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APPROXIMATE CONTROLLABILITY OF FRACTIONAL ORDER
NEUTRAL STOCHASTIC INTEGRO-DIFFERENTIAL SYSTEM WITH
NONLOCAL CONDITIONS AND INFINITE DELAY

P. Muthukumar* and C. Rajivganthi

Abstract. This paper deals with the approximate controllability of fractional
order neutral stochastic integro-differential system with nonlocal conditions and
infinite delay in Hilbert spaces under the assumptions that the corresponding
linear system is approximately controllable. The control function for this system
is suitably constructed by using the infinite dimensional controllability operator.
With this control function, the sufficient conditions for approximate controllability
of the proposed probelm in Hilbert space is established. Further, the results are
obtained by using fractional calculus, stochastic analysis techniques, Sadovskii
fixed point theorem and similar to the classical linear growth condition and the
Lipschitz condition. Finally an example is provided to illustrate the application
of the obtained results.

1. INTRODUCTION

Fractional order differential equations have gained considerable importance due to
their application in various sciences, such as physics, mechanics, chemistry, engineer-
ing, etc, [10, 12]. Fractional order differential equations also serve as an excellent tool
for the description of hereditary properties of various materials and processes. In recent
years, there has been a significant development in ordinary and partial differential equa-
tions involving fractional derivatives (see [26] and references therein). There has been
a great deal of interest in the solutions of fractional differential equations in analytical
and numerical senses. Metzler et al. [18] have discussed in detail about the recent
developments in the description of anomalous transport and the random walk’s guide
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to anomalous diffusion using the fractional dynamics approach. Lakshmikantham [13]
initiated the basic theory for fractional functional differential equations. Benchohra et
al. [4] consider the IVP for a particular class of fractional neutral functional differential
equations with infinite delay. The theory of fractional differential equations has been
extensively studied by many authors [39, 40]. One of the basic qualitative behaviours
of a dynamical system is controllability. The controllability problem has been discussed
for fractional dynamical systems in [2, 37]. Tai [36] studied the exact controllability of
fractional impulsive neutral integro differential systems with a nonlocal Cauchy condi-
tion in Banach spaces. However, in order to establish the results, the assumption made
in [36] were that the semigroup associated with linear part is compact and the control-
lability operator is also compact, hence the induced inverse does not exist in the infinite
dimensional state space. Thus, the concept of exact controllability is too strong and
the approximate controllability is more appropriate for these control systems. Sakthivel
et al. [30] proved the approximate controllability by assuming that the Cj-semigroup
is compact and the nonlinear function is continuous and uniformly bounded. Recently,
Sukavanam et al. [35] have proved some sufficient conditions for the approximate
controllability of a fractional order system in which the nonlinear term depends on
both state and control variables. Yan [38] proved approximate controllability of partial
neutral functional differential systems of fractional order with state-dependent delay by
using the Krasnoselskii-Schaefer type fixed point theorem with the fractional power of
operators.

The deterministic models often fluctuate due to noise, which is random or at least
appears to be so. Therefore, the study of stochastic problems are more applicable in
dynamical system theory. Controllability plays an important role both in deterministic
and stochastic system theory. Only few authors have been studied the extensions of
deterministic controllability concepts to stochastic control systems. Sakthivel et al. [31]
studied existence of pseudo almost automorphic mild solutions to stochastic fractional
differential equations by using stochastic analysis theory and fixed point strategy. El-
Borai et al. [9] studied semigroup and some fractional stochastic integral equations.
Recently Sakthivel et al. [29, 32] established a set of sufficient conditions for obtaining
the approximate controllability of fractional stochastic differential systems.

On the other hand, Byszewski et al. [5] introduced nonlocal initial conditions into
the initial value problems and argued that the corresponding models more accurately
describe the phenomena since more information was taken into account at the onset
of the experiment, thereby reducing the ill effects incurred by a single (possibly er-
roneous) initial measurement. Mophou et al. [19] studied existence of mild solution
for some fractional differential equations with nonlocal condition. Chang et al. [6]
investigate the fractional order integrodifferential equations with nonlocal conditions in
the Riemann-Liouville fractional derivative sense. Zhang et al. [39] studied the exis-
tence and uniqueness of mild solutions for impulsive fractional equations with nonlocal



Fractional Order Neutral Stochastic Integro-differential System 1695

conditions and infinite delay. Lin et al. [14] proved the existence results for impulsive
neutral stochastic functional integro-differential inclusions with nonlocal initial condi-
tions. Some authors have been studied the existence and controllability of stochastic
differential equations with nonlocal conditions (see [3, 22]).

