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INFINITELY MANY HOMOCLINIC ORBITS OF SECOND-ORDER
p-LAPLACIAN SYSTEMS

Xiaoyan Lin and X. H. Tang

Abstract. In this paper, we give several new sufficient conditions for the existence
of infinitely many homoclinic orbits of the second-order ordinary p-Laplacian
system

d . 2. p—
7 (@O %a(®) — a®)u®)Pu(t) + VW (¢, u(t)) =0,
where p > 1, t € R, u € RV, a € C(R,R) and W € C}(R x RV, R) are no
periodic in ¢, which greatly improve the known results due to Rabinowitz and
Willem.

1. INTRODUCTION

Consider the second-order ordinary p-Laplacian system

(1.1) % (la®P2a(t)) — a(t)[u®)P"u(t) + VW (t, u(t)) = 0,
wherep > 1, teR, u € RN, a: R — Rand W : R x RY — R. As usual, we say
that a solution u(¢) of (1.1) is homoclinic (to 0) if u(t) — 0 as ¢ — £oo. In addition,
if u(t) # 0 then w(t) is called a nontrivial homoclinic solution.

It is well-known that homoclinic orbits play an important role in analyzing the
chaos of dynamical systems. If a system has the transversely intersected homoclinic
orbits, then it must be chaotic. If it has the smoothly connected homoclinic orbits,
then it cannot stand the perturbation, its perturbed system probably product chaotic.

Received October 10, 2012, accepted January 29, 2013.

Communicated by Yingfei Yi.

2010 Mathematics Subject Classification: 34C37, 58E05, 70HO5.

Key words and phrases: Homoclinic solutions, Second-order ordinary p-Laplacian systems, The Symmet-
ric Mountain Pass Theorem.

This work is partially supported by the NNSF (No. 11171351) of China and supported by Scientific
Research Fund of Hunan Provincial Education Department (08A053) and supported by Hunan Provincial
Natural Science Foundation of China (No. 11JJ2005).

1371



1372 Xiaoyan Lin and X. H. Tang

Therefore, it is of practical importance and mathematical significance to consider the
existence of homoclinic orbits of (1.1) emanating from 0.
When p = 2, system (1.1) reduces second-order Hamiltonian system

(12) ii(t) — a(tyu(t) + VW (L, u(t)) = 0.

In recent years, the existence and multiplicity of homoclinic orbits for Hamiltonian
systems have been investigated in many papers via variational methods and many results
were obtained based on various hypotheses on the potential functions, see, e.g., [1, 3-10,
12, 13, 19-23, 25-27, 29-32].

In the last decade there has been an increasing interest in the study of ordinary
differential systems driven by the p-Laplacian (or the generalization of Laplacian), see
[14-18, 28] and the references cited therein. In most of these papers, the well-known
global Ambrosetti-Rabinowitz superquadratic condition was commonly assumed:

(AR) there exists > p such that
0 < pW(t,z) < (VW (tx),z), ¥ (t,2)eRx RY\{0}),

where and in the sequel, (-, -) denotes the standard inner product in RV and |- | is the
induced norm.

In the present paper, we are interested in the existence of infinitely many homo-
clinic solutions for system (1.1), where a(t) and W (¢, z) are no periodic in ¢. Under
some weaker assumptions on W (¢, z) than (AR), we establish some existence criteria
to guarantee that system (1.1) has infinitely many homoclinic solutions by using the
Symmetric Mountain Pass Theorem.

Our main results are the following theorems.

Theorem 1.1. Assume that a and W satisfy the following assumptions:
(A) a € C(R,(0,00)) and a(t) — +oo as [t| — oo,

(W1) W(t,x) = Wi(t,x) — Wa(t,z), W1, Wy € CH(R x RN R), Wa(t,0) = 0, and
there are constants 1 > p and o € [p, u) such that

0 < uWi(t,z) < (VWi(t,z),z), VY (t,z) € RxRY\ {0},
and
WZ(tu [B) > 07 (VWZ(ta [B),[B) < QWQ(tu fB), v (tu [B) € R x RNv

(W2) There is a R > 0 such that

1 p=1 as v —
@\VW(L z)| = of|z[") 0
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uniformly in t € (—oo, —R] U [R, 4+00).
(W3) W(t, —z)=W(tz), V(t,x)eRxRY,
Then there exists an unbounded sequence of homoclinic solutions for system (1.1).

