 7)) for p,v € C. For g= (2%) € G and z; € ' set
J(g,2z1) = p(cz1 +d) and pl(g) = ‘pn('g). Then we can define a slash operator for
a function F! : §1 — C"*! by

(FY|[g]n)(21) = pn(J (g, 21) " F(g21)
for all g € G. We can also extend the slash operator to A € GL2(C) by putting
FY|[A] = F][(det )72 A
(as stated in [10, p.491], the ambiguity of sign arising from by the choice of square

root will not cause any harm in the applications).
Let K be an imaginary quadratic field, and let —D be its discriminant.



Regularized Imaginary Doi-Naganuma Lifting 105

Definition 2.2. Let = a congruence subgroup of SLo(Ok). A weak Maass form for
K of weight n on = and eigenvalues (A, /\/) is a real analytic function F!' : ! — C"*!
with singularities satisfying
(1) U"F' = A\F! and U"F! = \'F!,
(2) Fll|[o], = F! for all o in =,
(3) (FY|[A],)(21) = O(°) as v — oo, uniformly in z for all A € GLy(O), for
some fixed real §.

Here U", U™ are Casimir operators of weight n on ' which are given by

01
2
U™ = (07 + 05y /4) Eng1 + y0s :
@) "
1 2n—1 . n(n—2)
2n—3 —1)(n—3
Yyl -~ 4z (n—1)(n—3) ’
4 .
0
~ n
ur = y2(8§5 + 8§y/4>En+1 — YOy n—1 "
(3) o
1 0
+0, ’ 4 1 .
Y%y "9n-3 4 (n—1)(n—3) ’
2n—1 n(n—2)

where F,, 1 is the identity matrix of size n + 1.

Let {{Z,n,{\, N}}} be the space of all these forms. If F! is defined without
singularities, then it is said to be a modular form for K, and moreover if F'! satisfies
a better growth condition at infinity, namely for all A € GLy(Ok), F||[A]n(21) =
O(e™%) as v — oo uniformly in y, for some fixed § > 0, F! is said to be cuspidal
or a cusp form. If A = N, we say simply that F'! has eigenvalue \.

For later use we recall the following proposition.

Proposition 2.3. ([10, Proposition 2.2]). There is a one-to-one correspondence
between

{F:G — C"™|F(ygr) = 'pu(k)F(g) for all v € 2,k € SU(2,C)}
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and
{F': 9! = C"F (v21) = pp(J (v, 21)) F' (z1) for all v € B}

given by F'(z1) = py,(J(9,k))F(g) and F(g) = py,(J (g, %)) F*(gk), where 21 =
gk.

This correspondence is also compatible with the action of Casimir operators (see

[10, section 2]). Also note that for an element g(u,v) = (”10/2 “V”__ll//j) in SLy(C),

where p1 € C and v > 0, the corresponding element in H! is g(u, v)k = p + vk.
2.3. Theta function

We introduce a quadratic vector space V = {X € Maoyo(C)|'X = X} with a
symmetric bilinear form Q(X,Y) := —tr(Xadj(Y)) and a quadratic form Q[X] :=
Q(X,X) = —2det X. Here adj(Y) is the adjoint of Y defined by adj((2}4)) =
(L), We remark that Y = (9 1)V (% §) used in [1, 10] is the complex
conjugate of adj(Y) for Y € V, but adjY gives the correct pairing. For X € V and
g € G let X9:="'gXg, and let RI[X] := tr((X9)?) be its majorant corresponding to
g. Given M, P € Zq and an ideal I, we introduce the lattice

AN ={(Fp)€eVimeMZ,pec PZ,r € J},

where J; = I(’Eiei_l, € = Ok, -, €k, is a set of ideal class representatives,
and take e; ideal numbers for these ideals in the sense of Hecke (see [14]). Let
Ny =lem(MP,N(I)D).

For a fixed A = A; let A* be the dual lattice of A given by A* =AY ={(7}) €
V|Pm € Z,Mp € Z,r € 7;19;(1}, where D! is the inverse different. Then for a
vector V in the dual lattice A*, there is a theta series

@ ka2, Vg, A) =92 e a(X = V)9)e((2Q + iyR9)[X - V])
XeA

for 2 =x+iy €9, g€ G and k € Z>1 (see [1]), where e(z) = ™. Here,
r LS (207) Ho (m — p)

o(X) = (k—=1)! 5 )
N (X) = ( 1)% (a+ B)127

where ) 3,, denotes the sum over (8 and ~ nonnegative integers such that 256 + v =

k—1—aand o+ > 0 and L%a) and H,, are Laguerre and Hermite polynomials
given by

— n+—o n dn —
(e7Vy™), Holy) = (—1)"eV’ /2 (e7/2).