Motivated by the above literature, the aim of the proposed work is to establish suffi-
cient conditions for the approximate controllability of fractional order neutral stochastic
integro-differential system with nonlocal conditions and infinite delay of the form

°Dilx(t) — h(t,xy)] = Alx(t) — h(t, z¢)] + Bu(t) + f(t, x¢)

t
) +/ g(t,s,xs)dW(s) teJ=1]0,0],

2(0)+ nlz) = 20 = 6, & €Cy,

where 0 < o < 1; “Dy* denotes the Caputo fractional derivative operator of order «.
Here, x(-) takes value in the Hilbert space H with inner product (-, -) and || - ||. The
operator A generates a strongly continuous semigroup of bounded linear operators 7'(t)
in H (see [24]). The control function wu(-) is takes the values in L3(.J,U), a Banach
space of admissible control functions, for a separable Hilbert space U. B is a bounded
linear operator from U into H. Let K be another separable Hilbert space with inner
product (-, -) x and the norm || - || . Suppose {W () }+>0 is a given K valued Brownian
motion or Wiener process with a finite trace nuclear covariance operator ¢ > 0. We
are also employing the same notation || - || for the norm of L(K, H), where L(K, H)
denotes the space of all bounded linear operators from K into H, simply L(H) if
K = H. The histories x; : (—o0,0] — C, defined by z; = {z(t + 6),0 € (—0,0]}
belong to the phase space C, which is defined in Section 2. h : J x(C, — H,
f:JxCy— Handg:JxJ xC,— Lg(K, H), are appropriate functions, where
Ji = (—o0,b] and L (K, H) denotes the space of all Q- Hilbert Schmidt operators
from K into H. Cui et al. [7] proved the existence result for fractional neutral
stochastic integro-differential equations with infinite delay by using the Sadovskii’s
fixed point theorem. Under this assumptions, let g be a strongly measurable mapping
such that ffoo llg(t, s, xs)Héds<oo. p: C(J, H)— H is bounded and the initial data
xg is an Fo- adapted H- valued random variable independent of Wiener process W.

To the best of our knowledge, there is no work reported on the approximate control-
lability of fractional order neutral stochastic integro-differential system with nonlocal
conditions and infinite delay in Hilbert spaces. The paper is organized as follows:
Section 2 contains preliminaries such as definitions of fractional calculus and lemmas.
In section 3 we discuss the main result of this paper. In section 4. an example is given
to illustrate our results.

2. PRELIMINARIES

For more details of this section, the reader may refer to [1, 8, 20, 23, 25, 27, 34]
and the references therein. Throughout the paper (H, || - ||) and (K, | - || x) denote real
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separable Hilbert spaces. Let (2, §, P) be a complete probability space equipped with
a normal filtration {§;,¢t € J} satisfying the usual conditions(i.e., right continuous
and §o containing all P- null sets of §). An H-valued random variable is an §—
measurable function x(¢) : @ — H, and the collection of random variables S =
{z(t,w) : Q@ — Hlies} is called a stochastic process. Generally, we just write x(t)
instead of z(¢,w) and z(t) : J — H in the space of S. Let {(;}32, be a complete
orthonormal basis of K. Suppose that {IW(¢);t > 0} is a K- valued Wiener process
with finite trace nuclear covariance operator @@ > 0, denote 7r(Q) = > :2; A < o0,
which satisfies Q¢; = A\;(;. So, actually, W (¢) = Y72, VXiBi(t) (i, where {5;(¢)}5°,
are mutually independent one-dimensional standard Wiener processes. We assume that
St = o{W(s) : 0 < s < t} is the o- algebra generated by W and §, = §. Let
X € L(K, H) and define

X113 = Tr(xQx") Z\!fx@\!Q

If ||x|]lo < oo, then x is called a Q-Hilbert Schmidt operator. Let Lg (K, H)
denote the space of all Q-Hilbert Schmidt operators y : K — H. The completion
Lqo(K, H) of L(K, H) with respect to the topology induces by the norm || - || where
HxHé = (x,x) is a Hilbert space with the above norm topology. The collection
of all strongly measurable, square integrable H valued random variables, denoted by
Ly(, 8, P;H) = Lo(%; H), is a Banach space equipped with norm |z(-)||z, =
(B2 (-;w)||%)"/?, where the expectation, E is defined by E(h1) = [, h1(w)dP. Let
J1 = (—o0,b] and C(Jy, Lo(€2; H)) be the Banach space of all continuous maps from
Jy into Ly(€2; H) satisfying the condition sup,¢ ;, E||z(t)||* < oc.

Now, we present the abstract phase space C,,. Assume that v : (—oo, 0] — (0, +00) is a
continuous function satisfying [ = ffoo v(t)dt < +o0. The Banach space (CU, || - HCU>
induced by the function v is defined as follows

¢ :(—00,0] — H, for any a >0, E(\@(G)P)I/Q
1s a boundedand measurable function

O .
on [-a,0] and / o(s)sups<a<o E(|0(8)[2)/2ds < +oo}.

—00

Cy =

If C, is endowed with the norm [|¢le, = [°__ v(s)sups<o<o E(|p(8)|2)/2ds, ¢ €
Cy. Denote by C((—o0, b], H) the space of all continuous H - valued stochastic process
{&(t), te(—oo0,b]}. LetCp = {z; z € C((—00,b],H),xz0=¢ € Cy}.

