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GLOBAL EXISTENCE AND ENERGY DECAY OF SOLUTIONS TO A
NONLINEAR TIMOSHENKO BEAM SYSTEM WITH A DELAY TERM

Abbes Benaissa and Mounir Bahlil

Abstract. We consider the Timoshenko system in bounded domain with a delay
term in the nonlinear internal feedback

pl@tt(x,t) - K(‘p:c + ¢):c($,t) =0,
,027Ptt(l’, t) - bw:crc(xa t) + K((pL + ¢)($, t)
Fp191(Ve(@, 1)) + poge(Ye(z, t — 7)) =0,

and prove the global existence of its solutions in Sobolev spaces by means of the
energy method combined with the Faedo-Galerkin procedure under a condition
between the weight of the delay term in the feedback and the weight of the term
without delay. Furthermore, we establish a decay rate estimate for the energy by
introducing suitable Lyapunov functionals.

1. INTRODUCTION

In this paper we investigate the existence and decay properties of solutions for the
initial boundary value problem of the nonlinear Timoshenko system of the type

prow(x,t) — K(pp + ¥)z(z,t) =0 in |0, 1[x]0, +o0],

patue(x,t) — bhyp(z,t) + K(oz + ) (2, 1)
+r191 (Y2, 1)) + paga(Ye(z, t — 7)) =0 in ]0, 1[x]0, o0,

(P) ©(0,t) = p(1,t) = ¢(0,t) = ¢(1,1) = 0 t>0,
U(x,0) = olx), i(z,0) =1 () z €]0,1],
o(x,0) = po(z), @i(z,0) = 1(z) z €]0,1],
Uiz, t —7) = folz,t —7) in ]0, 1[x]0, 7,
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where 7 > 0 is a time delay, x; and po are positive real numbers, and the initial data
(10, 11, fo) belong to a suitable function space.

A simple model describing the transverse vibration of a beam, which was developed
in [25], is given by a system of coupled hyperbolic equations of the form

{ pu(z,t) = (K(ug — @)) s in 0, L[x]0, +o0],
pou(x,t) = (Elhy) . + K(uz — @) in ]0, L[x]0, +00],

where ¢ denotes the time variable, x is the space variable along the beam of length L,
in its equilibrium configuration, « is the transverse displacement of the beam and ¢ is
the rotation angle of the filament of the beam. The coefficients p, 5, E, I and K are
respectively the density (the mass per unit length), the polar moment of inertia of a
cross section, Young’s modulus of elasticity, the moment of inertia of a cross section,
and the shear modulus.

In the absence of delay (uo = 0), the damping term assures global existence for
arbitrary initial data and energy decay estimates depending on the rate of growth of
g1 (see [2, 11, 16, 17, 18] and [21]). In addition, we would like to mention the most
recent work in this direction due to Cavalcanti et al. [4] which is the pioneer in
establishing very general explicit decay rate estimates for solutions to a wave equation
with boundary damping-source.

In recent years, PDEs with time delay effects have become an active area of research
and arise in many practical problems (see, for example, [1, 24]). The presence of delay
may be a source of instability. For example, it was proved in [6] that an arbitrarily small
delay may destabilize a system which is uniformly asymptotically stable in the absence
of delay. To stabilize a hyperbolic system involving input delay terms, additional
control terms are necessary (see [20, 8]). For instance, in [20] the authors studied the
wave equation with a linear internal damping term with constant delay and determined
suitable relations between ;1 and ue, for which the stability or alternatively instability
takes place. More precisely, they showed that the energy is exponentially stable if
po < p1 and they also found a sequence of delays for which the corresponding solution
of (P) will be instable if 5 > p1. The main approach used in [20], is an observability
inequality obtained with a Carleman estimate. Laskri and Said-Houari [13] examined
problem (P) in the linear situation (that is gi(s) = ga2(s) = s for all s € rR). Under
the assumption uo < pq on the weights of the two feedbacks, they proved the well-
posedness of the system. They also established for o < @1 an exponential decay result
for the case of equal speed wave propagation. We also recall the result by Han and
Xu [8], where the authors proved a result similar to the one in [13] for the case when
both the damping and the delay act on the boundary and for the one-space dimension
by adopting the spectral analysis approach.

Our purpose in this paper is to give a global solvability in Sobolev spaces and
energy decay estimates of the solutions to the problem (P) for a nonlinear damping
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and a delay term. We should mention here that, to the best of our knowledge, there is no
result concerning Timochenko beam system with the presence of nonlinear degenerate
delay term.

To obtain global solutions to the problem (P), we use the argument combining
the Galerkin approximation scheme (see [14]) with the energy estimate method. The
technic based on the theory of nonlinear semigroups used in [20] does not seem to be
applicable in the nonlinear case.

To prove decay estimates, we use a perturbed energy method and some properties
of convex functions. These arguments of convexity were introduced and developed by
[5] and [12] and used by Liu and Zuazua [15] and Alabau-Boussouira [2].

2. PRELIMINARIES AND MAIN RESULTS

First assume the following hypotheses:
(H1) g1 : R — R is a non-decreasing function of the class C(R) such that there exist
€1, 1, c2 > 0 and a convex and increasing function H : ry — Ry of the class
C(ry) N C2(]0, oo]) satisfying H(0) = 0, and H linear on [0, €] or (H'(0) = 0 and
H" >0 0on]0,€]), such that

1) c1ls| < lgr(s)] < cals| i |s| > €,

() 7+ gi(s) < H ' (sgi(s)) if [s| < €.

g2 : R — R is an odd non-decreasing function of the class C'!(Rr) such that there exist
c3, aq, a9 >0

3) lga(s)| < ¢3
(4) a1 8g2(s) < Ga(s) < az sg1(s),
where

Ga(s) = /OS ga(r) dr
and
() Qaofly < Qi1 fiq.
We first state some Lemmas which will be needed later.