Theorem 1.2. Assume that a and W satisfy (A), (W3) and the following assump-
tions:

(W1 W(t,x) = Wi(t,x) — Wa(t,z), Wi, Wy € CH(R x RV, R), W(t,0) = 0, and
there are constants 1 > p and o € [p, u) such that
0 < uWi(t,a) < (YWilta),a), ¥ (ta) € R x (BN {0}),
and
(VWQ(t,$>,$> < QWQ(t7x>7 v (t,[]?) GRXRN;

(W2') ﬁ\VW(t, z)| = o(|z[P~Y) as @ — O uniformly with respect to t € R.
Then there exists an unbounded sequence of homoclinic solutions for system (1.1).

Theorem 1.3. Assume that a and W satisfy (A), (W2') and (W3) and the following
assumptions:

(W4) For any r > 0, there exist a, 3 > 0 and v < p such that
1
0< ( p+———— | W(t,2)<(VW(t,z),z), V(t,z)eRx{ze RN :|z|>r};
< (s ) WD) S (VW) 2), Y (12)€Rx (o € BY i o] 21}
(W5) Forany v >0ande >0

t+e
lim s_p/ min W(r, sz)dr = +0o0
t

s—Fo00 —e 2|21
uniformly with respect to t € [—~, 7).
Then there exists an unbounded sequence of homoclinic solutions for system (1.1).
Remark 1.4. If assumption (AR) holds, then (W4) also holds by choosing o >
1/(p—p), f>0and v € (0,p). In addition, by (AR), we have
W(t,sx) > stW(t,z) for (t,z) e RxRY, s> 1.

It follows that for any v > 0 and € > 0

t+e t+e
s_p/ min W(r, sz)dr > s“_p/ min W(r, z)dr
t t

—e |z|>1 —e |z|>1

> 2est™P min W(r,z)
—y—e<T<v4e, 2] >1

+00, S — +00

!
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uniformly with respect to ¢t € [—~,~]. This shows that (AR) implies (W5).

The rest of the this paper is organized as follows: In Section 2, we introduce some
notations and preliminary results, and establish an interesting imbedding inequality from
WLP(R, RY) into L>°(R, RY), moreover, the constant in the imbedding inequality is
the best possible. In Section 3, we complete the proofs of Theorems 1.1-1.3. In Section
4, we give some examples to to illustrate our results.

Throughout this paper, we let g € (0, 00) such that 1/p +1/q = 1.

2. PRELIMINARIES

Let
E = {u € Wl’p(]R, RN) : /R[\u(t)\p + a(t)|u(t)|P] dt < —i—oo}

and for u € F, let

Jull={ [ 1o + a@lutop dt}l/p.

Then FE' is a uniform convex Banach space with this norm, see [11].
Let I : E — R be defined by

@1 I(u) :%Hqu—/RW(t,u(t))dt.

If (A), (W1) and (W2) or (W1’) and (W2') hold, then I € C*(E,R) and one can easily
check that
(2.2)

(I'(u),v) = /R [la(®)P~2(a(t), o(t)) + a(®)|u(®) P~ (u(t), v(t) = (VW (£, u(t)), v(t)] dt.

Furthermore, the critical points of I in E are classical solutions of (1.1) with u(£o00) =
0.

We will obtain the critical points of I by using the Symmetric Mountain Pass
Theorem. Since the minimax characterisation provides the critical value it is important
for what follows. Therefore, we state this theorem precisely.

Lemma 2.1. ([24]). Let E be a real Banach space and I € C'(E,R) with I
even. Suppose that 1 satisfies (PS)-condition and the following conditions:
(i) I(0) =0,
(ii) there exist constants p, o > 0 such that Iy, 0) > o
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(iii) for each finite dimensional subspace E' C E, there is r = r(E’) > 0 such that
I(u) <0 for uw € E'\ B.(0), where B,.(0) is an open ball in E of radius r
centered at (.

Then I possesses an unbounded sequence of critical values.

Remark 2.2. As shown in [2], a deformation lemma can be proved with condition
(C) replacing the usual (PS)-condition, and it turns out that Lemmas 2.1 holds true under
condition (C). We say I satisfies condition (C), i.e., for every sequence {uy} C F,
{uy} has a convergent subsequence if I (uy) is bounded and (1 + ||ug||) ||’ (ug)|| — O
as k — oo.

Lemma 2.3. For u € WHP(R, RY)

p—1 1/pq ‘ 1/p
@) el = (5) | [+ uemas)
R
and for u € E
1/pq
p—1
@4 follmy < (5o ) Il

00 1/p
@5) \u<t>\s<p—1>1/pq{ / [a<s>rl/qnu<s>\p+a<s>\u<s>\p1ds} . teR,

and

t 1/p
2.6) \u<t>\s<p—1>1/pq{ / [a(sn-l/qnu<s>\p+a<s>\u<s>\pws} . teR

—00

where a, = min{a(t) : t € R}.