4 d"
L) = ety T

Note that 7y, o(X) form a C-basis of spherical harmonic polynomials of degree k — 1.
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Proposition 2.4. [10, Proposition 3.1]. For all 0 = (¢ Y) € To(N1)

(Or,alko)(z,dV,g,A) = x—p(d)Or,a(z,V, g, A),

where x_p(n) = (%) and (—) is the Kronecker symbol. In particular, for o €
'(Ny),
(Ok,alko) (2, V. g, A) = Oa(2,V, g, A).

We write Trg for the trace from C to R and N = Norm(C/R). Let

ba,8(2,u,v) = Z y_’gL/(ga)(llwyN(r—v)) (r—v)%e(2N (r—v) z+2Trk (r7) —Tr (up)),
red

where L3 (y) is the Laguerre polynomial defined in Section 2.3. Then by [11, Lemma
3.5]
bap(02, au+ bu, cu+ dv) = x_p(d)(cz + d)* P ¢, 5(2,u,v)

fora, 3 >0,z € 9H,u,v € Cand o € T'o(DN(J)). The definition of ¢, g is motivated
by the fact that 6, ., is the sum of products of functions of r and 7 and functions of m
and p, with ¢, g being precisely the former (see [11, Lemma 3.6]).

2.4. Fourier expansion of (0 |rv)(z,V, g, A)

In this subsection we briefly explain that ¢ , can be realized as the theta function
with the Weil representation and find the Fourier expansion of (i, |x7)(2). We follow
the notations given in [21].

We briefly recall the first spherical property (for the details see [8]). Let ¢ €
S8(R™) and [ € Z. Then ¢ is said to be of first spherical property for weight % if

(1(9), Q) = (k(9))P Ve @ o for (9) = (%, nf ). where

—sin¢ cos¢
\/z_' c>0
g(o) = ill=sgn /2 =
\/z_'_1 c<0

for o = (2%) € SLy(R). Now we introduce the theta series coming from the Weil
representation. If we let
P(X) = npa(X9)e ™

for X €V, then this function clearly is a Schwartz function. In the following we show
that this ¢ satisfies the first spherical property of weight k.

Let 1) (X) == (e, 1—1(X), -+ Mke—1 (X)) and Pe—1 (X) == 1g) (X) “(a b)2k—2.
Then we see that P,_1(X) = Q(X, A1)*~1, where (a b)ar_2 = (a®*72,a%:3p, - -,
b?*=2) and A; = *(a b)(a b) (; ') (see [11, section 1.3]). We let F,(X) :=
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P 1(X)em™@=(X) where Q. (X) = zQ[X]+iyR2x2[X] and z = 2 +iy € $. Further-
more, since Q(A, B) = Q(A9, BY) for all g € SLy(C), we see 1) (X9) “(a b)og—2 =
Q(X9, A)k1 = Q(X, AY )k~1 = P,_1(X9). Then

Fi(X9) = Py (X9)e TR = (X, A7 )F e RN,

Therefore we can see that F;(XY) satisfies the first spherical property for weight &
by Lemma 1.2 of [21]. Finally, since the Weil representation acts independently of
a, b, the function 7y, (X9 e i (X is also of the first spherical property for weight k.
Then 6y, , coincides with the theta function in [8]:0(z, ¢, =V) = Oi o (2, V, g, A).

From this interpretation we can compute the Fourier expansion of 6, o |1y by using
Theorem 1.5 of [8]. Note that the signature is (3, 1) and the weight is &k for 6}, o. For
v eI we get

(Ok.alky) (2, Vg, A) = i7" € >~ e(=V, X )y *ni.o( X9)e((2Q + iy RI)[X]),
XeAr

where v(A) = [/, dz and
Sn.ate(abQ(h, 1)) if c=0
| det Q|Y/2u(A)e| T2 Y, oy o e( AN TN e 0,

We remark that these expressions from [8, 21] are not accurate due to a certain confusion
between the elements ro(g, Q) and (g, Q) in these references.

c(h,l)y =

3. THE MAIN RESULT

Let N is a natural number such that N;|N.

