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ONE PARAMETER FAMILY OF UNIVALENT BIHARMONIC MAPPINGS
Y. Abu Muhanna, S. V. Bharanedhar and S. Ponnusamy*

Abstract. In this paper, we provide sufficient conditions to construct sense-
preserving and univalent biharmonic mappings that arises from analytic functions
which are not necessarily univalent in the unit disk |z| < 1. Also we state and
prove several theorems under different weaker hypothesis in each case, leading to
an affirmative answer to the radius problem posed by Y. Abu Muhanna in 2008.

1. INTRODUCTION

A complex-valued function F' = u + iv which is four times continuously differ-
entiable in a simply connected domain D C C is biharmonic if AF, the Laplacian of
F, is harmonic in D (see [5, 8]). Note that AF is harmonic in D, if F satisfies the
biharmonic equation A(AF) = 0, where

82
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Biharmonic mappings are widely used in engineering fields and applied mathematics

(cf. [11, 13]). Throughout we consider harmonic and biharmonic functions defined on
the unit disk D = {z : |z| < 1}. Every biharmonic function £ on D has the form

A =4

1) F(z) = |2|*G(2) + H(z)

where G and H are harmonic in D, see [1, 2, 3]. A biharmonic function F' on D is
said to be sense-preserving if the Jacobian Jz(z) of F is positive in the punctured disk
D\ {0}, where

Jr(2) = |F(2)]” = [Fx(2) .
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A continuously differentiable function f: D — C which fixes the origin is called
starlike in D if it is univalent in D and the range f(D) is a starlike (with respect to the
origin) domain.

In the case of analytic functions, f(|z| = r) is a starlike curve for each r € (0,1) if
f is starlike in D. This property is not true in general in the case of harmonic starlike
mappings (see [4, 12]).

Definition 1. A continuously differentiable function F' on D is said to be fully
starlike (see [16]) in D if it is sense-preserving, F'(0) = 0, F'(z) # 0 in D\{0} and
the curve F(re') is starlike (with respect to the origin) for each r € (0,1). The last
condition is same as saying that

0 it 2F,(z) — ZF%(2)
a(argF(re )):Re< F02) ) >0

for z = re® € D\{0} (see also [4, 12] in order to distinguish the starlikeness property
of harmonic mappings from conformal mappings).

Let A denote the class of normalized functions G of the form
(2) G(z)=z+ Z anz",
n=2

which are analytic in D. Set S = {f € A : fisunivalentin D} (see [7, 10]). It
has been proved by the first author that, if G € S, then ' = |2|2G is not necessarily
univalent in D (see [2, Example 2.2] and [3, Example 1]). In fact, F' is not even
sense-preserving in D if G € S. On the other hand, it is easy to see that, F' = |z|?G
is univalent in D whenever G is harmonic and starlike in I, see [1] and [15, Theorem
1.3]. Therefore, it is natural to determine the radius of univalence of |2|>G when
G € S. This problem has been solved by Muhanna [3, Theorem 2].

For a given analytic function G consider the one parameter family of biharmonic
functions W,,(z) defined by

*G
) Wa(2) = |2]*G(2) + [—G(z) —i-a/ #dg] .
0
In [3] Muhanna proved two theorems concerning the sense-preserving property and
univalency of biharmonic functions Ws(z), i.e. @ = 2 in (3). Indeed for G € S, the

sharp inequality (1—|2|2) |22} | < 4 holds for z € D. The number 4 in this inequality
G(2)

cannot be replaced by a smaller number. As pointed out in [17] a closer examination
of the proof of [3, Theorem 3 and Proposition 3] shows that these results are valid for
Wy(z) rather than for W5(z). Correct formulation of these results follows.
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Theorem A. If G € S, then W,(z) defined by (3) has Jacobian Jyy,(z) > 0
except at z = 0. Moreover, if G is starlike, then the biharmonic function Wy(z) is
univalent in D.

It is natural to ask whether Theorem A continues to hold when G is not necessarily
univalent in D. In Section 2 we identify a family F which contains also non-univalent
functions G € F such that Wy(z) is sense-preserving and univalent in D. In fact we
prove something more than this. However, in the same paper, Muhanna [3, Problem
1] posed the following question.