Set || - ||» be a seminorm defined by

1/2
Izl = [zolle, + sup (Elz(s)[>)"?, = €c

s€l0,t
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In addition to the familiar Young, Holder and Minkowski inequalities, the inequality
of the form (37 ; a;)™ < n™ 13" | a™, where a; is a nonnegative constants (i =
1,2,...,n) and m,n € N, is helpful in establishing various estimates.

Definition 2.1. The fractional integral of order o with the lower limit 0 for a

function f is defined as

A S L (O N .
If(t>_1“(a)/0 (t—s)l—ad’ t>0, > 0,

provided the right hand side is pointwise defined on [0, c0), where I'(+) is the gamma
function.

Definition 2.2. The Caputo derivative of order o with the lower limit O for a
function f can be written as

Df(t)zf(n—a)/o (t_8>a+1_nds:l (), t>0, 0<n-l<a<n.

The Caputo derivative of a constant equal to zero. If f is an abstract function
with values in H, then the integrals which appear in the above definitions are taken in
Bochner’s sense (see [17]).

Definition 2.3. [7, 39] An H- valued stochastic process {z(t),t € (—o0,b]} is
a mild solution of the system (1) if z(0) + u(z) = zp = ¢ € C,, and for each
u € L3(J,U) the process z satisfies the following integral equation

2(t) = To(t)[6(0) — p(z) — h(0, d)] + h(t, 1)
+/O (t — s)a—lTa(t — s)Bu(s)ds + /0 (t — 8)04—1

X To(t — 8)f(s,2z5)ds

w [t = 9 [ gt maaw)as

—00

2

Where Ty () = [ 1a(0)T(t%0)xdf, To(t)x = o [7° 010 (0) T(1*0)2d6, na(6) =

Lo 12w, (07) > 0, Wa(8) = L300 (—1)n—tgren1L0etl g nra), 6 €
0

9
(0,00), M, is a probability density function defined on (0, c0), that is 7,(0) >
0 € (0,00) and [;~ 1,(0)df = 1.

b

Lemma 2.4. (sce [40]). The operators T\a(t) and T, (t) have the following prop-
erties:

(a) For any fixed t > 0, the operator To(t) and To(t) are linear and bounded

operators, i.e., for any x € H, |To(t)z| < M||z|| and ||To(t)z| < %Hx\]
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(b) {Ta(t),t >0} and {Ta(t),t > 0} are strongly continuous.
(¢) For every t > 0, To(t) and To(t) are also compact operators.

It is convenient to introduce the relevant operators and the basic controllability
condition
(1) The operator L} € L(LS(J, H), Lo(, §p, H)) is defined by

b
Liu = /0 (b— )T, (b — 5)Bu(s)ds,

clearly the adjoint (L§)* : Lo(Q, &, H) — L5(J, H) is defined by
[(LG)"2]() = B T3 (b — ) E{2(§:}.

(2) The controllability operator I1} associated with the linear stochastic system of
(1) is defined by

b
o{-} = Lo(Lo)*{-} = /O (b— )"V, (b~ 8)BB Ty (b — 5) E{:|s}ds

which belongs to £(La(Fs, H), La(Tp, H)) and the controllability operator 1 €
L(H, H) is

b

Yl = / (b— )2 DT, (b— s)BB*T(b— s)ds, 0<s<t.

t

Let z(t; ¢, u) denotes state value of the system (1) at time ¢ corresponding to the

control u € L$(J, U). In particular, the state of system (1) at t = b, x(b; ¢, u) is called

the terminal state with control u. R(b; ¢, u) = {x(b; ,u), u € LI(J,U)} is called
the reachable set of the system (1).

Definition 2.5. The system (1) is approximately controllable on J if JR(b; ¢, u) =

Ly(2,§, H), where PR(b; ¢, u) is the closure of the reachable set.

Lemma 2.6. Forany Ty, € Lo(Q, §, P; H) there exists (s) € LS(Q, La(J; Lo(K, H)))
such that T, = ETp + fob'y(s)dW(s).

We define the control function in the following form

u(t, )
= B (b= )" Ti(b = 1) (M + )
© (B2 = Ta(b)(9(0) — () = (0, 9)) = h(b,zs))|

B (bt (b—1) /Otwwz)—l<b—s>a-lTa<b—s>f<s,xs>ds
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—B*(b— )T (b — 1) /t(/\I + 2L (b — 5)2 1T, (b — 5)
0

[/8 g(s, T, xT)dW(T)}ds

t
+B*(b— )2 LT (b — 1) / (AL +92) "Ly (s)aW (s).
0
Lemma 2.7. Assume that x© € Cp, then for all t € J, x; € C,. Moreover,

1/2 1/2
HEz()2)"? < ||lzdlle, <1 sup (Ela(s)[)" + o],

s€l0,t
To prove our main results, we list the following basic assumptions of this paper.