Lemma 2.1. (Sobolev-Poincaré’s inequality). Let ¢ be a number with 2 < ¢ <
+oo (n = 1,2)0or 2 < ¢ < 2n/(n—2) (n > 3). Then there is a constant ¢, =
¢«((0,1), q) such that

[¥]lg < e[ Volla for € Hg((0,1)).
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We introduce as in [20] the new variable
(6) z(x, p,t) = Y(z, t — p), 2 € (0,1), p€ (0,1), t>0.
Then, we have
(7 72 (@, p,t) + 2p(z, p,t) = 0, in (0,1) x (0,1) x (0, +00).
Therefore, problem (P) is equivalent to:
prou(x,t) — K(oz + ¥)(x,t) =0 in 10, 1[x]0, +oc],
p2oie(, 1) — Do (2, 1) + K (po + ) (2,

)
+M191(1/1t(33a t)) + MQQQ(Z(:B’ 17 t)) =0 in ]07 1[X]07 +OO[7
T2 (2, p, t) + zp(x, p,t) =0 in 0,1

(8) (P(Ovt> :(P(lvt> :¢(07t>:¢(1at> =0 t >0,
0

z2(x,0,t) = Py (x, t) on 0, 1[x [0, 4+o0],
U(2,0) = Polx), i(z,0) =1 () x €]0, 1],

o(x,0) = po(z), wi(z,0) = ¢i(z) x €]0, 1],

z(x, p,0) = folz, —pT) in ]0, 1[x]0, 1].

\
Let £ be a positive constant such that
1— —
9) TM2( ) <§<TM1 Q2k2
o1 (6%}

We define the energy associated to the solution of the problem (8) by the following
formula:

1 1
E(t) = E(t, z,p,1) = 5/ {p107 + p2t} + K|z + 0> + b2} da

(10) o
+§/0 /0 Ga(z(z, p,t)) dpdz.

We have the following theorem.

Theorem 2.1. Let (o, 1), (o, ¥1) € (H2(0,1) N H(0,1)) x HY(0,1), fo €
HZ((0,1); HY(0, 1)) satisfy the compatibility condition
fO('7 0) = ’(/}L
Assume that the hypothesis (H 1) holds. Then the problem (P) admits a unique weak
solution
Y, p € LY ((—7,00); HX(0,1) N H{(0,1)), by, pr € LS ((—7,00); H}(0,1)),

loc

Uity 1t € L}fc((—ﬂ 00); LQ(Ou 1))
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and, for some constants wy, wy and ws, €9 we obtain the following decay property:

(11) E(t) <w H{' (wat +w3), ¥Vt >0,
where
|
12 Hy(t) = —d
( ) 1() /t HQ(S) S
and

t if H is linear on [0, €],

Hy(t) =
{ tH'(eot) if H/(0) =0 and H” > 0on ]0,¢€].

Remark 2.1. 1.By the mean value Theorem for integrals and the monotonicity of
g2, We find that

Ga(s) = / g2(r) dr < sga(s).
0
Then, a; < ag < 1.

2. We need the condition (3) only to prove global existence, so if we study the
energy decay, we can replace the linear growth order of the function g,(s) for large |s|
by nonlinear polynomial growth.

Example. Let g be given by gi(s) = sP(—1ns)9, where p > 1 and ¢ € R ON
(0,¢1]. Then gj(s) = sP~1(—1Ins)9~1(p(—Ins) — q) which is an increasing function
in a right neighborhood of 0 (if ¢ = 0 we can take ¢; = 1). The function H is defined
in the neighborhood of 0 by

H(s) = csi( In+/s)9.
We have
P + 1

—~
»
~—
Il

)
»

IS
o]
—
|
—
=
%
\/
T

(—Inv/s) ——) when s is near 0.

Hy(s)=cs'2 (—In \/E)q_1 <]i1 (—Iny/s) — g) when s is near 0.
and

ds

1 1
/ s (—Iny/5)T 1(%(—1%)—%)

P2

T dz when ¢ is near 0.
(Inz)a—1 P lnz—g
2 2

I
o
»—\
S
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We obtain in a neighborhood of 0
1

t ( Int)?
c(=mt)'71 ifp=1,¢<1,
c(n(—Int)) ifp=1,¢g=1.

ifp>1,
H1<t> =

and then in a neighborhood of +oco

2
et pT (lnt)_Pqu ifp>1,
—1p) —
Hi (t) =9 cet™7 ifp=1¢<1,
ce™® ifp=1,q=1.
Then 2y
ct r=1(Int) 1 ifp>1,

1
E(t> < ce t1 ¢ ifp=1¢g<1,
ce™® ifp=1,qg=1.
We finish this section by giving an explicit upper bound for the derivative of the energy.
Lemma 2.2. Let (¢,1,2) be a solution of the problem (8). Then, the energy

functional defined by (10) satisfies

1
E't) < - <M1 - &% - MzOéz) /0 Yeg1(Yy) dw
1
(13) _ <§a1 — M2<1 — a1>) /O Z([B, 1, t)gg(Z((B, 1, t)) dx

<0

Proof. Multiplying the first equation in (8) by ¢, the second equation by 1,
integrating over (0, 1) and using integration by parts, we get

th </ {P19} + povf + K|z + 0 +bz/12}da:)

(14)
:—ul/o Yeg1 (1) dw—m/o Y, )ga(=(,1,1)) da = 0.