Proof.  Since u € W1P(R,RY), it follows that

/R (O + [u(®)P) dt < oo,

and so
lim (|a(@®)|P + |u(t)|P) dt = 0.

e St >
It is not difficulty to show that lim ., |u(t)| = 0, see, e.g. [(2.10), 28]. Hence, if
u € WEP(R,RY), then there exists t* € (—00, 00) such that

2.7) [u(t")] = max |u(t)] = [[u] Lo ®)-

Choose two sequences {t;} and {¢_j} such that
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<t g <t o<t <t <t <ta<itz<---,

lim ¢ = 400, lim t_p = —o0,
k—o0 k—o0
and
lim |u(ty)] = lim |u(t—_)| = 0.
k—o0 k—o0

Observe that

23) ) = fult) = [ )P s i) s,
and
(2.9) [u(t) [P = [u(t—k)l” +p/t Ju(s)[P~2(u(s), i(s))ds.

From (2.8), (2.9) and Young’s inequality, we have

()P = 5 Qut + () = 5 [ ) P2(u(e) i)

2 *

B [ o2 uts), a()ds

t_g

IN

(el + fue-0)P) + 5 [ fu(o)fi(s)lds

2 t_k

—1DVa [te
%/ ([a(s) + |u(s)[?) ds, k € N,

t_g

IN
= N

(Ju(te) P + |u(t—)[?) +
Let £k — oo in the above, we obtain

— 1\Y/a foo
ey < L [ o) + o)) ds,

which, together with (2.7), implies that (2.3) holds.
For u € E, we have by (2.8), (2.9) and Young’s inequality,

()P

< G (P + e + 5 [ )P iGo)ds
_1N\Ya e

< S+ e + B [ i + ate) (o)) s
_ 1\ Ya rty

< 3l +uieor) + (5r) [ Qitr < ool s, ken
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Let £ — oo in the above, we obtain

e < (%) [ vt +aoorias

24q, oo

which, together with (2.7), implies that (2.4) holds.
For any ¢ € R, choose k € N such that t_;, <t < t;. Then we have

(2.10) [u(®)” = [u(te)[” - p/t k |u(s)[P~2(u(s), i(s))ds,
and
(2.11) [u(®)” = |u(t—)[" + 2/t Ju(s)[P~2(u(s), i(s))ds.

By (2.10) and Young’s inequality, we have

lu(®)” < \u(tk)\“rp/t " Ju(s) P i(s)ds
< Ju(te)l” + (p = 1)1/"/t a9 (i) + a(s)|u(s)P) ds, k€ N.

Let £ — oo in the above, we obtain

u(®)| < (p— 1)1/ /too[a(é’)]_l/q [[a(s)[” + a(s)|u(s)["] ds,

which implies that (2.5) holds.
Similarly, (2.6) can be proved by using (2.11) insteads of (2.10). The proof is
complete.

1/pq
Remark 2.4. The constant (%) in (2.3) is the best possible. For example,
let

ult) = <6—|t|/<p—1)1/p’0, o ,0>T RN
Then
[ull ooy = |u(0)[ = 1,

and

2p < _1\1/p 2
: P P N pt/(p—1) S
/R [Ja(s)|P + |u(s)|P] ds A e dt TR

1/pq
This shows that the constant (%) in (2.3) is the best possible.
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Lemma 2.5. Assume that (W1) or (WI') hold. Then for every (t,z) € R x RY,
(i) sTHWi(t, sx) is nondecreasing on (0, +00);
(il) s 9Way(t, sx) is nonincreasing on (0, +00).

The proof of Lemma 2.5 is routine and so we omit it.

3. PROOFS OF THEOREMS

Proof of Theorem 1.1. 1t is clear that 1(0) = 0 and (W3) implies that I is even.
We first show that I satisfies the (PS)-condition. Assume that {u;}reny C E is a
sequence such that {I(ug)}ren is bounded and I'(ux) — 0 as k — +oo. Then there
exists a constant ¢ > 0 such that
3.1 [T(up)| < e, |11 (k)|

From (2.1), (2.2), (3.1) and (W1), we obtain

g+ < puc for keN.

pe + pe||ug|
p
> pl(ug) — ;U'(wc), ug)

- LWt a0, uk<t>>] dt

— M;pHuka—i—p/R |:W2(t7 uk(t))

> [wl (s ux(8) = (Wi 1), uk<t>>] dt

s k=P

llugll?, keN.