(H1) The function h, f : JxC, — H are continuous, and there exist positive constants
My, My such that

E|n(t, 33) h(t, ) IH < Millz —yl,,

7 < Miu(1+ [[2]2,),

17 < Myl —yll2,.

12, < My(1+ Ha:H%v), for every z,y € Cy,t € J.

v)
x)
v)
x)

(H3) p is continuous and there exists some positive constants M,, such that

Elp() = p)lir < Mullz = yl2,,

Ellp(x)|3 < Mu(1+ ||z||g,), for every w,y € C,.

(Hs) For each ¢ € Cy, k(t) = limg—o0 f_oag(t, s, p)dW (s) exists and is continuous.
Further, there exists a positive constant M}, such that E||k(t)||% < Mj.

(H4) The function g : J x J; x C, — Lgo(K, H) satisfies the following

(i) for each z € C,, g(-,-,z) : J x J — Lg(K, H) is strongly measurable,
and for each (t,s) € J x J, g(t,s,-) : C, — Lo(K, H) is continuous and
there exists a constant L, > 0 such that

t
/ Ellg(t, s,) — g(t, 5,)|3ds < Lyllz — yl|3,, for every z,y € Cy.
0

(i) there is a positive integrable function m € L'([0,b]) and a continuous non-
decreasing function M, : [0,00) — (0, 00) such that for every (¢, s,z) €
J x J x C,, we have
M,
9(7’) d
r

¢
/ E|lg(t, s,x)Héds < m(t)Mg(Ha:Hgv), lim inf s=A <oo0.
O T—00
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(Hs) Let RO\, ¥Y) = (M +?)~! for A > 0. For each 0 < ¢ < b, the operator
AT+ z/zf)_l — 0 in the strong operator topology as A — 07. Observe that the
linear fractional deterministic control system

¢D¢a(t) = Axz(t) + Bu(t), te]0,b],

“4)
z(0) = zo,
corresponding to equation (1) is approximately controllable on [¢, b] iff the op-
erator A(AI + ?)~1 — 0 strongly as A — 0F. The approximate controllability
for linear fractional deterministic control system (4) is a natural generalization
of approximate controllability of linear first order control system (Theorem 2 in
[15, 16]).

Theorem 2.8. (see [28]). Assume that ® is a condensing operator on a Ba-
nach space H. ie., ® is continuous and takes bounded sets into bounded sets, and
a(®(B)) < a(B) for every bounded set of B of H with a(B) > 0. If ®(D) C D for a
convex, closed and bounded set of D of H, then ® has a fixed point in D (where o(-)
denotes the Kuratowski Measure of non compactness).

3. APPROXIMATE CONTROLLABILITY

Theorem 3.1. Assume that the hypotheses (H1)-(Hy) hold then for each 0 < X < 1,
the operator D has a fixed point in Cy provided that

Mo 2N1b
r(1 —i—a)} A2

Mo 22
INQ! —|—a)}

20M>M, 12 + 20Myl? +100

(M20g0% + Mp? +

M2 +2{ Ma >}2

a? T(1+a
b, Ma 20,

— 1T A 200 ———— —M

F LT (@Asupm(s)) + 20{ s} Tyl

Mo }Qb%‘

+40{m

and

12Ny [ Ma  y4p2ett
+= {F(l—i—a)} (M +2Tr(Q)Ly)) < 1.

Proof. Define the mapping D : C, — Cp as
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B(t), t € (~00,0)
Ta(t)[6(0) — u(z) — h(0, §)] + h(t, 1)

(Dz)(t) = # [ = e =y Bu(s)ds

—i—/o (t — 8)* T, (t — ) f(s, x4)ds
\ +/O (t—s)o‘_lTa(t—s)[/_s o(s, 7, 2)dW (7)]ds, ¢ € J.

Now, we are able to show that D has a fixed point in the space Cp, which is the mild
solution for the system (1). Let z(t) = z(t) + p(t), —oo <t < b, where p(t) is

defined by
R o(t), t € (—o0,0],
(t) = { :

L Tuwe), te
It is evident that z satisfies zp =0, ¢ € (—o0,0] and

2() = Talt)| = iz +5) = h(0,0)| + h(t, 2+ 70)
+ /Ot(t — 5)*7 T (t — s)Bu(s)ds + /Ot(t — )t
X To(t — 8) f(s, zs + ps)ds
+/O (t—s)o‘_lTa(t—s)[/ g(s, T, ZT+ﬁT>dW(T>}ds.