Definition 3.1. The regularized lifting of f € WMF,"_,(T(NN)) associated to A
and V is given by F™9(g,V,A; f) = *(F{., -+, F}.9), where for |a| < k — 1 the
component F, (g, V, A; f) is defined by

reg

P?%%WAJVZ/‘ O a2V, g, N F ) 2dady.
T(N)\$H

We remark that this lift is the complex conjugate of the lift in [2], in the sense that
it is anti-linear rather than linear as a function of the lifted modular form f.
Theorem 3.2. The lifted forms F"°9(g(u,v); f) on $H are weak Maass forms for
K of weight 2k — 2 and eigenvalue (k* — 2k)/4 + X for the group G(A) := {v €
G|AY = A} with singularities on
U U {n+rken|(@+r™)x] =0}

~eD'(N)\SL2(Z) XeA*
Cny<NOXI

where n., is the index coming from the Fourier expansion (1) of f.
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In this section we prove Theorem 3.2. To show the convergence of Fr, ™ (g, V, A; f),
we need the convergence of the function

1/2
[/ (Orals) )T 2yt dndy

12 yer(n \SL2<Z>

as t — oo, for Re(w) > 0. Since Y. crn)\sroz)(Okalky) (2 Y(Fley) (2)y" s

SLQ(Z)-invariant,Awe may write Z'}/EF( N)\SLs(Z) (ek,a\lﬂ)( )(fley (2)y* = D onez
a(n,y,V,g, \)e*™* Then

1/2 .
[/ (Orals) ()T 2 dndy
1/2 yer \SL (z)
1/2 A t
/ / a(n,y,V.g,Ne 2’”"”iy‘2‘“)dardy=/ a(0,y,V,g, Ny~ >"dy.
1/2 - 1

Hence to ensure the convergence of the regularized theta lifting, we need to know
the growth condition of the ‘constant term” of Zvep NM\SLa(2) Okl k) (2) (f167) (2)-

Let (flky )(2) = Ypezby(n,y,s)e>™™ /N for v = (2b4) € SLy(Z). Then
(O,aley)(2,V, 9, A) fliy(2) is equal to

j TSI cy2 Z Z -V, X Vnk a(X )We—ﬂ'ng[X]eﬂ’ia:Q[X]e—Zﬂ'ina:/N.
XeA*neZ

Since >, cr(v)\sLy(z) (Okaley) (2, V. g, A)(flwy)(2)y* is SLo(Z)-invariant and has
the Fourier expansion of the form Y-, . a(n,y, V, g, A, s)e*™"*, summing all the ex-
pansions

(Ok.alky) (2, V, g, A) (f1i7) (2)y* over T(N)\SL2(Z) we have only the terms involv-
ing €>™% for n integral, although each series (6. |1Y)(2, V, g, A)(f|xy)(2)y* has
the terms involving e27"*/N in the expansion. Consequently we need to consider the
convergence of the following integral

/ § : jsgn ¢
y

EF \SLQ(Z
NQIX
Z C(—V, X)W”k,a(ngv_l < QQ[ ] 'Y, 3) e YR [X]yk_%_wdy
XeA*

as t — oo and therefore it has a finite limit as ¢ — oo if Re(w) > 0.
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3.1. Convergence Region

In this subsection we complete the proof for the convergence of the regularized
theta lifting and describe the convergence region of F"9(g(u, v); f). Let g(p, v) be a
point in the complement of

U U  {o=9mv(Q+R9[X] =0}

VET(N)\SLao(Z) ~ Xear
ny<NQIX]

Inputting the Fourier expansion of (f|;y)(z) into the expression of Fo™ (g(u,v); f)
above, the estimates a1 (n, s) = O(eV™) and W, (y) ~ e ¥/?y" as |y| — oo give the

convergence for the part concerning W, « 1 (27|Q[X]|y). For the constant term we
27

1
$—3

have the integral of the form [ lt y2 2~ °""dy, therefore it converges for Re(w) > 0,
as t — oo. It remains to consider the part concerning Wy . 1(—27|Q[X]|y). Itis a
27 2

fact that for any C' > 0 and any compact subset U C $' the set
{A € AQIN = m, 3g = g(u.v) € U with (Q + RY)[\] < C}

is finite. By assumption, there exists ¢ > 0 such that (Q + R9)[A] > ¢ for all A € A*
with Q[A] = m for a fixed g = g(u, v). It follows that