Problem 1. What is the radius of univalence of W (= Wy(z)) if G € §?

In [17] Ponnusamy and Qiao discussed this problem and obtained for example the
following results.

Theorem B. Let G(z) = z + >3, axz* be analytic in D such that |ax| < k
for £ > 2. Then the biharmonic function W = Wy(z) defined by (3) has Jacobian
Jw(z) > 0 except at z = 0 and univalent in {z : |z| < r1}, where r; ~ 0.34195 is
the root of the equation

6r° — 10r* — 573 + 15 — 13r + 3 =0

in the interval (0,1). Moreover, W is fully starlike for |z| < r; and also by all its
sections

@ Ko(e) = |:G(a) + | <Gue) +4 [ “ ],

where G, (2) = z + > 7_, axz"* denotes the section of G(z).

We remark that if G € S then, by de Branges theorem, |ay| < k for all £ > 2 and
therefore, the radius univalence g of Wy(z) is bigger than or equal to r; ~ 0.34195.
This answers Problem 1 affirmatively.

It is interesting to solve Problem 1 for many other geometric subclasses of univalent
functions that are not necessarily starlike in . This is done in Section 3. These
theorems may be obtained using some well-known sufficient conditions for univalence,
namely, that G is close-to-convex in D. Here G € A is said to be close-to-convex in
D, denoted by G € K, if there exists a function ¢ which is analytic, univalent and

starlike in D for which &)
z z
Re >0, zeD.
< ?(z) )

Interesting particular considerations are the classes corresponding to the functions

z
1—2z+422

$1(2)=2, ¢a(2)=

e 1 = g )
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Corresponding to the above choices, the family I of close-to-convex functions is
denoted respectively by IC; (7 = 1,2,3,4,5). If G is given by (2), then one has the
following. For example, the following implications are well-known (see [7, 10]):

() G € Ky, i.e. Re(G'(z)) > 0in D, implies that |a,| < 2/n for n > 2
(ii) G € Ky4,i.e. Re((1—2)2G"(2)) > 0 in D, implies that |a,| <2 —1/n.

We recall that each function in K4 maps the unit disk D onto a domain that is convex in
the direction of real axis. It is easy to see that there are non-starlike and non-univalent
analytic functions G satisfying each of these necessary coefficient conditions stated
above.

In this paper, we show that Theorem A continues to hold without G being univalent
in D. This is done in Section 2, by identifying the family F containing non-univalent
functions for which Theorem A holds with G € F. In Section 3, we state and prove
a number of theorems which give affirmative answers to Problem 1 under different
geometric conditions.

2. MAIN THEOREMS
Now, we introduce the following notations. For A > 0, we consider the family
R\ ={G e A: |G'(z2) —1| <\, 2 € D}.

Set R(1) = R. Functions in R are known to be univalent in D, but functions in
R(A) are not necessarily univalent in D if A > 1. Also, it is important to remark that
functions in the class R are not necessarily starlike in D. However, functions in R(\)
are known to be starlike in I provided 0 < A < 2/+/5 (see [14, 18]) and 2/+/5 cannot
be replaced by a larger one (see [9]). On the converse part, even a normalized convex
function f is not necessarily satisfying the condition Re (f/(z)) > 0 in D and hence
need not belong to R. Since functions in R(\) are not necessarily univalent in D if
A > 1, the final case of the following theorem (see Table 1) clearly improves Theorem
A in the case of e = 4. Moreover, we prove a general result.

Theorem 1. Let G € R(\) for some 2/4/5 < A < 2 and consider the biharmonic
function W,, defined by (3) for a € C.

(i) If G € R(1) and Rea > 3/2, then Jy, (z) >0 in D\ {0}.
(if) If G € R(2) and Rea > 6, then Jy, (2) > 0 in D\ {0}.

(iii) For other values of A, the range of Re « for which Jyy, (2) > 0 holds in D\ {0}
is given in Table 1.

Proof. Let W(z) = W,(z), where W, (z) is defined by (3). We have, Wz(z) =
2G(z) and
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W.(2) = 2G(2) + r?G'(2) — G'(2) + a%.

z
If a is the dilatation of W then for z # 0,
Wz(z) =z 1
a(z) - -z 2G' (z "(z
Wee)F 1+ G5 -+ a}

I RN

1
1+ 4 [a— (1- z2>§§(<)>ﬂ
In order to prove that |a(z)| < 1 in D\ {0}, it suffices to show that

Re <a —(1- \Z\Q)Zg;i';)) >0 forzeD.