We multiply the third equation in (8) by £ga2(z(z, p,t)) and integrate the result over
(0,1) x (0, 1), to obtain:

f//zgz z(z, p,t)) dpdz = — //8—(;'2 2(x, p,t)) dp dx

= (G2( (z,1,1)) = Ga(2(x, 0, 1)) da.

T Jo

(15)
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Then

d 1 1 f 1 f 1

(16) g—/ / Gg(z(a:,p,t))dpdx:——/ Gg(z(a:,l,t))dx—i-—/ G (i) da.
dt 0 0 T 0 T 0

From (14), (16) and using Young inequality we get

B(t) = - <u1 - fi) / () do— £ / ' Go(e(e,1,0)) d

2 /0 bi(t)ga(x(w, 1,1)) da.

Let us denote G to be the conjugate function of the convex function G, i.e., G5(s) =
sup,cr+ (st — Ga(t)). Then G is the Legendre transform of G, which is given by
(see Arnold [3], p. 61-62, and Lasiecka [5])

(17)

(18) G3(s) = s(G) 7 (s) = Ga[(GH) 7' ()], Vs 20
and satisfies the following inequality
(19) st < Gy(s) + Ga(t), Vs, t>0.

Then, from the definition of G2, we get
G3(s) = 595 (s) — Ga(g5 ' (5))-
Hence
G3(g2(2(x,1,1))) = 2(x,1,8)g2(2(x, 1, 1)) — Ga(z(x, 1,1))
< (1—aq)z(z, 1, t)g2(2(x, 1,1)).
Making use of (17), (19) and (20), we have

(20)

20 < - (1~ 52) [t de—£ [ Gateto1,0)ds
b [ (@) + Gilg(ete 1,0) e
(21) 0 kaQ 1 f 1
<= (=22 - paca) [Cwantwi o £ [ Galete 1, do

—l—ug/o G3(g2(z(x,1,1))) dx.

Using (4) and (9), we obtain
1
E'(t) < - <M1 - &% - M2Oé2) /0 Yeg1(Yy) d
1
— <§a1 — p2(1 — 041)) / z(x,1,t)g2(2(z, 1, 1)) dz

0
< 0. [ ]
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3. GLoBAL EXISTENCE

We are now ready to prove Theorem 2.1 in the next two sections.

Throughout this section we assume g, %o € H? N HY(0,1), 1,91 € HL(0,1)
and fo € H}((0,1); HY(0,1)).

We employ the Galerkin method to construct a global solution. Let T" > 0 be fixed
and denote by Vj, the space generated by {wy, wo, ..., wi} where the set {wy, k € N}
is a basis of H? N H{.

Now, we define for 1 < j < k the sequence ¢;(z, p) as follows:

¢j(x,0) = w;.

Then, we may extend ¢;(z, 0) by ¢;(x, p) over L2((0,1) x (0,1)) and denote Z, the

space generated by {¢1, ¢, ..., dr}.
We construct approximate solutions (¢, ¥k, zx), k = 1,2,3, ..., in the form

k k k
oe(t) =Y gpws,  UR(t) =Y Giwws,  z() =Y hjdy,
j=1 j=1 j=1

where gk, gjx and hj,j = 1,2,...,k, are determined by the following ordinary
differential equations:

(22)  pi(ep(t), wi) + K (ra(t), wie) — k(Yre(t), w;) =0, 1<j <k,

k
(23) 0k(0) = gor = D (0, wj)wj — o in H> N Hy as k — oo,
j=1
k
(24) ¢r(0) = 1 = Z(@h wj)wj — ¢y 0N H& as k — +oo.
j=1

P2V (1), w;) + b(Vra(t), wia) + K ((pha + ) (2), w5) + 1 (91(¥), wj)
@25) {  th2(g92(z(1),w)) =0 1<j <k,
Zk(xﬂ 0, t) = 1/12(3% t)

k
(26) Yr(0) = ok = D (vo, wj)w; — 1o in H> N Hy as k — oo,
j=1
k
(27) 1/’2(0) = Y1 = 2(1/11, wj)wj — by in H& as k — +oo.
j=1

and

(28) (T2kt + 2kpy 05) =0, 1 <5 <k,
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k

(29)  zk(p,0) = 200 = »_(fo, ¢5)0; — fo in Hy((0,1); H'(0,1)) as k — +o0.
j=1

By virtue of the theory of ordinary differential equations, the system (22)-(29) has a
unique local solution which is extended to a maximal interval [0, 7% (with 0 < T}, <
+00) by Zorn lemma since the nonlinear terms in (25) are locally Lipschitz continuous.
Note that (¢ (t), ¥x(t)) is from the class C2.

In the next step we obtain a priori estimates for the solution, such that it can be
extended outside [0, T to obtain one solution defined for all ¢ > 0.

We can utilize a standard compactness argument for the limiting procedure and it
suffices to derive some a priori estimates for (g, ¥k, zk).

The first estimate. Since the sequences vk, Y1k, Yok, Y1 and zgr converge, then
standard calculations, using (22)-(29), similar to those used to derive (13), yield C
independent of & such that

t 1
B0 +a [ [ vkawids ds
(30) ¢ 170 70
+a2/ / (2,1, 9o, 1, 1)) dz ds < Ex(0) < C,
0 JO

where

1
Ei(t) = / (01047 + pot® + K |k + Gl + b2, }da

—i—f/ / Ga(zg(z, p,t)) dpde.