D eV X )i a(X)Wy oy (2mmy)e ™ T yzka
XeN*
Q[X]=m<0
< Z \n,w(xg)‘ew(—m+Q[X])ye—wy(Q+Rg)[X]yk—g—Re(w)
XeN*
Q[X]=m<0
< e_ﬂzﬂyk—%—Re(w) Z |7, (X9)| e~ HRIXD/2,
XeN*
Q[X]=m<0

which yields the uniform convergence for y € [1,00). This implies the desired con-
vergence assertion.

3.2. Modularity

In this subsection we show that F"*(g(u, v); f) satisfies the modularity as in Def-
inition 2.2. We define an involution ¢,, on the space of modular forms for K of weight
n by 1, F1(2) = pn (9 §) F1(—%). Note that each G(A;) is a congruence subgroup of
SLo(Ok); (see [10]). The basic properties of the lifted form F"9(g(u,v); f) are as
follows.

Theorem 3.3. The lifted form F"9(g(u, v); f) satisfies the following properties.
(1) For k in SU(2,C) and y in G(A), F"9(ygr,V) = tpop_o(k)F (g, V7).
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(2) Fred(g,V,A) = (=1)*popa (V1) Fr9(g, V, A).
(3) Frea(tg=!, V,A) = (—1)*~ 11*“7"6“"(97611@( ), adj(A)).

) P %) (3 %) 1) = 1 pma (3 %) 79 (9. (05) ),
(5) For z € ', 1op_o( F™9) (2, V, A) = (Fre9)! <z,7<(13 | >,K).

This is a generalization of Theorem 3.3 in [10]. The proof is almost identical to the
proof of Theorem 3.3 of [10], hence will not be repeated here. We note that in particular
Proposition 2.3 and Theorem 3.3 (1) ensures that the function (F"9(g(u,v); f))! on
$H! corresponding to F"°9(g(p, v); f) is modular of weight 2k — 2.

3.3. Casimir operators

In this subsection we describe the behavior of F"°9(g(u,v); f) under the Casimir
operators and prove that Fn™(g(p,v); f) is compatible with the Maass differential
operators and the Laplacian. This was already illustrated in the paper of Friedberg
[10, 12] when f is a Maass cusp form. From now on we generalize it to weak
Maass forms. We only consider the behavior under the Casimir operators, but the same
result holds for Maass operators. Recall that Ay, = LyioRy — k = Rp_oLy, where
Ry, and Lj are Maass operators given by Ry = 2ia@ 5 and Ly = 22y2 9 Let
Fu={2z=x+iy € 9 |z2| > 1,|z| < 5,y < u} denote the truncated fundamental
domain for I'(1). We recall the followmg

Lemma 3.4. ([5, Lemma 4.2]). Let f and g be smooth functions such that
fles2y = f and gly = g. Then for all 4 € T(N)

[,

B /]-‘ v Z Ligy2(flr+27)(2)glry (2)dxdy
“ 7y

[Zy Tl @al):)| e

y=u

- /f oS Ulkran) (2) Bi(glir) (=) dady.

Recall that (0 o|kY)(2,V,9,A) = Ora(2,V,g,A) for all v € T'(N) and Nq|N.
Hence we can apply Lemma 3.4 to a pair of 0 ,(2,V,g,A) and f(z). Then the
key fact is the following theorem in [10] describing the behavior of the theta kernel
Ok,(2,V, g, A) under Casimir operators corresponding to SL>(R) and SLy(C).

- -
Theorem 3.5. ([10, Theorem 3.4]). W0 o(z, g) = U0y o(2, g) = (—Af + E52E)
ek,a(zu g)
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For simplicity, we write F,,?(g) := Fa™(g,V,A; f). We also use the notation
Ok, [)79 for F3%(g, V, A; f). By Theorem 3.5

(PEL9) () =(VEL9)(9) = (Whralz, 9), f(2))"

{8+ 0aten 10)

Applying Lemma 3.4 twice and following the argument of [5] we get

(o BB ot sa))

= — hm
/“V'EF N)\SL2(Z)
_ reg
— —<9k7a(zug>7 Ap — e 4 Qk)f(2)>
_ reg
- (e A= B

(-
2
_ <k 2% +A)Freg

and in conclusion

) (8= 2 ) (i)t

(VEEG) = (BFE)0) = (2 40 ) Frvta)

4. SINGULARITY TYPE AND THE FOURIER EXPANSION OF Fj*Y

In this section we compute the singularity type of F4,“/(g(u, v); f) and its Fourier
expansion.