Now we let G € R()\) for some 2/v/5 < A < 2. Then, there exists a function
w(z) analytic in D, w(0) = 0 and |w(z)| < 1 in D such that

(5) G'(z) =1+ dw(2).
Thus, by integration we find that

Glz) =2 + /\2/01 w(tz) dt,
that is,

G(z)

z

(6)

1
= 1+/\/ w(tz) dt.
0

By the Schwarz lemma, we obtain |w(z)| < |z| in D. Using this, we obtain that

-

/1 (tz) dt </\/1tHdt Az A
w(tz Zldt =A== < =
z 0 - 0 2 2’

showing that |G(z)/z — 1| < 1 whenever 0 < X\ < 2. In particular, Re (G(z)/z) > 0
in D for 0 < A <2 and hence, G(z)/z # 0 in D in this case. Also,

2G'(2) 14+ w(z)
G(2) 14\ [ w(tz)dt

and, since |w(z)| < |z|, we see that

2G'(z)
G(2)

1+ A|z| B

™ 1| < (1= o) = (e
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where 214 Aa) 1
falz) = ———(
We need to determine the extrema of f(x) on (0,1). Computationally, it looks like
an uneasy situation for all the values of \ € (2/+/5,2] other than A = 1 and \ = 2.
Let A = 1. Then we have
o) - A _ v oo
— ) (2 —x)

In order to determine Jnax fi(x), a calculation shows that
<z

— %), z€(0,1).
0

f(2) = 2(z+ 1)((22f;>12)(m —3)

from which we find that

max fi(z) = fi (1) _3

z€(0,1) 2 2
Similarly, for A = 2, we find that
fa(z) = (14 22)(1 + 2)
and therefore, mrérl(%ﬁ)f2<$> = fa(1) = 6.
Thus, by (7) in the case of A =1,

G'(z) 3
1— 22 |2 <=
2215( 121 G(2) |~ 2
and for A = 2, we see that
G'(z2)
sup(1 — |z|? ZrZ) < 6.

These observations show that

G'(z) Rea —32 ifA=1,
— (1 — 2 Zi > 2
Re o —( ‘ZHG(Z)]_{Rea—G if \=2.

Finally, we see that the dilatation a(z) satisfies the condition |a(z)| < 1in0 < |z] < 1
if either A =1 and Rea > % or A =2 and Rea > 6. The proof of the theorem is
complete. -

Remark 1. In Theorem 1, we restrict A such that 2/\/5 < A\ < 2. But the result
can be stated for 0 < A < 2/\/5, but in this case functions in R(\) are starlike.
However, one can prepare a table of values covering the case 0 < A < 2/+/5.
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Table 1: Range for Re « for certain values of A\ > 1

S.No | Value of | Local maximum of | Lower bound
A fa(z) occurs at for Re
1 1.25 0.57224 1.79592
2 14 0.615521 2.03182
3 15 0.645909 2.22562
4 1.6 0.678804 2.46166
5 1.75 0.737174 2.94552

Theorem 2. Suppose that G is an analytic function satisfying |G’(z) — 1| < 1, for
z € D. Then the biharmonic function W = W,, defined by (3) is univalent in D for
a>3/2.

Proof. Fix 0 < p < 1. Consider the function

V(p) = p*Glpp) + [—G(/w) + a/f@ dC] :

where |¢| < 1. Then a computation gives

V'(9) = pX (pp)
where o
X(pg) = ~(1 = )G (o) + aEL.

By assumption, |G'(z) — 1| < 1 in D. Using the representations (5) and (6), X (py)
can be written in terms of the Schwarz function as

X(pp)=a—(1-p*) = (1 - p*w(pp) + a/o w(tpyp) dt,

where w is analytic in D, w(0) = 0 and |w(z)| < 1 in D. By the Schwarz lemma,
|w(2)|] < |z| in D and using this, we have

Re (X () = Re (a (=) = (= Phelpe) +a [ wline) dt)
>a—(1-p%) —(1-p*)plel —a@
>a-(1-p) = [(1- Do+ L]

It follows that Re (X (pp)) > 0 if and only if & > K(p), where
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We see that K (p) attains its maximum at p = 1/2 and the maximum value is K (1/2) =
3/2. Hence if o > 3/2, then Re (X (py)) > 0.