—00

Define the Banach space (CJ, || - ||») induced by Cp, C) = {2 € C», 20 =0 € Cy}
with norm
1/2 1/2
I2lls = Izolle, + sup (EJ2(s)[%)"* = sup (El=(s)1?)""*,
s€[0,8] s€[0,0]
Set By ={z € C, ||z||? < q} for some ¢ > 0. Then By, for each g, is a bounded,
closed convex set in Cg. For z € B;, by Lemma 2.7, we have

2([l=l2, + 12el,)

4(1% sup Ellz(s)|I> + 2011, + 12 sup Ep(s)[I” + [20l12,),
s€[0,¢] s€[0,¢]

IN

2 + pell2,

A

< 4P(q+ MPE|6(0)]17) + 4l 12,

For each positive number ¢, B, is clearly a bounded closed convex set in Cg. We
claim that there exists a positive number ¢ such that D(B;) C B,. If this is not
true, then for each positive integer ¢, there exist 2¢ € B, and ¢t € (—o0, b] such that
E|D) @) > q
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4 < BIITa(t) | p(="45) = h(0,8) | +h(t, = +72)
+/0 (t — 8)* 1T (t — s)B{B*(b — )t
XT3 (b — )| (AT+48) ™ (BT Ta (0) (=2 +7) +h(0, )] — h(b, 2{+ 7))
+ /0 (A1+¢2)-17(s)dW(s)} B b—8)* T (b— 5)
[Orea 6 -5 7o
x f(s, zd+ps)ds— B* (b—s)a_lT(;‘(b—s)/O (AHp2) "L (b= )1 T, (b—s)
X [/_Oo g(s, 7,22 —i—ﬁT)dW(s)]ds}ds—i—/o (t—8)* " To(t —9)f(s, 214 ps)ds
+/0 (t— )" 1Ta(t - s)[/ 95,7, 2045 )dW (7)) ds %,

—0o0

< SMPM, (LH|27 4712, ) +5M> My, (1+|6][2, ) +5Mp (1+[| 2 +7¢ 12, )+25{

Nl

M« }2
I(1+a)
—5 (1T |I*+ M M, (141274112, ) +M> My, (1+]16[|12, ) +Mn (1+|2{ +5:I2:,))

Ma 4N bt . Ma 4N b
op) 7% LT _ &) a4 4. e
*5{r<1+a>} = / (6= )" Bl o2t o 25 s ) S

/ o 1EH/ (5,7, 21+ 6. )dW (7 )st+5{%}2%&/ot(t—s)“_l

Ma \2b> [
><EHf(s,z‘?—i—(bs)\ﬁ{ds—i—f){r(lfa)} E/o (t— )

><EH/ (8,7, 234+, ) dW (T )Héds,
< 5M>M,, (1441 (q+M?E||p(0)[|*)+4[¢[12, ) +5M> My (14|12, ) +5 My (14417 (g

Mo 2
F(1+a)}
+4H¢H(23U)+M2Mh(1+H‘bH(QZU)+Mh(1+412(Q+M2EH¢(O)H2)+4H¢H(ij)+{

N1b
M2 (0) P 1Hl16112, 125 S (1Tl 20, (14412 (g2 Bl 0)])

i)

b20¢ M
X o My (140 (a+ MBI 9(0) )+ 4612, H T oy

} b2a{2Mk+2Tr(Q)Mg
x (4% (q+M>E|¢(0)[|*)+4[|6]I12,) iugm(S)}}

+5{%}22—QM (1442 (g + M2 ]| 6(0) )
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#1012 +5{ fires } o (M 2T (@M (4 + M| o(0) )

+4[0[I2,) supm(s)},
seJ

dividing on both sides by ¢ and taking ¢ — oo, we get

20M2M l2—|—20Mhl2+100{ (Jiffa)} ]\g’ <M2M 12+ My, 12

Ma y2b* 9 Mo
Nive) : }

+{F(1+a)} Mt {r 1+a)
b2a 2b2a
Z_2Tr(Q)A ) 20 }—M 12
T @asumte)) +20{ pr s

Ma y2b%
4 7} 2Tr(Q)A >1
M) T §g§m<8>— ’

where Ny = ||(t — s)2(@~VT,(t — s)BB*T(t — s)||>. This is contradiction to our
assumption. Hence, for the some positive integer ¢, D(B,;) C B,.

Next we show that the operator D = D1+ D5 is condensing, the operators D; and
D5 are defined on B, by, respectively

(D12)(t) = Tal)| = p(z+7) — h(0, 6) | +h(t, 20+7)
—i—/o (t — 8)* T, (t — s)Bu(s)ds,
(Da2)(t) = /O (t— ) Ta(t—s)f(s,zs—irﬁs)ds—i—/o (t— )Tt — )

X [/8 g(s, T, ZT+/p\T>dW(T>}d8.

—0o0
In order to use Theorem 2.8, we will verify that D; is a contraction while Do is
completely continuous. For better readability, we break the proof into a sequence of
steps.