4.1. Singularity type

First we consider the singularity type. Let U C $' be an open subset and f, g
functions on a dense open subset of U. Then we write f =~ ¢ if f — g can be continued
to a real analytic function on U. In this case we say that f has a singularity of type g.
For a subset U of $' with compact closure, we define

NQ[A]

S(m,U) := {A EN| == =m. Itk U, (Q+ RN = 0}~

Note that S(m, U) is a finite set.
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Theorem 4.1. Let U C $' be an open subset with compact closure. On U the
Sunction Fy*(g(u,v); f) has a singularity of type

€T (N)\SL2(Z) m<0 Xes(m,U)

2n—2k+3
XF(k—n—g)\/w(m—i—Rg(“v”)[X]) .

Here a.-1(', s) are the Fourier coefficients of f|r7y, c(—=V, X), are the factors ap-
pearing in the Fourier expansion of Oy |y and nk@(Xg(“’”)) is the spherical har-
monic polynomials given in the definition of 0y o (for the details, see section 2).

Again put the Fourier expansion of (f|x7y)(z) inside as above. Then the part con-
cerning W, x . 1(27|Q[A]|y) and the constant term do not contribute to the singularity.
27 2

In the remaining part concerning Wi .1 (—27|Q[A]|y), the integrals become singular
27 2
if (Q + RY)[A] = 0, hence we have the singularity type

~YET(N)\SLa( ) m<0 XeS(m,U)

/ W - 127rmy)e_7rng[X]y§_%dy.
2

27

Note that the integral is evaluated near the singular point but not at it. It is known that
W),.q(2) has the following asymptotic expansion (see [22, p.345])

Wi.q(2)
:{1+Z {q2—<p—%>2}{q2—<p—y%>2}~~~{q2—<p—L+%>2}+O< 1 )}

121 Zntl

as |z| — oo,|argz| < 3m. We apply this to Wy . 1(2wmy) with L = k — 1. This
27 2
makes the integral associated to the error terms converge, i.e.

— k —L—1_—myRI[X], E_2
e ™| 2rmy|2 - C2rmy| e ™ y2 2dy
1

— Cl2rm|E Lt (m o RIX]) L / vy L3y
(R X])
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The latter integral is uniformly bounded since k — L — % ¢ 7Z and 2L — 2k + 3 > 0, so

it converges to zero as m + RY[X| — 0. Hence we may use this asymptotic formula
and get

Wi < 1 (2mmy)e ™7 Nly5 =5y

which completes the proof.
4.2. Fourier expansion

In this subsection we compute the Fourier expansion of F5o,“(g(u,v); f). Let A
be one of the A;’s above and J the corresponding J;. Write V € A* as V = (4} .2 ),

and for X = (7 5) € Vput X —V = (7} ;2). Take a set of coset representatives

R for (} 1)\SL2( )/T(N) such that every p = (91 %2) € R has p3 # 0. Let
k—1)IN*— . ~

Co = N (()21;))1%;k22k_2. For a given f € WME_,(I(N)) we have /m € Z such

that flgy™ = O(e*™™) for all y € (§%)\SLa(Z)/T(N). Let i be (2mP?)'/? if

m > 0 and 0 otherwise. Since Fo (g, V, A; f) = (—=1)*F 9 (q,V,A; f) for a < 0,

it is enough to compute the Fourier expansion in the case @ > 0. To state the result,
we define

P (v,s,p) = 22515 q(k,s) Z (P_lt)l_QEe(—QP_ltpr;)
tp3§—P151:1(mod MP)

(207 (_ k—1+~
h = r
where ¢(k, s) E i S+ 5 )
2B+vy=k—1

B,y>0

7(p) = > > e(—205" (paN (")
v'edJ

TTD (—ps) g V€T (=ps)

+p1N(v")) + Tr%{—QUv”pgl}),

(k — 1)'P2w N
p(y’ w) = ok— 1 2D 1/2 ZPS 204P2N(U2>>

X (dp(O, s)p' (v, s +w, p) + a,(0, s)p' (v, 1 — s+ w, p))