Thus, it follows that V' (¢) is close-to-convex and in particular, univalent in D.
This implies, as V(¢) = W {(pyp) for || = 1, W(z) is univalent on |z| = p.

Since, the Jacobian, Jy (z) > 0 except at z = 0, by Theorem 1 and the degree
principle [6] implies that W (z) is univalent on |z| < p.

As p is arbitrary, it follows that W (z) is univalent in D. ]

Theorem 3. If G € R(2), then the biharmonic function W = W,, defined by (3)
is univalent in D for o > 6.

Proof.  Follows as in Theorem 2, if we use Theorem 1(ii). So we omit its
details. -

3. AFFIRMATIVE SOLUTIONS TO PROBLEM 1

A version of the following lemma is proved in [17]. Here we present a slightly
different proof and we make its proof a self-contained one.

Lemma 1. Let F(z) = |2|?G(z) + H(z) be a biharmonic mapping in D, where
H(z) = 2z + Y2, ar2® and G(z) = Y32, bpz® are analytic in D, and satisfy the
condition

(8) > (k+2)belr* T+ Zk\ak\rk L<1 (0<r<).
k=1 k=2

Then F' is sense-preserving, univalent and fully starlike in D, := {z : |z] < r}.

Proof. Consider F(2) = [2]2 Y20 brz® + 2 + > 5%, arz¥. Then it is easily seen
that

F.(z) = |22 Z(k + Dbt 14 Z kapz*~1 and F( Zbkzk“
k=1 k=2
and therefore, Jr(0) = |F,(0)|> — |F5(0)|> = 1. Next, we fix 7o € (0, 1] and assume
that (8) is satisfied for r = ry. For z # 0,
Ti(2) = (1)) + | F=(2)] ) (|P(2)] = |F=(2)]) > 0
because for 0 < |z| < rg, the triangle inequality and (8) give

|z|? Z(k + Dbt 14 Z kagz"!

o0
_ Zbkzk+1

k=1 k=2 k=1

o0

> 1= (k+2)[belrgt - Zk\ak\rk L>o.
k=1

[F=(2)| = [F=(2)] =
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Thus, F' is sense-preserving in D,,. Finally, fix an ro € (0, r] and consider the circle
Cr, ={z: |z| =ro}. For z € C,,, we have

2F,(2) —ZF5(2) — F(2) = |2)? Z(k + )bk + Z(k — 1)agz".
|2F.(2) = ZFs(2) = F(2)] < ) (k+2—1)|bg| |2 \k+2+z (k —1)|ag| |2|*
k=1 k=2

< || <Z(’f +2) bl |2+ klax \Z\'H>

k=1 k=2
o

o
=D lawl =" = 122> lbul |2
k=2 k=1

o0

[0.9]
< el =D lawl 21* = |22 Y g [2*
k=1

k=2
< [H(z)| = 271G (2)]
< |F(2)]

which shows that for |z| =

2F,(z) — ZF%(2)
F(z)

—1’<1

and hence, F' is univalent on C,, and it maps C,,, onto a starlike curve. By the sense-
preserving property and the degree principle, it follows from [12, Lemma 2.1] that F'
is univalent and fully starlike in D, since ro € (0,r] is arbitrary. The proof of the
theorem is complete. ]

Theorem 4. Let G(z) = 2+ 7, axz* be analytic in D such that |a;| < (k+1)/2
for k > 2. Then the biharmonic function W = W, defined by (3) has positive Jacobian
in D, \ {0} except at z = 0 and univalent in D, . Here rg ~ 0.38853 is the root of
the equation ¢(r) = 0, where

9) ¢(r) = 8r° — 147 — 613 + 2617 — 241 + 6

in the interval (0,1). Moreover, W is fully starlike for |z| < rg and also by all its
sections defined by (4).