Step 1. D is a contraction on B,.
Lett € J and 21, 22 € By, we have

E|(D121)(t) — (D122)(0)|
< BE|| Ta(t) (1(z145) — p(z2+9) | 5r+3E | Bt 21,642) — h(t, 220450 |31
+3EH/ )T, ( t—s)B{B*(b—s)a—lT;(b—s)(AHw(’;)—l

[Ta(t)(1(z147) — p(z2+7))
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Hh(t, z1,t+pt) — h(t, 227t+ﬁt))}

_B*(b— )T (b — s) /Ot(Ang)—l(b )OI (b — )
X(f(s,21,5+Ps) — f(8, 22,5+ Ds))ds

—B*(b— )T (b — s) /Ot(nwf;)—l(b—s)a—l

xTa(b—s)</O g(s,T,ZLTJrﬁT)dW(T)_/O (5.7, 22,0 D)W (7)) ds 3

126N Mo«
< BM2M, 21— 2|, +3Mil2n e 20 l3,+ aa ]

2
M1 = 22,

A2 (1+a)
Ma y2b* [1
_ 2 o= e _ a—1 _ 2
Ml =20l + (g o [ 0= 97 Myl = sl
Mo \2b° [
oT et e _ a—1 _ 2
2T (@{ g} & [ 0= 9 Lyl = .l
12bPJ1 Mo 2
< (M*M,+M,
—<( wt h><3+ A2 {F(l—i—a)})
12N [ Ma y4p*et
My+2T
¥ {r(1+a)} = (Mr+2Tr QL)
x sup Bllz1(s) — 22(s) ]|
0<s<t
Therefore 12BN o )
2 1 -
((M2M+00,) (3+ v I{F(Ha)})
12N) ( Mo y4b2
My+2T .
e {r(1+a)} = (Mr+2Tr QL) <1

Thus, D; is a contraction mapping.

Step 2. D, maps bounded sets to bounded set in B,,.
In fact, if 2z € By, from Lemma 2.7, it follows that

lze+7el12, < 4P(a+MPE|6(0)17) +4lI9lI2, = ¢",  forall teJ.

E|| D2z (t) %
< QEH/ VTt — 5) f(s, zs—l—ps)dsHH—i—QEH/ YT — )

/_ 9(5,7, 50+ Br)dW (1)]ds 3,

Mo 20 ) Mo y2b”
< — 5)%™ - v
< 2{r<1+a>} - /0 (t—s) Mf<1+uzs+psucv>ds+2{r(1+a>}



Fractional Order Neutral Stochastic Integro-differential System 1705

X/O (t = )71 2My+2Tr(Q)m(s) My(|lzs+7:l)Z, ) ds,

Mo At M+ THQ) My q") supm(s)).

Ma 2%
<2{7} L Mi(1+4q* 4{
=T o MO+ g e

(1+a) (14+a)
q,

IN

which is shows the desired result of the claim.

Step 3. The set of functions {Dsz, =z € By} is an equicontinuous on J.
Let 0 < e <t <bandd >0 such that ||T,(s) — Ta(s*)|| <€, for every s, s* € J
with ||s — s*|| < J. Let 0 < t; < ta <b, for each z € B, we have

E||Daz(t2) — Daz(t1)|1h

to to
< | /0 (tz — )2 VT (s — 8) (s, 2o+ Po)ds+ /0 (s — )" Ta(ts — s)

s t1
x[/ g(s,T,zT—i—/p\T)dW(T)]ds—/O (b1 — 8O T (t1 — ) F(5, 76+ Ps)ds

—00

[T T =91 [ gl mzep)aw (s

—00

IN

0
t1
6E|| /O [(t2 = 5)* 7 = (t1 — 8)* | Taltz — ) f(s. 25+ps)ds||

to 1
OB [ (12 = 9% Talta = )1 (5.2 s +OE ] [ (= )
t1 0

<[Talta = 3) = Talts = )} (s, 2+ D) sl +0E | [ (12— 9"
0

(= T (s s)[/_ 95,7, 204 )W (1)]ds]}3

—|—6EH | 2(t2 N S)a—lTa(tQ — S)[/_S g(s, T, ZT—i—/p\T)dW(T)]dSHé

+6E|| /0 1(t1 — 8) T (ty—8) —Ta(t; — s)}[/ g(s, T, ZT+/p\T>dW(T>]d8H%,

—00

< 6{%}2/;1 (2 = 5)° = (b — 5)* 2 M (14q")ds

t Ma 2 ("
2 _ \a—12 * _ a—1
+66/0 (11— 97 2My (144 )ds+6{7F(l+a>}/O (1>~ 5)
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—(t; — s)o‘_l\2(2Mk+2T7’(Q)m(s)Mg(q*))d$
#o{ g} [l = o) M2 @) My (0 ) ds

+66 [0 = )" M+ 2Tr(Q)m(s) My ).

In view of Lemma 2.4 and the fact that 7, (+) is compact, strongly continuous operator,
the operator T,,(s) is continuous in the uniform operator topology on (0, b]. So, as
to — t; — 0, with € sufficiently small, the right hand side of the above inequality is
independent of 2z € B, and tends to zero. The equicontinuous for the cases t; <t < 0
or t; <0 <ty < b are very simple. Thus, the set {Dyz, 2z € By} is equicontinuous.