It follows that there exists a constant A > 0 such that
(3.2) |uk|| < A for keN.

So passing to a subsequence if necessary, it can be assumed that u;y — wug in E. For
any given number € > 0, by (W2), we can choose £ > 0 such that

(3.3) VW (t,z)| < ea(t)|z|P~!  for [t| > R, and |z|<E.

Since a(t) — +oo0 as t — foo , we can also choose 7' > R such that
(p—1)APd

(3.4) a(t) = BN It > T.

By (2.5), (3.2) and (3.4), we have

O < (- [ (alo)] in()P + a()un(s)P]ds

6.5 <5 | P +a@urds

IN

P
P <@ for =T, keN.
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Similarly, we have
(3.6) lug(t)|P < &P for t < -T, keN.

Since uy — wug in E, it is easy to verify that uy(t) converses to ug(t) pointwise for all
t € R. Hence, we have by (3.5) and (3.6)

(3.7) lup(t)| <& for t € (—oo, —T|UI[T, +00).

Since a(t) > a. > 0 on [T, T] = J, the operator defined by S : E — WHP(J) :
u — | is a linear continuous map. So uy — ug in WP (.J). Sobolev’s theorem (see
e.g. [19]) implies that ug — ug uniformly on J, so there is kg € N such that

T

(3.9) / VW (t, ug(t)) — VW (t,up(t))||ur(t) —up(t)|dt <e for k> ko.
-T

On the other hand, it follows from (3.2), (3.3), (3.5), (3.6) and (3.7) that

/R\[_T 7] VW (L, ug(t)) = VW, uo(t))|lur(t) — uo(t)|dt

IN

/R\[ TT](‘VW(ta ug ()| + VW (L, uo(0))]) (fur(t)] + |uo(t)|)dt

(3.9) : g/R\[—T,T] a(t)(Jur(OF " + Juo(®) ") (Jur(t)] + [uo(t)])dt

IN

e [ Al + o))

2e(flur[” + [Juoll”)

IN

IN

2e(A” + |luol”), Kk eN.
Combining (3.8) with (3.9) we get

(3.10) /R\VW(t, up(t)) — VW (t,up(t))| |ug(t) — up(t)|dt — 0 as k — oo.
It follows from (2.2) and the Holder’s inequality that

(I'(ug) — I'(uo), u, — ug)

/ g (B)P 2 (i (1) s (£) — o (1))t

(3.11) N /R a(t) | (8) P2 (g (£), wg () — uo (£))dt

_ /R o (4) P2 (ao(t), ik (t) — 1o (1)) dt
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_ /R a(t)]uo(t) P2 (uo (1), uk(t) — uo(t))dt
_ /R (VW (¢, ur(t)) — VW (¢, uo(t)), un(t) — uo(t))dt
= Jfug|l? + Huoup—/R\uk(t)\p‘Q(uk(t>,uo(t>>dt
_ /R ) [ (8) P2 (g (£), wo (1)) dt
= [ Taa O o), (0t~ [ a)uolt) P aun(t), ue(t)
_ /R (VW (t, ug(t)) — VW (£, uo(t)), ug(t) — uo(t))dt

> Jull? + ffuo” — /

R\uk(t)\p_l\uo(t)\dt—/Ra(t)m(t)\p_l\w(t)\dt

- / it (£) P (8t — / a(8) (D)7~ ug ()t

- / (VW (¢, unlt)) — VW (t, wo(6)), ui(t) — uolt))dt

> el + ol = ( [ lio(orrar) " ([ rintorar) "
- ([ atuatopa) " ([atuora) "
~([1ntora) " ([ tiatoyrar) "
- ([ atnmcopa) " ([ atnuatopa) "

- / (VW (8, wn(t)) — TW (¢, up(t)), k() — wolt))dt
1/p
> lug P + uoll” - ( / lio(®) + a(d)luo(t)/” dt)
1/p

</R ([ ()7 + a(t)[ux(t)[Pdt] dt) 1/‘1_ </R ()P + a(t)|us(t) ] dt)

( | lia®P + auote)?) dt) "
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- / (VW (¢, un(t)) — TV (1, uot)), ui(t) — uol(t))dt

= uell? + [luoll” = [fuoll[[uilP~" — flurl]|uol”~*

- / (VW (¢, un(t)) — TV (1, uot)), ui(t) — uol(t))dt

= (gl P~ = luolP~") (el = lluol)

— / (VW (t,ug(t)) = VW (¢, up(t)), ug(t) — up(t))dt.
R
Since I'(ug) — 0 as k — +o00 and uy, — g in E, it follows from (3.2) that
(I'(ug) — I'(ug), up —up) — 0 as k — oo,

which, together with (3.10) and (3.11), yields [Jux| — |jul| as ¥ — +oo. By the
uniform convexity of E' and the fact that up — wug in F, it follows from the Kadec-
Klee property [11] that ux — wug in E. Hence, I satisfies (PS)-condition.