Proof. Consider the function W (z) defined by

W(2) = |22G(2) + [—G(@ 14 /O ¢lo) dg] .
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) = IW(rz) for 0 < r < 1, and G(z) = 372, apz* (with a; = 1) such
< (k+1)/2 for all k> 2. Then a computation gives that

o0 o0
4
Wy(z) = \z\QZrk“akzk + Z <E — 1) r*lag 2",
k=1 k=1

In order to apply Lemma 1, we consider

W, (z) 2 k - k
T3 =P B et ) A
k=1 k=2

Let W, (z
that |ay|

where ) ok

Bk=§7’k+1ak and A = ?;f Tk_lak.
Note that TV (z) is univalent and fully starlike in |z| < r if and only if W,(z) is
univalent and fully starlike in the unit disk |z| < 1. Thus, by Lemma 1, it suffices to

show that

S(r) = (k+2)|Be + >kl <1
k=1 k=2

for 0 < r <rg. Now, since |ax| < (k+ 1)/2 by assumption, it follows that S(r) <
+T(r), where

T(r) = i(k +1)(k + 2)r*F T+ i(k + 1)|k — 4frk—L.
k=1 k=2

Clearly, S(r) <1 holds if T'(r) < 6. In order to prove the later inequality, we use the
following equalities

N~k r(l47) 2k
—Zkr and (1_r>3—2kr.
k=1

k=1

Now, by adjusting the second sum in 7'(r) conveniently, it follows that

T(r) = (K +3k+2)r" + 6r + 40 + Y " (k+ 1) (k — 4)rk~!
k=1 k=4

x x x x x
= Z k2rktl 4 3 Z krktl 49 Z phtl 4 Z k2pk-1 _ 3 Z krk—1
k=1 k=1 k=1 k=1 k=1

x

—4Zrk_1 +6+4r% + 6+ 61 + 41>
k=1

(rP+1)(1+r) 3(2-1) 2(r?-2)

= 6 + 12r + 8r2.
-3 T L_nE 1y TomrEe
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A simple calculation gives that 7'(r) < 6 is equivalent to the inequality ¢(r) > 0,
where ¢(r) is given by (9). The inequality ¢(r) > 0 holds if 0 < r < rg, where
rs ~ 0.38853 is the root of the equation ¢(r) = 0 in the interval (0,1). Thus,
S(r) <1 for0 < r <rgandso, by Lemma 1, W,.(z) is univalent sense-preserving
and fully starlike in D with 0 < » < rg. The proof of the theorem is complete. |

Remark 2. For \ € C, we consider fy(z) = z + Az2. Then we see that f,(z) is
not univalent in D if |A| > 1/2. Thus, there are non-univalent functions satisfying the
coefficient condition |ax| < (k+ 1)/2.

Let S; denote the set of all analytic functions h(z) = 2+ 2, ax2"* in D satisfying
the inequality
h"(2) 1
Re (1 —— D.
e<+zh/<z>)> % RS

It is well-known that S; € S, but functions in S; are not necessarily starlike in D. In
fact if we let

ho(z) = B [(1 _22)2 1 i z] - ?1__2322

showing that hq is close-to-convex in . The fact that hg is not starlike in D can be
easily seen by looking at ho(ID). A calculation reveals that the boundary of hy(D) is
the parabola u + 2v% + 3/8 = 0, see Figure 1. Moreover, if h € S; then, the Taylor
coefficients of h are known to satisfy the inequality |a| < (k + 1)/2 for each k > 2.
Clearly, equality holds for the function hg(z).

then

Corollary 1. Let G € S;. Then the biharmonic function W = W, defined by (3)
has Jacobian Jy(z) > 0 in I, \ {0}. Moreover, W (and each of its polynomial
section) is univalent and fully starlike in {z : |z| < rg}, where rg ~ 0.38853.

At this juncture, we would like to remark that analogue of Theorem 4 can be
proved even for other values of « including o € C. So it may be appropriate to state
the theorem for W, and outline a proof for the sake of completeness, for the case
a € (1,4].