= u1 — —Ckg — 209 and as = éal Mg(l — 041).

for some C' independent of k. These estimates imply that the solution (g, %, 2)
exists globally in [0, 4+-o0].
Estimate (30) yields

(31) ok, Yy are bounded in LS,(0, oo; HJ(0,1))
(32) ©}., ¥}, are bounded in L2, (0, oo; L2(0,1))
(33) U1, (1)g1(¥4,(t)) is bounded in L'((0,1) x (0,T))

(34) Go(zi(z, p, t)) is bounded in L{2, (0, co; L'((0,1) x (0,1)))
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(35) 2z, 1,t)ga( 21 (2, 1, 1)) is bounded in L((0,1) x (0,T))

The second estimate. First, we estimate ¢;/(0) and +/(0). Testing (22) by g7, (t), (25)
by g7 (t) and choosing ¢ = 0 we obtain

piller(0)ll2 < K ([lpokazll2 + [|tokl2)
and
P2V (0) 12 < bllvoraallz + K (lporzllz + Wokll2) + w1 llgr (¥1x) 12 + pzllg2(zor)l2-
Hence from (23), (24) and (29):
ek (0)]2 < C.
Since g1 (1), g2(zox) are bounded in L2(0, 1) by (H1), (23), (26), (27) and (29) yield
[4(0)]|2 < C-
Differentiating (22) and (25) with respect to ¢, we get
(36) (1691 (1) = Kply () — Ktpy (1), wj) =0
and

(P2t (1) = D (1) + K phea (£) + K3 (1) + "5 ()91 (04(1)

37)
tp2zy, (2,1, 1) g5(2k(z, 1,1)), wj) = 0.

Multiplying (36) by g7).(¢) and (37) by g7, (¢), summing over j from 1 to k, it follows
that

(38) ;5 (p1llek(®)] K/ (Phe + Vi)l dz =0
1d )
577 (P @13 + bllvia(0)]3)
) H [ Gttt + i [ 0RO 040
—l—ug/ V()2 (2, 1, 1) g5 (21 (2, 1,t)) dz = 0.

Differentiating (28) with respect to ¢, we get

0
(T2 (1) + 8—/)22, ¢j) =0
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Multiplying by 17, (¢), summing over j from 1 to £, it follows that

1 d 1d
(40) 57l O+ 5 IOl =0

Taking the sum of (38), (39) and (40), we obtain

1d
577 (Piller @13 + pWE O3 + bllvr ()13

K [ >+wzu%+fuzz<x 2 O)201)x01))
+M1/ z//’ g1 (Yp(t)) do + = / |2 (2,1, 1))? dx
= 2 / 002, 1 )bl 1, 1)) dr (0,

Using (3), Cauchy-Schwarz and Young’s inequalities, we obtain

1d
577 (PILE@IE + p2ll V(OIS + bllr. (013

K Ik () + 013 + 7112, 0, D20, 0.1
1 1
2
+u1/0 V") g1 (V(2)) dw+c/0 |21 (x, 1, 8) 2 da < || ()3
Integrating the last inequality over (0, ¢) and using Gronwall’s Lemma, we obtain

o1l (013 + 2l I3 + D9k (0) 3
K e (8) + VI3 + 7124 2 201y 010

T (et O3 + pall O3 + il (0) 3 + K10}, (0) + w4 (0)]3
701242, £, 0) 20,1y 0.1

for all ¢ € ry, therefore, we conclude that

(41) o}, ¥} is bounded in L$2.(0, oo; L?)
(42) o, 1, is bounded in L2.(0, co; HY)
(43) 2}, is bounded in L{2.(0, oo; L2((0,1) x (0,1)))

The third estimate. Replacing w; by —wj,, in (22) and (25), multiplying the result
by g% (t) and g7 (¢), summing over j from 1 to k, it follows that

1d
(44) 2 il DIB) + K [ (o + V)uihan e =0
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1d
52 (0210 (O + Va8 )

) K [ ot 0)thedo [0 0)
—l—ug/ Ve (V) 2k (z, 1, 1) gh (21 (2, 1, 1)) dz = 0.

Replacing ¢; by —¢;., in (28), multiplying the resulting equation by £ (t), summing
over j from 1 to k, it follows that

L @2+ 2L
g TRl T 5

From (44), (45) and (46), we have

1d
527 (Pullea I3 + 2l (013

+KH‘P1€&:1’+¢1€I( )"%+b"wkmx( )H% +7—HZI€I(33 P )H%ﬁ O,l)x(O,l)))
+u1/wkx P do+ 5 [ enalo 1,0

— i / U (070, 1, )3, 1, 1)) - ]| DA (1) 3

(46) | 2ka (£) I3 = 0.

Using (3), Cauchy-Schwartz and Young’s inequalities, we obtain

1d
522 (illea I3 + 2l (013

+K |[9kaz + Yro (03 + bl ka1 + 7]l 22 (2, p, t)H%z((o,l)x(o,m)
1 1
+u1/0 [EAROIRACAG) dw+c/0 |2ha (2, 1,1)[ dar < '[9, (1) 3.
Integrating the last inequality over (0, ¢) and using Gronwall’s Lemma, we have

Pill @l 3 + P21 (D13 + K llorea + Yra (D113 + bll ke (0113
+7 |2k (2, 0, ) F 20,1y < 0.1)
T (011 €a ()13 + P2l Y0 (0) 13 + K[| (0) + 1ra (013 + bl 4012 (0) |13