We now show that there exist constants p, « > 0 such that I satisfies assumption
(ii) of Lemma 2.1 with these constants. By (W2), there exists 1 € (0, 1) such that

1
(3.12) VW (t,z)| < §a(t)\a:\p_1 for |t| >R, |z| <n.
Since W (t,0) = 0, it follows that
1
(.13) Wta) < galal for ()2 R, [o] <o
Set
(3.14) M:sup{M’te[—R,R],xeRN, \x\:l}.
a(t)
i 1)/ (u—p), 214, ) /71
Set 6 = min{1/(2pM + 1) n}. If |ul] = <pT1> d := p, then by (2.4),
lu(t)] <6 <n<1forteR. By (3.14) and Lemma 2.5 (i), we have

R & w(t)|M
Powtupaes [ ()

< M/ ()Pt

< Ms#r / au(olar
1 R

a(t)|u(t)[Pdt.
-R

(3.15)

T2
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2q, \ /9 5P
‘- <p— 1) 2

Hence, from (2.1), (3.13), (3.15) and (W4), we have

uw:;mw—éwwmmﬁ

Set

R

=l [ Wy [ W)

p R\[-R,R] -R

1 1 "
>l -5 [ a@lupar- [ wce (o)

p 2p JR\[-R,R] -R
S e A ey T

(3.16) T p 2p JR\[-R,R] 2pJ R

1 y p i a U p
== [latpar+ o [ alucpa

1 y p p
zgéwm+wmwwt
1

- p
el
= .

(3.16) shows that ||u|| = p implies that I(u) > «, i.e., I satisfies assumption (ii) of
Lemma 2.1.

Finally, it remains to show that I satisfies assumption (iii) of Lemma 2.1. Let E’
be a finite dimensional subspace of E. Since all norms of a finite dimensional normed
space are equivalent, so there is a constant ¢ > 0 such that

(3.17) Jull < cllull poory  for ue E'.
Assume that dim ' = m and uq, uo, . . ., u,, are the base of E’ such that
(3.18) luill =¢, i=1,2,...,m.

For any u € E’, there exist \; € R, i = 1,2,..., m such that

(3.19) u(t) =Y Aui(t) for tE€R.
=1

Let

(3.20) fulle = > il

=1
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It is easy to verify that || - ||. defined by (3.20) is a norm of E’. Hence, there exists a
constants ¢’ > 0 such that

(3.21) Aull« < lul|  for ue E'.

Since u; € F, by Lemma 2.3, we can choose R; > R such that

/

cn
1+¢"°

(3.22) lui ()] < it >Ry, i=1,2,...,m,

where 7 is given in (3.13). Set
m m
0= {Zmi(t) PNER, i=1,2,,m; Y A= 1}
(3.23) i=1 i=1
={ueE : |ull,=c}.
Hence, for u € ©, let t) = tp(u) € R such that

(3.24) u(to)| = l[ull oo ()-

Then by (3.17)-(3.21), (3.23) and (3.24), we have

m m
de=dey [Nl=¢) llluill = ¢lull,
i=1 i=1

(3.25) < ull < eflull gy = clulto)]

IN

e illuito)l, we®.
i=1

This shows that |u(tp)| > ¢’ and there exists ig € {1,2,..., m} such that |u;,(t9)] > ¢,
which, together with (3.22), implies that |tg| < R;. Set R = Ry + 1 and

y p—1 1/pq
(3.26) v =min Wi(t,x) : —Re <t < Ry, b <l|z|<e < 24q ) :

Since Wi (t,z) > 0 for all t € R and € RY \ {0}, and W; € CY(R x RV R), it
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follows that v > 0. For any u € F, it follows from (2.4) and Lemma 2.5 (ii) that

Ry
Wia(t, u(t))dt
—Ry

/ Wi (t, u(t))dt
{te[_R27R2] : |u(t)|>1}

+/ Wo(t, u(t))dt
{te[-Rz2,R2] : |u(t)|<1}

t
s/ W (t, ult) ) Ju(t)|%dt
(3.27) {te[~Ra,Ra] ¢ [u()]>1} Ju(?)]
Ry
+ max |Wa(t, x)|dt
— R, |7|<1
R2 R2
<l [ max(Watt,a)ldt+ [ x| Wat, o)
Ry |zl R, 12[<

p—1 o/pq Ry Ry
< ) ||u]|® max |Wa(t, z)|dt + max |Wa(t, x)|dt
290, _R, l2[=1 _R, |2[<1