Theorem 5. Let G(z) = 2+ 7, axz* be analytic in D such that |a;| < (k+1)/2
for £ > 2. Then the biharmonic function W = W, where o € (1, 4] defined by (3)
has Jacobian Jy/(z) > 0 in D, \ {0} and univalentin {z : |z| < rg}. Here rg is the
smallest root of the equation v () = 0 on the interval (0, 1), where

(10) Y(r)=Ar® + Bri + Cr3 + Dr* + Er + F
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Fig. 1. The graph of the function h(z) = ?;fi{f.

with

A = da— 3|+ 4a — 12,

B = 3la—2|—12]a - 3| - 9a + 28,

C = —2|la—1| —9a— 2|+ 12|a — 3| + ba — 14,
D = 6la—1|+9|a— 2| —4|a— 3| — 6,

E = —6la—1|-3la—2| and F =2|a—1]|.

Moreover, W is fully starlike for |z| < rg and also by all its sections.

Proof. Proceeding exactly as in the proof of Theorem 4, we notice that it suffices
to show that L(r) < 2|a — 1|, where

(k+ 1) (k+2)r* > " (k + 1] — klr* !
k=2

NE

L(r) =

i
I

(k+1)(k+2)r" 4+ |a — 23r + |a — 3|47 + Z(k +1)(k — a)r* L.
k=4

)

i
I
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After a long computation, it follows that the inequality L(r) < 2|a — 1| is equivalent
to ¢ (r) > 0, where ¢ (r) is given by (10). We see that the inequality ¢(r) > 0 holds
if 0 < r < rg, where rg is the root of the equation ¢)(r) = 0 in the interval (0, 1).
The proof of the theorem is complete. ]

We remark that if G(z) = 2 + 33, ax2" is analytic in I satisfying the condition
Re(f(z)/z) > 1/2in D, then |ax| < 1 for & > 2 and moreover, f is not necessarily
univalent in D.

Theorem 6. Let G(2) = z + Y22, ax2" be analytic in I such that |ay| < c for
k > 2, and for some ¢ > 0. Then the biharmonic function W = W, defined by (3)
has Jacobian Jy/(z) > 0 in D, \ {0} and univalentin {z : |z| < rg}. Here rg is the
root of the equation v () = 0 on the interval (0, 1) where

(11) P1(r) = =2t + 2er® 4 3r2 — (6 + 2¢)r + 3.
Moreover, W is fully starlike for |z| < rg and also by all its sections defined by (4).

Proof. The proof goes in same lines with that of the proof of Theorem 4. For the
sake of completeness, we indicate main steps. Thus, following the proof of Theorem
4, it is enough to show that 73 (r) < 3/c, where

o o

Ty(r) =Y (k+2)r" "+ [k —4rF!
k=1 k=2
—2r3 4+ 3r2 — 3 +4r

= 2r% + 4r + 3.
3L +2r° +4r +
A calculation shows that the inequality, 7 () < 3/c is equivalent to )1 (r) > 0, where
Y1(r) is given by (11). We see that the inequality ¢1(r) > 0 holds if 0 < r < rg,
where rg is the root of the equation 1 (r) = 0 in the interval (0, 1). The proof of the
theorem is complete. ]

Corollary 2. Let G(z) = z + > 5, arz be analytic in D and consider the
biharmonic function W = W, defined by (3). Then
(i) If |ag| <1 for k > 2, then W has positive Jacobian in D,, \ {0} and univalent
in D, , where r; ~ 0.472727 is the root of the equation

2t —2r3 — 32 £ 8r —3=0

in the interval (0, 1).

(i) If lax] <1 for k > 3 and ag = 0, then W has positive Jacobian in D, \ {0}
and univalent in D,.,, where r5 ~ 0.553164 is the root of the equation

4r° —10r* + 8% —r? —6r +3 =0
in the interval (0, 1).
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(iii) If |ag| < 2 for k > 2, then W has positive Jacobian in D,., \ {0} and univalent
in D,,, where r3 ~ 0.347051 is the root of the equation

4t — 4 =3 +10r —3=0
in the interval (0, 1).

In all the three cases, W is fully starlike in the corresponding disk and also by all its
sections defined by (4).