7] ka2, 2, 0) 20,1 w017
for all ¢ € ry, therefore, we conclude that

(47) o1, Yy are bounded in L7° (0, co; H? N H{(0,1)),

(48) 23, is bounded in L§2.(0, oo; H3(0, 1; L*(0,1))).
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Applying Dunford-Petti’s theorem we conclude from (31), (32), (33), (34), (41), (42),
(43), (47) and (48), after replacing the sequences oy, 1, and z; with a subsequence if
needed, that

49) { o — ¢ weak-star in L (0, 00; H2 N H(0,1))

Y, — ¢ weak-star in L5° (0, 00; H2N HL(0, 1)),

loc

o}, — ¢’ weak-star in L2 .(0, oo; H3(0, 1))
(0, 00; Hg(0,1)),

Y — 1" weak-star in L

loc

> (0,00; L*(0,1))

(50) " — " weak-star in L
V" — " weak-star in  Lg° (0, oo; L?(0,1)),
g1(¥,) — x weak-star in L2((0,1) x (0, 7)),

2, — z weak-star in  L5°.(0, 00; H}((0,1); L*(0, 1)),

loc
(51) 2, — 2/ weak-star in L2,(0, 00; L*((0,1) x (0,1))),
g2(z(x,1,t)) — ¢ weak-star in L*((0,1) x (0,T))

for suitable functions ¢,¢ € L>(0,T; H2 N H}(0,1)),z € L>(0,T; L*((0,1) x
(0,1))),x € L2((0,1) x (0,T)),% € L?((0,1) x (0,T)) for all "> 0. We have to
show that (¢, 9, z) is a solution of (8).

From (31) and (32) we have (¢}) is bounded in L>°(0, T; Hg(0,1)). Then (v})
is bounded in L2(0, T; H{). Since (¢} is bounded in L>(0,T; L*(0, 1)), then ()
is bounded in L?(0,T; L%(0,1)). Consequently (¢}) is bounded in H'(Q) ,where
Q= (0,1) x (0,7).

Since the embedding H'(Q) — L?(Q) is compact, using Aubin-Lions theorem [14]
We can extract a subsequence (v,,) of (1)) such that

Yl — ' strongly in L*(Q).
Therefore
(52) !, — )’ strongly and a.e on Q.
Similarly we obtain
(53) z, — z strongly and a.e on Q.

Lemma 3.1. For each T > 0, g1(¢'), ga(2(x, 1, 1)) € L(Q) and
l91(¥) L@y, llg2(2(z, 1,6) I L1y < K1, where K is a constant independent of ¢.
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Proof. By ( H1) and (52) we have
g1 (Wi(z, 1)) = q1(¢'(z,1)) ae. in Q,
0 < g1(p(z, )Yz, t) = g1(¥' (2, )¢ (z, ) ae. in Q

Hence, by (33) and Fatou’s lemma we have

(54) /T /1 o (2, )90 (W (1)) dar dt < K For T > 0.
0 0

By Cauchy-Schwarz inequality and using (54), we have

T 1 ) T / 1
/O/O\m(z/z(at))\dxdtge\@\a(/o /me(w)dxdt)

< C‘Q‘%K%EKl ]

Lemma 3.2. g1(¢}) — g¢1(¢') in L1((0,1) x (0,T)) and go(2x) — ga2(2) in
LY((0,1) x (0,T)).

Proof. Let E C (0,1) x [0,7] and set

E1={($at>€E§ g1(y(z, 1)) < }, Ey=FE\ Ei,

1
VIEI

where |E| is the measure of E. If M (r) := inf{|s|; s € R and |gi(s)| > r},

/E g ()| dardt < \EH(M(MLE)) /]32\w291<wz>\dxdt.

Applying (33) we deduce that sup/ lg1(¥,)| dzdt — 0 as |E| — 0. From Vitali’s
k JE
convergence theorem we deduce that g; (v},) — ¢1(¢") in L1((0,1) x (0,T)), hence
g1(¥k) — g1(¢") weak star in L*(Q).

Similarly, we have
92(2},) — g2(2') weak star in L*(Q),

and this imply that

T 1 T 1
(55) / / g1(y)vdx dt — / / g1 (Vv dzx dt for all v € L*(0,T; HY)
0 0 0 0
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T 41 T 1
(56) / / g2(zi)vdx dt — / / g2(2)vdz dt for all v € L*(0,T; HY)
o Jo o Jo

as k — +oo. It follows at once from (49), (50), (55), (56) and (51) that for each fixed
u,v € L?(0,T; H}(0,1)) and w € L*(0,T; HL((0,1) x (0,1)))

/ / P19 — K(Pka + k) z)udz dt
— / / (p19" — K(pg + ) )udz dt
o Jo
T 1
/o /O (p2ty, — bkaw + K (Pra + Vi) + +1191(¥y,) + p2g2(zk))v da dt

T 1
— /O /O (P2 = 0gw + K (9o + ) + p191(¥") + p2g2(2))v dz dt

T 11 o T 1 1 o
/ / / (12}, + =—2K)wdzdpdt — / / / (1) + —2)wdxdpdt
o Jo Jo dp o Jo Jo dp

as k — +oo. Hence
T 1
/ / (p1¢” — K(ps + ) p)udrdt =0
0 0
T 1
/ / (P2 — Dy + K (0 + ) + pg1(¥') + piga(2))v da dt = 0
0 0

T 11
/ / / (v + gz)w dx dpdt =0, w € L?(0,T; H((0,1) x (0,1))).
o Jo Jo dp

Thus the problem (P) admits a global weak solution (¢, ).