= M1HUHQ + Mg,

where

p—1 0/Pqa  prRo Ry
M, = < ) max |Wa(t, z)|dt, My = max |Wa(t, x)|dt.
290, _R, l2=1 _R, |2[<1

Since u; € LP(R), i =1,2,...,m, it follows that there exists € € (0, 1) such that

t+e t+e 1/p
/ lii(s)]ds < (26)1/ ( / \ui(s)\pds)
t—e t—e

(3.28) < (2094 | Loy
C/
< — for teR, i=1,2,...,m.
2p
Then for u € © with |u(to)| = |[ul[zr) and t € [to — €t + €], it follows from

(3.19), (3.23), (3.24), (3.25) and (3.28) that

0P = o)+ [ ful) (i), u(s)ds
to+€
(3.29) > futo) = [ il fu(e) s
to+€
> Jutto)” = plu(to) P [ fu(s)lds

to—e
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v

m to+€
\u(tO)\p—p\u(tO)\p_IZ\/\i\/ | (s)|ds
=1

— to—e
c/ C/ P
> —|u(t))P > (=) .
> Shuteor = ()

On the other hand, since ||u|| < ¢ for u € ©, it follows from (2.4) that

(3.30) lu(t)] <c<p_1)1/pq for teR, ueoO.
= 2qa* )
Hence, from (3.26), (3.29) and (3.30), we have
Ro to+e
(3.31) . Wi (t,u(t))dt > e Wi (t,u(t))dt > 2ey  for u € O.

By (3.22) and (3.23), we have

m
(3.32) ()| <> Nillui(®)| < for [t > Ry, ue®.
i=1
From (3.13), (3.27), (3.31), (3.32) and Lemma 2.5, we have for u € © and ¢ > 1
I(ou)

_ ?Huup—/RW(t, u(t))dt
- ?Huup_i_/RM/é(t’gu(t))dt—/Rwl(t,gu(t>>dt

< ?Hqu—i—ag/RWQ(t,u(t))dt—a“/Rwl(t,u(t))dt

P
_ U—Hqu—i-UQ/ Wg(t,u(t))dt—a“/ Wi (4, u(t))dt
p R\(—Rz2,R2) R\(—Rz2,R2)
R2 R2
oo | Walt,u(@))dt— ot [ Wit u(t))dt
. [ Wty =t [ wituto)
Up
< —Huup—a@/ W (t, u(t))dt
p R\(=R2,R2)
R2 R2
voo [ Wt u@)dt— ot [ Wt u(e))dt
—Ry —Ry
oP o?
< Zul + —/ a(D)|u() Pt + oMy Jul|® + Ma) — 260"
p 2p JR\(~Rs,R2)

IN

oP o?
?HUHP + %HUHP + o ?(Mlul|® + Mz) — 2eyo”

(co)P  cPo?

- p 2p

+ Mi(co)? + Myo® — 2eyot.
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Since p > o > p, we deduce that there is 09 = oo(c,, My, My, Ry, Ro, €,y) =
oo(E") > 1 such that

I(cu) <0 for ue® and o > oy.

It follows that
I(u) <0 for ue€ E and |lul| > cop.

This shows that (iii) of Lemma 2.1 holds. By Lemma 2.1, I possesses an unbounded
sequence {dj } 72, of critical values with dj, = I(us), where uy, is such that I'(uy) = 0
for k =1,2,.... If {||ug||} is bounded, then there exists B > 0 such that

(3.34) |ukl| < B for k€ N.

By a similar fashion for the proof of (3.5) and (3.6), for the given n in (3.13), there
exists R3 > R such that

(3.35) lup(t)| < for |t > Ry, keN.

Thus, from (2.1), (2.4), (3.13), (3.34) and (3.35), we have

1
—|Jug||? = dk+/W(t, ug(t))dt
p R

R3
:@+/ W (¢, up(t))dt + W (£, we(t))dt
R\[_R37R3] —Rg
(3.36) : .
> - - ol ®F - [ Wt o)
2p Jr\|-Rg, R3] “Rs
1 Rs
> dy — 5= [lugll” —/ max |W (t, x)|dt.
2p — Ry |2<[(p—1)/290.]/*1B
It follows that
3 Rs
dr < o [Jugl” +/ max |W (¢, z)|dt < 4oc.
2p “Rs |2|<[(p—1)/29a.]/P1B

This contradicts to the fact that {d}7°, is unbounded, and so {||u|/} is unbounded.
The proof is complete.