We also let
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7(p, 1 v2) = p3le(—2p5 " (pIN(r) + Trg (vaF) + p4N(v2)))

© X Z 2P3 Trg (5 (r + pave)) + paN(4))),
Jj€J/p3J
Qa,,ﬁ,'y(y, A)
B B+y—m Bt~y—m
(6) = Z Z VJre( e )[(ﬁ m)!(a + m)lmly!] 7127

I\QW

X <_ - ) y2m+e+a+1K25—1—e(2y>7
B+y—m—e

where (@), = a(a—1)---(a—n+1) with (a)o = 1. Letga(y,A) = 35, qa,6+(¥; A)s
where the sum is over nonnegative integers 5 and - such that 26+~v =k —a—1 and
a+3>0.

Theorem 4.2. Let o > 0. Let f € WME,"_, (U(N)) with a Fourier expansion of
the form (1). Let V. = (g% 4. ) € A*. Then for v > 1 the lifted form F3% (g(p,v); f)

Vg V4
has the Fourier expansion given by the constant term of the Laurent expansion at

w = 0 of the analytic continuation of

CZ Z ST R /1) e (NN (), 5)

——1 N
tp3——PU1 (mod MP) reJ Dy -0

XT(p, 7, 02)qa (27 P tv|r|, N e(2P M tr(F) — pavs) + Sa0p (v, w)

-1
_i_(k_l)![(kl%) (47r) (k1= O4)/2]
5111 (mod M),OV<¢a,(k—1—a)/2(Za 0, ’U2>, f>

reg
)

where T(p,7,v2) and qo (27 P~ tv|r|, \) are the functions defined in (5) and (6).

In [10, Theorem 4.1] the Fourier expansion of Fn,™(g(u,v); f) has been derived
in the case when f is a Maass cusp form. Compared to this, our result coincide with
[10, Theorem 4.1] in the first two parts and contains extra summands whose main
terms are 22 and v?°. Proof. We proceed as in the proof of Theorem 4.1 in [10]
together with the convergence analysis. Let us first consider the o > 0 case. Note that
(O, )79 = (Oralip™s flup™")"9. This is because Y- 1y s1,z) Or.aliy Flry”
is SLo(Z)-invariant. Using the Rankin-Selberg method we unfold the integral. First
¢a,8(2,0,v) € G{T'(N),a+28+1, —F(a+ )} for v € j_lD;{l, when we consider
also the behavior under Maass operators, where DN (I)|N. We compute the lifting
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using Proposition 4.6 of [10] to obtain that (6, o, f)" is equal to

reg (k — DlimnH
/ |:Z (Ck + B)"}"Q’g(QT(')ﬁP X {5111 (mod M)7057,0¢Oé,,6(27 07 ’U2>

L(N)\H
+)° Z (Pl >
PER o€l \T'(N)

tp3——PU1 (mod MP)

[(¢a,8(z, P~ tppa, va — P~ tpps)|atops1p ™"

e _ _ _ da:d
o eGPy P o) +20100))) o) 2) | T T S
The constant term 0, (mod 11),007,00a,3(2; 0, v2) in the expansion of 0 o is a modular
form for T'(IV) of weight kK = « + 23 + 1 if this is nontrivial, i.e., v = 0, so as above

we have
reg

(60, (mod M),0%a, (k—1—a)/2(2, 0, v2), f)
= (Buy (mod M),0Pa,(k—1—-a)/2(2, 0, 02)[kp ™", Flip ™),

which gives the constant term in the expansion of Fo“ (g(u, v); f).

We begin with analyzing this constant term. It converges because ¢, g contains only
Fourier coefficients with positive indices, so that only decreasing Whittaker functions
and exponentials survive after integration with respect to x (up to the constant Fourier
coefficients, which are dealt with using the extra y~%). For evaluating it we take v
with v1 = 0 (mod M), and obtain that

<¢a7k—17—a (z, 0, v2>’ f>7“eg
reg -
- D0 (B iepenls) o0, ) TR

SL2(Z\9 yer(N)\SLa(Z) ’