Uniqueness. Let (¢1,%1,21) and (g2, 2, 22) be two solutions of problem (8).
Then (w, w, ’lj]) = ((pl, Y1, 21> — ((pg, Yo, ZQ) verifies

prwy(z,t) — K(wy + ), (x,t) =0 in ]0, 1[x]0, +o0],
po" (2, t) — bgy(z, t) + K(wm + W)
191 (V1(2, 1)) — pagi(y(a, 1))
+uoga(z1(x, 1,t)) — paga(za(z, 1,t)) = 0, in ]0, 1[x]0, +o0],
(B7) { 1@ (z, p,t) + y(x, p, t) = 0, in (0,1)x]0, 1[x]0, +-00]
w(0,t) = w(1,t) = w(0,t) = w(l,t) =0, t>0
w(z,0,t) =i (x,t) — sz, t) on 0, 1[x[0, +o0|
w(z,0) = w'(z,0) = w(x,0) =w'(z,0) =0, in]0,1]
| W(z,p,0)=0 in ]0, 1[x]0, 1]
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Multiplying the first equation in (57) by w’, integrating over (0, 1) and using an inte-
gration by parts, we get

1d

1
(58) ——<p1uw'u;>+K/ (wy + B)ot dzr = 0

d 1
o) 5 P8+ BTl + K [ (o ) dx g n(wh) — 1 (u5), )

2 dt 0
+u2(g2(21(2, 1, 1)) — g2(22(2, 1, 1)), @) = 0.
Multiplying the second equation in (57) by w, integrating over (0,1) x (0, 1), we get

1d

1
M 1 I~ ~
(60) r3q [ 1 Bdo+ (It Lol ~ 1) = o.

From (58), (59), (60 and using Cauchy-Schwarz inequality, we get

1 d ~ ~ ~ 1 =/
55 (P11 + o'+ ] + Kl + 0l +7 [ 1B )

(g (0]) — 91 (41), ) + 3 (a1, 1)
= —p2(g2(21(x, 1,1)) — ga(22(x, 1, 1)), @) + %Hﬁ/H%
< %Hﬁ/H% +llg(z1(x, 1,1)) = g(za(x, 1,1)) [af|@'[]2-
Using condition (3) and Young’s inequality, we obtain

1d

1
~ ~ ~ =/ ~
== (muw'u%+p2uw'u%+buwmu%+Kuwm+wu%+r |1 u%dp) < cfja'[3,

where c is a positive constant. Then integrating over (0, ¢), using Gronwall’s lemma,
we conclude that

1
~ ~ ~ =/
prllw' |3 + p2l| @' |13 + bl a3 + K |[wy + @13 + T/O lw'|3dp = 0.

4, AsympTOTIC BEHAVIOR

Now we construct a Lyapunov functional L equivalent to E. For this, we define
several functionals which allow us to obtain the needed estimates.
Then we have the following estimate.

Lemma 4.1. Let (¢, ), z) be the solution of (8). Then the functional F; defined
by

1
(61) Fi(t) = _/0 (proep + p2vst)) dx
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satisfies, along the solution, the estimate

dF; (t)

1 1
T < [ogt + oot + K [ Jor + v
(62) 0 1 1 0 1
+c/ z/zgda:—i—c/ g%(wt)da:—i—c/ g%(z(a:,l,t))da:.
0 0 0

Proof. By taking the time derivative of (61)

dF (1)

1 1
T = _/O (plgp? + p2’(/}t2>d.’13 — /0 (01(,07575(,0 + P2¢ttw>dx'

Therefore, by using the first and the second equations in (8) and some integrations by
parts, we obtain from the above inequality

1 1
o :—/O (plw?+p2w?)dx+K/O e + | 2dx

1 1 1
b /O 2de + i /O bor(@e)dz + o2 /O bor(=(z, 1, 1)) da.

By exploiting Young’s inequality and Poincaré’s inequality, then (62) holds. ]

(63)

Lemma 4.2. Let (¢, v, z) be the solution of (8). Assume that
pL_ P2
(64) =7
Then the functional F» defined by

1 1
(65) Fa(t) = pa /O Wil +0)dz + po /O oor da,

satisfies, along the solution, the estimate

1
dFst(t) < [b@xwa:]ii(l) — (K — 5)/0 (‘Pa: + 1/1>2d33

1 c 1 c 1
oo / Yda+ & / G )da+ & / 2 ((a, 1,1)da
0 € Jo € Jo

(66)

forany 0 <e < 1.

Proof. Differentiating F»(¢), with respect to ¢, we obtain

dF(t)
dt

1

1
= /0 P2t (@2 + Y)dx + / P2t (P + V) dx

0
1 1
+P2/ wa:(PttdﬂU‘i‘m/ Yz prd.
0 0
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1
= /O (2 + V) [Yzz — k(02 + 1) — p191(e) — p2ga(z(z, 1,t)]dx
1 1
200 P2
02 /O wide + 22 | k(s v)osdo

Then, by using Egs.(8) and (64) we find

dF:
C?t( ) [b%% K/ Py + 1/} dx + p2/ wt dx
—m1 [y (P + )1 ()dz = iz [y (9o +1)ga(2(x, 1,¢))da.
By the Young inequality (66) is established. ]

Lemma 4.3. Let m € C'(]0,1]) be a function satisfying m(0) = —m(1) = 2.
Then there exists ¢ > 0 such that, for any 0 < ¢ < 1, the functional F3 defined by

b 1 e 1
F5(t) = 4_5/0 pam () Yethy da:—i—E/O p1m(x)prpy, dx

satisfies, along the solution, the estimate

2

Fy(t) < _b_(<¢x(1 £))% + (€2(0,))%) — e((pa(1, ) + (22(0,1))?)