Proof of Theorem 1.2. In the proof of Theorem 1.1, the condition that Wy (¢, ) > 0
in (W1) is only used in the proofs of (3.2) and assumption (ii) of Lemma 2.1. Therefore,
we only prove (3.2) and assumption (ii) of Lemma 2.1 still holds use (W1’) instead
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of (W1). We first prove that (3.2) still holds. From (2.1), (2.2), (3.1) and (W1’), we
obtain

pc
m+zﬁmu

v

pmm—%mwmm
:ﬁiwww+géPm@w@»—gwm@wwxwwﬂﬁ

—p/R [Wl(t, ug(t)) (VIVi(t, uk(t)),uk(t))] dt

e—p

1
0
llugll?’, keN.

v

It follows that there exists a constant A > 0 such that (3.2) holds. Next, we prove that
assumption (ii) of Lemma 2.1 still holds. By (W2'), there exists n € (0, 1) such that

1
(3.37) VIV (t,x)| < §a(t)\a:\p_1 for teR, |z|<n.
Since W (t,0) = 0, it follows that

1
(3.38) W (t,z)| < %a(t)\x\p for teR, |z| <.
9aq. \ 1/P4
If ||lu|| = (—) n := p, then by (2.4), |u(t)| <n for t € R. Set

p—1
o = Qqa* l/q f
p—1 2p

Hence, from (2.1) and (3.38), we have

H@=%MW— W (t, u(t) )dt

R
L L .
> lulP = 5 [ attlupa
N .
30 _ p/R\u(m dt + QP/Ra(t)\u(t)\ dt

1 y p p
zgéwm+wmwwt
1

_ P
el

= Q.
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(3.39) shows that ||u|| = p implies that I(u) > «, i.e., assumption (ii) of Lemma 2.1
holds. The proof of Theorem 1.2 is completed.

Proof of Theorem 1.3. We first show that I satisfies condition (C). Assume
that {ug}reny C F is a (C) sequence of I, that is, {I(ux)} is bounded and (1 +
llug||)]|I'(ug)]] — O as k — oo. Then it follows from (2.1) and (2.2) that

Cr > pl(ug) — (I'(ur), ur)

(3.40)
_ / (VW (t, un(8)), ue(t)) — pW (1, ur(1))] d.

It follows from (W2') that there exists € (0, 1) such that (3.38) holds. By (W4), we
have

(3.41) (VW (t,x),z) > pW(t,z) >0 for (t,z) € R xRV,
and

W(t,x) < (a4 Blz|”)(VIW(t, x), )

(3.42)
—pW(t,z)] for (t,z) €R x {x € RN :|z| > n}.

It follows from (2.1), (2.4), (3.38), (3.40), (3.41) and (3.42) that

R

= I(ug) + / W (L, up(t))dt + / W (L, up(t))dt
{teR : Jur(t)|<n} {teR : Jur(t)|>n}

IN

1
o+ [ o))
2p Jiter : Jus(t)|<n}

0 e o (@AW (0, 00 (0) W ()

IN

Cz+zipHukHp+/R(a+5|u;c(t)|”)[(VW(t,Uk(t)),Uk(t))—pW(t,Uk(t))]dt

IN

02+2ipHuka+(0z +Blluk %) /R[(VW(t,Uk(t)),“k(t))_pW(t,“k(t))]dt

IN

1
Cz+2—pHUka + Ci(a + Bllurlls,)

1 V/Pq
) 5%”] .

IN

1 p—
I P C
Cot g-lluell” +C a+<2qa*




Infinitely Many Homoclinic Orbits of p-Laplacian Systems 1389

Since v < p, it follows that {||ux|} is bounded. Similar to the proof of Theorem
1.1, we can prove that {ux} has a convergent subsequence in F. Hence, I satisfies
condition (C).

It is obvious that [ is even and /(0) = 0 and so assumption (i) of Lemma 2.1 holds.
The proof of assumption (ii) of Lemma 2.1 is the same as in the proof of Theorem 1.2.