It suffices to consider the integration over the subregion satisfying the condition y > 1
for convergence check. So we consider the integral taken over that region. Next we
separate the integral into two parts

k— 1 a(Z 0 ’U2> f>reg

Oé

/ / Z (¢a,’“—;——a k) (2,0, UQ)Wyk—w dwgly

’Y€F(N)\SL2(Z) y
+1 k-2 4 /
D S (SIS S Y
’YEF(N)\SL2(Z) ’U/Ej_l'D}_(l/cJ

dxdy
2 -
X¢a7k—§—a (c*z, cbvg, —c ™ (avg — 0 }f\k’y v 2
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where we have used the expression of ¢, g|ry in [10, Proposition 4.7] in the second
part. Here

(7, u, v,v)
= (N(I)’D)7? >~ e(2cH(eN(©")+dN(v') = Tr§ (V' (bu—du—2v"c™))).

v’ed/e]

Note that in the first part, each (¢, x-1-a[r7)(2,0,v2) are just translations by
2
m € Z/NZ. So the first part is equal to

/ / ¢o¢ k—l_—a(Z, 07 v2>f(z>yk_w xgy'
1 Jo T2 Y

Then the term concerning W% -l (47N (r — va)y) is of exponential decay and we can
make the exponent of y less than —1 for Re(w) sufficiently large, hence we conclude
that the regularized integral converges.

Next we consider the second part. First input the Fourier expansion of ¢a7k—é—a

and the Fourier expansion of f|;y(z) in the second part, and integrate it with respect to
x. Then it suffices to show that the summation of each integration for each r yields an
absolutely convergent series using Lebesgue’s dominated convergence theorem. Here
the important summation is the sum over r € J, because this is an infinite sum.
But the growth conditions a.,-1(n,s) = O(e“V™) for some C > 0 and W,,,(y) ~
e V/2y¥ as |y| — oo guarantee the convergence corresponding to W oL It yields
the convergence of the constant term of lifting. v

Next we evaluate the ‘non-constant terms’. Notethat ((f|xo 1) [£7)(2) = (flep™ 1) (2)
for all v € T'(N), because I'(N) <1 SLy(Z). Then we can replace the integral over
a fundamental domain of SLs(Z) by an integral over a fundamental domain of NZ,
since the argument appearing in [2, Theorem 7.1] holds equally well here. We obtain

oo N (k — D)l H
/0 /0 [% (a+ B)y128(2m)BP

Z Z (P7')7 (Ga,5(z, P tpups,ve — P71t
pe’R t=1

tpg=—Pvy (mod M P)

X 11p3)|avaps1p” " -y Te(iPT Py !

. _ . dud
—P lt(Tr%(me)+2P4v4)))}f\kp_lyk y—zy

Then we use Proposition 4.7 of [10] to expand ¢q (2, P~ tups, va — P~ ups)
la+28+1 p_l. We ignore convergence issues for the moment, and we shall address them
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later. When we compute the above integral term by term, then the essential part we
have to consider is

00 N
/ / (p§y>‘ﬁL(§‘) (4myN(psr — pavs + "))
o Jo
e _ — ;. dxd
e(2N(p3r — pavg + ") 2)y e(iP 2%y x f\kp—lyk w7y.

Next we evaluate the integral with respect to x using the Fourier expansion of f|.p~!.

In the case p3r — pavg + v’ # 0 this is equal to

- —k/2
Nops 2’Ga,p(NN(pgr — pava + '), 5) (47N (pgr — pava + ")) /

o
) /0 yPLGY (47N (psr — pyv + v')y)e 2N par—pavate)y

Xy—’ye—ﬂ'P_2t2y2y—1 y_k/2WE 1 (47TN (pg?’ — pavo + ’Ul) y) yk—2—wdy'
27 2

Using Lemma 4.8 of [10] we can evaluate the integral. Since there are exponentially

decaying terms inside the integral, this converges regardless of w, so we can evaluate

at w =0 to get

— —k/2
2N p3 *Pa,(NN(psr — pavs + '), 5) (47N (par — psvg + ")) /

x nimim(—nﬁ““ ooy (k2= ety

X (47N (par — pava + ') "D (mp22y 2y AT

XK2§_1_6 (47TP_1tV(N(p37’ — P4v9 + ’Ul)),

where K is the K-Bessel function. In the case p3r — psvy + v/ = 0 the integral is
convergent for sufficiently large Re(w) and the result is

Np3—2,3 <a ;5) {mwp—zt%%—ﬁ—w%—g—wr <w 45— g +y+ 5)