+E€>/ (z/J—i-lcpa;) da:—i—capl/q h da:—l——/ z/JQda:
[t dx+c/ gl<wt>dx+c/ G(2(r,1,0)) da

7) +<§

Proof. Using Egs. (8) and integrating by parts, obtain
b 'y,
Fi(O) = - | -(0:0,07 + (a0.0) - [ G@)oias
1 1
_k/ m(ﬂf)l/}a:(% + 1/]) dx — / m(x>ﬂlgl (wt>wa: dx
0 0

[ et 10y [t ]

0

E[ (2o (1,1))" + (9a(0,4))%) = /O1 P ()2 d
/1 1/1a:<Pa;dx—/Ol %m( )(@t)Qda:]
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Then by the Young and Poincaré inequalities and the fact that

@2 < 20t + z)? + 20

we obtain
F0) < 32 [0 (1,0)" + (00"
+- /Z/Jl,da:—i-a /(1/1+(Pa:> dx
+5/0 93 (v) da:—i—a/o 92(2(:;;,1,t))dx+c/01 wfdx]
2 [ Mttt + 0 e [ w2
+c/01(¢+<ﬂx>2dx+c/olcp?dx]
This gives (67). -

Lemma 4.4. Assume that (H1) hold. Then, for sufficiently small ¢, the functional
F defined by
F(t) = 20€F1<t> + F2<t> + Fg(t)

satisfies, along the solution, the estimate

1 1 1 1
F’(t)g—g/(z/}—i-cpa;)de—T/ <p?da:+c/ z/Jtha:—i-—i-C/ V2 dx
(68) 0 0 1 0 1 0
ve [ gode [ e 1.0)ds
0 0

where 7 = cep;.

Proof. Using Lemmas 4.1, 4.2, 4.3 and the fact that

2

(69) Ibgatbals=h < ele2(1) + $2(0)] + L [W2(0) + ¥2(0)]

for any 0 < ¢ < 1, we obtain (68). [ |
Next, we introduce the following functional

1

(70) uw:/mew+m%wm;
0

where w is the solution of

(71) —Wgy = Y, w<0> = w<1> =0.

Then we have the following estimate.
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Lemma 4.5. Let (¢, 1, z) be the solution of (8), then for any § > 0, we have the
foIIowing estimate

) / V2 (x, t)dx + < / Y2 (x,t)d
(72) 1
+5 [ ete.date / () + ¢ / G2 (=(a 1, )

Proof. Using Egs. (8), we have
/ z/zl,da:—l—pg/ z/ztda:—K/ Y2z
(73) +K/ 2da:+ﬂ1/ ¢twtd$—u1/ Yg1(Ye)d
2 / Vg (2( 1, 1)d.

It is clear that, from (71), we have

/ 2da:</z/zda:</z/zl,da:
/O da:</0 wmda:</ Yidx

By using Young’s inequality and Poincaré’s inequality, the last two terms in (73) can
be estimated as

(74)

pr | Yg(Y)dr +pe [ ga(z(z, 1,t))de
J otz [
<% [t [ gwndnte [ B

Consequently, from (73)-(75), we obtain (72). [ |

(75)

Now, let us introduce the following functional

1,1
(76) Ig(t):/o /0 e 2P Gy(2(x, p,t)) dp dax.

Then the following result holds.

Lemma 4.6. Let (¢, v, z) be the solution of (8). Then it holds

(77) %g( t) < —2I4(t

z(x,1,t))dx+ — /G2 P(z,t)) de
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Proof. Differentiating (76) with respect to ¢ and using the third equation in (8), we
have

d 1 1 B
EI{;( ) = / / e 2Pz (x, p,t)ga(2(x, p,t)) dp dx

1

1 1
_ __/ ¢ wz,, (z, p, t)ga(z(z, p, 1)) dp dz
T Jo 0

1 1 1
- / Gz< (2.p.1)) dp dz

_ _%/01 /01 [dp< 270Gy (2(x, p, ))) + 2re PGy (2(x, p, 1)) | dp da
_ 1/1 [e 27 Gy ((, 1, 1)) — Ga (W, t))] do

SR
-2 e 2TPG(2(x, p,t)) dp dx
017%
< =2 e 2PGy(2(x, p,t)) dp da — —/ e T Gy(2(x,1,t))dx
0.Jo
1
- / Gaft (o) d
T Jo
< —2I5(t) — 2(z,1,t))dx+ — / Ga(¢y(z,t)) dox |
For Ny, Ny > 0, let
(78) L(t) = N1E(t) + NoI(t) + F(t) + I3(t).

By combining (13), (68), (72), (77), we obtain

d

dtL( ) < <N1a1 — %) /01 g1 (Y, t)) do

——(acto)e) [ oto 1 0leto. 1.0) o
79) -( 2——c)/ V2 do
(T—Ngd)/o cptdx+(N2—+C /z/;tda:
_5/01(1/1-1-%:) da:—i—(NQC—i-C)/O gt (4y) dz

- <N1a,2 + o

At this point, we have to choose our constants very carefully. First, let us choose Ny

sufficiently large so that
b
<N2§ — C) > 0.
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Next, we choose § sufficiently small such that

(7 — Nd) > 0.
Then, we pick the constant N7 > 0 sufficiently large such that
(- 2)
T
and
6—27
<N1a2 + o — (NQC + C)Cg) .

Thus, (79) becomes

1 1 1
c;ltL<><_d1 ? z/;ida:—dg/o cp?da:—g/o (Y + o) dx
(80) te /O (0)? + g3 () da

< —dE(t) + c/o ((Y0)* + g7 (v0)) dz

At this stage, we are in position to compare L(t) with E(¢). We have the following
Lemma.