Step 4. The set {(D2z)(t), =z € By} is relatively compact in B,.
Let 0 < ¢t < b be fixed and € be a real number satisfying 0 < ¢ < t. For § > 0, for
z € By, we define

(D5°2)(t)
_ a/ 0t — ) Lna (O)T((t — s)o‘e)f(s,zs—l—ﬁs)ds—l—a/ ot — 5)o!
0 1 0 1
1 (O)T((t — 5)°0)] /_ 9(8, 7 24 o) AW (7)]ds,

— T(eo‘d)a/ot 6 ;o O(t — 5)* o (O)T((t — 5)%0 — €8) f (5, 25+ ps)ds+T(e*6)ax

x/_e /OO e(t—8>a_177a(9>T((t—8>a9—6a5>[/8 9(s,7, 20+pr)dW (7)]ds.
0 1

—0o
We know that || Doz (t)||% < ¢** and consequently, for z € B,, we find that
DQZ (

= T(e*9) /t e O(t — 8)* ' Na(O)T((t — 5)*0 — €28) f (s, 25+Ps)ds+T(e*5)ax

« / - / 0(t — ) 10 (O)T((t — 5)°0 — 6)] / 9(s, 7, 2477 )dW (7)) ds
0 1)

—00

+o /t: /oo 0(t — 5)* o (O)T((t — 5)%0) f (s, 2s+Ps)ds

. / 6 / ot He(O)T((t — 5)°0)] / gl m )W ()]s,
**(0 H)+C,,

2 ., 2 o
where diam (C,) < {Fé\ff;)} ej—Q(Mf(l—i-q*)—i—QMk)—i-QT?’(Q){Fé\ff;)} < ftt_e(t _
5)* My (q*)
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sup,c ; m(s)ds, which proves that Dsz is relatively compact in B,. From the hypothe-
ses (H1) and (Hy4), we know that Dy is continuous. Therefore, from the Arzela-Ascoli
theorem, the operator Dy is completely continuous. From Theorem 2.8, D has a fixed
point and which is a mild solution of (1). ]

Thus, by Theorem 3.1, for any A > 0 the operator D has a fixed point z* in By,
which is clearly a mild solution of the following equation

2A(t)

= Ta(t)[$(0) — p(x) = h(0, @) +h(t, 1)
+/0 (t—s)°~ Ta(t—s)B{B*(b—s)“_ T (b — s)
x| AT +6) (BT — Ta(b)(6(0) — (@) = h(0,6)) — hb ) )|
B9 L0 5) [ AT+l b= ) T b — ) (s, ) s

t
B -9 - s) [ (ret)
0

(b — 5)2 T (b — 8] / o5, 7 22)dW ()] ds

—0o0

FB (b 8)* (b~ 5) /t(ng)-l
0
xv(s)dW(s)}ds—i— /0 (t — 8)* YT (t — ) f(5, 25)ds

+/0t(t—s)"‘_1Ta(t—s)[/s gls. 7,2, )AW ()| ds,

—0o0

= Ta()[6(0)—plx) = h(0, &) +h(t, ) +U§ T2 b M +8) " (ETy—Ta (b)
%(6(0) = u(x) = h(0, 9)) = h(b,z1))

T L T YRR A
0

O 9 T ) s

+ / t[l — PLTE(b—t) AT +2) T To (b — t)](t — 5)* "
0

xTa(t—s)[/s g(s, 7, xT)dW(T)]ds—i—/o LT (b—t) AT +92) "Iy (s)dW (s).

Theorem 3.2. Under the hypotheses (H1) — (Hs) and Theorem 3.1 hold, the

Sunctions f and g are uniformly bounded in H and Lgo(K, H) then the system (1) is
approximately controllable on J.
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Proof. Let T be a solution of (1), then writing equation (5) at t = b yields
TAb) = T — MM +9) (BT, — Ta(b)(6(0) — p(@) = h(0, 8)) — h(b, 7))
b
/ MM +Y)) 7LD — §)* T (b — 5) f(s,T0)ds
0
b
= [ AL - )T T - 5)
0
b
AW (r)|ds— [ MM +92) "y (s)dW
<[ [ straaw]as- A0z b saw )

It follows from the assumption on f and g are uniformly bounded on J. Then, there
is a subsequence, still denoted by f(s,72) and [, g(s,7,72)dW () which converges
weakly to say, f(s,w) in H, g(s, T, w) in L(K, H). The compactness of T,(t),t > 0
which implies that Ty, (b — 5) f(s,T2) — Ta(b — 8)f(s,w), Ta(b — 8)g(s, 7, 7)) —
To(b — s)g(s, 7,w). On the other hand, by hypothesis (Hs), for all 0 < ¢t < b,
AAT+92)~1 — 0 strongly as A — 0F and [AN(AT+P)7|| < 1. Therefore, by the
Lebesque dominated convergence theorem it follows that

E|j2* o) - 7|
< BN+~ (B3 — Tu(b)(0(0) ~ (@) — h(0, 6)) — h(b, 7))

- / bA(AIw’;)—l(b— §)* T T (b — 5) f (5,7, )ds
0

- /b A +¢2)7Hb — )21 (b — s)
0

s b
x[/ o(s, 7, 2 )dW (7 )]ds—/o A4 "y () AW () — 0 as A — OF.