5 k
+a, (0, s><wP-2t2v2>—ﬁ‘”+§“‘1‘wf(w F1-5-o 40+ v) }

To justify this splitting of the integral, we need to justify the convergence for the
change of order of integration and two infinite summations, i.e., sums over ¢ and r. If
p3r — pavy +v' = 0, the sum over ¢ converges for sufficiently large Re(w). When
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p3r — pavo + v’ # 0, we have to study the convergence of

Z Z P77 (p7Y, P~ upa, va — P~ tpps, o' ) e(—P~t(Trf (v27ipa)))

fp\;:—PUl (mod mpy "
></ Ny Te(iP 220y~ )y P LYY (47N (psr—pava+0')y) (p5 ' (p3r—pava + ')
0

xe(2N(par — pava +v')z + Trg{(2rps — pave + v')(p2v2 + P~1tu)})

k
Xa,(NN(p3r — pava + ') |47TN P31 — pavs + )y | 2

XWi 51 (4mN(psr — pava + v )y)yF 2 dy.
Then we see that summing first with taking absolute values and integrating gives

a finite value, when we consider exponentially decaying terms Wi _ 1 (47N(p3r —
27 2
pava + v")y) and e(iP~2t>v2y~!), in spite of the subexponentially growing term
a,(NN(par — pava + '), s). Therefore by Lebesgue’s dominated convergence the-
orem we can carry out the previous term-by-term integration. The part corresponding
to psr — pavy + v’ = 0 is simplified by using (r — p§1p4v2 + pglv’)o‘ =0fora>0
into
(k= DIP?"7IN f o o5 0w k415w
30,0 2’f—1(N(I)2D)1/22 v ™ q(k, s, w)

X Z pgldp(o,S)T(p)e(2p4p2N(02)) Z (P10 =520 e(_ 2P~V pyuy)

t=1
PER tpg=—Puvy (mod M P)

+l/2§_2w7r_§+§_wq(k:, 1—s,w) Z 3 'a,(0,5)7(p)e(2pap2N(v2))
PER

X Z (P_lt)%_l_me(—2P_1t,04v4)} = 0q,0p(v, w).

t=1
tpg=—Puvy (mod M P)

Finally, the last part corresponding to p3r — pavs +v" # 0 can be computed as in [10].
Note that rearranging the sum does not make a problem because it does not change
the order between summations over ¢ and r, which are infinite sums. We arrive at the
following simplified expression

CZ Z N N TR

tp3——PU1 (mod MP) red D0
Xa,(NN(r), s)r(p,, ’U2>€(2P_1tTl"%(F/L> — p4v4) qa(QWP_ltV\r\, A),
which completes the proof in the o > 0 case. The last equality follows from the fact

that vy € 7_17);(1. Finally, since the relationship between o« > 0 and o < 0 is simply
a restatement of Theorem 3.3 (2), this finishes the proof of Theorem 4.2. ]
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We can simplify Theorem 4.2 by applying the Doi-Naganuma lifting with character
defined in the section 3 of [10] and mixing in characters as in [10, Theorem 4.2]. For
a character x (mod V), let

WMF]_, (Co(N)):={f € WME;_,(C(N))| flxo = x(d) f for all 0 € To(N)}.
We define

pr,w) = (k= IN#{p e R|(ps3, N) = 1}

x(as(0, 8)r pn(ry2(s +w) + as(0, )7 prr2(l — s+ w)),

2—28 ZB!—l,y!—liy—IQ—ZB(DN(I>2>2,8+%

T, DN (1)2(8)

By
L k=14 ¢ 1-2
><F< + 5 );XX— (L)t —=*

Here S = (9 ').

Theorem 4.3. For P =1 and M = N the Doi-Naganuma lifting with character
of [ in WMF_, X(FO(N)) is given by the constant term of the Laurent expansion
at w = 0 of the analytic continuation of

(g v); )

= Coy_t™hoen(t) Y [l (r/Ir))b(NN(r)/DN(I)?)

= reJ—0
Xq|a| (27TVt‘T"/[DN(I)2]1/2, /\)e(QTr%(ra_lN(I)_ltﬁ)) + 00, 0D(v, w).

Here 0 € ) is the purely imaginary generator of Dy, xX—p is a (not necessarily
primitive) character (mod N) and

C!, = Co/[DN(I)?/N]¥/2Ni?=4{p € R|(p3, N) = 1}.
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