Lemma 4.7. For N7 large enough, there exist two positive constants G; and (3
depending on Ny, N, and ¢, such that

(81) BE() < L(t) < BE(t) Vit > 0.

Proof. We consider the functional
H(t) = Nol(t) + F(t) + I3(t)

and show that )
|H(t)| < CE(t), C>0.

from (61),(70),(65) and (76), we obtain

[H(t)] < N2

1 1
[ ot ooty + ] [ oo+ priairia
+ p2/ Vi(pe + 9 dw+pz/ Yppp dx
|2 / pom(e) it i + / um(@)oupg do

+ / / e 2TPGy(2(x, p,t)) dpdz|.
0o Jo

(82)
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By using (74),(71), the trivial relation

1 1 1
| Paar<2 [ (ot vP0der2 [ v ods
0 0 0
Young’s and Poincaré’s inequalities, we get
1 1
H(t)) Sal/ <p§<x,t>dx+a2/ W2 (1) da
0 0
1 1
(83) +a3/ (¢x +1/1)2(a:,t)da:+a4/ V2 (z,t)dx
0 0
1 1
+/ / Ga(z(z, p,t))dzx dp
0 JO

where the positive constants o, s, a3, ay are determined as follows:

Napq €p1
a1 = 9 +P2+ K’
Naopo p2b
Qg = 2 +p2+2_€7
2 2epr
a3:P1+%+ }—57
N2 2b 2¢ 1
= pat St o+ 5o+

According to (83) , we have )
|H(t)| < CE(t)

for

Therefore, we obtain )
|L(t) — N1E(t)| < CE(t).

So, we can choose N; large enough so that 8 = Ny — C>0,0=N+C>0.
Then (81) holds true. ]

Therefore, (80) takes the form

84) CLt) < B0 + O (w13 + loa(u)3),

where C3, Cy and C5 are three positive constants.
Now, we estimate the last term in the right hand side of (84). We define

QO ={zec(0,1): |u|>€}, Q ={xec(0,1): i <€}
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From (1) and (2), it follows that

€ [ WPl dr<m [ v de< B

Case 1: H is linear on [0,¢']. In this case one can easily check that there exists
wy > 0, such that |g1(s)| < pj|s| for all |s| < &', and thus

€ [ (WPl < [ da)de < b E )
Substitution of (85) and (86) into (84) gives
(87) (L(t) + pE(t) < —c1Hz(E(t))

where ;o = C5(p1 + £4) and here and in the sequel we take C; to be a generic positive
constant.

Case 2: H'(0) =0and H” > 0 on ]0,&].

Since H is convex and increasing, H ' is concave and increasing. By the virtue of
(1), the reversed Jensen’s inequality for concave function, and (13), it follows that

| (P + )P da
.

(@) < [ ) i
—1 1 / / —1 & nli
< |QH <@/_ugl(u)da:) < CH-(~C'E'(1)).

A combination of (84), (85) and (88) yields
(89) (L(t) + Csp E(t)) < —C3E(t) + CsH Y(=C'E'(t)), t>0.
Let us denote by H* the conjugate function of the convex function H, i.e.,

H(s) = Sup (st — H(t)).

Then H* is the Legendre transform of H, which is given by
(90) H*(s) = s(H')"'(s) = H[(H')"'(s)], V520
and which satisfies the following inequality

(91) st < H*(s)+ H(t), Vs,t>0.
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The relation (90) and the fact that H'(0) = 0 and (H’)~!, H are increasing functions
yield

(92) H*(s) < s(H)"Y(s), V¥s>0.
Making use of E’(t) <0, H"(t) > 0, (89) and (92) we derive for £y > 0 small enough

[H'(coEO)){L(t) + Cs1 E(1)} + C5C'E(t)]'
= eoE'(t)H" (0 E(1))(L(t) + C5p1 (1))

+H'(e0E(1))(L'(t) + G5 E'(1)) + C5C' E'(t)
(93) < —C3H'(e0E()E(t) + Cs H'(eoE()) H ™' (=C'E'(t)) + C5C"E(t)
< —C3H'(0E (1)) E(t) + CsH* (H' (0 E(1)))
< —C3H'(e0E(1)E(t) + C5H' (20 E(t))20 B (1)
< —C3H'(=0E (1)) E(1)
= —C3Hy(E(t))
We note that in the second inequality, we have used (91) and 0 < H'(g0E(t)) <
H'(e0E(0)).
Let
L(t) =
94) (L(t)+nE(t) if H is linear on [0, &']
{H’(EOE(t)){L(t)+C5M1E(t)}+é5C’E(t) if H'(0)=0and H"”>0 on ]0, <.

From (87) and (93), it follows
(95) L'(t) < —c4Ho(E(t)), VYt >0.

On the other hand, after choosing M > 0 larger if needed, we can observe from Lemma
4.7 that L(t) is equivalent to E(¢). So, L(t) is also equivalent to E(t). By the fact
that Hs is increasing, we obtain

(96) L'(t) < —&4Ho(L(t)), Vt>0.
Noting that H; = —1/H> (see (12)), we infer from (96)

L'(t)H{(L(t)) > &, VYt>0.
A simple Integration over (0, ¢) yields

Hi(L(t)) > Hi(L(0)) + é4t.
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Then, exploiting the fact that Hl‘1 is decreasing, we infer

L(t) < H? (Hl(i(o)) n 64t>

Consequently, the equivalence of L, L and E, yields the estimate

10.

11.

12.

13.

14.

E(t) < lel_l (wgt + w3> .
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