—00

So 7*(b) — @ holds, which shows that the system (1) is approximately controllable
and hence the theorem is proved. ]

Remark 3.3. In real world problems, impulsive effects also exist in addition to
stochastic effects. The theory of impulsive differential equations is much richer than
the theory of classical differential equations without impulse effects. The impulsive
differential equations serve as basic models to study the dynamics of evolution pro-
cesses that are subject to sudden changes in their states [33]. The applications of
the impulsive differential equations arise in epidemiology, pharmacokinetics, fed-batch
culture in fermentative production and population dynamics, etc. (see [21] and the
references therein). Among the previous research, little is concerned with differential
equations with fractional order and impulses [36, 39]. Moreover, impulsive control,
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which is based on the theory of impulsive differential equations has gained renewed
interests recently for its promising applications toward controlling systems exhibiting
chaotic behavior. The results in Theorem 3.2 can be extended to study the approximate
controllability of fractional neutral stochastic integro-differential control systems with
impulsive effects by employing the idea and technique as in Theorem 3.2.

4. EXAMPLE

In this section an example is presented for the approximate controllability results to
the following fractional order neutral stochastic partial differential system with nonlocal
conditions and infinite delay in Hilbert spaces

t
°Dy [z(t, a:)—/ 64(3_t)z(s,m)ds}

82 _t
= w[z(t, x) —/ 64(8_t)2(8,$>d8}+77(t, x)

0
+ / a(s)sinz(t+s,z)ds
(6)

t
00

+/_ /_ E(t,z, s —t)g(z(s, x))dsdB(s, x),
xe€[0,x], teJ=]0,b
Z(t,()) :Z(t,?T)ZO teJ

2(0, a:)—i—/o7r ki(z,y)z(t,y)dy = p(t,x), tE€ (—o0,0],

where “Df* is a Caputo fractional partial derivative of order 0 < o < 1, b > 0,
ki(z,y) € La([0,7] x [0,7]) and [°_|a(s)|ds < co. We can set this problem in
our formulation by taking H = Ly(]0, ]) defined on a stochastic space (€2, §, P). 3
is the real standard Wiener process(that is K = R and () = 1). The operator A is
defined by Az = 2" with domain D(A) = {z € H|z, are absolutely continuous, z” €
H,z(0) = z(m) = 0}. It is well known that A generates a strongly continuous
semigroup 7'(-), which is compact, analytic and self adjoint. The spectrum of A
consists of the eigen values —n? for n € N, with corresponding normalized eigen

vectors z, (x) = \/gsm(na:) In addition, the following properties hold
(a) {zn;n € N} is an orthonormal basis of H,
(b) If 0 € D(A) then Ap = — > °°  n? < 0,2, > 2,

(¢) For every o € H, T(t)o = 3.0, et < 0,2, > 2,
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(d) The operator (—A)1/2 is given by (—A)Y/2p = >°°°  n < 0,2, > z, on the
space D((—A)Y2) ={o(-) € H; 5%, n< 0,2, > 2, € H}.

Define the bounded linear operator B : U — H by Bu(t)(z) = n(t,z), 0 < z <
m,u € U

Now, we present a special phase space C,. Let v(s) = €?*,s < 0, then | =
I° _w(s)ds = 1. Let ||pllc, = [° v(s) supycgeo (E|@(8)|2)"/2ds, then it follows
from the reference [11] that (C,,| - ||c,) is a Banach space. For (¢,¢) € J x C,,
where ¢(0)(z) = ¢(0,x), (6,x) € (—o0,0] x [0, 7], and define the Lipschitz contin-
uous functions h, f : J x C, — H, g : J x C, — Lg(H), for the infinite delay as
follows

0
Wt)@) = [ e o) )an,
0
F(t o)) = / 4(0) sin((0) (x))db,

O o0
o(t, ) (x) = / (t,2,0)9(0(8) ()b,

Then, the equation (6) can be rewritten as the abstract form as the system (1). Thus,
under the appropriate conditions on the functions h, f, and g are satisfies the hypotheses
(H1) — (Hy). On the other hand, it can be easily seen that the deterministic linear
fractional control system corresponding to (6) is approximately controllable on [0, 7]
(see [15, 16]). All conditions of the Theorem 3.2 is satisfied, therefore the system (6)
is approximately controllable on [0, 7r].
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