Proof. Cases (i) and (iii) follow from Theorem 6. We omit the proof of Case (ii)
as it follows after some easy computation. ]

As in the case of Theorem 5, Theorem 6 can be proved for even other values of o
including complex values. For instance, we have

Theorem 7. Let G(2) = z + Y o, ax2" be analytic in I such that |ay| < c for
k > 2. Then the biharmonic function W = W,, where « € (1, 4] defined by (3) has
Jacobian Jy(z) > 0 except at z = 0 and univalent in {z : |z| < rg}. Here rg is the
smallest root of the equation v»(r) = 0 on the interval (0, 1), where

(12) wo(r) = Prt+Qr* + Rr* + Sr+T
with
P = —c(a+|a—3]-3),
Q= —c(—a+|a—2|—2la—3|+2),
R=|a—-1]—c¢B-2la—2|+|a—-3|),
S==22la—1—-cla—2| and T = |a—1|.

Moreover, W is fully starlike for |z| < rg and also by all its sections.

Proof. According to a closer examination of the proof of Theorem 6, it suffices to
show that M(r) < |a — 1|/¢, where

o0 o0

M(r) = Z(k +2)rF 4 Z lov — K|rF 1
k=1 k=2
— Z(k +2)rH ! o = 2|r + |a — 3| + Z(k —a)rk L
k=1 k=4

A long computation gives that the inequality M (r) < |a—1]|/cis equivalent to ¢ (1) >
0 where o(r) is given by (12). It follows that the inequality i2(r) > 0 holds if
0 < r <rg, where rg is the root of the equation 2(r) = 0 in the interval (0, 1). The
proof of the theorem is complete. ]
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Theorem 8. Let G(z) = z + > 7o, axz® be analytic in D such that |ay| < c¢/k
for k > 2. Then the biharmonic function W = W, defined by (3) has Jacobian
Jw(z) > 0 except at z = 0 and univalent in {z : |z| < rg}. Here rg is the root of
the equation ¢;(r) = 0 on the interval (0, 1), where

13) oy =2 -2 ﬁ;;if?f; A

Moreover, W is fully starlike for |z| < rg and also by all its sections defined by (4).

log(1 —r).

Proof. As with the proof of Theorem 6, it suffices to indicate only the main steps.
By Lemma 1, it is enough to show that 7»(r) < 3/c, where

L (k+2 k-4
TQ(T)Z ( - )rk+1+z‘ - ‘rk—l
k=2

r 1 4 272
- 4 Zlog(1 =) — 2rlog(l — ) 4+~ 4 27 4 3.
1—r+1—r+r0g< r) —2rlog(l—r)+ 3 +2r+3

A calculation shows that the inequality, 7»(r) < 3/c is equivalent to ¢; (r) > 0, where
¢1(r) is given by (13). We see that the inequality ¢1(r) > 0 holds if 0 < r < rg,
where rg is the root of the equation ¢;(r) = 0 in the interval (0, 1). The proof of the
theorem is complete. ]

Taking ¢ = 1 in Theorem 8, we have the following.

Corollary 3. Let G(2) = z + Y 32, axz" be analytic in D such that |ay| < 1/k
for k > 2. Then the biharmonic function W = W, defined by (3) has Jacobian
Jw(z) > 0 except at z = 0 and univalent in {z : |z| < rg}, where rg ~ 0.612948 is
the root of the equation

2r8 412 +3r — 12 (212 —4)
3(r—1)

in the interval (0,1). Moreover, W is fully starlike for |z| < rg and also by all its
sections defined by (4).

3

log(1—7)=0

Taking ¢ = 2 in Theorem 8 gives the following

Corollary 4. Let G € Ky, i.e. Re(G'(z)) > 0in D. Then the biharmonic function
W = W,y defined by (3) has Jacobian Jy(z) > 0 except at z = 0 and univalent in
{z: |z| < rs}, where rg ~ 0.454048 is the root of the equation

3 2r3+r2+3r—12+ (2r2 —4)
2 3(r—1)

log(1—7)=0

in the interval (0,1). Moreover, W is fully starlike for |z| < rg and also by all its
sections defined by (4).
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For a € (1, 4], we have the following generalization of Theorem 8.