Now, we prove condition (iii) of Lemma 2.1. Let E’ be a finite dimensional
subspace of F. Since all norms of a finite dimensional normed space are equivalent,
so there is a constants ¢ > 0 such that (3.17) holds. Assume that dim £/ = m and
U1, Ug, . . ., Uy, are the base of E’ such that (3.18) holds. Let ¢/, 7, ¢, Ry, Ry and © be
the same as in the proof of Theorem 1.1. Then (3.21) and (3.22) hold. For u € O,
let to = to(u) € R such (3.24) holds. Then ||u||z®) = |u(to)| > ¢, and so (3.29)
holds. For Ry and € € (0, 1) given in the proof of Theorem 1.1, by (W5), there exists
og = 00(6, RQ) > 1 such that

t+e 2¢\ P
(3.44) s_p/ min W (r, sz)dr > <_/c) for s> cog/2, t€[—Ry, Ra.
te |al>1 c

It follows from (2.1), (W4), (3.29), (3.41) and (3.44) that

I(ou) = %Hqu—/RW(t, ou(t))dt

P to+e
< —|ul? - W (t, ou(t))dt
P to—e
P to+e
(345) S @ _/ min W(t’ 2_16/0'113>dt
p to—e |$|21
P
< (o
p
-1 p
— _M for ue€e ® and o > oy.
p
That is

I(ocu) <0 for ue® and o > oy,

where og = o¢(€, R2) = oo(E’) > 1. 1t follows that
I(u) <0 for ue E" and |lul| > cop.

This shows that condition (iii) of Lemma 2.1 holds. The rest proof is the same as that
in Theorem 1.1. The proof is complete.
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4. EXAMPLES

In this section, we give three examples to illustrate our results.

Example 4.1. Consider the second-order ordinary p-Laplacian system

(4.1) 4 (la()[a(t)) — a(®)[u(t)|u(t) + VW (¢, u(t)) = 0,

where p =3, t € R,u € RY, a € C(R, (0,0)) such that a(t) — +oc as [t| — oo.
Let

W(t,x) = a(t) | Y ailal = bjlz| |,
i=1 j=1

where p11 > po > o0 > Uy > 01 > 02 > - > 0p > 3, a;,b; > 0, 1 =
1,2,....m;5=1,2,...,n. Let u = p,, 0= 01, and
m n
Wit x) = a(t) Y ailal™,  Wa(t,z)=a(t) > bilz|%.
i=1 j=1

Then it is easy to verify that all conditions of Theorem 1.1 are satisfied. By Theorem
1.1, system (4.1) has an unbounded sequence of homoclinic solutions.

Example 4.2. Consider the second-order ordinary p-Laplacian system

(4.2) % (la®)Pa(t) = a®)lu()*u(t) + VW (¢, u(t) =0,

where p = 4, t € R,u € RV, a € C(R, (0, 00)) such that a(t) — +oo as [t| — oc.
Let
W(t,z) = a(t) [a1|z|" + ag|z|"? — bi(sint)|z|? — ba|x|??],

where p1 > pg > 01 > 02 >4, a1,a9 > 0,b1,ba > 0. Let 4 = po, 0= 01, and
Wi(t, ) = a(t) (a1]|z|" + azlz|*?),  Wal(t,z) = a(t) [br(sint)|x|? + be|x|®?].
Then it is easy to verify that all conditions of Theorem 1.2 are satisfied. By Theorem

1.2, system (4.2) has an unbounded sequence of homoclinic solutions.

Example 4.3. Consider the second-order ordinary p-Laplacian system

@3) L (ja 2w - a2 + VW () =0,
where p=3/2,t e R,u € RV, a € C(R, (0, 0)) such that a(t) — +oo as [t| — oo.
Let

W(t,z) = a(t)(1 +sint)|z[>?In(1 + |z]).
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Since

‘x‘5/2

1+ [z]

(VIW(t,x),xz) = a(t)(1+ sint) [ |23 21n(1 + |2]) +

3 1
> (24 2 Vw0
—<2+1+\x\) (t,z) 2

for all t € R and = € RY. This shows that (W4) holds with @« = 3 = v = 1. In
addition, for any v > 0 and € > 0

t+e
3_3/2/ min W (r, sz)dr
t

e lz|>1

t+e
= 3_3/2/ min [a(r )(1 + sin7)|sz|*?In(1 + |sz|) | d
t

—e lz|>1
t+e
> [ min / (1+sin7 dT] In(1+s)
Te[t—&t%] t—e
= 2(e —sinesint) [ min )] In(1+ s)
TE[t— 5t+5]

v

2(e — | singl) [Te[_gl_i?%%] a,(T)] In(1+s)

— 400, §— 400

uniformly with respect to ¢t € [—v,~]. This shows that (W5) also holds. It is easy to
verify that assumptions (A), (W3) and (W2") of Theorem 1.3 are satisfied. By Theorem
1.3, system (4.3) has an unbounded sequence of homoclinic solutions.
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