Theorem 9. Let G(z) = z + 3 72, arz" be analytic in D such that |ay| < ¢/k
for £ > 2. Then the biharmonic function W = W, where o € (1, 4] defined by (3)
has Jacobian Jy(z) > 0 except at z = 0 and univalent in {z : |z| < rg}, where rg
is the smallest root of the equation ¢o(r) = 0 on the interval (0, 1) and

_Ja—1] n Ayr3 + Byr? + Cir + Dy (o — 2r2)

(14) P2(r) c 6(r—1) - r

log(1 — )
with

A =6 —2|la—3| —2a,
By =6—-3la—2[+2|a—3| —aq,
Cy = 3la—2|—3la| and D; = 6a.

Moreover, W is fully starlike for |z| < rg and also by all its sections.

Proof. It is enough to show that M;(r) < | — 1|/c, where

k k
k=1 k=2
o) 00 k41 o)
_ k+1 r o — 2 lo—3| 5 (k—a) p
=) 2y —t— . +y 7
k=1 k=1 k=4

A long-winded computation gives that the inequality M; (r) < |a—1|/cis equivalent to
¢2(r) > 0, where ¢5(r) is as defined in (14). It follows that the inequality ¢o(r) > 0
holds if 0 < r < rg, where rg is the root of the equation ¢5(r) = 0 in the interval
(0,1). The proof of the theorem is complete. |

Theorem 10. Let G(2) = 2+ "2, ax2"* be analytic in D such that |ay| < 2—1/k
for £ > 2 (which holds, for example if G € K4). Then the biharmonic function
W = W, defined by (3) has Jacobian Jy(z) > 0 except at z = 0 and univalent in
{z : |z| < rg}, where rg ~ 0.407285 is the root of the equation ¢3(r) = 0 in the
interval (0, 1) and

=107t + 1173 + 11r% — 457 4 21 A= 22

(15) ¢s(r) = 30— 1)? " log(1 — ).

Moreover, W is fully starlike for |z| < rg and also by all its sections defined by (4).
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Proof. We include the important steps. By the method of proof of Lemma 1, it is
enough to show that S;(r) < 1, where

> (k+2)(2k —1 o |4 —K|(2k—1) 4
Si(r) ( )3(k )rk+1+z\ \?Sk ) k-1
k=1 k=2
2 N 2 N 72 3 +g1 (1—7)
T31-r2 31-r2 (1-r) (1-r) 3 8077
4 1072
——log(1 — — 4+ 2 +1.
3rog( r)+ g T2t

A calculation shows that the inequality Si(r) < 1 is equivalent to ¢s(r) > 0, where
¢s(r) is given by (15). The inequality ¢s(r) > 0 holds if 0 < r < rg, where rg is
the root of the equation ¢3(r) = 0 in the interval (0, 1). The proof of the theorem is
complete. [ |

Again a generalization of Theorem 10 may be now stated.

Theorem 11. Let G(2) = z+>_p, axz* be analytic in D such that |ax| < 2—1/k
for k£ > 2. Then the biharmonic function W = W,,, where a € (1, 4] defined by (3),
has Jacobian Jy(z) > 0 except at z = 0 and univalentin {z : |z| < rg}. Hererg is
the smallest root of the equation ¢4(r) = 0 in the interval (0,1) and

Pirt+ Qi + Rir2 + Sir+ T, La- 272

(16)  ¢u(r) = |a—1| - 6(1—r)2

log(1 —7)

with
Py = 10| — 3| + 10a — 30,
Q1 = 9o —2| —20|a — 3| — 11 + 24,
Ry = —18|a — 2| + 10]a — 3| — 200 + 30,
S1 =9ja—2|+9 and T} = —6a.

Moreover, W is fully starlike for |z| < rg and also by all its sections.

Proof. It suffices to prove that So(r) < |a — 1|, where

— (k+2)(2k -1 — la—k|(2k—1) ,_
Sa(r) ::§£:< ); )rk+1+_§£:‘ \; ) k-1
k=1 k=2
2r? 3r? 3
= 2rlog(l — — 2|5
T2 "=y T2rleed=r)+la =2l

5 o0
+la — 3\§r2 + Z(% + 2k — 2a — 1)rF71,
k=4
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A computation reveals that the inequality Sa(r) < | — 1| is equivalent to ¢4(r) > 0,
where ¢4(r) is given by (16). The inequality ¢4(r) > 0 holds if 0 < r < rg, where rg
is the root of the equation ¢4(r) = 0 in the interval (0,1). The proof of the theorem
is complete. ]
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